
PHYSICAL REVIEW A 109, 053521 (2024)

Simultaneous ground-state cooling of two levitated nanoparticles by coherent scattering
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Simultaneous ground-state cooling of two levitated nanoparticles is a crucial prerequisite for investigation
of macroscopic quantum effects such as quantum entanglement and quantum correlation involving translational
motion of particles. Here we consider a coupled cavity-levitated-particle system and present a detailed derivation
of its Hamiltonian. We find that the y-direction motions of the two particles are decoupled from the cavity field
and both the x- and z-direction motions, and that the z-direction motions can be further decoupled from the cavity
field and the x-direction motions by choosing proper locations of the particles. We study the simultaneous cooling
of these mechanical modes in both the three-mode and five-mode cavity-levitated optomechanical models. It is
found that there exists a dark-mode effect when the two tweezers have the same powers, which suppress the
simultaneous ground-state cooling. Nevertheless, the simultaneous ground-state cooling of these modes can be
realized by breaking the dark-mode effect under proper parameters. Our system provides a versatile platform to
study quantum effects and applications in cavity-levitated optomechanical systems.
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I. INTRODUCTION

With the development of micro- and nanofabrication tech-
niques, great advances have recently been achieved in cavity
optomechanics, especially on the fundamentals of quantum
physics and modern quantum technology [1,2]. The optically
levitated particles, as a kind of novel optomechanical plat-
form, have attracted much attention from the communities
of quantum optics and quantum information [3–5]. In 1970s,
it has been discovered that the particles can be levitated by
focusing beams of light [6–8], and this discovery has played
a crucial role in advancing the field of atom trapping and
cooling [9]. In recent years, much attention has been paid
to quantum manipulation of the translation and rotation of
the center-of-mass of particles, and great advances have been
made in this platform, such as the realization of a controllable
torque induced by the spins of atoms embedded in a mi-
croscale object [10], the measurement of the Brownian motion
of micrometer-sized beads [11], and the cooling of the mo-
tion of particles into the quantum ground state [12–14]. The
levitated particles can also be utilized for quantum precision
measurements, including acceleration measurement [15,16],
mass measurement [17], and gyroscope [18,19].

Levitated nanoparticles were conceived as a candidate to
explore macroscopic quantum phenomena [20–28]. This is
because the nanoparticles are considered as a kind of macro-
scopic quantum system, and they can be levitated in a high
vacuum [20–22,29], which reduces the thermal contact be-
tween mechanical motion and environment. As a result, these
systems have exceptionally high mechanical quality factors,
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and are considered as an excellent candidate for studying
low-dissipation optomechanics. The first step to exploring
quantum effects in macroscopic mechanical systems is the
cooling of the mechanical systems to their ground states
[30–34]. It has been reported that the levitated particles can
be significantly cooled via feedback cooling [22–24,35–37]
and sideband cooling [38–43]. The standard sideband-cooling
method in optomechanical systems typically requires an ex-
ternally red-detuned pumping field to remove the energy from
the particles [25,29,44]. However, high driving powers will
lead to the trapping of cavity fields for the optically levitated
systems, and then reducing the cooling rate [29]. In addition,
the laser-phase noise can hinder ground-state cooling at the
relevant frequencies of the trapped nanoparticles [45–47]. To
overcome these challenges, the coherent scattering technique
has been introduced into the levitated particle systems [12,48–
51], drawing from atomic physics experiments [52]. This
method harnesses higher optical trapping powers and larger
particles to achieve stronger coupling strengths [53], thereby
paving the way to ultrastrong coupling [54] and leading to
novel quantum optomechanical effects. These works were
mostly based on the cooling of a single particle. In parallel, an
increasing amount of research is focusing on the field of mul-
tilevitated particles [55–68]. Compared with other mechanical
oscillator arrays, the array of optically levitated particles has
better controllability [69–73]. Motivated by these advances,
we are committed to study the simultaneous ground-state
cooling of multiple levitated particles and to explore more
novel quantum effects.

In this paper, we study the simultaneous ground-state cool-
ing of two levitated particles coupled to a cavity field. Similar
to a single-particle case, the photon enters the cavity via
the scattering process, which provides the mechanism for
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cooling the center-of-mass motions of the particles. For mul-
tiple particles levitated simultaneously, the mechanical effect
of the scattered light between the particles has been ignored
in the past. However, the recent experimental observations in-
dicate that this scattering effect cannot be neglected for some
cases [74–77]. The redistributed light field greatly affects the
equilibrium position of the particles. Therefore, we consider
the optical binding effect between the two nanoparticles. In
particular, we find that the y-direction motions of the two par-
ticles decouple from other degrees of freedom in this system.
We also find that, when the two nanoparticles are located
at the cavity nodes, the cavity mode only couples to the x
modes of the particles. Benefiting from the extremal isolation
of the system, the simultaneous ground-state cooling of the
center-of-mass motions of the two nanoparticles along x axis
can be realized. When the two nanoparticles are not located
at the specific positions, both the x mode and the z mode
are coupled to the cavity mode, then the two modes of the
two nanoparticles can also be cooled into their ground states.
In addition, we find that there exists the dark-mode effect
when the powers of the two tweezers are identical, and the
dark-mode effect will suppress the cooling of the system. By
choosing proper parameters to avoid the dark-mode existing
condition, then the dark-mode effect can be broken, and the
simultaneous ground-state cooling can be achieved.

The rest of the paper is organized as follows. In Sec. II, we
introduce the system consisting of two levitated nanoparticles
trapped in a Fabry-Pérot cavity, and analytically derive the
Hamiltonians. In Sec. III, we investigate the simultaneous
ground-state cooling of the x-direction motions of the two
particles, which are located at the nodes of the cavity. In
Sec. IV, we study the simultaneous ground-state cooling of
both the x- and z-direction motions of the two nanoparti-
cles in a general case. Finally, we present some discussions
and a brief conclusion in Sec. V. An Appendix is presented
to show the detailed derivation for a part of the interaction
Hamiltonians.

II. PHYSICAL MODEL AND HAMILTONIANS

We consider a coupled cavity-levitated-nanoparticle sys-
tem, in which two dielectric nanoparticles trapped by two
optical tweezers are coupled to the field modes in a Fabry-
Pérot cavity, as shown in Fig. 1. The Fabry-Pérot cavity,
with the cavity axis aligning with the x direction, contains
two nanoparticles. The two nanoparticles, placed at R̂1 =
(X̂1, Ŷ1, Ẑ1) and R̂2 = (X̂2, Ŷ2, Ẑ2), have the radius a0 = 90
nm, density ρ ≈ 2200 kg/m3, and dielectric constant εr =
2.07. We assume that the two optical tweezers have electric
fields propagating along the z axis, with the corresponding
polarizations e(1)

tw and e(2)
tw along the y direction. The foci of

the two optical tweezers are located at the positions (x10, 0, 0)
and (x20, 0, 0), separated by a distance D. The frequencies of
the two optical tweezers are ωtw = 2πc/λtw, where c is the
speed of light in a vacuum and λtw is the wavelength of the
tweezers. The total Hamiltonian of the system can be written
as

Ĥtot = Ĥnp + Ĥcav + Ĥint. (1)

FIG. 1. Schematic of the physical setup. Two dielectric nanopar-
ticles are trapped at positions R̂1 and R̂2 by two optical tweezers,
where the cavity axis is along the x direction, and the two optical
tweezers propagate along the z axis with polarization along the y
direction. The distance between the foci of the two tweezers is D.

Here, the Hamiltonian Ĥnp describes the kinetic energy of the
center-of-mass motion for the two nanoparticles, and it takes
the form

Ĥnp =
∑
j=1,2

P̂2
j

2m
, (2)

where P̂ j = (P̂jx, P̂jy, P̂jz ) is the three-dimensional momen-
tum operator for the jth ( j = 1, 2) nanoparticle with mass m.
The second term on the right-hand side of Eq. (1) reads

Ĥcav = 1

2

∫ [
ε0E2

cav(r) + B2
cav(r)/μ0

]
dr

=
∑

j

h̄ω j (â
†
j â j + 1/2), (3)

where Ecav and Bcav are, respectively, the electric and mag-
netical fields in the cavity, and ε0 (μ0) is the free space
premittivity (permeability). In addition, ω j is the resonance
frequency of the jth cavity mode (described by the creation
and annihilation operators â†

j and â j) in the optical cavity.
Since the frequency of the center-of-mass motion for the
nanoparticles is much smaller than the free spectrum range
of the cavity, we could consider that the two nanoparticles
are coupled to a single cavity field mode. Then, the Hamil-
tonian of the optical cavity can be approximately denoted as
Ĥcav ≈ h̄ωcavâ†â, where ωcav is the resonance frequency of
the cavity mode under consideration with the wave number
k, described by the creation and annihilation operators â† and
â. Note that the zero-point fluctuation term h̄ωcav/2 has been
omitted in the Hamiltonian.

The last term Ĥint in Eq. (1) describes the interactions
between the nanoparticles and the electromagnetic fields. In
the Rayleigh regime, the radius of the nanoparticle is much
smaller than the optical wavelength (a0 � λ), and the inter-
action Hamiltonian between the nanoparticles and the electric
fields can be written as [48–50]

Ĥint ≈ −1

2

∑
j=1,2

αE2(R̂ j ), (4)

where α = ε0εcV is the particle polarizability with
εc = 3(εr − 1)/(εr + 2) and V being the volume of the
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nanoparticle. In Eq. (4), E(R̂ j ) represents the electric field at
the position of the jth particle, where R̂ j = r j0 + r̂ j denotes
the center-of-mass position operator of the jth particle, with
r j0 = (x j0, 0, 0) being the focus of the jth optical tweezer
along the cavity axis and r̂ j = (x̂ j, ŷ j, ẑ j ) the position operator
of the jth particle.

A. The initial electric field

In general, the total electric field at the position r = (x, y, z)
can be approximately written as a sum of the cavity field Êcav

and the fields E( j)
tw for the two optical tweezers,

ÊI (r) = Êcav(r) +
∑
j=1,2

E( j)
tw (r). (5)

The first term on the right-hand side of Eq. (5) describes the
single-mode electric field of the cavity, which is given by

Êcav(r) = εcav cos (kx − φ)(â† + â)ecav, (6)

where εcav = √
h̄ωcav/(2ε0Vcav) is the amplitude at the center

of the cavity with Vcav being the cavity volume. For simplicity,
we consider the case φ = 0 and the y-axis polarized cavity
mode in this paper.

We assume that the two tweezers are sufficiently spaced
apart such that the influence of the electric field Etw1 of the
tweezer 1 on the distant nanoparticle 2 can be neglected, and
vice versa. Then the total electric fields at the positions of the
two nanoparticles 1 and 2 can be approximated as

Ê
(1)
I (R̂1) = Etw1(R̂1) + Êcav(R̂1), (7a)

Ê
(2)
I (R̂2) = Etw2(R̂2) + Êcav(R̂2). (7b)

Typically, the fields of the optical tweezers are considered
in coherent states and thus they can be well described by clas-
sical fields. Then the electric field of the j th optical tweezer
can be expressed by Etw j (r, t ) = Re[E tw j (r, t )], where

E tw j (r, t ) = Ej0(r)e−i[ktwz+φt (r)]e−iωtwt e( j)
tw , (8)

with the laser frequency ωtw = cktw and wave number ktw =
2π/λtw of the tweezer. We assume that the propagating direc-
tions of the two beams are parallel, and that the polarizations
e(1)

tw and e(2)
tw of the electric fields are along the y direction.

Then the real amplitude Ej0(r) in Eq. (8) can be written as

Ej0(r) = ε
( j)
tw

1√
1 + (z/zR)2

exp

(
− (x − x j0)2 + y2

W 2(z)

)
, (9)

where ε
( j)
tw =

√
4P( j)

tw /(πε0cW 2
t ) is the amplitude of the elec-

tric field, with P( j)
tw being the power of the jth laser and

Wt the tweezer waist at the focus. In addition, zR = πW 2
t /λ

is the Rayleigh range and W (z) = Wt

√
1 + (z/zR)2. Note

that the phase factor φt(r) ≈ arctan(z/zR) − ktwz[(x − x j0)2 +
y2]/(2z2 + 2z2

R) in Eq. (8) can be neglected, since the
Rayleigh range zR is typically several orders of magnitude
larger than other length scales. It should be pointed out
that, for realistic cases, the phase difference between the two
tweezers is a crucial manipulation means, which can be used
to control the couplings between the two particles. In this
work, we consider a simple case by choosing a zero phase

difference, which has been implemented in experiments [77].
For a nonzero phase difference, a direct coupling between
the x-direction and z-direction motional modes will be in-
duced, and hence it will make the coupling configuration
complicated.

B. The radiation fields

In the Rayleigh regime, the nanoparticle embedded in the
electric fields will possess an electric dipole moment, which
will create electromagnetic radiation by charge oscillation.
Physically, the frequency of the radiation field is equal to that
of the incident field. Below, we derive the relation between the
radiation field and the dipole. For simplicity in the derivation
of the general relation, we use r1 and r2 (different from r̂ j

introduced before) to denote the positions of the considered
point and the dipole, respectively. The electric field at position
r1 generated by the oscillating dipole at the position r2 is given
by

Erad(r1) = ←→
G (r1 − r2) · P(r2), (10)

where the field propagator (also know as the dyadic Green’s
function) between the two dipoles is given by [76,78,79]

←→
G (r1 − r2) = eik0r0

4πε0r0

[(
1 − ik0r0

r2
0

)
3r0r0 − r2

0

r2
0

+ k2
0

r2
0 − r0r0

r2
0

]
. (11)

In Eq. (11), k0 is the wave number of the incident
field, r0 = |r0| = |r1 − r2| is the distance between the
two dipoles. Based on Eq. (11), we have the relation←→
G (r1 − r2) = ←→

G (r2 − r1) = ←→
G (r0), which can be used

to describe the fields realted to the two particles. In
addition, r0r0 = ∑

QQ′ Q0Q′
0eQeQ′ with eQ being the unit

vector in the Q direction and Q, Q′ = x, y, z. In the fol-
lowing analyses, the Green function can be divided into

two parts: α
←→
G (r0) = eik0r0 [ηn(D/r0)3(1 − ik0r0)

←→
M n(r0) +

η f (D/r0)
←→
M f (r0)] [80], where ηn = 1/4πε0D3 is the near-

field constant and η f = k2
0/4πε0D is the far-field constant.

The near-field constant ηn is much smaller than the far-field
constant η f in the far-field regime k0r0 � 1. In addition, we
introduce the near-field tensor

←→
M n(r) = 1

r2
[(3x2 − r2)exex + 3xyexey + 3xzexez

+ 3xyeyex + (3y2 − r2)eyey + 3yzeyez

+ 3xzezex + 3yzezey + (3z2 − r2)ezez], (12)

and the far-field tensor

←→
M f (r) = 1

r2
[(r2 − x2)exex − xyexey − xzexez

− xyeyex + (r2 − y2)eyey − yzeyez

− xzezex − yzezey + (r2 − z2)ezez]. (13)

For our considered coupled cavity-levitated-particle sys-
tem, the total electric field for the jth ( j = 1, 2) particle is
given by the sum of the incident field E ( j)

I and the field emitted
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by the other dipole,

E ( j)
tot (R̂ j ) = E ( j)

I (R̂ j ) + ←→
G (R̂0) · P( j̄)(R̂ j̄ ). (14)

Here, R̂0 = R̂1 − R̂2 = (X̂0, Ŷ0, Ẑ0) and P( j̄)(R̂ j̄ ) = αE ( j̄)
tot (R̂ j̄ )

is the dipole moment generated by the j̄th dielectric nanopar-
ticle, where the index j̄ denotes the other particle with respect
to the jth particle (namely 1̄ = 2 and 2̄ = 1). Since the cav-
ity field and the tweezer field have different wave numbers,

the Green function will take two distinct forms,
←→
G cav and←→

G tw, corresponding to the wave numbers of the cavity field
and the tweezer field, respectively. Consequently, the elec-

tric field E ( j)
tot (R̂ j ) can be divided into two parts, Ê

( j)
tot (R̂ j ) =

E ( j)
tot,tw(R̂ j ) + E ( j)

tot,cav(R̂ j ), with

E ( j)
tot,tw(R̂ j ) ≈ E tw j (R̂ j, t ) + ←→

G tw(R̂0) · αE ( j̄)
tot,tw(R̂ j̄ ), (15a)

Ê
( j)
tot,cav(R̂ j ) ≈ Êcav(R̂ j ) + ←→

G cav(R̂0) · αÊ
( j̄)
tot,cav(R̂ j̄ ). (15b)

Since the magnitude of α
←→
G is considerably small compared

to the trapping fields, we can neglect the second-order terms
in Eqs. (15). Then we obtain the total electric field consisting
of the incident field [the tweezer field Etw(R̂, t ) and the cavity
field Êcav(R̂)] and the emitted field [EGtw(R̂) and ÊGcav(R̂)] by
the dipole,

Ê( j)
tot (R̂ j ) = Etw j (R̂ j, t ) + Êcav(R̂ j )

+EGtw j̄ (R̂ j ) + ÊGcav(R̂ j ), (16)

where EGtw j̄ (R̂ j ) = Re[
←→
G tw(R̂0) · αE tw j̄ (R̂ j̄, t )] describes

the radiation field generated by the oscillating dipoles at
R̂ j̄ , which is induced by the j̄th tweezer field E tw j̄ (R̂ j̄ ). In

addition, ÊGcav(R̂ j ) = Re[
←→
G cav(R̂0) · αÊcav(R̂ j̄ )] represents

the radiation field produced by the dipole moment, which is
induced by the cavity field at the position R̂ j̄ .

C. The interaction Hamiltonians

In this section, we present the detailed expressions of the
interaction Hamiltonians by putting the electric field opera-
tor E( j)

tot (R̂ j, t ) given by Eq. (16) into Hamiltonian (4). The
interaction Hamiltonian can be divided into two parts Ĥint =∑

j=1,2 Ĥ ( j)
int , where the forms of the two parts are similar.

Below, we take the jth (for j=1,2) particle as an example.
The Hamiltonian Ĥ ( j)

int can be written as

Ĥ ( j)
int = − 1

2α[Etw j (R̂ j, t ) + Êcav(R̂ j )

+ EGtw j̄ (R̂ j ) + ÊGcav(R̂ j )]
2, (17)

which can be further divided into six terms

Ĥ ( j)
int = Ĥ ( j)

cs + Ĥ ( j)
rad-rad + Ĥ ( j)

tw-Gtw

+ Ĥ ( j)
cav-Gcav + Ĥ ( j)

tw-Gcav + Ĥ ( j)
cav-Gtw, (18)

each of which represents a special physical interaction.
The first term Ĥ ( j)

cs in Eq. (18) is the standard interaction
Hamiltonian of the cavity-field with the jth levitated particle

Ĥ ( j)
cs = − 1

2α[Etw j (R̂ j, t ) + Êcav(R̂ j )]
2, (19)

which consists of three parts Ĥ ( j)
cs = Ĥ ( j)

tw-tw + Ĥ ( j)
cav-cav +

Ĥ ( j)
cav-tw. Since the jth particle is trapped near the focus of

the jth tweezer, we can approximate the electric field of the
tweezer by its expansion near r j0 = (x j0, 0, 0). Then, we
can obtain the harmonic potential energy of the tweezer as
Ĥ ( j)

tw-tw = −αE2
tw j (R̂ j )/2 ≈ ∑

Q mω2
jQQ̂2

j/2 with Q = x, y, z,
where we employ the rotating-wave approximation and
neglect both the exp(±2iωtwt ) terms and the constant
terms. This means that the jth nanoparticle is trapped by
the tweezer with trapping frequencies [ω jx, ω jy, ω jz] =√

α/2mε
( j)
tw [

√
2W −1

t ,
√

2W −1
t , z−1

R ]. The square term of the
cavity field contains both the cavity frequecy shift and

the radiation pressure effect, Ĥ ( j)
cav-cav = −αÊ

2
cav(R̂ j )/2 ≈

h̄ωshâ†â + h̄gax j â
†âx̂ j , where ωsh = −αε2

cav cos2(kx j0)/h̄
and gaxj = αε2

cav2 cos(kx j0) sin(kx j0)k/h̄. In addition,
the interaction term between the tweezer and cavity
fields is given by Ĥ ( j)

tw-cav = −α[Etw j (R̂ j ) · Êcav(R̂ j )] ≈
h̄�(â† + â) + h̄gx j (â

† + â)x̂ j + ih̄gz j (â − â†)ẑ j , which
describes the displacement of the cavity mode and the
coupling mediated by coherent scattering, where � =
−αεcavε

( j)
tw cos(kx j0)/(2h̄), gxj = αεcavε

( j)
tw sin(kx j0)k/(2h̄),

and gzj = −αεcavε
( j)
tw cos(kx j0)ktw/(2h̄) [48–50].

The second term Ĥ ( j)
rad-rad in Eq. (18) describes the interac-

tion between these radiation fields at position R̂ j generated by
the j̄th oscillating dipole, and it is written as

Ĥ ( j)
rad-rad = − 1

2α[EGtw j̄ (R̂ j ) + ÊGcav(R̂ j )]
2. (20)

We point out that the terms Ĥ ( j)
rad-rad for j = 1, 2 are higher-

order term of α compared to the other terms, so the terms are
usually small enough to be ignored.

The remaining terms in Eq. (18) describe the interactions
between the incident field at the position of jth particle and the
field at position R̂ j generated by the j̄th dipole. Concretely,
these interaction Hamiltonians are given by

Ĥ ( j)
tw-Gtw = −αEtw j (R̂ j, t ) · EGtw j̄ (R̂ j ), (21a)

Ĥ ( j)
cav-Gcav = −αÊcav(R̂ j ) · ÊGcav(R̂ j ), (21b)

Ĥ ( j)
tw-Gcav = −αEtw j (R̂ j, t ) · ÊGcav(R̂ j ), (21c)

Ĥ ( j)
cav-Gtw = −αÊcav(R̂ j ) · EGtw j̄ (R̂ j ). (21d)

The four cross terms describe the interactions between the
incident field and the radiation field, and they are generated
by the mechanical effect of scattered light via the optical
binding force. Equations (21a) and (21b) describe the lateral
binding and longitudinal binding, respectively. The
optical binding force can be calculated as [76,77]

Fbind = 1
2∇Re[P∗(R j ) · ←→

G (R j − Ri ) · αE(Ri )], (22)

where the force term describes the interaction between the
emitted field and the dipole at R j . Equation (21a) describes the
interaction corresponding to the case where the two particles
are placed on the x axis, and they are trapped by the two opti-
cal tweezers with the same frequency, respectively. Here, the
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FIG. 2. Comparison of the exact and approximate results con-
cerning the optical binding forces (a) Fx and (b) Fz (along the x axis
and z axis) between the two nanoparticles as functions of the scaled
distance R0/λ. The radius of the two nanoparticles is a0 = 90 nm,
the numerical apertures of the two tweezers are NA ≈ 0.8, and the
powers of the two tweezers are P(1)

tw = 0.8 W and P(2)
tw = 0.45 W.

two tweezers polarize along the y axis. In this case, the binding
force acting on particle 1 has the following components:

F (1)
x = α2E10E20

8πε0R4
0

[3 cos(ktwR0) + 3ktwR0 sin(ktwR0)

−2(ktwR0)2 cos(ktwR0) − (ktwR0)3 sin(ktwR0)], (23a)

F (1)
y = 0, (23b)

F (1)
z = α2E10E20

8πε0R4
0

[−ktwR0 sin(ktwR0)

+ (ktwR0)2 cos(ktwR0) + (ktwR0)3 sin(ktwR0)], (23c)

along the x, y, and z axes, respectively, with the distance R0

between the two particles.

The Green function
←→
G (r0) [Eq. (11)] contains these terms

proportional to r−1
0 , r−2

0 , and r−3
0 . In the far-field region

k0r0 � 1, the terms with r−1
0 dominate in the case, and then

the Green function retains only the last term, i.e., α
←→
G (r0) ≈

eik0r0η f (D/r0)
←→
M f (r0). To investigate the specific scope of

the far-field region, we compare in Fig. 2 the optical binding
forces corresponding to the exact calculation and the far-field
approximation. As shown in Fig. 2, we can find that the forces
experience oscillations, and that as the scaled displacement
increases, the oscillation amplitudes of the optical binding

forces decrease. This oscillation behavior can be understood
because the forces are functions of the trigonometric func-
tions, as shown in Eqs. (23). Meanwhile, it can be seen from
Fig. 2 that the exact optical-binding force is very close to the
approximate optical-binding force when R0/λ > 1, which is
consistent with the fact that the near-field constant is much
smaller than the far-field constant when R0 ∼ λ.

Since these interaction terms described by Eqs. (21) in-
volve two particles, below we analyze these cross interactions
between the two particles together in the far-field regime.
The first cross term Ĥtw-Gtw = Ĥ (1)

tw-Gtw + Ĥ (2)
tw-Gtw describes the

lateral binding of the two identical spherical nanoparticles. It
is given by

Ĥtw-Gtw ≈ − 1
2αη ftw (D/R̂0)E10(R̂1)E20(R̂2)

×{
cos[ktw(Ẑ0 + R̂0)]e(1)

tw · ←→
M f (R̂0) · e(2)

tw

+ cos[ktw(Ẑ0 − R̂0)]e(2)
tw · ←→

M f (R̂0) · e(1)
tw

}
, (24)

where η ftw corresponds to the far-field constant for the wave
number ktw. The detailed derivation can be found in the Ap-
pendix. Expanding the corresponding electric field near the
foci of tweezers 1 and 2, the Ĥtw-Gtw can be rewritten as

Ĥtw-Gtw ≈ h̄Rα (x̂1 − x̂2)

+
∑

q=x,y,z

[
νq

(
q̂2

1 + q̂2
2

) + 1

2
kq(q̂1 − q̂2)2

]
, (25)

where the first term corresponds to a shift of the equilibrium
position of the center-of-mass motion along x axis, and the
displacement factor is given by

Rα = αη ftwε
(1)
twε

(2)
tw [ktw sin (ktwD) + D−1 cos (ktwD)]/h̄.

(26)

The second term in Eq. (25) describes the frequency shifts of
the center-of-mass motion, with the frequency shifts

νx = νy = αη ftwε
(1)
tw ε

(2)
tw cos (ktwD)/W 2

t , (27a)

νz = αη ftwε
(1)
tw ε

(2)
tw cos (ktwD)/

(
2z2

R

)
. (27b)

The third term in Eq. (25) describes the interaction between
the two particles mediated by the light scattering, and the
particle-particle coupling strengths are given by

kx = −αη ftwε
(1)
tw ε

(2)
tw

[(
2D−2 − k2

tw

)
cos (ktwD)

+ 2ktwD−1 sin (ktwD)
]
, (28a)

ky = αη ftwε
(1)
tw ε

(2)
tw[3D−2 cos (ktwD)

+ ktwD−1 sin (ktwD)], (28b)

kz = αη ftwε
(1)
tw ε

(2)
tw

[(
D−2 + k2

tw

)
cos (ktwD)

+ ktwD−1 sin (ktwD)
]
. (28c)

The second cross term Ĥcav-Gcav given by Eq. (21b)
represents the longitudinal binding of the two spherical
nanoparticles,

Ĥcav-Gcav = Ĥ (1)
cav-Gcav + Ĥ (2)

cav-Gcav

≈ −4αη f ε
2
cav(D/R̂0) cos(kX̂1) cos(kX̂2)

× cos(kR̂0)(â†â + 1/2)ecav · ←→
M f (R̂0) · ecav, (29)
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where η f corresponds to the far-field constant for the wave
number k. The Hamiltonian Ĥcav-Gcav can be further re-
expressed as

Ĥcav-Gcav ≈ −4αη f ε
2
cav cos(kx10) cos(kx20) cos(kD)â†â

+ h̄gα x̂1(â†â + 1/2) − h̄gα x̂2(â†â + 1/2), (30)

where the first term is the frequency shift term and the last
two terms are the optomechanical coupling terms, with the
coupling strength

gα = 4αη f ε
2
cav[(k sin (kD) + D−1 cos (kD))

× cos2 (kD/2) + k sin (kD) cos (kD)/2]/h̄. (31)

The third cross term Ĥtw-Gcav describes the interaction be-
tween the jth tweezer field at R̂ j and the field generated by
the other dipole caused by the cavity field. This term reads

Ĥtw-Gcav = Ĥ (1)
tw-Gcav + Ĥ (2)

tw-Gcav

≈ − 1
2αη f εcav(D/R̂0) cos(kR̂0)E10(R̂1) cos(kX̂2)

×(
â†e−iktwẐ1 + âeiktwẐ1

)
e(1)

tw · ←→
M f (R̂0) · ecav

− 1
2αεcavη f (D/R̂0) cos(kR̂0)E20(R̂2) cos(kX̂1)

×(
â†e−iktwẐ2 + âeiktwẐ2

)
e(2)

tw · ←→
M f (R̂0) · ecav, (32)

which can be rewritten as

Ĥtw-Gcav ≈ h̄�α (â† + â) +
∑
j=1,2

h̄gαx j (â
† + â)x̂ j

+
∑
j=1,2

ih̄gαz j (â − â†)ẑ j . (33)

In Eq. (33), we introduced �α = −αη f εcav cos(kD)
cos(kD/2)(ε (1)

tw + ε
(2)
tw )/(2h̄) and the coupling strengths

gαx1 = 1

2h̄
αη f εcav

[
(k sin (kD) + D−1 cos (kD))

(
ε

(1)
tw + ε

(2)
tw

)
× cos (kD/2) + k cos (kD)ε (2)

tw sin (kD/2)
]
, (34a)

gαx2 = − 1

2h̄
αη f εcav

[
(k sin (kD) + D−1 cos (kD))

(
ε

(1)
tw + ε

(2)
tw

)
× cos (kD/2) + k cos (kD)ε (1)

tw sin (kD/2)
]
, (34b)

gαz j = 1

2h̄
αη f εcavε

( j)
tw ktw cos (kD) cos (kD/2). (34c)

Finally, the interaction Hamiltonian between the cavity
field and the field emitted by the dipole induced by the tweezer
fields reads

Ĥcav-Gtw = Ĥ (1)
cav-Gtw + Ĥ (2)

cav-Gtw

≈ − 1
2αη ftwεcav(D/R̂0) cos(kX̂1)E20(R̂2)

(
âe−iktw(R̂0−Ẑ2 )

+ â†eiktw(R̂0−Ẑ2 )
)
ecav · ←→

M f (R̂0) · e(2)
tw

− 1
2αεcavη ftw (D/R̂0) cos(kX̂2)E10(R̂1)

(
âe−iktw(R̂0−Ẑ1 )

+ â†eiktw(R̂0−Ẑ1 )
)
ecav · ←→

M f (R̂0) · e(1)
tw , (35)

which can be further expressed as

Ĥcav-Gtw ≈ h̄(�β â + �∗
β â†) +

∑
j=1,2

h̄(gβx j â + g∗
βx j

â†)x̂ j

+
∑
j=1,2

ih̄(gβz j â − g∗
βz j

â†)ẑ j . (36)

Here, the displacement factor of mode a is �β =
−αη ftwεcav(ε (1)

tw + ε
(2)
tw ) cos(kD/2)e−iktwD/(2h̄) and the cou-

pling strengths are

gβx1 = 1

2h̄
αη ftwε cav

[
(D−1 + iktw)

(
ε

(1)
tw + ε

(2)
tw

)
× cos (kD/2) + ε

(2)
tw k sin (kD/2)

]
e−iktwD, (37a)

gβx2 = − 1

2h̄
αη ftwε cav

[
(D−1 + iktw)

(
ε

(1)
tw + ε

(2)
tw

)
× cos (kD/2) + ε

(1)
tw k sin (kD/2)

]
e−iktwD, (37b)

gβz j = − 1

2h̄
αη ftwε cavε

( j)
tw ktw cos (kD/2)e−iktwD. (37c)

Based on the above analyses, we obtain the total
Hamiltonian in the rotating frame [defined by the unitary
transformation operator exp(−iωtwâ†ât )] as

Ĥtot = h̄�′â†â +
∑
j=1,2

P̂2
j

2m
+

∑
j=1,2

∑
Q=x,y,z

1

2
mjω̃

2
jQQ̂2

j

+
∑
j=1,2

h̄g̃ax j â
†âx̂ j −

∑
Q=x,y,z

kQQ̂1Q̂2

+ h̄(�̃â + �̃∗â†) + h̄R̃(x̂1 − x̂2)

+ h̄
∑
j=1,2

[â(g̃x j x̂ j + ig̃z j ẑ j ) + H.c.], (38)

where the effective driving detuning is �′ = � −
2αε2

cav cos2(kD/2)/h̄ − 4αε2
cavη f cos2(kD/2) cos(kD)/h̄

with � = ωcav − ωtw. The jth particle exhibits a

Q-mode frequency of ω̃ jQ =
√

ω2
jQ + 2νQ/m + kQ/m

with j = 1, 2 and Q = x, y, z, the displacement factor
of the cavity mode and x modes are, respectively, given
by �̃ = � + �α + �β and R̃ j = Rα + gα/2, and the
optomechanical couplings are given by g̃ax j = gaxj − (−1) jgα

and g̃x(z) j = gx(z) j + gαx(z) j + gβx(z) j . It can be seen from
Eq. (38) that the y modes of the two particles are only coupled
to each other and decoupled from the other modes, so we will
only consider the x and z modes in the following discussions.
It should be pointed out that if the polarization direction of
the two optical tweezers is not perpendicular to the cavity
axis, the coupling channel between the y modes and the other
modes will be turned on. We also note that, to be concise, the
hat for all the operators will be ignored in the following.

III. SIMULTANEOUS GROUND-STATE COOLING
OF THE X-DIRECTION MOTIONS

For cooling of the x-direction (along the cavity axis) mo-
tion of a single-levitated nanoparticle, we prefer to locate
the particle at the nodes of the cavity mode | sin(kx0)| = 1
[48]. Below we consider that the two particles are located
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at x10 = D/2 and x20 = −D/2, which satisfy sin(kx10) = 1
and sin(kx20) = −1. To cool the mechanical modes, we con-
sider the red-sideband resonance regime: � = ωcav − ωtw =
ωm. Concretely, we assume that the tweezer laser has the
wavelength λtw = 1064 nm and the trapping frequency of
the particles is ωm/2π ∼ 100 MHz. Therefore, the driving
frequency is much larger than the resonance frequency of the
oscillator ωtw � ωm, then the wave number of the cavity field
is approximately equal to that of the tweezer field k ≈ ktw, and
we can make the following approximations: sin(ktwD/2) ≈
1, cos(ktwD/2) ≈ 0, cos(kD) ≈ cos(ktwD) ≈ −1, sin(kD) ≈
cos(ktwD) ≈ 0, and e−iktwD ≈ eiktwD ≈ −1. In this case, the z
modes of the two particles are decoupled from other modes
(x modes and the cavity mode a). The z modes of the two
particles are coupled to each other via the z-z coupling, and
the z-mode motion cannot be cooled because they are con-
nected with the environments and decoupled from the cooling
channel. For studying the cooling of mechanical motion, in
this section we focus on the x modes and cavity mode. In this
case, the Hamiltonian of the system including the x modes and
cavity mode is reduced to

Htot = h̄�a†a +
∑
j=1,2

(
P2

jx

2m
+ m�2

j x
2
j

2

)
+ h̄R(x1 − x2)

+
∑
j=1,2

h̄g j (a
† + a)x j − kxx1x2, (39)

where the x-mode oscillation frequency of the jth nanopar-
ticle is given by �2

j = (αε
( j)2

tw /W 2
t − 2αη f twε

(1)
tw ε

(2)
tw /W 2

t +
kx )/m, the coupling strengths are given by

g1 = αεcav
[
ε

(1)
tw − (η f + η ftw )ε (2)

tw

]
k/(2h̄), (40a)

g2 = −αεcav
[
ε

(2)
tw − (η f + η ftw )ε (1)

tw

]
k/(2h̄), (40b)

and the displacement factor is

R = −αη ftwε
(1)
tw ε

(2)
tw /(h̄D). (41)

We see from Hamiltonian (39) that there exist bilinear cou-
plings between the cavity field and the x-direction motions.
In addition, the two harmonic oscillations are coupled with
each other via the x-x interaction, and both the two oscillators
are displaced in the x direction. For analyzing the cooling of
the x-direction motion, below we will work in the displaced
representation of the system such that the excitations are asso-
ciated with the fluctuations. For convenience, we introduce the
dimensionless position and momentum operators

√
2q j=1,2 =

x j/x j,zpf and
√

2p j=1,2 = Pjx/p j,zpf, where the zero-point mo-
tions are x j,zpf = √

h̄/(2m� j ) and p j,zpf = √
m� j h̄/2. We

also introduce the quadrature operators X = (a† + a)/
√

2 and
Y = i(a† − a)/

√
2 for the cavity field.

Based on Eq. (39), we can obtain the quantum Langevin
equations for the system as

q̇1 = �1 p1, (42a)

ṗ1 = −�1q1 −
√

2G1X − R1 + Gxq2 − γ1 p1 + f (1)
th , (42b)

q̇2 = �2 p2, (42c)

ṗ2 = −�2q2 −
√

2G2X + R2 + Gxq1 − γ2 p2 + f (2)
th , (42d)

Ẋ = �Y − κX +
√

2κXin, (42e)

Ẏ = −�X − κY −
√

2
∑
j=1,2

Gjq j +
√

2κYin, (42f)

where κ and γ j are the decay rates of the cavity mode
and the x-direction motion of the jth particle, respec-
tively. In Eqs. (42), we introduce Gj = √

2g jx j,zpf, Gx =
2kxx1,zpfx2,zpf/h̄, and Rj = √

2Rxj,zpf. The f ( j)
th is the stochas-

tic thermal noise operator corresponding to the x-mode
motion of the jth particle, which is determined by the zero
average values 〈

f ( j)
th (t )

〉 = 0, j = 1, 2, (43)

and the correlation function,〈
f ( j)
th (t ) f ( j′ )

th (t ′)
〉

= δ j j′
γ j

� j

∫
e−iω(t−t ′ )ω

[
coth

(
h̄ω

2kBTj

)
+ 1

]
dω

2π
, (44)

where kB is the Boltzmann constant, and Tj is the
temperature of the thermal bath associated with the x j

mode. We assume that these mechanical modes are con-
nected to the high-temperature reservoirs (kBTj � h̄� j),
so we can obtain coth[h̄� j/(kBTj )] + 1 ≈ 2kBTj/(h̄� j )
in the high-temperature limit. The stochastic noise is
reduced to a delta-correlation noise 〈 f ( j)

th (t ) f ( j′ )
th (t ′) +

f ( j′ )
th (t ′) f ( j)

th (t )〉 ≈ 2γ j (2n̄ j,th + 1)δ(t − t ′)δ j j′ , where n̄ j,th =
[exp[h̄� j/(kBTj )] − 1]−1 ≈ kBTj/(h̄� j ) is the thermal occu-
pation number for the jth thermal bath. In addition, the
Xin = (a†

in + ain )/
√

2 and Yin = i(a†
in − ain )/

√
2 are the opti-

cal noise operators, which are determined by the zero average
values 〈Xin〉 = 0 and 〈Yin〉 = 0. The correlation functions of
these optical noise operators are given by [81]

〈Xin(t )Xin(t ′)〉 = 1

2
δ(t − t ′), (45a)

〈Yin(t )Yin(t ′)〉 = 1

2
δ(t − t ′), (45b)

〈Xin(t )Yin(t ′)〉 = i

2
δ(t − t ′), (45c)

〈Yin(t )Xin(t ′)〉 = − i

2
δ(t − t ′). (45d)

To work in the displacement representation, we re-express
Eqs. (42a)–(42f) around the steady-state values by writing op-
erators O ∈ {qj=1,2, p j=1,2, X,Y } as the sum of average value
and quantum fluctuation: O = 〈O〉 + δO . Then, the Langevin
equations can be separated into the semiclassical equations of
motion and the equations of motion for quantum fluctuations.
The latter can be written as

δq̇1 = �1δp1, (46a)

δ ṗ1 = −�1δq1 −
√

2G1δX + Gxδq2 − γ1δp1 + f (1)
th , (46b)

δq̇2 = �2δp2, (46c)

δ ṗ2 = −�2δq2 −
√

2G2δX + Gxδq1 − γ2δp2 + f (2)
th , (46d)

δẊ = �δY − κδX +
√

2κδXin, (46e)
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δẎ = −�δX − κδY −
∑
j=1,2

√
2Gjδq j +

√
2κδYin. (46f)

By introducing the operator vector

u(t ) = (δq1, δp1, δq2, δp2, δX, δY )T, (47)

with “T” denotes the matrix transpose, and the noise operator
vector

N(t ) = (
0, f (1)

th (t ), 0, f (2)
th (t ),

√
2κδXin(t ),

√
2κδYin(t )

)T
,

(48)
Eqs. (46) can be expressed as a compact matrix form

u̇(t ) = Au(t ) + N(t ), (49)

where the coefficient matrix A is given by

A =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 �1 0 0 0 0
−�1 −γ1 Gx 0 −√

2G1 0
0 0 0 �2 0 0

Gx 0 −�2 −γ2 −√
2G2 0

0 0 0 0 −κ �

−√
2G1 0 −√

2G2 0 −� −κ

⎞
⎟⎟⎟⎟⎟⎟⎠

.

(50)
To calculate the final mean phonon numbers in these me-

chanical modes, we introduce the covariance matrix V defined
by the matrix elements

Vnm = 1
2 [un(∞)um(∞) + um(∞)un(∞)] (51)

for n, m = 1–6. The covariance matrix V is determined by the
Lyapunov equation [82]

AV + VAT = −Q, (52)

where Q is the noise correlation matrix, defined by the ele-
ments Qnm = 1

2 〈Nn(t )Nm(t ′) + Nm(t )Nn(t ′)〉 for n, m = 1–6.
Based on Eqs. (44) and (45), the noise correlation matrix can
be obtained as

Q = diag[0, γ1(2n̄1,th + 1), 0, γ2(2n̄2,th + 1), κ, κ]. (53)

The final mean phonon numbers of the two mechanical modes
can be expressed as

n̄ j = 1
2

[〈
δq2

j

〉 + 〈
δp2

j

〉 − 1
]
, j = 1, 2, (54)

where the stationary variance of the mechanical modes is
given by the corresponding diagonal matrix elements of the
covariance matrix,〈

δq2
1

〉 = V11,
〈
δp2

1

〉 = V22, (55a)〈
δq2

2

〉 = V33,
〈
δp2

2

〉 = V44. (55b)

Therefore, the final mean phonon numbers in the two me-
chanical modes can be obtained by solving the Lyapunov
equation. Note that the stability conditions for the steady
states in our simulations have been confirmed with the Routh-
Hurwitz criterion [83].

In the coupled cavity-levitated-nanoparticles system, the
powers of the optical tweezers affect both the resonance fre-
quencies of the mechanical modes and the coupling strengths
between the cavity mode and the mechanical modes. Below,
we analyze the dependence of the cooling efficiency of the
x modes of the two nanoparticles on the powers of the two
optical tweezers. In Fig. 3, we plot the final mean phonon

1.0

0.8

0.6

0.4

0.2

(a) 1n

0.2 0.4 0.6 0.8 1.0

2n(b)
1.0

0.8

0.6

0.4

0.2

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

10
5

(1)

tw (W)P

(2
)

tw
(W

)
P

(2
)

tw
(W

)
P

FIG. 3. The final mean phonon numbers (a) n̄1 and (b) n̄2 in the
two mechanical modes versus the powers P(1)

tw and P(2)
tw of the two

tweezers. The silica nanoparticle of radius is a0 ≈ 90 nm, the sepa-
ration of the particles is D ≈ 2.5λ, the initial occupations are n̄1,th =
n̄2,th = 105, and the effective driving detuning is � = �1. Other
parameters used are γ1/�1 = γ2/�1 = 0.5 × 10−8 and κ/�1 = 0.2.

numbers n̄1 and n̄2 as functions of the powers P(1)
tw and P(2)

tw .
We can see from Fig. 3 that the cooling of the two modes
x1 and x2 is strongly suppressed when the two tweezers have
the same power. The cooling performance becomes better
when the working point deviates the diagonal line P(1)

tw = P(2)
tw .

This phenomenon can be well explained based on the dark-
mode effect [51,84–90]. From the expressions of � j and Gj ,
we know that, when the powers of the two optical tweezers
are equal, i.e., P(1)

tw = P(2)
tw , the two modes x1 and x2 have the

same resonance frequency �1 = �2, and the optomechanical
coupling strengths are equal but with opposite signs G1 =
−G2. In the following, we analyze the dark-mode effect in
the system under these parameters.

Using the dimensionless operators, the Hamiltonian char-
acterizing the quantum fluctuations can be written as

Hlin/h̄ = �a†a +
∑
j=1,2

[
� j

2

(
p2

j + q2
j

) + Gj (a
† + a)q j

]

− Gxq1q2. (56)
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To clearly see the dark-mode effect in the system, we define
two hybrid modes of the two mechanical modes as

q+ = G1q1 + G2q2√
G2

1 + G2
2

, p+ = G1 p1 + G2 p2√
G2

1 + G2
2

, (57a)

q− = G1q2 − G2q1√
G2

1 + G2
2

, p− = G1 p2 − G2 p1√
G2

1 + G2
2

. (57b)

In the representation of the two new hybrid modes, the
Hamiltonian Hlin can be expressed as

Hlin/h̄ = �a†a + �+
2

(q2
+ + p2

+) + �−
2

(q2
− + p2

−)

+ Gqq+q− + Gp p+ p− + G+(a† + a)q+

− Gx
G1G2q2

+ − G1G2q2
−

G2
1 + G2

2

, (58)

where the resonance frequencies of the two hybrid modes are
introduced by

�+ = �1G2
1 + �2G2

2

G2
1 + G2

2

, �− = �1G2
2 + �2G2

1

G2
1 + G2

2

. (59)

In addition, the optomechanical coupling strength between the
cavity mode a and the hybrid mode q+ is given by G+ =√

G2
1 + G2

2, and the other two coupling strengths between the
two modes q± are given by

Gq = (�2 − �1)G1G2 − kx
(
G2

1 − G2
2

)
G2

1 + G2
2

, (60a)

Gp = (�2 − �1)G1G2

G2
1 + G2

2

. (60b)

It can be seen from Eq. (58) that, when �1 = �2 and
G1 = −G2, we have Gq = Gp = 0, and thus the mode q− is
decoupled from both the mode q+ and the cavity mode a. In
this case, the mode q− becomes a dark mode, and it cannot be
cooled via the cavity-field cooling channel. In order to realize
the simultaneous ground-state cooling of the two modes q1

and q2, we need to take different optical tweezers powers, i.e.,
P(1)

tw �= P(2)
tw , then the dark-mode effect is broken.

In Fig. 4(a), we plot the final mean phonon numbers n̄1 and
n̄2 for the two mechanical modes as functions of the scaled
detuning �/�1 in the nondegenerate-mechanical-mode case,
�2 ≈ 0.75�1. In this case, we obtain the mechanical frequen-
cies �x,y,z/2π ≈ (324, 366, 130) kHz for the center-of-mass
motion of the particle 1. For this system, the nanoparticle is
levitated in a vacuum, and hence it is highly isolated from the
environment, resulting in a high Q factor exceeding 108 [91].
Under these parameters, the simultaneous ground-state cool-
ing of the two mechanical modes can be realized (n̄1, n̄2 < 1).
In particular, the optimal cooling of the mode x j for the jth
particle appears around the red-sideband resonances: �/� j ≈
1. Note that the slight shifts of the resonance point are caused
by the couplings among the optical modes and two mechanical
modes. We point out that the present cooling mechanism is es-
sentially a sideband cooling. Therefore, we need to investigate
the dependence of the cooling performance on the sideband-
resolution condition. To this end, we plot in Fig. 4(b) the final

(a)

(b)

1Δ / Ω

1/ Ωκ

1/ Ωκ

1n

2n2n

1n

2n2n

F
in

al
m

ea
n

p
h

o
n

o
n

n
u

m
b

er
s

F
in

al
m

ea
n

p
h

o
n

o
n

n
u

m
b

er
s

jn

FIG. 4. (a) The final mean phonon numbers n̄1 (green solid
line with circles) and n̄2 (yellow solid line with triangles) versus
the scaled driving detuning �/�1 when κ/�1 = 0.2. (b) The
final average phonon numbers n̄1 and n̄2 versus the scaled
cavity linewidth κ/�1 at �/�1 = 1. The inset is a zoom-in plot
of the phonon numbers in a narrower ranger of κ/�1. Other
common parameters used are P(1)

tw = 0.8 W, P(2)
tw = 0.45 W,

n̄1,th = n̄2,th = 105, �2/�1 ≈ 0.75, G1/�1 ≈ 0.22, G2/�1 ≈
−0.19, Gx/�1 ≈ −0.046, and γ1/�1 = γ2/�1 = 0.5 × 10−8.

mean phonon numbers n̄1 and n̄2 as functions of the scaled
cavity-field decay rate κ/�1. Here we can see that the final
mean phonon numbers n̄1 and n̄2 firstly decrease and then
increase with the increase of the decay rate κ (See the inset)
[92,93].

In this system, there exists a coupling between the two
mechanical modes with the coupling strength Gx. Below, we
investigate how the coupling strength Gx affects the cooling
results of the two mechanical modes. Firstly, we point out
that the particle-particle coupling strength used in Fig. 4 is
Gx ≈ −0.046�1, where the distance between the two parti-
cles is given by D ≈ 2.5λ. It can be confirmed from Fig. 2 that
the used parameters satisfy the far-field approximation well.
In addition, it can be seen from Eq. (28a) that the particle-
particle coupling strength Gx can be adjusted by the powers
P(1)

tw and P(2)
tw of the two tweezers and the distance D of the

two particles. To further elucidate this point, in Fig. 5 we plot
the particle-particle coupling strength Gx versus the powers
P(1)

tw and P(2)
tw of the two tweezers. Figure 5 exhibits that the

strength Gx increases with the increase of the two powers
P(1)

tw and P(2)
tw , which is consistent with the phenomenon that

the optical binding force between the two levitated particles
increases with the powers of the two tweezers. Moreover, we
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FIG. 5. The particle-particle coupling strength Gx versus the
powers P(1)

tw and P(2)
tw of the two optical tweezers. Here, we take

the following parameters: the radius of the two silica nanoparti-
cles a0 ≈ 90 nm, the wavelength λ = 1064 nm, and the numerical
aperture NA ≈ 0.8.

find that Gx can be adjusted from −41.8 kHz to −110.2 kHz
and the scaled coupling Gx/�1 ∈ [−0.1,−0.03]. Since the
particle-particle coupling provides a channel for the exchange
of thermal excitations between the two mechanical modes
x1 and x2, it is interesting to analyze the dependence of the
cooling results on the coupling strength Gx. In Fig. 6, we
plot the final mean phonon numbers n̄1 and n̄2 as functions of
the scaled particle-particle coupling strength Gx/�1. Figure 6
shows that both the final mean phonon numbers n̄1 and n̄2 of
particles 1 and 2 increase with the increase of the absolute
value of the particle-particle coupling |Gx|, which means that
the increase of the |Gx| will reduce the cooling efficiency of
the two modes x1 and x2.

We mention that there exists a dilemma in the choosing
of the resonance frequencies � j=1,2. As shown in Eq. (56),
the dipole-induced coupling determines the phonon exchange

between the two mechanical modes, and this effect is strong in
the resonant case. To break the dark-mode effect, however, we
prefer to consider two detuned mechanical modes. In our sim-
ulations, we choose detuned mechanical modes such that the
dark-mode effect is broken. In this case, the dipole-induced
coupling is partly suppressed but it still works.

IV. SIMULTANEOUS COOLING
OF X- AND Z-DIRECTION MOTIONS

In Sec. III, we study the special case where the distance
between the two particles takes special values, resulting in the
decoupling of the cavity mode a from the z-direction motions
of the two particles. However, when the distance between the
two particles does not take these special positions, the cavity
mode a will couple to the z-direction motions of the two
particles. In the following, we will analyze the cooling of both
x- and z-direction motions of the two particles in this case.

For a general case, the system is described by the
Hamiltonian (38). Here, there exist nonlinear couplings be-
tween the cavity mode and the x-direction motions of the two
particles. In particular, we consider the case where the driving
[the �̃ term in Eq. (38)] of the cavity mode is strong enough,
then we can linearize the system and obtain the linearized
Langevin equations as

u̇′(t ) = A′u′(t ) + N′(t ). (61)

Here the fluctuation operator vector is defined by

u′(t ) = (δq1x, δp1x, δq2x, δp2x, δq1z, δp1z, δq2z, δp2z,

δX, δY )T, (62)

where the mechanical quadratures are introduced as√
2δq jx = x j/x j,zpf,

√
2δp jx = Pjx/p jx,zpf,

√
2δq jz =

z j/z j,zpf, and
√

2δp jz = Pjz/p jz,zpf with j = 1, 2. In Eq. (61),
the noise operator vector is defined by

N′(t ) = (
0, f (1x)

th (t ), 0, f (2x)
th (t ), 0, f (1z)

th (t ), 0, f (2z)
th (t ),

√
2κδXin(t ),

√
2κδYin(t )

)T
, (63)

and the coefficient matrix is given by

A′ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 ω̃1x 0 0 0 0 0 0 0 0
−ω̃1x −γ1x Gx 0 0 0 0 0 −√

2A1

√
2B1

0 0 0 ω̃2x 0 0 0 0 0 0
Gx 0 −ω̃2x −γ2x 0 0 0 0 −√

2A2

√
2B2

0 0 0 0 0 ω̃1z 0 0 0 0
0 0 0 0 −ω̃1z −γ1z Gz 0 −√

2C1 −√
2D1

0 0 0 0 0 0 0 ω̃2z 0 0
0 0 0 0 Gz 0 −ω̃2z −γ2z −√

2C2 −√
2D2

−√
2B1 0 −√

2B2 0 −√
2D1 0 −√

2D2 0 −κ +�̃

−√
2A1 0 −√

2A2 0 −√
2C1 0 −√

2C2 0 −�̃ −κ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (64)

In Eq. (64), we have defined Gx = 2kxx1,zpfx2,zpf/h̄, Gz =
2kzz1,zpfz2,zpf/h̄, Gxj = √

2g̃x j x j,zpf, Gzj = i
√

2g̃z j z j,zpf, and
Gaxj = √

2g̃ax j 〈a†〉x j,zpf, then the linearized optomechanical-
coupling strengths are given by G̃ jx = Gxj + Gaxj and

G̃ jz = Gzj . These complex coupling strengths can be divided
into real and imaginary parts, namely, G̃ jx = Aj + iB j and
G̃ jz = Cj + iD j , where Aj , Bj , Cj , and Dj have been intro-
duced in Eq. (64).
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FIG. 6. The final mean phonon numbers n̄1 (green solid line with
circles) and n̄2 (yellow solid line with triangles) as functions of
Gx/�1 when � = �1 and κ/�1 = 0.2. Other parameters used are
the same as those in Fig. 4.

These linearized coupling strengths depend on the semi-
classical motion, which are governed by the semiclassical
equations of motion. In the steady-state case, the average
values of the system operators can be obtained as

〈a〉 = i�̃∗ + iG∗
x1
〈x1〉 + iG∗

x2
〈x2〉 + iG∗

z1
〈z1〉 + iG∗

z2
〈z2〉

−i�̃ − κ
,

(65a)

〈x1〉 = −Gax1〈a〉 + Gx〈x2〉 − R̃1 − 2Im[Gx1〈a〉]
ω̃1x

, (65b)

〈x2〉 = −Gax2〈a〉 + Gx〈x1〉 + R̃2 − 2Im[Gx2〈a〉]
ω̃2x

, (65c)

〈z1〉 = Gz〈z2〉 − 2 Im[Gz1〈a〉]
ω̃1z

, (65d)

〈z2〉 = Gz〈z1〉 − 2 Im[Gz2〈a〉]
ω̃2x

, (65e)

where �̃ = �′ + g̃ax1 x1,zpf〈x1〉 + g̃ax2 x2,zpf〈x2〉 and R̃ j =√
2R̃x j,zpf. Based on the linearized Langevin equations, we

can derive an effective Hamiltonian to describe the linearized
dynamics of the system as

H ′
lin/h̄

= �̃δa†δa +
∑

l

[
ω̃l

2

(
δq2

l + δp2
l

) + (G̃lδa + G̃∗
l δa†)δql

]

− Gxδq1xδq2x − Gzδq1zδq2z, (66)

where l = 1x, 2x, 1z, 2z.
It can be seen from Eq. (66) that, the cavity mode δa is

coupled to the four modes δq1x, δq1z, δq2x, and δq1z. Mean-
while, the modes δq1x and δq1z are coupled to the modes
δq2x and δq2z, respectively. To investigate the dependence of
the cooling performance of the four mechanical modes on
the powers of the two tweezers, in Fig. 7, we plot the final
mean phonon number n̄1x, n̄1z, n̄2x, and n̄2z as functions of
P(2)

tw when P(1)
tw = 0.8 W. Here, we can see that all the modes

cannot be cooled around the identical power point P(1)
tw ≈ P(2)

tw .
The phenomenon can be explained based on the dark-mode
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FIG. 7. The final mean phonon numbers n̄1x (red line), n̄2x

(blue dashed line with dots), n̄1z (green line), and n̄2z (yellow
dashed line with triangles) in the four mechanical modes ver-
sus the power P(2)

tw of the tweezer 2. Other parameters used
are P(1)

tw = 0.8 W, n̄1x,th = n̄2x,th = n̄1z,th = n̄2z,th = 105, γ1x/ω̃1x =
γ1z/ω̃1x = γ2x/ω̃1x = γ2z/ω̃1x = 0.5 × 10−8, and κ/ω̃1x = 0.2.

effect. In this five-mode system, when P(1)
tw = P(2)

tw , we have
ω̃1x = ω̃2x and ω̃1z = ω̃2z. Meanwhile, the coupling strengths
satisfy the relations: Gx1 = −Gx2 , Gax1 = −Gax2 , and Gz1 =
Gz2 . To analyze the dark-mode effect, we introduce the cre-
ation and annihilation operators b†

l = (δql − iδpl )/
√

2 and
bl = (δql + iδpl )/

√
2 of these mechanical modes. We further

define four hybrid mechanical modes as

B1+ = G̃1xb1x + G̃2xb2x√∣∣G̃1x

∣∣2 + ∣∣G̃2x

∣∣2
, B1− = G̃∗

2xb1x − G̃∗
1xb2x√∣∣G̃1x

∣∣2 + ∣∣G̃2x

∣∣2
,

(67a)

B2+ = G̃1zb1z + G̃2zb2z√∣∣G̃1z

∣∣2 + ∣∣G̃2z

∣∣2
, B2− = G̃∗

2zb1z − G̃∗
1zb2z√∣∣G̃1z

∣∣2 + ∣∣G̃2z

∣∣2
.

(67b)

In the hybrid-mode representation, the Hamiltonian (66)
can be re-expressed as a new form, which is not presented
here because of its complicated form. By analyzing the
Hamiltonian in the hybrid-mode representation, we find that
the dark-mode effect appears under the conditions ω̃1x(z) =
ω̃2x(z) and G̃2

1x(z) = G̃2
2x(z). Accordingly, in the identical power

case under consideration, the x(z) modes of the two particles
have the same frequency ω̃1x(z) = ω̃2x(z) and absolute value of
coupling strength |G̃1x(z)| = |G̃2x(z)|, and then the Hamiltonian
is reduced to

H ′
lin/h̄ = �δa†δa +

∑
j=1,2

ω̃ j (B
†
j+Bj+ + B†

j−Bj−)

+
∑
j=1,2

(−1) j[(ξ jB
†
j+ + ξ ∗

j B j+)2

− (ξ ∗
j B†

j− + ξ jB j−)2]

+ [G̃1x(ζ1B1+ + ζ ∗
1 B†

1+)a + G̃1z(ζ2B2+ + ζ ∗
2 B†

2+)a

+ H.c.], (68)
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FIG. 8. The final mean phonon numbers n̄1x (green line with
dots), n̄2x (orange line with squares), n̄1z (light green dashed
line with rhombuses), and n̄2z (yellow dashed line with trian-
gles) versus the effective driving detuning �/ω̃1x . Other pa-
rameters used are n̄1x,th = n̄2x,th = n̄1z,th = n̄2z,th = 105, ω̃2x/ω̃1x ≈
0.75, ω̃1z/ω̃1x ≈ 0.41, ω̃2z/ω̃1x ≈ 0.31, Gx/ω̃1x ≈ −0.02, Gz/ω̃1x =
−0.03, Gx1/ω̃1x ≈ −0.1, Gx2/ω̃1x ≈ −0.09, γ1x/ω̃1x = γ1z/ω̃1x =
γ2x/ω̃1x = γ2z/ω̃1x = 0.5 × 10−8, and κ/ω̃1x = 0.2.

where we have ignored the constant term. In Eq. (68), the nor-
malized resonance frequencies are ω̃1 = ω̃1x and ω̃2 = ω̃1z,
and other parameters used are defined as ζ1 = Gx/2G̃∗

1x, ζ2 =
Gz/2G̃1z, ξ1 = √

2G̃∗
1x/|G̃1x|, and ξ2 = √

2G̃∗
1z/|G̃1z|. We can

see from Eq. (68) that the two modes B1− and B2− are decou-
pled from other modes, and hence become the dark modes.
Therefore, the cooling of the four mechanical modes will be
significantly suppressed.

In order to break the dark-mode effect, we need to consider
the case P(1)

tw �= P(2)
tw , then we have |gz| > |gx| and ω̃z < ω̃x

for our parameters. In the dark-mode-breaking case, we want
to investigate the influence of the detuning on the cooling
performance for the motions. In Fig. 8(a), we plot the final
mean phonon numbers n̄1x, n̄2x, n̄1z, and n̄2z in the four me-
chanical modes versus the scaled detuning �/ω̃1x. We find
in Fig. 8(a) that the simultaneous ground-state cooling of
the four mechanical modes can be realized. In particular, the
cooling performance of the x-direction motions are better than
those of the two modes z1 and z2. Moreover, we can see from
Fig. 8(a) that, for the two modes x1 and x2, the optimal cooling
appears, respectively, around �/ω̃1x ≈ 1 and �/ω̃2x ≈ 0.75,
corresponding to the red-sideband resonances. In this case,

the effective mode temperatures of the x-direction motions for
the two nanoparticles are cooled to Tx ∼ 5 × 10−3 mK (corre-
sponding to ω̃x ∼ 2.4 MHz), and the two z-mode mechanical
oscillations are simultaneously cooled to Tz ∼ 7 × 10−3 mK
(corresponding to ω̃z ∼ 0.9 MHz). We also investigate the
dependence of the final mean phonon numbers n̄1x, n̄2x, n̄1z,
and n̄2z on the scaled decay rate κ/ω̃1x for the cavity field, as
shown by Fig. 8(b). Here, we can see that the simultaneous
ground-state cooling of the four modes can be realized. In
particular, the cooling performances of the two x-direction
modes x1 and x2 are better than those of the two z-direction
modes z1 and z2. Meanwhile, we find that the main cooling
region exists in the resolved-sideband regime.

V. DISCUSSIONS AND CONCLUSION

Finally, we present some discussions concerning the deco-
herence effect in this scheme. In reality, there exist some noise
processes such as recoil heating, photon absorption, and laser
phase noise. These noises will inevitably cause some system
decoherence. In this work, we did not conduct quantitative
analyses concerning the effect of these noises separately. We
only consider that the cavity mode and each mechanical mode
are coupled to a vacuum bath and a heat bath, respectively.
We also consider a real dielectric constant (i.e., no absorption
effects are taken into account). In addition, the heating noise
originates from two contributions: one is the heating effect
caused by the collision of the nanoparticles with surrounding
gas molecules, the other one is the recoil heating caused by the
collision of the nanoparticles with the photons escaped from
the optical trap. According to Ref. [94], the ratio between
the decoherence rate induced by the photon shot noise and
thermal decoherence induced by the gas collision increases
as the decrease of the vacuum pressure. In this work, we
consider the case in which the decoherence induced by gas
collisions dominates the heating processes, and hence the
decoherence of the system can be described by the Langevin
equations.

We should mention that the cooling performance depends
on the initial thermal phonon numbers in these modes. In our
simulations, we consider the initial phonon number n̄th = 105.
We also conduct the simulations for a larger initial n̄th, for
example n̄th = 107 corresponding to a room temperature for
typical mechanical frequency. We find that the ground-state
cooling for the x modes of the two nanoparticles can be
realized at n̄th = 107. However, the ground-state cooling of the
x and z modes of the two nanoparticles cannot be realized, but
the final mean phonon numbers can be reduced to be smaller
than 10 with the cooperativity CQ ≈ 4g2/(κγ n̄th) ≈ 4.

We note that the normal-mode splitting caused by a strong
optical binding [77] can limit the cooling efficiency. In partic-
ular, when the two coupled mechanical modes are working in
the ultrastrong-coupling regime (namely the coupling strength
is considerably comparable to the mechanical resonance fre-
quency), the two mechanical oscillators should be treated
as a whole system. Namely, the mechanical modes are no
longer individually coupled to the thermal bath. Instead, each
of the two hybrid modes will be coupled to two environ-
ments, and hence the equations of motion governing the
evolution of the two coupled mechanical modes should be
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re-derived in the dressed-mode representation. In other word,
we need to consider this model in the normal-mode repre-
sentation when the two coupled mechanical modes work in
the ultrastrong-coupling regime. With the coupling between
the two mechanical modes in the weak- and strong-coupling
regimes, we can safely work in the bare-mode representation
of the two mechanical modes. In our simulations, we consider
this coupling strength Gx ≈ −0.045�1 in the strong-coupling
regime. Therefore, our treatment and calculations are valid for
our used parameters.

In conclusion, we have developed a theoretical model for
describing the simultaneous ground-state cooling of the mo-
tions of two levitated nanoparticles trapped in a cavity via
coherent scattering. We have found that, different from the
single-levitated particle case, the scattered light will induce
the mechanical effect between the particles, which shifts the
equilibrium position of the particles and causes the coupling
between two particles. We have derived the Hamiltonian of the
system and analyze the interactions in various cases. When
the two nanoparticles are located at the nodes of the cavity,
the system is reduced to a three-mode loop-coupled model,
in which the cavity mode is coupled to the x-direction mo-
tional modes of the two particles, and the two x modes are
coupled with each other via the position-position coupling. In

this case, we have found that the dark-mode effect appears
when two tweezers have the same power, and then the effec-
tive cooling of the two mechanical oscillations is suppressed.
In particular, the simultaneous ground-state cooling of the
x-direction motion of the two particles can be realized by
breaking the dark-mode effect. In addition, when the particles
are not placed at the nodes, the system is reduced to a five-
mode model, in which both the x- and z-direction motions
are coupled to the cavity mode, and there exist both the x-x
coupling and z-z coupling between the two mechanical modes.
In this case, we have also found that the dark-mode effect
exists in the identical-power case, and that both the x- and
z-direction motions can be significantly cooled by breaking
the dark-mode effect. This work paves the way to quantum
manipulation of multiple levitated nanoparticles.
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APPENDIX: EXPANSIONS OF THESE INTERACTION HAMILTONIANS DESCRIBED BY EQS. (21)

In this Appendix, we present the derivation of these interaction Hamiltonians given by Eqs. (21). We start by substituting
Eqs. (9) and (11) into Eq. (21a), and obtain

Ĥ (1)
tw-Gtw = −αEtw1(R̂1, t ) · Re[eiktwR̂0η ftw (D/R̂0)

←→
M f (R̂0) · E tw2(R̂2, t )]

= −α
[

1
2 E10(R̂1)e−ik twẐ1 e−iωtwt + 1

2 E10(R̂1)eiktwẐ1 eiωtwt
]
e(1)

tw · Re
[
eiktwR̂0η ftw (D/R̂0)

←→
M f (R̂0) · E20(R̂2)e−iktwẐ2 e−iωtwt e(2)

tw

]
≈ − 1

2αη ftw (D/R̂0)
[

1
2 E10(R̂1)E20(R̂2)e−iktwR̂0 e−iktw(Ẑ1−Ẑ2 ) + 1

2 E10(R̂1)E20(R̂2)eiktwR̂0 eiktw(Ẑ1−Ẑ2 )
]
e(1)

tw · ←→
M f (R̂0) · e(2)

tw

= − 1
2αη ftw (D/R̂0)E10(R̂1)E20(R̂2) cos(−ktwẐ0 − ktwR̂0)e(1)

tw · ←→
M f (R̂0) · e(2)

tw , (A1)

where we neglect the fast-oscillating terms by performing the rotating-wave approximation. Similarly, we can obtain the
Hamiltonian

Ĥ (2)
tw-Gtw = −αEtw2(R̂2, t ) · Re[eiktwR̂0η ftw (D/R̂0)

←→
M f (R̂0) · E tw1(R̂0, t )]

≈ − 1
2αη ftw (D/R̂0)E20(R̂2)E10(R̂1) cos(ktwẐ0 − ktwR̂0)e(2)

tw · ←→
M f (R̂0) · e(1)

tw . (A2)

Based on Eqs. (A1) and (A2), the Hamiltonian Ĥtw-Gtw given in Eq. (24) can be derived. Since the jth particle is trapped
near the focus of the jth tweezer, we can approximate the electric field by its expansion near the foci r10 = (x10, 0, 0) and
r20 = (x20, 0, 0) of the two tweezers. The approximate Hamiltonian expanded up to the second order of the center-of-mass
displacements is given by Eq. (25).

In the rotating frame with respect to U = exp(−iωtwâ†ât ), the electric field operator of the cavity field can be expressed as
Êcav(R̂ j ) = εcav cos(kX̂j )(â†eiωtwt + âe−iωtwt )ecav. By substituting Êcav(R̂ j ) into Eq. (21b) for j = 1, we obtain

Ĥ (1)
cav-Gcav = −αÊcav(R̂1) · Re[eikR̂0η f (D/R̂0)

←→
M f (R̂0) · Êcav(R̂2)]

= −αεcav cos(kX̂1)(â†eiωtwt + âe−iωtwt )ecav · Re[eikR̂0η f (D/R̂0)
←→
M f (R̂0) · εcav cos(kX̂2)(â†eiωtwt + âe−iωtwt )ecav]

≈ −2αε2
cavη f (D/R̂0) cos(kX̂1) cos(kX̂2) cos(kR̂0)(â†â + 1/2)ecav · ←→

M f (R̂0) · ecav. (A3)

Similarly, we can obtain

Ĥ (2)
cav-Gcav = −αÊcav(R̂2) · Re[eikR̂0η f (D/R̂0)

←→
M f (R̂0) · Ê cav(R̂1)]

≈ −2αε2
cavη f (D/R̂0) cos(kX̂2) cos(kX̂1) cos(kR̂0)(â†â + 1/2)ecav · ←→

M f (R̂0) · ecav. (A4)
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In terms of Eqs. (A3) and (A4), we obtain the expression of Ĥcav-Gcav, which has been presented in Eq. (29). By expanding the
Hamiltonian with respect to the center-of-mass displacements, we reach the approximate Hamiltonian

Ĥcav-Gcav ≈ −4αε2
cavη f cos(kx10) cos(kx20) cos (kD)â†â

+ 4αε2
cavη f {[k sin (kD) + cos(kD)/D] cos (kx10) cos (kx20) + k sin (kx10) cos (kx20) cos (kD)}x̂1(â†â + 1/2)

− 4αε2
cavη f {[k sin (kD) + cos(kD)/D] cos (kx10) cos (kx20) − k cos (kx10) sin (kx20) cos (kD)}x̂2(â†â + 1/2)

+O(
Q̂2

j

)
, (A5)

where Q̂ j = x̂ j, ŷ j, ẑ j . By keeping the terms up to the first order of the center-of-mass displacements and taking x10 = D/2 and
x20 = −D/2, Eq. (A5) is reduced to Eq. (30).

Substituting the tweezer fields and the cavity field into Eq. (21c), we can obtain the Hamiltonian

Ĥ (1)
tw-Gcav = −αEtw1(R̂1, t ) · Re[eikR̂0η f (D/R̂0)

←→
M f (R̂0) · Êcav(R̂2)]

= −αRe[E10(R̂1)e−ik twẐ1 e−iωtwt ]e(1)
tw · Re[eikR̂0η f (D/R̂0)

←→
M f (R̂0) · εcav cos(kX̂2)(â†eiωtwt + âe−iωtwt )ecav]

≈ − 1
2αη f εcav(D/R̂0) cos(kR̂0)E10(R̂1) cos(kX̂2)(â†e−iktwẐ1 + âeiktwẐ1 )e(1)

tw · ←→
M f (R̂0) · ecav, (A6)

and

Ĥ (2)
tw-Gcav = −αEtw2(R̂2, t ) · Re[eikR̂0η f (D/R̂0)

←→
M f (R̂0) · Êcav(R̂1)]

≈ − 1
2αη f εcav(D/R̂0) cos(kR̂0)E20(R̂2) cos(kX̂1)(â†e−iktwẐ2 + âeiktwẐ2 )e(2)

tw · ←→
M f (R̂0) · ecav. (A7)

Combining Eqs. (A6) and (A7), we can obtain the form of Ĥtw-Gcav, as shown in Eq. (32). Then we get the approximate
Hamiltonian by expanding the fields near the foci of the tweezers,

Ĥtw-Gcav ≈ −1

2
αη f εcav cos(kD)ς (â† + â)

+ 1

2
αη f εcav

{
[k sin (kD) + cos (kD)/D]ς + ε

(2)
tw k cos(kD) sin(kx10)

}
(â† + â)x̂1

−1

2
αη f εcav

{
[k sin (kD) + cos (kD)/D]ς − ε

(1)
tw k cos(kD) sin(kx20)

}
(â† + â)x̂2

− i

2
αη f εcavε

(1)
tw cos(kD)ktw cos(kx20)(â − â†)ẑ1 − i

2
αη f εcavε

(2)
tw cos(kD)ktw cos(kx10)(â − â†)ẑ2

+O(
Q̂2

j

)
, (A8)

with ς = ε
(1)
tw cos(kx20) + ε

(2)
tw cos(kx10). We keep the terms up to the first order of the center-of-mass displacements and obtain

Eq. (33).
Similarly, using the expressions of the two electric fields, we can further express Eq. (21d) as

Ĥ (1)
cav-Gtw = −αÊcav(R̂1) · Re[eiktwR̂0η ftw (D/R̂0)

←→
M ftw (R̂0) · E tw2(R̂2, t )]

= −αεcav cos(kX̂1)(â†eiωtwt + âe−iωtwt )ecav · Re
[
eiktwR̂0η ftw (D/R̂0)

←→
M ftw (R̂0) · E20(R̂2)e−iktwẐ2 e−iωtwt e(2)

tw

]
≈ − 1

2αη ftwεcav(D/R̂0) cos(kX̂1)E20(R̂2)[â†eiktw(R̂0−Ẑ2 ) − âe−iktw(R̂0−Ẑ2 )]ecav · ←→
M ftw (R̂0) · e(2)

tw , (A9)

and

Ĥ (2)
cav-Gtw = −αÊcav(R̂2) · Re[eiktwR̂0η ftw (D/R̂0)

←→
M ftw (R̂0) · E tw1(R̂1, t )]

≈ − 1
2αη ftwεcav(D/R̂0) cos(kX̂2)E10(R̂1)[â†eiktw(R̂0−Ẑ1 ) + âe−iktw(R̂0−Ẑ1 )]ecav · ←→

M ftw (R̂0) · e(1)
tw (A10)

From Eqs. (A9) and (A10), we derive the expression of Ĥcav-Gtw as presented in Eq. (35). By expanding the electric fields close
to the foci of the tweezers, the Hamiltonian becomes

Ĥcav-Gtw ≈ −1

2
αη ftwεcavς (âe−iktwD + â†eiktwD)

+ 1

2
αη ftwεcav

{[
(D−1 + iktw)ς + ε

(2)
tw k sin(kx10)

]
âe−iktwD + [

(D−1 − iktw)ς + ε
(2)
tw k sin(kx10)

]
â†eiktwD

}
x̂1

+ 1

2
αη ftwεcav

{[
(D−1 + iktw)ς + ε

(1)
tw k sin(kx20)

]
âe−iktwD + [

(D−1 − iktw)ς + ε
(1)
tw k sin(kx20)

]
â†eiktwD

}
x̂2
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− i

2
αη ftwεcavε

(1)
tw ktw cos(kx20)(âe−iktwD − â†eiktwD)ẑ1 − i

2
αη ftwεcavε

(2)
tw ktw cos(kx10)(âe−iktwD − â†eiktwD)ẑ2

+O(
Q̂2

j

)
. (A11)

Discarding the last term in Eq. (A11), we reach the Hamiltonian given by Eq. (36).
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[63] H. Rudolph, U. Delić, K. Hornberger, and B. A. Stickler,
Quantum theory of non-hermitian optical binding between
nanoparticles, arXiv:2306.11893.

[64] J. Vijayan, J. Piotrowski, C. Gonzalez-Ballestero, K. Weber,
O. Romero-Isart, and L. Novotny, Cavity-mediated long-range
interactions in levitated optomechanics, Nat. Phys. (2024),
doi:10.1038/s41567-024-02405-3.

[65] J. Vijayan, Z. Zhang, J. Piotrowski, D. Windey, F. van der Laan,
M. Frimmer, and L. Novotny, Scalable all-optical cold damping
of levitated nanoparticles, Nat. Nanotechnol. 18, 49 (2023).

[66] M. Reisenbauer, H. Rudolph, L. Egyed, K. Hornberger, A. V.
Zasedatelev, M. Abuzarli, B. A. Stickler, and U. Delić, Non-
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