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Core-hole jumping between heavy atoms enabled by retardation
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In interatomic Coulombic decay (ICD) an excited neutral atom or excited ion transfers its excess energy to
ionize a neighboring atom. If the excitation or ionization involves valence electrons, the process is efficient
(typically in the femtosecond regime), becomes more efficient the more neighbors are present, and often
dominates all other relaxation processes. The situation changes when considering the excitation or ionization of
core electrons. For light atoms, core-level ICD is inferior to Auger decay, but still a relevant relaxation pathway.
For heavy atoms the excess energy is enormous and by consulting the usual asymptotic equation for the ICD
rate one can only conclude the deep core-level ICD to be negligible. Retardation effects due to the finite speed of
light strongly change the asymptotic behavior of the ICD rate, in particular for deep core levels. The impact of
retardation is investigated in detail for deep core-level ICD. Several examples of heavy atoms undergoing ICD
with heavy neighbors are explicitly studied and general conclusions are drawn.
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I. INTRODUCTION

A vacancy in a deep core electron level of an atom, created
by means of hard x-ray radiation, is usually filled very rapidly
by an electron from a higher level, releasing excess energy
using one of multiple possible pathways. For lighter atoms, or
shallow core levels of heavy atoms, the dominating pathway
is the Auger process [1], where the so-called Auger electron is
emitted. However, an x-ray photon can be emitted instead of
the Auger electron. For first-row atoms, the x-ray emission
rate is much smaller than the Auger decay rate, typically
103–106 times [1], yet it still has important implications in the
field of x-ray emission spectroscopy (XES), see, e.g., Ref. [2].
In case of deepest levels of heavy atoms, the situation is re-
versed: the radiative decay dominates over the Auger process
by several orders of magnitude [1]. In reality, atoms usually
have neighbors and one can wonder whether nonlocal energy
transfer is possible even for the deepest levels of heavy atoms.

Interatomic energy transfer processes between two or more
atomic species are ubiquitous in nature and very widely
studied both theoretically and experimentally. Interatomic
Coulombic decay (ICD), originally predicted in 1997, see
Refs. [3–5], is a highly efficient electronic energy transfer
mechanism in weakly bound atomic (and molecular) systems.
After an ionization of an atom, the initial vacancy of the ion
is filled by a higher-lying electron and the emerging excess
energy is transferred radiationlessly to a neighboring atom
resulting in its ionization. If the excess energy from a sin-
gle donor is insufficient to ionize the neighbor, a collective
energy transfer from multiple donors to a single acceptor
might be relevant, a process called collective ICD [6,7]. In
the asymptotic limit of nonoverlapping electron clouds, the
rate of ICD has been shown to decrease rapidly with both
higher transferred energy E as 1/E4, and larger distance R
between the participating species as 1/R6 [4]. In case of the
core levels, however, the transferred energies are usually too
large for the ICD rate to compete with the local (Auger and
fluorescence) processes due to the aforementioned asymptotic

behavior. On the other hand, the efficiency of ICD can be
increased by increasing the number of nearest neighbors, as
was recently shown experimentally in core-level ionized Kr
clusters [8]. In this study, the relative efficiency of the ICD
process with respect to the Auger decay (branching ratio) for
the Kr clusters was reported to be about 2%. Core-level ICD
was also observed following core ionization of metal cations
in KCl and CaCl2 solutions, with ICD-to-Auger branching
ratios for K+ and Ca2+ equal to 1.9% and 9.5% [9,10]. Finally,
recent ab initio calculations indicated that for shallow core
vacancies in rare-gas clusters, the ICD-to-Auger ratio is about
3% [11].

Recently, a novel theoretical description of ICD based on
macroscopic quantum electrodynamics [12] indicated that the
spatial (and energetic) range of ICD may be much larger
than previously expected thanks to the finite speed of light.
This relativistic retardation of the virtual photon coupling was
also studied earlier in the context of the intermolecular phe-
nomenon named Foerster resonance energy transfer (FRET)
[13–15]. Crucially, with the retardation the asymptotic ICD
rate includes a term independent of the virtual photon en-
ergy E , and decreases only with the square of the distance
R between the participating species. In this work we revisit
the earlier results on retarded ICD and calculate ICD rates
and lifetimes for various pairs of heavy atoms, showing that
the relativistic retardation enables the core-hole jumping to
proceed in the picosecond regime even in the case of deepest
core holes involving photon energies up to 100 keV.

II. THEORY

First, we review the underlying theory by following the line
of discussion of mostly [12] and partly also [14]. Consider two
atoms separated by a distance R large enough so that their
mutual interaction is relatively weak. Then, the electronic
structure of the composite system may be approximately con-
sidered as that of two individual species interacting through
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the electromagnetic radiation field. The first, donor atom D
decays from an initially core-ionized (excited) state to a lower
excited state, releasing energy as a virtual photon, which is
then absorbed by the second, acceptor atom A that undergoes
ionization. The initial and final states of this ICD process will
be denoted as |i〉 = |D∗〉|A〉|0〉 and | f 〉 = |D〉|A+〉|0〉, with the
electromagnetic vacuum field denoted by |0〉. The final ion
state |A+〉 is assumed to include the emitted ICD electron. The
rate � of this process can be determined as

� = 2π
∑

f

|M f i|2δ(E f − Ei ), (1)

where M f i is a transition matrix element and δ(E f − Ei ) en-
sures the energy conservation between the initial and final
states. The transition matrix element for an exchange of a
single virtual photon can be computed as [12]

M f i =
∑

m=m1,m2

〈 f |Hint|m〉〈m|Hint|i〉
Ei − Em

, (2)

where the intermediate states m are two possible time or-
derings of the virtual photon exchange process: |m1〉 =
|D〉|A〉|1(r, ω)〉 and |m2〉 = |D∗〉|A+〉|1(r, ω)〉, where the pho-
ton is specified by its position r and frequency ω. The
interaction Hamiltonian in the electric dipole approximation
reads

Ĥint = −d̂D · Ê(rD) − d̂A · Ê(rA), (3)

where d̂ is the dipole operator of the respective atom located
at rD or rA, and the radiation field Ê can be expressed as a sum
over modes

Ê(r) = N
∑
k,λ

√
h̄ωk[ελ(k)aλ(k)eik·r − ε̄λ(k)a†

λ(k)e−ik·r],

(4)

with summations over wave vectors k and the polarization unit
vectors ελ(k). Note that the magnetic and multipole effects
are formally neglected in the present treatment as they are
expected to be small [16]. Substituting the interaction Hamil-
tonian [Eq. (3)] and the radiation field expansion [Eq. (4)]
into Eq. (2) results in lengthy expressions that can be manip-
ulated by performing the sum over polarization directions λ

and wave vectors k (after converting the sum to an integral),
leading to the expression [13–15]

M f i(ω, R) = eiωR/c

R3
[(dD · dA − 3

× (uR · dD)(uR · dA))(1 − iωR/c)

− (dD · dA − (uR · dD)(uR · dA))ω2R2/c2],
(5)

where dD = 〈D∗|d̂D|D〉 and dA = 〈A|d̂A|A+〉 are the transition
dipole moment integrals, uR is the unit vector in the direction
of R = rD − rA, and R the magnitude of R.

Assuming the situation ωR � c, which corresponds to low
photon energies and relatively short distances R, the well-
known classical dipole-dipole interaction formula is obtained
[17]:

M f i(R) = 1

R3
[dD · dA − 3(uR · dD)(uR · dA)]. (6)

In particular, if both dipoles are aligned parallel to uR, the
interaction energy is twice that of the dipoles parallel to each
other but perpendicular to uR and this ratio is independent of
the separation. In the retarded limit, given by ωR � c, the
leading term becomes [18]

M f i(ω, R) = ω2eiωR/c

Rc2
[dD · dA − (uR · dD)(uR · dA)]. (7)

Obviously in this case the matrix element is zero if both
dipoles are aligned parallel to uR. Performing rotational av-
eraging over the initial states, and summing over all possible
final states [19,20], we obtain from Eq. (5) the following
expression for the squared absolute value of the isotropic
transition amplitude [13]:

|M f i(ω, R)|2 = 2

9
|dD|2|dA|2

{
3

R6
+

(
ω

c

)2 1

R4
+

(
ω

c

)4 1

R2

}
.

(8)

For the donor atom, the transition dipole is related to the
emission of a photon with energy equal to the difference
between the states involved in this transition. Thus we can
introduce the spontaneous radiative decay rate (Einstein coef-
ficient) γ rad as [21]

|dD|2 = 3h̄c3

4ω3
γ rad. (9)

Further, the transition dipole matrix element dA can be ex-
pressed via the direct photoionization cross section σ PI

ω of the
acceptor atom [19]

|dA|2 = 3c

4π2ω
σ PI

ω . (10)

Altogether this leads to the ICD rate1

�ICD(ω, R) = 1

4π
γ radσ PI

ω

{(
c

ω

)4 3

R6
+

(
c

ω

)2 1

R4
+ 1

R2

}
,

(11)

where the first term is the standard (nonretarded) rate [4] and
the other two terms are due to the retardation [12]. The last
term in Eq. (11) is expected to dominate once R > c/ω is
satisfied. For transition energies of 10 keV, this inequality
holds whenever R > 0.2 Å. For comparison, note that the van
der Waals radius of uranium is about 2.7 Å [22]. Thus for
the deep core transitions of heavy atoms with energies above
10 keV, the final retarded term is expected to dominate the
other terms by many orders of magnitude. For 100 keV and
R = 10 Å, the enhancement factor is (ωR/c)4/3 ≈ 2 × 1010.

Thus, while the standard ICD rate is quenched by high
transition energies h̄ω, the retarded term is independent of
this energy, although an implicit dependence is hidden in the
radiative rate γ rad and the photoionization cross section σ PI

ω ,
as discussed below. It is worth noting that when considering
higher-order effects (electric quadrupole, etc.) the final term
maintains the 1/R2 dependence [15], while the asymptotics of
the standard nonretarded term changes to 1/R8, 1/R10, and so
on [4]. Also note that the presented formulas are asymptotic.

1Note that the expression in Ref. [12] is missing a factor of 1/π

compared to the present treatment.
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At short to intermediate distances, the orbital overlap of the
respective atomic electron densities plays a significant role
and can enhance the ICD rate by several orders of magni-
tude [4]. However, as the valence electrons are not directly
involved in the ICD where the core electrons of both the donor
and acceptor constitute the by far dominating channels, this
overlap is expected to play a lesser role here. Nevertheless,
one may expect the overlap of valence orbitals to enhance the
ICD rate. However, the degree of orbital overlap depends on
the specific choice of donor and acceptor species and is diffi-
cult to estimate, thus we neglect it completely in the present
treatment.

Finally, the retarded term of Eq. (11) is repeated here again
in practical units as retarded ICD decay width

�ret[eV] = 1

4π

h̄γ rad[eV]σ PI
ω [kb]

(R[Å])2
× 10−5, (12)

where the factor 10−5 comes from the conversion 1 kb =
10−5 Å2. The corresponding lifetime is in general given by

τ [s] = 6.58 × 10−16

�[eV]
. (13)

III. RESULTS AND DISCUSSION

Let us now discuss specific examples of heavy atoms
undergoing core-level ICD and present approximate decay
widths and lifetimes. First, note that the radiative rates γ rad

of the deepest core (1s) holes increase steadily with atomic
number Z even for very heavy atoms, with the correspond-

TABLE I. Examples of deep core-level ICD in heavy atoms.
Here, the initial core-hole decay on the donor atom is specified by
the x-ray transition energy h̄ω and the radiative decay width h̄γ rad

taken from [23,24]. For the acceptor atom the total photoionization
cross sections σ PI

ω evaluated at the respective transition energy are
taken from tabulated results [25,26], with the core shell indicated in
parentheses accounting for about 75% of the total σ PI

ω on average.
The ICD rate �ICD and lifetime τ ICD (see main text) are evaluated at
R = √

10 Å. The last column shows the enhancement factor due to
retardation kret = (ωR/c)4/3 for R = √

10 Å.

Donor Acceptor Results at R = √
10 Å

h̄ω h̄γ rad σ PI
ω �ICD τ ICD kret

X-ray Transition (keV) (eV) (kb) (µeV) (ps)

U 2p3/2 → 1s 98.43 44.2 2.42[Rn(1s)] 8.5 77 2.1 × 108

U 2p1/2 → 1s 94.65 27.6 2.29[Po(1s)] 5.0 132 1.8 × 108

U 3p3/2 → 1s 111.3 10.2 1.94[Th(1s)] 1.6 411 3.4 × 108

Pa 2p3/2 → 1s 95.86 42.1 2.50[At(1s)] 8.4 78 1.9 × 108

Th 2p3/2 → 1s 93.35 40.7 2.59[Po(1s)] 8.4 78 1.7 × 108

Ac 2p3/2 → 1s 90.88 38.7 2.69[Bi(1s)] 8.3 79 1.5 × 108

Te 2p3/2 → 1s 27.47 4.50 9.94[Pb(2s)] 3.6 183 1.3 × 106

Cd 2p3/2 → 1s 23.17 3.23 34.3[Pu(2s)] 8.8 75 6.3 × 105

Ag 2p3/2 → 1s 22.16 2.96 36.4[U(2s)] 8.8 75 5.3 × 105

Pd 2p3/2 → 1s 21.18 2.71 38.3[Pa(2s)] 8.3 79 4.4 × 105

Ru 2p3/2 → 1s 19.28 2.25 42.4[Ra(2s)] 7.6 87 3.0 × 105

Zr 2p3/2 → 1s 15.77 1.50 48.1[Bi(2p)] 5.7 115 1.4 × 105

Rb 2p3/2 → 1s 13.40 1.08 61.1[Pt(2p)] 5.3 124 7.1 × 104

Kr 2p3/2 → 1s 12.65 0.96 73.7[Re(2s)] 5.6 117 5.6 × 104

ing lifetimes τ rad = 1/γ rad equal to a few attoseconds for
elements as heavy as uranium [1]. These extremely fast tran-
sitions provide an essential ingredient for the efficiency of
the core-level ICD process. The energies of the dominant
2p3/2 → 1s transitions range from about 13 keV in Kr up
to about 100 keV in U. Throughout this work, the radiative
rates γ rad for the individual transitions are obtained from
earlier relativistic calculations performed by Scofield [23,24].
In these calculations, the electrons were treated relativistically
and the effect of retardation was included.

While it is clear that the donor atom should preferably be
as heavy as possible in order to maximize the core-level ICD
rate, the choice of the acceptor atom is a bit less clear cut. One
might be tempted to ionize a lighter element, e.g., a first-row
atom such as O or F. Considering a transferred energy of
10 keV, for example, the photoionization cross sections σ PI

ω

for these two atoms are about 150 barns (O) and 240 barns
(F) [25], and decrease steeply with increasing energy. That is
about two orders of magnitude lower than cross sections typ-
ical of heavier elements, even at much higher energies, as
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FIG. 1. The distance dependence of the nonretarded (dashed),
intermediate (dot-dashed), and retarded (solid) contributions to the
ICD lifetime τ ICD for the core-level ICD between (a) U and Rn
and (b) Kr and Re. Note that these results are based on asymptotic
formulas, which assume that the participating orbitals on individual
atoms do not overlap. We expect that orbital overlap will lower
the ICD lifetimes at short distances and that the presence of more
neighbors can significantly shorten the ICD lifetimes (see text). The
Auger and radiative lifetimes of the initial holes are also shown for
comparison as brown and orange dotted lines for U in (a) and Kr in
(b). For Kr the Auger and radiative lifetimes are very similar.
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shown in Table I. Thus the ICD rate is expected to be higher by
about two orders of magnitude when a heavy atom is chosen
as the acceptor instead of a light atom. Here we use total
photoionization cross sections σ PI

ω from tabulated results of
relativistic calculations presented in Refs. [25,26], evaluated
at energies that are as close as possible to the transition ener-
gies in question. Small discrepancies (<10%) between the two
sources of data are of little importance for the present study.
Also note that the partial photoionization cross section of
the deepest ionizable shell contributes about 75% of the total
cross section [26].

Thus, by taking a heavy acceptor atom as the ICD partner
of the heavy donor atom, the product γ rad × σ PI

ω can be max-
imized. In Table I, the donor transition energies are matched
with the ionization thresholds of core-level subshells of the
acceptor atoms, such that the transferred energy is just above
the core-shell ionization threshold. Note that as the transition
energy h̄ω decreases, so does the radiative rate γ rad, while the
photoionization cross section σ PI

ω increases at the same time,
meaning that the product γ rad × σ PI

ω remains approximately
constant. Thus, for example, the ICD rate (lifetime) is about
the same for the pair of U and the slightly lighter Rn on the
one hand, and Ag and the heavier U on the other, assuming
the same interatomic distance R = √

10 Å throughout Table I
for simplicity. This choice of R corresponds to the distance
of Pb and Te atoms in the PbTe solid [27] (see below). For
the pairs U-Rn, and Kr-Re, the dependence of the core-hole
ICD lifetime on the atomic distance is shown in Fig. 1 inde-
pendently for each of the terms in Eq. (11). The retardation
enhancement for U-Rn is about 6–10 orders of magnitude in
the spatial range of 1–10 Å while for the pair Kr-Re the corre-
sponding enhancement amounts to 4–7 orders of magnitude.
For comparison, the Auger lifetimes of the 1s holes are 0.7 fs
for Kr and 0.2 fs for U (the corresponding decay widths are
0.9 eV for Kr and 2.9 eV for U [28]) and thus are lower than
ICD lifetimes by about five orders of magnitude.

In real-life systems, such as solids, atoms have many
neighbors allowing the core-level ICD to become relevant
and experimentally accessible. Let us for illustrative purposes
consider an example of Pb and Te atoms arranged in a simple
cubic (rock salt) structure of the PbTe solid [27]. Taking into
account the first coordination shell with six neighbors, the

overall ICD rate following the 2p3/2 → 1s transition in Te
is expected to be six times larger than the single-pair ICD
rate shown in Table I (see, e.g., Refs. [8,29] for a discussion
of the pair approximation where the total ICD rate is given
as the sum of the single-pair rates). Due to the retardation,
the overall ICD rate �ICD grows quickly when we take into
account the neighboring Pb atoms. In particular, in addition to
the nearest six Pb atoms at distance R = √

10 Å there are eight
Pb atoms at distance R = √

30 Å, 24 Pb atoms at R = √
50 Å,

30 Pb atoms at R = √
90 Å, and 24 Pb atoms at R = √

110 Å,
altogether leading to the enhancement of the ICD rate by a
factor of 19. Increasing further the number of neighbors can
increase substantially the total ICD rate, which raises the need
for investigating the range of validity of the pair approxima-
tion for deep core electrons of heavy atoms. This investigation
is beyond the scope of this paper and is left for the future.

IV. BRIEF CONCLUSION

In conclusion, there is a non-negligible probability of a
deep core-hole jumping from one heavy atom to another due
to the relativistic retardation. For the pairs of heavy atoms
considered in this work, the calculated ICD lifetimes are of the
order of tens to hundreds of picoseconds. The present asymp-
totic ICD rate expression is expected to provide a lower bound
to the correct ICD rate. Due to the retardation, which allows
for the participation of many more neighbors, the ICD rate can
be enhanced significantly. By discussing an example of the
PbTe solid, we suggest that the deep core-level ICD process
can be experimentally observable. In particular, the core-level
ICD process produces electrons, which can be unambiguously
identified and clearly distinguished from Auger electrons. Fi-
nally, the described mechanism could be extended to the case
where one or both of the donor-acceptor pair is a molecule.
In such a case the photoionization cross section might be
increased such that the ICD efficiency becomes higher.
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