
PHYSICAL REVIEW A 109, 053103 (2024)

Orientation-dependent high-order harmonic generation in HCN:
Insights from time-dependent density-functional-theory calculations
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This study examines the orientation-dependent high-order harmonic spectra of HCN, using time-dependent
density-functional-theory calculations. In HCN, which lacks inversion symmetry, the emergence of even harmon-
ics is a notable feature. At a parallel orientation to the laser polarization, these even harmonics manifest with
intensities surpassing those of odd harmonics. However, their magnitudes diminish as the orientation shifts away
from parallel. Conversely, at a perpendicular orientation to the laser polarization, the spectrum predominantly
displays odd harmonics, although an exclusively even harmonic spectrum is generated with the harmonic
polarization perpendicular to the laser. The intensities of these even harmonics wane as the molecular orientation
deviates from the perpendicular. The behavior of odd harmonics is more intricate, generally showing heightened
intensities at perpendicular orientations. The influence of laser parameters on the orientation dependence is
minimal. Across various orientations and laser settings, a consistent minimum is observed near 22–23 eV,
underscoring a universal feature of the high-order harmonic spectra of HCN. Regardless of the orientation,
the highest occupied molecular orbitals (HOMOs) contribute little to the high-order even harmonics. As far as
the high-order odd harmonics are concerned, the HOMOs only dominate when the orientation angle is greater
than 30◦.

DOI: 10.1103/PhysRevA.109.053103

I. INTRODUCTION

High-order harmonic generation (HHG) in noncentrosym-
metric media, such as aligned polar molecules, displays an
asymmetry for opposite orientations of the molecular dipole
moment relative to the laser polarization [1–4]. This asym-
metry is pivotal in generating even harmonics. The analysis
of even versus odd harmonics allows for imaging asymmet-
ric molecular orbitals [5]. The even-to-odd intensity ratio,
tunable by molecular orientation in intense linearly polar-
ized fields, can be employed in detecting transient electronic
structures [6].

The dependence of even harmonics on molecular orien-
tation provides insights into the degree of orientation [4,7]
and rotational dynamics [4]. Additionally, the correlation be-
tween even-odd harmonics and ultrafast nuclear dynamics has
been established [8], extending to systems like biased bilayer
graphene [9].

In molecules lacking inversion symmetry, asymmetry in-
fluences various aspects of their high-order harmonic spectra
when rescattering is oriented, including two-center inter-
ference and ellipticity [10,11]. The analysis of even-odd
harmonics has been instrumental in understanding isotope
effects [12], shape resonance [13], and charge migration [14].

The three-step model, involving tunneling, propagation,
and recombination of an active electron from the highest
occupied molecular orbital (HOMO), frames the HHG pro-
cess [15,16]. In polar molecules, the recombining electron
interacts with the molecule’s electric dipole moment in ad-
dition to the laser field, a phenomenon absent in nonpolar
molecules.

In experimental setups for molecular frame measurements,
a common approach involves employing a weaker field to
dynamically align [17] or orient [18] the molecules, followed
by applying an intense field to generate high-order harmonic
radiation. In addition to the single molecule response, it is
essential to model the alignment and orientation distribution
[11,19] of the molecules and the macroscopic response en-
compassing the propagation of the harmonics through the
ensemble of molecules [20,21] to replicate experimental ob-
servations. Successful comparisons between experiments and
theory have been made at the level of the quantitative rescat-
tering model [19] and time-dependent density functional
theory (TDDFT) [22] for both polar and nonpolar molecules
concerning two-center interference minima.

In this work, we focus on the single molecule HHG spectra
of HCN for its substantial dipole moment exceeding that of
other studied polar molecules like HeH2

+, CO, and NO.
Therefore, it is a prime candidate for observing high-order
even harmonic intensities.

When the molecular dipole moment is misaligned with the
laser field, the direction of the recombination dipole deviates
from the laser polarization, leading to the generation of even
harmonics perpendicular to the laser polarization, as reported
of CO [23]. The significant dipole moment of HCN suggests
a more pronounced effect. This study compares harmonic
intensities with polarizations perpendicular and parallel to the
driving field using TDDFT calculations.

HCN’s ground state (X 1�+) electron configuration is
1σ 22σ 23σ 24σ 25σ 21π4. The similar ionization potentials to
the cation states X 2� (1π−1) and A 2�+ (5σ−1) [24] suggest
potential involvement of both states in rescattering. The
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tautomer HNC, with its similar vertical ionization potentials
to the two lowest cation states, also presents an intriguing case
for study. Despite HNC being a zwitterion and less abundant
on Earth due to its higher energy, the process of isomerization
from HCN to HNC holds significant interest, particularly in
astrophysics. HHG spectra along the isomerization reaction
path from HCN to HNC were calculated using the Lewenstein
model, aiming to establish a correlation between spectral in-
tensity and stationary points on the reaction coordinates [25].

Addressing multiorbital involvement [26–30], many-
electron effects [31–33], interference [28,34–36], and res-
onances [28,37,38], TDDFT methods [39] are often em-
ployed in HHG calculations, including those for asymmetric
molecules [6,11,23,40]. TDDFT calculations indicate sub-
stantial contributions from σ orbitals, despite 1π being the
HOMO of HCN [41,42].

When the laser polarization aligns with the molecular axis,
multiple molecular orbital involvement induces a cancellation
effect, reducing odd harmonics in the plateau. A minimum
for odd harmonics is attributed to interference of different
contributions [42]. Meanwhile, the near-cutoff harmonics are
dominated by σ contributions [42].

This work employs TDDFT to investigate how HCN’s
high-order harmonic spectral features depend on the molecu-
lar orientation angle relative to the laser field. We analyze the
variation of odd and even harmonic intensities near threshold,
in the plateau, at a minimum, and at cutoff with orientation,
highlighting the effects of a significant dipole moment on the
high-order harmonic spectrum.

II. THEORY AND METHOD

We solve the time-dependent (TD) Kohn-Sham (KS) equa-
tions:

ih̄
∂

∂t
ψ j (r, t )

= [Ĥ (0)(r) + �v(r, t ) + eE(t ) · r]ψ j (r, t ), (1)

where j represents the spin-orbital index, r is the spatial co-
ordinate, t is time, Ĥ (0) is the field-free Hamiltonian, E is the
laser’s electric field, and �v is the induced potential. The TD
electron density ρ(r, t ) is computed as

ρ(r, t ) =
N∑

i=1

ψ∗
i (r, t )ψi(r, t ), (2)

with N = 14 representing the number of electrons.
We determine the initial state, prior to the application of

the external field, by solving the static KS equation with an
LBα exchange-correlation potential [43,44]:

Ĥ (0)(r)ψ j (r, 0) = ε jψ j (r, 0), j = 1, 2, . . . , N. (3)

A generalized pseudospectral method [45,46] is adopted
with a 3D grid consisting of 30 planes containing the molec-
ular axis. We use 9600 unevenly distributed grid points per
plane. The grid points are denser near the nuclei. The max-
imum distance to the nuclear charge center is rmax = 300a0.
The chosen rmax is sufficiently large to ensure the proper rep-
resentation of the free-electron wave functions and energies,
which are subject to the same Ĥ (0)(r).

TABLE I. Orbital energies (ε) of HCN and the ground-state
occupation. All energies are in eV. The C-N distance is 2.184a0 [47]
and the H-C distance is 2.011a0 [47]. The calculated electric dipole
moment is 3.084 D, consistent with the experimental value of 2.93 D
[48].

Orb. ε occ. Ip excitation �ε Energy

1γ −0.703 0
1δ −1.212 0
6σ −4.128 0 4σ → 6σ 15.458 16.6 [24]
2π −5.793 0 4σ → 2π 13.793 15.2 [24]
1π −13.617 4 13.607 [24]
5σ −13.764 4 14.011 [24]
4σ −19.586 4 19.06 [49]
3σ −27.307 2

Orbital energies and ground-state occupations for HCN are
tabulated in Table I, compared against experimental vertical
ionization potentials. The agreement between the negative of
our calculated energies and the measured ionization potentials
is satisfactory. The orbital energy differences between two
unoccupied (2π , 6σ ) orbitals and HOMO-2 (4σ ) are com-
pared to experimental values of excitation energies as well in
Table I. The differences are 1.4 and 1.1 eV, respectively. The
measured values for removing an electron from the HOMO
(1π ) and HOMO-1 (5σ ) differ only by 0.4 eV [24], sug-
gesting the potential involvement of both orbitals in an HHG
process.

In our simulations, we define the molecular orientation
angle α as the angle between the molecular axis and laser
polarization. We rotate the molecule about the y axis, keeping
the y coordinate constant during the rotation. The polarization
of the incident laser is along the z axis, modeled as

E (t ) = f (t ) sin ω0t, (4)

with ω0 as the angular frequency and f (t ) as the envelope of
the field strength given by

f (t ) = F sin2 ω0t

40
, 0 � t � 20T, (5)

where T denotes an optical cycle.
The initial electron densities of four occupied orbitals for

α = 45◦ are presented on the x-z plane at y = 0 in Fig. 1. The
HOMO comprises degenerate 1πx and 1πy orbitals, with the
density of 1πx shown and that of 1πy equaling zero at y = 0.

The TD orbitals are propagated using a split-operator
method [46], with a time step of 2.419 attoseconds. The
Fourier transform of the induced dipole moments is converged
to the fourth decimal place at harmonics of the incident light.

We have implemented an absorbing boundary located at
r0 = 120a0 from the nuclear charge center to prevent spurious
reflections from the outer boundary. This approach allows for
filtering the electron wave packet reaching the edge, rmax,
thus mimicking ionization. The calculated high-order har-
monic intensities are insensitive to the form and parameters
of the absorbing functions provided that r0 is sufficiently
distant [45]. The specific absorbing function employed is
cos1/4[π (r − r0)/2(rmax − r0)] for r � r0.
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FIG. 1. Electron density [logarithmic scale of log10(ρ )] for oc-
cupied orbitals of HCN: (a) 3σ , (b) 4σ , (c) 5σ , and (d) 1πx . The
Cartesian coordinates of N, C, and H are (−0.874a0, 0, −0.874a0 ),
(0.671a0, 0, 0.671a0 ), and (2.092a0, 0, 2.092a0 ), respectively.

Setting the nuclear charge center as the origin of coor-
dinates and thus neutralizing the nuclear contribution to the
dipole moment, the TD dipole moment is calculated from the
electron density as

dp(t ) = −e
∫ ∫ ∫

ρ(r, t )pd3r, (6)

with p = z or x and converted from the dipole acceleration as
well. The HHG power spectrum is presented as |dp(ω)|2 and

d (ω)p = 1

t f − ti

∫ t f

ti

dp(t )e−iωt dt, (7)

with ti = 0 and t f = 20T .

III. RESULTS

A. Basic symmetries in the HHG spectra of an oriented molecule

The TD dipole moment for parallel (α = 0◦) and perpen-
dicular (α = 90◦) orientations is illustrated in Fig. 2(a). At
α = 0, the initial dipole moment is 1.213ea0, aligning with
the measured molecular dipole moment [48]. The oscillation
amplitudes in this orientation exceed those at α = 90◦, where
the induced dipole moment direction deviates slightly from
the laser field’s.

For the perpendicular orientation, the induced dipole mo-
ment includes both x- and z-components, with the molecular
axis parallel to the x-axis and the laser polarization along
the z-axis. The z-component’s oscillation is in sync with the
laser frequency, while the x-component oscillates at twice
the laser frequency. This indicates that only even harmonics
are permitted in the x direction. To enhance visibility, we
have amplified the x-component’s oscillation amplitudes by a
factor of 200.

Due to the axial symmetry of the molecule, both even and
odd harmonics in the perpendicular direction (x-polarization)
are zero when α = 0◦ or 180◦. Conversely, when α =
90◦ or 270◦, even harmonics in the parallel direction

FIG. 2. (a) TDDFT calculated induced dipole moments of HCN
at equilibrium geometry, for parallel (α = 0◦) and perpendicular
(α = 90◦) molecular orientations. The laser, with a wavelength of
λ = 1064 nm and a pulse duration of 20 optical cycles, is linearly po-
larized along the z-axis at an intensity of 8 × 1013 W/cm2. (b) HHG
spectra for x- and z-polarizations in the perpendicular orientation.
(c) Comparison of HHG spectra in parallel and antiparallel orienta-
tions, showcasing the spectra for parallel orientation in both length
and acceleration gauges. (d) Induced dipole accelerations for paral-
lel (α = 0◦) and perpendicular (α = 90◦) molecular orientations. In
(a) and (d), the oscillation amplitudes of the blue curves are amplified
by a factor of 200.

(z-polarization) and odd harmonics in the perpendicular di-
rection (x-polarization) are forbidden. At other orientation
angles, both even and odd harmonics of x- and z-polarization
vary with the orientation.

In Fig. 2(b), the HHG spectra for the perpendicular ori-
entation are presented, separating the x and z components of
the harmonic polarization. The z component exhibits only odd
harmonics, while the x component contains exclusively even
harmonics. The intensities of the z component are orders of
magnitude higher than those of the x component. In mea-
surements where parallel and perpendicular components of
harmonic polarization are not separated, even harmonics with
weak intensities are anticipated for 90◦ orientation.

053103-3



XI CHU PHYSICAL REVIEW A 109, 053103 (2024)

FIG. 3. HHG spectra of HCN calculated for various orientations
under 1064 nm linearly polarized sin2 laser pulses, spanning 20
optical cycles. The intensity is set at I = 8 × 1013 W/cm2, with both
the laser and harmonic polarization aligned along the z direction.
The specific molecular orientation angles are detailed within the
figure legends.

In the following subsections, the harmonic intensities
are presented as the sum of the parallel and perpendicular
polarization components, i.e.,

|d (ω)|2 = |dz(ω)|2 + |dx(ω)|2. (8)

Figure 2(c) demonstrates that the spectra for parallel (α =
0◦) and antiparallel (α = 180◦) orientations are indistinguish-
able. In fact, our calculations show that spectra for any
orientation angle α, 180◦ ± α, and 360◦ − α are similar.

Additionally, we compare spectra obtained using both the
length and acceleration gauges. The only notable difference
is the lower baseline in the spectra from acceleration cal-
culations, consistent across all spectra in this study. This
consistency serves as a validation of our numerical results.

B. Orientation dependence of an HHG spectrum

The HHG spectra for various orientations of HCN are
compared in Fig. 3. In Fig. 3(a), the spectra for orientations
at α = 0◦ and 10◦ are nearly indistinguishable on a logarith-
mic scale, featuring both even and odd harmonics. The most
pronounced peak is at H11, close to the ionization threshold.
Below this threshold, even harmonics generally have lower
intensities than the odd ones next to them. However, from
19 eV (H16) to 25 eV (H21), odd harmonics are markedly
fainter compared to even ones. In the plateau region, between
H23 (26.8 eV) and H32 (37.3 eV), even and odd harmonics
are similar in intensity.

At α = 30◦, many harmonic peaks, particularly even ones,
are significantly reduced compared to the parallel orientation.
Notably, the near-cutoff harmonics H34 (39.6 eV) and H36

FIG. 4. HHG spectra of HCN at selected orientations under
800 nm linearly polarized sin2 laser pulses, 20 optical cycles, in-
tensity 1014 W/cm2. Laser and harmonic polarization are in the z
direction, with molecular orientation angles in the legends.

are more than an order of magnitude lower at this angle. For
α = 45◦ [Fig. 3(b)], both H34 and H36 are over two orders of
magnitude lower than adjacent odd harmonics, merging into
the baseline.

For α = 80◦ [Fig. 3(b)], even harmonics are almost imper-
ceptible except for H2, H12, and H14. Here, H12 is near the
threshold, shifted to 11.7ω0 (13.6 eV). The odd harmonics
at this orientation closely resemble those at α = 90◦. In-
terestingly, the baseline for the perpendicular orientation is
significantly lower, with no even harmonics except for H12,
which is near the ionization potential of 13.6 eV. Similar to
the parallel orientation, H17 and H19 appear as minima, with
peaks being split.

The spectra at α = 45◦ show substantial differences com-
pared to the parallel or perpendicular orientations. In the
plateau between H16 and H21, even harmonics are so dimin-
ished that odd ones appear predominant. While H19 remains
a minimum for odd harmonics across all orientations, H20
(23.3 eV) is further reduced, over two orders of magnitude
lower than in the parallel orientation. Beyond H20, even and
odd harmonics exhibit stark differences in intensities, plateau
lengths, and cutoff positions.

We performed calculations with different laser wave-
lengths and intensities, with some spectra presented in Fig. 4.
For three representative orientations, the spectral characteris-
tics align with those observed in Fig. 3. The highest peak for
all orientations is H9, at 14 eV near the ionization threshold.
For the parallel orientation, a notable trend in the even-to-odd
intensity ratio emerges below the ionization potential, with
H2, H4, and H6 showing significantly lower intensities than
H1, H3, H5, and H7.

The contrast between even and odd harmonics is pro-
nounced between H12 (19 eV) and H16 (25 eV). H13
(20.4 eV) is notably lower than H12 or H14, while H15
(23.2 eV) is 14 times less intense than H14 and 5 times less
than H16.

The classical cutoff is at 32.5 eV (H21), up to which
the harmonic intensities for α = 45◦ are generally reduced
compared to parallel orientations, with the exceptions being
odd harmonics H3, H5, H7, H13, and H17. Even harmonics,
particularly high-energy ones, are significantly diminished,
reduced by two orders of magnitude.
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FIG. 5. Polar diagram depicting the angular dependence of har-
monic intensity, focusing on (a) odd harmonics in the plateau and
near the cutoff, (b) odd harmonics near the ionization threshold and
at a global minimum, and (c) even harmonics. High-order harmonics
are generated in a 20 optical-cycle sin2 pulse with an intensity of
I = 8 × 1013 W/cm2 and a wavelength of λ = 1064 nm. The radial
coordinate represents the intensity, and α is the polar angle.

For the perpendicular orientation, only odd harmonics are
significant in the spectrum. Most are more intense than in the
parallel orientation, except for H9, H11, and H15, with H9
near the ionization threshold and H15 at a minimum. These
harmonics also exhibit a redshift. Dismissable even harmonics
are exclusively from the x (perpendicular) components. Both
the z and x components exhibit a common minimum near
23 eV (H15, H16).

C. Orientation dependence of odd-even harmonics

In Fig. 5, we depict the orientation angle’s impact on the
intensity of a specific harmonic. H35 (40.8 eV), close to the
classical cutoff (40.4 eV), is the extrapolated odd harmonic
cutoff from the exponential decay pattern in the HHG spectra.
As shown in Fig. 5(a), odd harmonics in the plateau up to
the cutoff exhibit a common trend: their intensity peaks at the
perpendicular orientation.

For the parallel or antiparallel orientations, the intensity
of H27 remains significant, retaining 80% of the intensity
compared to the perpendicular orientation. The orientation
that yields the lowest intensity for H27 is at α = 40◦, at 64%
of the perpendicular intensity.

In the case of H31, the parallel orientation intensity drops
to 38% of the perpendicular orientation. Its intensity is compa-
rable to the lowest observed at α = 15◦. For H35, the parallel
orientation intensity falls to the lowest, merely 10% of the
perpendicular orientation.

Figure 5(b) highlights odd harmonics that deviate from
the typical pattern of highest intensity at the perpendicular
orientation. H11 is near the ionization threshold, while H19
is identified as a spectral minimum.

The pattern for even harmonics in the plateau, as shown in
Fig. 5(c), is consistent across the board. Even harmonics near
the cutoff are particularly sensitive to orientation deviations
beyond 10◦ from the parallel orientation.

FIG. 6. Polar diagram depicting the angular dependence of the
harmonic intensity of (a) odd harmonics in the plateau and near
the cutoff, (b) odd harmonics near ionization threshold and at a
global minimum, and (c) even harmonics. High-order harmonics are
generated in a 20 optical-cycle sin2 pulse with intensity 1014 W/cm2

and wavelength λ = 800 nm. The radial coordinate represents the
intensity, and α is the polar angle.

Figure 6 presents the angular dependence of selected har-
monics, similar in energy to those in Fig. 5. Consistent with
Fig. 5(a), the intensities of odd harmonics from the plateau
to the cutoff in Fig. 6(a) are highest when the molecular axis
is perpendicular to the laser polarization. The lowest inten-
sity occurs at an angle between parallel and perpendicular,
approaching α = 0◦ as the harmonic order increases, with
the near-cutoff harmonic H25’s intensity being the lowest
at α = 0◦.

Figure 6(b) illustrates the odd harmonics near the threshold
(H9) and at the minimum (H15). Their profiles differ from
those in Fig. 5(b), although both figures show distinct patterns
from other odd harmonics. Similar to Fig. 5(b), the highest
intensities are not at the perpendicular orientation but rather
at the parallel orientation.

Multiphoton resonances between the ground and Rydberg
states play an important role in the enhanced harmonic in-
tensity near the threshold [42]. Concerning resonances, the
photon energy is important. Therefore, different wavelengths
of lasers lead to varied orientation-dependent intensities.

Regarding the spectral minimum, splitting and shifting oc-
cur at H15 in Fig. 4 and at H19 in Fig. 3. In other words,
the spectral peak near the minimum is not well defined at an
odd harmonic order. In Figs. 6(b) and 5(b), we analyze the
intensities at the exact odd harmonic orders. The splitting and
shifting thus influence and alter the orientation dependence of
these depicted harmonics.

The even harmonics in Fig. 6(c) display an angular distri-
bution very similar to those in Fig. 5(c). The highest intensity
occurs at the parallel orientation and rapidly decreases once
the angle exceeds 10◦.

D. Spectrum of randomly oriented molecules

To obtain the expectation value of a single molecule re-
sponse within an ensemble of randomly oriented, unaligned
molecules, we employ the coherent sum of responses as
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FIG. 7. High-order harmonic spectra of randomly oriented HCN
molecules in linearly polarized laser pulses of 8 × 1013 W/cm2 at
1064 nm and 1014 W/cm2 at 800 nm, respectively, over 20 optical
cycles with a sin2 envelope.

follows:

|〈d (ω)〉|2 =
∣∣∣∣1

2

∫ π

0
dz(ω; α) sin αdα

∣∣∣∣
2

+
∣∣∣∣1

2

∫ π

0
dx(ω; α) sin αdα

∣∣∣∣
2

. (9)

The HHG spectra evaluated with Eq. (9) are given in Fig. 7.
In these spectra, the coherent summation leads to the cancella-
tion of all even harmonics, attributing to the loss of asymmetry
due to random orientation. The spectra resemble those ob-
tained for the perpendicular orientation but with slightly lower
harmonic intensities. Both spectra exhibit a minimum in the
22–23 eV range.

An additional factor of angular distribution function
matching experimental conditions needs to be introduced to
derive the spectrum corresponding to oriented molecules.
Previous studies have demonstrated that the position of the
two-center interference minimum in CO2 depends on how
tight the molecular alignment is. On the contrary, the spectral
minimum of HCN remains unshifted across various degrees
of alignment when we experiment with it numerically.

E. Contributions of TD orbitals to the high-order
harmonic spectrum

It has been shown that for recombination dipole matrix
elements to accurately describe the two-center interference
minimum, the transient polarization of the molecular orbital
has to be adequately accounted for [50,51]. In a process dom-
inated by the HOMO, the TD orbital obtained in a TDDFT
calculation can describe such polarization effects, which are
important in the case of OCS [11]. In the case of HCN,
further complications derive from the involvement of multiple
orbitals.

It is apparent for the parallel or antiparallel orientation that
polarization of the HOMO, a π orbital, along the molecular
axis does not affect the nodal plane which contains the molec-
ular axis. Transient dynamics of the electron density along the
molecular axis are attributed to the σ orbitals.

TDDFT methods enable the calculation of TD orbital den-
sities, given by

ρi(r, t ) = ψ∗
i (r, t )ψi(r, t ), (10)

FIG. 8. HCN in a laser field of 8 × 1013 W/cm2 and 1064 nm
wavelength, at α = 0: (a) Contributions of TD 5σ and 4σ orbitals to
the transient dipole moment. (b) Projection of TD 5σ onto field-free
5σ . (c) Projection of TD 5σ onto field-free 4σ . (d) Contributions of
σ and π orbitals to the high-order harmonic spectrum.

which provides insights into the contributions of orbitals to
the HHG process through

di,p(t ) = −e〈ψi(r, t )|p|ψi(r, t )〉, (11)

and its frequency domain representation:

di,p(ω) = 1

t f − ti

∫ t f

ti

di(t )e−iωt dt (12)

and |d (ω)|2 = |di,z(ω)|2 + |di,x (ω)|2.
To associate these TD orbitals with a recombination

matrix element, however, it is important to note that the
TDKS orbitals are not always physically meaningful. Fig-
ure 8(a) demonstrates the contributions of the TD 5σ and
4σ orbitals to the dipole moment. These contributions do
not mimic the form of E (t ) as observed in the total in-
duced dipole moment [see Fig. 2(a)]. Intriguingly, both
orbitals exhibit oscillations as the field approaches zero, yet
these oscillations are canceled when their contributions are
combined.

We also investigate the TD 5σ orbital’s projection onto the
field-free 5σ and 4σ orbitals, as displayed in Figs. 8(b) and
8(c). The results reveal that a minor portion of the transient
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FIG. 9. Orbital contributions to the high-order harmonic spec-
trum of HCN oriented at α = 30◦ and 45◦ in a laser field of
1014 W/cm2 and 800 nm wavelength. The TD1πx + 1πy orbitals are
shifted to the left slightly, and those of the TD5σ + 4σ are shifted to
the right.

orbital density is composed of the field-free 4σ component,
persisting even after the field ceases. Similarly, the TD 4σ

orbital (not depicted) contains a component of the field-free
5σ orbital.

Essentially, these two TD orbitals exchange a fraction of
their populations in the presence of the field. This exchange,
however, does not impact the total TD electron density, which
forms the basis for observables like the transient dipole
moment and the harmonic spectrum. Consequently, the mis-
leading interpretation of population exchange results from
segregating the TD density into orbital contributions.

In orientations parallel or antiparallel to the laser, the
magnetic quantum number m remains conserved. This conser-
vation allows for a distinct separation of contributions from
σ (m = 0) and π (m = 1, HOMO) orbitals, as illustrated in
Fig. 8(d). In this figure, we take the coherent sum of TD
5σ and 4σ contributions, and the baseline is reduced. It is
apparent that the σ contributions are far more significant when
the harmonic energy is higher than 25 eV.

The m quantum number is no longer conserved when ori-
entations deviate from parallel or antiparallel. However, the
spurious population exchange still requires the coherent sum
of TD 5σ and 4σ to account for orbital contributions properly.
In Fig. 9, we present such combined contributions.

The contribution of the HOMOs to the odd high-order
harmonics increases with the orientation angle. It dominates
at 30◦ orientation and exclusively dominates at 45◦ orienta-
tion. Specifically, 1πx and 1πy both contribute significantly to
the odd high-order harmonics at α = 30◦ and 1πx dominates
exclusively at α = 45◦ and above. For the even harmonics, on
the other hand, the HOMOs only contribute to those below

FIG. 10. Orbital contributions to the high-order harmonic spec-
trum of HCN in a laser field of 1014 W/cm2 and 800 nm wavelength
for α = 90◦.

25 eV. Even high-order harmonics above 25 eV are generated
by the σ orbitals.

For the perpendicular orientation, the population exchange
between HOMO-1 and HOMO-2 is forbidden by symmetry.
Therefore, we present the contributions of 5σ and 4σ sep-
arately in Fig. 10. The HOMO (1πx) dominates, and 1πy

contributes significantly only near the ionization threshold.
The HOMO-1’s contribution is considerably lower than that
of 1πx, and HOMO-2’s contribution is too minimal to be
observed in the figure.

IV. DISCUSSION

The numerical accuracy of a TDDFT calculation relies on
the choice of the exchange-correlation (XC) functional. An
important consideration for simulating strong field processes
is that the long-range potential goes to −1/r with r being
the electron-ion distance [52]. This is essential for the proper
representation of not only the HOMO but the Rydberg orbitals
and unbound orbitals that are crucial for a three-step process.
LBα is such a functional [53]. Previous TDDFT calculations
using the LBα functional have reproduced features in HHG
spectra observed experimentally, including the Cooper-like
minimum in N2 [54] and the isotope effect in H2 [55].

In this study, LBα modeling yields occupied orbital ener-
gies consistent with measured vertical ionization potentials
and the permanent dipole moment in agreement with ex-
perimental values. The proximity in energies between the
HOMO (1πx and 1πy) and HOMO-1 (5σ ) underscores the
role of ψ j (r, t ) for these orbitals in dictating the primary
contributors to the HHG spectrum. Regarding orbital polar-
izations, HOMO-1 and HOMO-2 have to be combined for the
result to be physically meaningful. The calculated orientation-
dependent HHG patterns, primarily influenced by the spatial
orientation of molecular dipole moments and molecular
orbital properties consistent with experimental values, are un-
likely to be significantly affected by minor inaccuracies in the
XC functional.

On the other hand, it is important to acknowledge that cer-
tain effects, including nonlocal electron exchange-correlation,
memory effects, and electron-nuclear correlation, may not be
precisely captured or excluded. Should these factors play a
substantial role in the HHG of HCN, they might introduce
features not accounted for in this study.
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V. SUMMARY AND CONCLUSIONS

This study utilizes HCN to explore the dependence of high-
order harmonic spectra on the orientation of molecules with
significant dipole moments relative to laser polarization.

Our findings, derived from TDDFT calculations, reveal
distinct behaviors in the HHG spectra based on molecular
orientation. Specifically, even harmonics display the highest
intensity at parallel orientation and diminish at perpendicular
orientations.

Moreover, we observe that even harmonics exhibit dis-
tinct cutoffs compared to odd harmonics. This discrepancy in
cutoffs is inconspicuous at parallel orientations but becomes
pronounced with increasing angular deviation. As the orien-
tation angle widens, the cutoff for even harmonics decreases
while that for odd harmonics remains stable.

Interestingly, even harmonics are also generated perpen-
dicular to the laser polarization, albeit with reduced intensity.
Their generation is most pronounced at perpendicular orienta-
tion and decreases as the orientation diverges further from the
perpendicular.

In contrast, odd harmonics consistently show maximum in-
tensity at perpendicular orientation, aligning with the HOMO
being the π orbitals. However, the least intensities for odd

harmonics do not occur at parallel orientation but rather at
intermediate angles.

Exceptions to these trends are observed near the ionization
threshold and the minimum. These variances are subject to the
influence of laser parameters on the orientation dependence of
the harmonics.

Multiorbital involvement is apparent for HHG of HCN.
At any molecular orientation, the HOMOs contribute little to
high-order even harmonics. For odd high-order harmonics, the
HOMOs’ contributions are significant when the orientation
angle is at 30◦ or greater.

A notable finding is the presence of a consistent minimum
near 22–23 eV, irrespective of laser parameters or molecular
orientation, including in purely even spectra perpendicular to
the laser polarization. This minimum persists in the spectra of
unoriented molecules as well.
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