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Quantum error correction (QEC) exploits redundancy by encoding logical information into multiple physical
qubits. In current implementations of QEC, sequences of nonperfect two-qubit entangling gates are used to codify
the information redundantly into multipartite entangled states. Also, to extract the error syndrome, a series of
two-qubit gates are used to build parity-check readout circuits. In the case of noisy gates, both steps cannot be
performed perfectly, and an error model needs to be provided to assess the performance of QEC. We present
a detailed microscopic error model to estimate the average gate infidelity of two-qubit light-shift gates used in
trapped-ion platforms. We analytically derive leading-error contributions in terms of microscopic parameters and
present effective error models that connect the error rates typically used in phenomenological accounts to the
microscopic gate infidelities hereby derived. We then apply this realistic error model to quantify the multipartite
entanglement generated by circuits that act as QEC building blocks. We do so by using entanglement witnesses,
complementing in this way the recent studies in Ref. [Phys. Rev. X 12, 011032 (2022); PRX Quantum 2, 020304
(2021)] by exploring the effects of a more realistic microscopic noise.
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I. INTRODUCTION

Fault-tolerant quantum computation promises to solve hard
computational problems by harnessing the power inherent
in the laws of quantum physics [1]. In this way, quantum
computers have the potential to outperform their classical
counterparts for certain computations [2], and great efforts are
being devoted to their development using various experimen-
tal platforms [3]. However, the sensitivity of these quantum
systems to the interactions with the environment as well as
the unavoidable imperfections of the quantum operations used
to control them lead to processing errors that pose a hurdle
for bringing these devices to the large scales required for
useful quantum computations. At present, specific tasks have
been designed where such noisy intermediate-scale quantum
(NISQ) [4] computers can display quantum advantage with re-
spect to classical devices, even in the presence of errors [5,6].
To benefit from such advantages in more generic algorithms,
a possible solution is to fight against error accumulation
by active quantum error correction (QEC) [7–9]. Using this
strategy, the quantum information is encoded redundantly in
logical qubits composed of multiple physical qubits using
specific QEC codes. Such logical encodings allow for the
detection and correction of the errors that occur during the
computation without gaining any knowledge of the encoded
information (and thus, without perturbing the quantum state
by measurement) and the fed-forward correction operation.

*Present address: University of California, Berkeley, California,
USA; rodriguezblanco@berkeley.edu

Since the operations used to infer and correct errors and those
used to manipulate ancillary qubits will also be faulty, all
operations on the quantum register must obey a fault-tolerant
(FT) circuit design [10], ensuring that errors do not spread
uncontrollably through the quantum register during the com-
putation. These FT considerations usually entail an increase
in the circuit complexity and, importantly, set stringent condi-
tions for the accuracy of each gate [11,12].

Among the architectures for large-scale FT quantum com-
puters, trapped ions provide one of the most promising
platforms [13]. We note that there are different ion species,
various possible qubit encodings, different ion-trap hardware,
and a variety of quantum-information processing schemes.
Although the performance and scaling capabilities of each of
these approaches can vary, we can draw the following picture
of current capabilities. In general, state preparation is achieved
by illuminating the ions with laser radiation and exploiting
optical-pumping schemes, which yields low error rates on the
order of 10−3 to 10−4 [14]. The accuracy of state detection,
which relies on collecting photons from a state-dependent
fluorescence, depends on the specific qubit encoding as well
as the scheme for collecting the scattered photons and the
collection time. In general, measurements are performed with
low error rates also on the order of 10−3, while the 10−4 level
can be achieved in specific cases [14]. Trapped-ion qubits
also provide excellent realizations of quantum memory. When
encoded in the ground-state manifold, relaxation T1 times are
essentially infinite, and decoherence T2 times can reach sec-
onds by using mu-metal magnetic-field shielding to minimize
the dephasing noise [15]. By exploiting qubit states that are
first-order insensitive to Zeeman shifts, as used in trapped-ion
clocks, the coherence time can be even further increased [14].
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Quantum information can also be processed in qubit reg-
isters corresponding to trapped-ion crystals with remarkable
levels of performance. High-fidelity single-qubit rotations
have been achieved for all different qubit encodings, by
shining either laser or microwave radiation onto the ions,
achieving errors in the 10−2–10−6 range [13]. Laser-driven
single-qubit gates for Zeeman qubits which exploit two-
photon transitions (discussed below in more details) have
achieved error rates of 10−2 [15] which can be lowered to
10−3 by using rf radiation [16] at the expense of individ-
ual qubit addressing. Note that these numbers also include
state-preparation and measurement errors and the subsequent
randomized benchmarking [17] experiments have singled out
the gate contribution to the error to be on the order of 10−4.

Together with a two-qubit entangling gate, these operations
lead to a universal gate set for quantum information process-
ing and, combined with state preparations and measurements,
allow for flexible trapped-ion computations which have en-
abled the very first implementations of several quantum
algorithms such as a scalable Shor’s factorization algorithm,
quantum chemistry algorithms, and portfolio optimization.
[18–20]. One should note that the two-qubit entangling
gates typically display a higher error in comparison to other
quantum operations which lies in the 10−2–10−3 range and
depends on the specific ion encoding and the gate scheme
[13]. Mølmer-Sørensen gates [21,22] have reached an error on
the order of 10−3 level using hyperfine [23] and optical [24]
qubits. Among other schemes [25,26] that have stimulated
high-fidelity implementations of entangling gates [27,28], the
so-called light-shift gates [29] have reached errors as low as
10−3 for hyperfine qubits [30,31]. We also note that one of the
advantages of trapped ions with respect to other solid-state
platforms is the programmable connectivity of the two-qubit
gates. Using accurate and fast ion-crystal reconfigurations,
typically referred to as ion shuttling [32,33], it is possible to
perform an entangling gate on any desired qubit pair [34–38].
Alternatively, in static ion crystals, any desired pair of qubits
is individually addressed by laser beams and interactions me-
diated by radial phonons to achieve programmable entangling
gates [39–41].

For Zeeman qubits, current light-shift gates have errors on
the order of 10−2 and thus, fall short of the topological codes’
fault-tolerance requirements [9].

Regardless of the qubit encoding, and the specific thresh-
olds of the QEC strategy, one can see that current entangling-
gate errors are a major bottleneck for increasing the depth
of trapped-ion quantum circuits. It is also important to im-
prove the two-qubit gates for the demonstration of practical
advantages of QEC encodings where the encoded logical op-
erations are expected to improve upon those performed on
bare physical qubits. In this context, it is crucial to have
realistic models of the microscopic errors that go beyond a
single number and can be incorporated in the simulations
of the corresponding circuits. The resulting models are then
used to assess the performance and the required improvements
of the current hardware and software, guiding near-term de-
velopments. There has been recent progress in this direction
in the context of optical trapped-ion qubits [42–45], as well
as hyperfine qubits [46–50]. The native set of operations, as
in the case of optical qubits [51], includes the entangling

Mølmer-Sørensen gate and ion-crystal reconfigurations [33].
In contrast, this type of study has not been carried out for
Zeeman qubits with other entangling gates.

In this paper, we fill this gap by presenting a detailed
microscopic error model for two-qubit light-shift gates. Var-
ious sources of state infidelities for light-shift gates have
previously been discussed in the literature [52,53] in parallel
with Mølmer-Sørensen gates [22]. Such microscopic deriva-
tions are very useful, as they provide insight into different
contributions to errors (i.e., error budget) and experimental
optimizations to minimize them. Note, however, that these es-
timations focus on a single target state that would be produced
by the ideal gate acting on a single initial state. Nonetheless,
the same entangling gates in a larger circuit will typically
act on a variety of initial states and could exhibit a different
error. Hence, it is desirable to obtain estimations for the gate
infidelity which averages over the initial states. Moreover, it
is desirable to relate these estimates to an accurate micro-
scopic model of the noisy quantum dynamics as addressed for
Mølmer-Sørensen gates [42,44]. This model is not character-
ized by a single quantum number, but rather by a dynamical
quantum map that faithfully describes the noisy gate. The
effective noise channels can then be used to study the per-
formance of QEC primitives, going beyond the oversimplified
phenomenological and circuit noise models.

As noted above, QEC exploits redundancy to protect log-
ical information from external noise and correct errors. The
encoded logical qubits typically display entanglement [54],
and there is indeed a very interesting interplay between entan-
glement and QEC codes [55–58]. Following this connection,
the generation and verification of entangled states can be used
as a benchmarking protocol for QEC primitives, as advo-
cated recently in Refs. [38,58]. In these works, key aspects
of QEC circuits are characterized in terms of their power to
generate maximally entangled output states, which can be
efficiently and robustly witnessed when the QEC codes are
described under the stabilizer formalism [1,59]. To model
the noise at the circuit level, these works use an idealized
depolarizing channel. In this paper, we take further steps in
this direction, evaluating and comparing the performance of
the witnessing methods under a microscopic trapped-ion noise
model for Zeeman qubits and light-shift gates. We focus on
entanglement witnesses that can be efficiently inferred from
experimental data, those in which the number of measure-
ments scales linearly with the number of qubits.

The paper is organized as follows: In Sec. II, we present the
primitives of the topological QEC code we wish to character-
ize. We show the compilation of those QEC circuits into the
trapped-ion native gates set and introduce the entanglement
tests we use to characterize the aforementioned circuits in
terms of their ability to generate maximally entangled output
states. In Sec. III, we revise the construction of the entangling
light-shift gate in terms of laser-ion interaction Hamiltonians.
We then derive a microscopic noise model for this unitary
under nonideal conditions and present effective error models
for the entangling light-shift gate, which now connect the error
probability of each model to the microscopic gate infidelities.
Finally, in Sec. IV, we analyze the results of witnessing maxi-
mally entangled states for these trapped-ion QEC circuits with
realistic noise.
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II. QUANTUM ERROR CORRECTION PRIMITIVES,
FAULT TOLERANCE, AND ENTANGLEMENT

Trapped-ion quantum computers are one of the leading
experimental platforms in experimental QEC [60–67]. Recent
experiments with trapped ions [37,38,68,69] have employed
color codes [70], a family of topological QEC codes [9], in
order to detect and correct errors in a fault-tolerant manner.
In particular, these works have employed FT constructions via
the so-called flag ancilla qubits [71–73] which have been used
for an FT measurement of the stabilizers [38], a demonstration
of repetitive rounds of fault-tolerant QEC cycles interleaved
with logical operations [37,69], and implementing a universal
set of logical single and two-qubit operations [68]. The target
of these studies has mainly been the smallest-possible color
code which corresponds to the 7-qubit Steane code [74]. In
this work, we choose to work with this distance-3 topological
color code and focus on the specific stabilizer measurements.

A. Stabilizer codes

A stabilizer QEC code of type [[nc, k, d]] encodes k logical
qubits into nc physical qubits with a code distance d , and
can correct up to t = �(d − 1)/2� errors. The stabilizers S
are operators that act on the Hilbert space of physical qubits
H = C2nc and form an Abelian subgroup SG of the n-qubit
Pauli group Pnc = ×{c0I, c1X, c2Y, c3Z : ci ∈ {±1,±i}}⊗nc ,
where I, X,Y, Z are the identity and the single-qubit Pauli
matrices. This group is obtained by taking n-fold tensor
products of these Pauli matrices, and can also include the
multiplicative factors ±1,±i. The stabilizer subgroup, which
must fulfill −I⊗nc /∈ SG, has |SG| = 2G elements that can be
generated by a subset of G linearly independent and mutually
commuting Pauli operators, g = {gi}G

i=1. These generators,
commonly known as parity checks, are Hermitian and invo-
lutory operators within the Pauli group g†

i = gi ∈ Pnc : g2
i =

I⊗nc . Accordingly, any element of the stabilizer S ∈ SG =
〈g1, . . . , gG〉 can be obtained as a certain product of generators
specified by the indexing set I:

S =
∏
i∈I

gi with gi ∈ g ∀ i ∈ I. (1)

In light of the above constraints, the parity checks correspond
to a set of compatible observables with ±1 eigenvalues, such
that the measurement of one of them projects the state onto
a 2nc−1-dimensional subspace of the nc-qubit Hilbert space
H. Since the parity checks commute, it is possible to unam-
biguously specify a 2nc−G-dimensional subspace through their
common +1 eigenspace, namely,

L = {|ψ〉 ∈ C2nc : S|ψ〉 = |ψ〉 ∀ S ∈ SG}. (2)

The subspace L ⊂ H is known as the code space and can
be used to embed or codify k = nc − G logical qubits. The
logical operators {X L

� , ZL
� }k

�=1 /∈ SG correspond to Hermi-
tian elements of the Pauli group Pn that commute with
any stabilizer [X L

� , S] = [ZL
� , S] = 0 ∀ S ∈ SG and, thus, act

nontrivially within the code space X L
� , ZL

� : L → L. More-
over, they are required to fulfill the corresponding algebra
for k independent logical qubits (X L

� )2 = (ZL
� )2 = I⊗nc , and

X L
� ZL

�′ = (1 − 2δ�,�′ )ZL
�′X L

� , ∀�, �′ ∈ {1, . . . , k}. Topological

FIG. 1. Schematics of the standard d = 3 topological color code.
The nc = 7 physical data qubits that encode the logical qubit lay on
the vertices of the three colorable plaquettes. There are two parity-
check per colorable plaquette q: g(q)

x for detecting single qubit phase-
flip errors, and g(q)

z for detecting bit-flip errors. That makes a total of
G = 6 parity checks, leading to k = nc − G = 1 logical qubits.

QEC codes are a specific type of stabilizer code in which
the parity checks have local support on a lattice where the
physical qubits reside, whereas the logical qubits are encoded
in global topological properties. For instance, in topological
color codes [70], the physical qubits are arranged on the
vertices of a trivalent three-colorable planar lattice (see, e.g.,
Fig. 1 for the smallest-distance color code). The parity check
operators are the following pair of X - and Z-type operators
per plaquette q, and have local support, acting only on those
qubits located at the plaquette vertices

g(q)
x =

⊗
i∈v(q)

Xi, g(q)
z =

⊗
i∈v(q)

Zi, (3)

where v(q) is the set of vertices that belong to plaquette
q. As depicted in Fig. 1, this color code has nc = 7 phys-
ical qubits and G = 6 parity checks, each of which acts
locally on only four qubits (i.e., weight-4 parity checks),
so that the code space is two-dimensional dim L = 27−6 =
2, encoding k = nc − G = 1 logical qubit. Up to deforma-
tions by application of parity checks, the logical operators
correspond to strings of Pauli operators along the sides of
the triangle XL = X5X6X7, ZL = Z1Z4Z7, which clearly show
that the distance of the code is d = 3, such that it can cor-
rect t = 1 error. These errors are typically referred to as
single-qubit bit- and phase-flip errors E ∈ {Xi, Zi}7

i=1, and an-
ticommute with some of the parity checks. Accordingly, the
measurement of parity checks provides an error syndrome s =
{s(1)

x , s(2)
x , s(3)

x , s(1)
z , s(2)

z , s(3)
z }, where s(q)

α = ±1, and α = x, z,
which allows inferring, and subsequently correcting, the most
likely error |�(0)〉 = c0|0〉L + c1|1〉L �→ E |�(0)〉 without ob-
taining any information about c0 and c1.

B. Trapped-ion parity-check measurements

Let us now discuss how the parity check measurements are
performed in practice, considering a specific implementation
based on trapped ions. The native trapped-ion entangling gates
in current designs are not CNOT gates [1]. Instead, they are
based on state-dependent dipole forces and effective phonon-
mediated interactions that dynamically generate entanglement
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between distant qubits [21,22,29,75,76]. In this work, we are
concerned with Z-type state-dependent forces. These forces,
which stem from bichromatic laser beams in a �-scheme con-
figuration (see Fig. 4) in a specific parameter regime, will be
discussed in the following section. Under certain conditions,
we show that these forces give rise to the entangling light shift
gates [29,35], namely,

U ZZ
i, j (θ ) = e−i θ

2 ZiZ j , (4)

where θ is the corresponding pulse area. This unitary leads
to a fully entangling gate for θ = π/2, i.e., they map product
states onto GHZ-type entangled states. They are denoted by

the symbol U ZZ
i, j (π/2) = in the circuits below. In addi-

tion, we also consider single-qubit rotations. In particular, the
unitaries

RZ
i (θ ) = e−i θ

2 Zi (5)

are obtained by local ac-Stark shifts [77] and correspond to
rotations about the z axis of the Bloch’s sphere of each qubit.
Rotations about an axis contained in the equatorial plane of
the Bloch sphere are obtained by the driving of the so-called
carrier transition [78], which leads to

R⊥
φ,i(θ ) = e−i θ

2

∑
i (cos φXi+sin φYi ). (6)

With this notation, R⊥
0,i(θ ) and R⊥

π/2,i(θ ) correspond to rota-
tions around x and y axes of the Bloch sphere, respectively. We
note that, although these rotations act on all illuminated ions,
the equatorial rotations can be applied to a particular set of
ions by using spin-echo-type refocusing pulses that interleave
these rotations with the addressable Z-type rotations [79].
Alternatively, one can also use laser addressing techniques for
both single and two-qubit gates [39–41,80].

Although this collection of gates is not the standard one in
quantum computation [1], it forms a universal gate set, so that
any quantum algorithm can be decomposed into a sequence
of such elementary operations [51,79]. Let us now discuss
how this native gate set can be used for the measurement
of the parity checks. Since we cannot measure the physi-
cal qubits directly, as this would project the state and thus
perturb the encoded quantum information, the measurement
needs to be performed on a set of ancillary qubits into which
the parity-check information has been previously mapped. In
principle, this would require an ancilla qubit per plaquette. In
the following, we focus on a single plaquette and thus restrict
momentarily to a single ancilla qubit, which we initialize in
state |+〉s, where the subscript refers to the syndrome readout
and |±〉s = (|0〉s ± |1〉s)/

√
2. We note that the action of the

maximally entangling light-shift gate and a single rotation on
the target qubit about the z axis is equivalent, up to an irrel-
evant global phase, to a controlled-Z gate CZc,t = |0c〉〈0c| ⊗
1t + |1c〉〈1c| ⊗ Zt ,

(7)

In addition, the Hadamard gate Hi = |+i〉〈0i| + |−i〉〈1i|
can be decomposed, again up to an irrelevant global

FIG. 2. Parity-check measurement circuit using the native
trapped-ion gates. (a) Z-type parity checks, (b) X -type parity checks.

phase, as

Hi = RZ
i (π )R⊥

π/2,i(−π/2) = R⊥
π/2,i(π/2)RZ

i (π ). (8)

With these identities, it is straightforward to construct the
circuits for the measurement of parity checks (3) starting
from the generic circuit for measuring Hermitian involutory
operators [1]. For the Z-type parity checks, the circuit is that
of Fig. 2(a) which is obtained by using Eq. (7) for each of the
target physical qubits together with Eq. (8) for the syndrome
ancillary qubit. The latter can be simplified by noting that the
action of the rotations about the z axis becomes trivial when
acting on the initial state, or prior to the measurement Mz in
the Z basis. For the X -type parity checks, the circuit is that
of Fig. 2(b), and can be obtained by applying the Hadamard
gate (8) to all physical qubits twice, right before and right
after the gates of Fig. 2(a), which rotates the controlled-Z
operations to the CNOTs required for the measurements of
the X -type plaquette operators. For each of the Hadamards,
one can choose a specific ordering (8) to simplify the circuits
considering their commutation with the light-shift gates (4).

In this work, we are interested in assessing this QEC build-
ing block from the perspective of multipartite entanglement.
We note that for an arbitrary state of the physical qubits
|0s〉|ψ〉 �→ |0s〉 1

2 (I⊗n + g(q)
α )|ψ〉 + |1s〉 1

2 (I⊗n − g(q)
α )|ψ〉, such

that the measurement Mz on the ancilla qubit projects the state
onto the respective ±1 eigenspace of the parity check, giving
access to the complete error syndrome {s(q)

α } when performed
over all plaquettes. To characterize this QEC primitive using
its ability to generate multipartite entanglement, we dispense
with the ancilla using a rotation about the y axis followed
by a Z measurement in the circuit of a single X -type pla-
quette [cf. Fig. 2(b)]. Considering the specific initial state
|ψ+,z〉 = |0, 0, 0, 0〉, one readily sees that a 5-qubit GHZ state
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is produced deterministically,

|ψ+,z〉|0s〉 �→ 1√
2

(|0〉⊗5 + |1〉⊗5) = ∣∣GHZ5
z,+

〉
. (9)

Analogously, in the circuit of a single Z-type plaquette [cf.
Fig. 2(a)], we dispense with the ancilla using a single rotation
about the z axis, RZ

s (π ), prior to the last rotation of ancilla
about the y axis followed by a Z measurement such that,
altogether, they lead to the Hadamard gate (8). If we now
consider the initial state |ψ+,x〉 = |+,+,+,+〉, one readily
sees that a 5-qubit GHZ state is produced deterministically,

|ψ+,x〉|0s〉 �→ 1√
2

(|+〉⊗5 + |−〉⊗5) = ∣∣GHZ5
x,+

〉
. (10)

Both of these states are maximally entangled. Let us note
that none of the above schemes are fault-tolerant, as a sin-
gle qubit error could propagate through the entangling gates,
which leads to a pair of errors. Such errors could not be
corrected by the small 7-qubit color code. To see that, recall
the error-propagation relations [58]

(11)

Accordingly, phase-flip errors commute through the gates and
no further errors are triggered. On the other hand, the bit flip
errors occurring on any of the two qubits are rotated into a
Y -type error, and also triggers an additional phase-flip error in
the other qubit. In light of this, recalling propagation rules for
Y -type errors is also useful:

(12)

In both circuits (a) and (b) of Fig. 2, we see that a bit-flip
error between the second and the third light-shift gates results
in a pair of phase-flip errors in the plaquette, which leads to
an uncorrectable error in the 7-qubit code. On the contrary,
phase-flip errors do not lead to this cascading of errors and,
as shall be discussed below, circuits based on light-shift gates
can be beneficial for certain biased noise models.

A possibility to make parity-check circuits fault tolerant
(FT) is to add as many ancilla qubits as the weight of the parity
checks [42]. This method requires preparing and verifying
those ancillae in a GHZ state [81,82], which increases the
complexity of the trapped-ion circuits considerably, and thus,
requires further improvements before one can see the benefits
of QEC [42]. More recent FT schemes exploit the so-called
flag qubits, which are ancillary qubits introduced to detect
the dangerous cascading of errors. The flag-based technique
reduces qubit overhead and circuit complexity [44,71–73,
83–86]. For the distance-3 color code, this technique uses
a single additional ancilla, the flag qubit, which is coupled
to the syndrome qubit by a pair of light-shift gates. These
extra gates serve to detect the single-qubit errors that occur
on the ancillary qubit and propagate into a pair of errors in
the data qubits [see Fig. 3(a)]. These additional gates ensure
that these weight-2 errors also propagate onto the flag qubit,
which would be signalled by a −1 outcome of the flag-
qubit measurement. The flag readout, when combined with
the subsequent parity check measurements, can be used to

FIG. 3. Parity-check measurement circuit using flag qubits.
(a) Z-type parity checks, (b) X -type parity checks.

unequivocally identify and deterministically correct danger-
ous errors, achieving the desired fault tolerance [44,71].

In the present context, we instead consider a postselection
scheme in which, after running the circuits from Fig. 3, one
only keeps the events where the flag is not triggered, and the
circuit generates the GHZ entangled states in Eqs. (9) and (10)
depending on the initial state with the corresponding Z- or
X -type stabilizer.

C. Entanglement witnesses for quantum error
correction primitives

In this section, following the work presented in
Ref. [38,58], we discuss how to quantify the capability of the
parity-check circuits to generate maximally entangled states
in the presence of noise. As argued in Ref. [58], verify-
ing genuine multipartite entanglement is not an easy task
as the number of bipartitions in which entanglement must
be checked grows exponentially with the number of qubits.
Moreover, in some cases, the required measurements designed
theoretically are difficult to implement experimentally. An
interesting strategy to overcome these limitations for entan-
glement detection is to use entanglement witnesses [87–91],
which are observables signaling the entanglement of the state
when a negative expectation value is obtained. Interestingly,
entanglement witnesses can be constructed from local and ex-
perimentally friendly observables [58,92]. We consider noisy
parity-check circuits using imperfect measurements in two
different ways: (i) standard linear witnessing (SL) with a
single witness that only relies on a linear number of measure-
ments [92], and (ii) conditional linear witnessing (CL) that
requires a linear number of witnesses and measurements [58].
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Let us start by discussing how to construct these wit-
ness operators Wn for the parity-check circuits, following
the design principles discussed in Refs. [92,93] for stabilizer
states. An entanglement witness W is an observable whose
expectation value is, by construction, non-negative tr(W ρs) �
0 for all separable states ρs = ∑

k pkρ
(k)
1 ⊗ ρ

(k)
2 ⊗ · · · ⊗ ρ (k)

n
[94]. Therefore, if the witness is negative for a certain state,
tr(W ρ) < 0, one can ascertain that ρ is not separable and,
thus, that it contains some sort of entanglement. Note that,
however, with the above definition of the witness using fully
separable states with n parties, the witnessed entanglement
may be present only within a specific bipartition of the system,
whereas other bipartitions may be consistent with separability.

A stronger entanglement criteria is obtained by consid-
ering states that are not biseparable, i.e., those who do
not admit a decomposition of the form ρs = ∑

k pkρ
(k)
A ⊗

ρ
(k)
B in any bipartition AB. A state possesses the strongest

form of entanglement, namely, genuine multipartite entan-
glement (GME), if it further cannot be written as a convex
combination of biseparable states with respect to different
bipartitions.

If a noisy imperfect evolution produces a state ρ that is
expected to be close to a target entangled n-qubit pure state
|ψ (n)〉, one can construct a projector-type witness

Wn = lnI − |ψ (n)〉〈ψ (n)|, (13)

where ln is the smallest constant for which every biseparable
state ρs satisfies tr(Wnρs) � 0 [92,93]. Accordingly, when the
fidelity of a state with respect to the target entangled state
fulfils F = 〈ψ (n)|ρ|ψ (n)〉 > ln, the state is sufficiently close
to the target state so that tr(Wnρ) < 0 and one concludes that
ρ is indeed entangled. For the specific target states in Eqs. (9)
and (10), the GME witness bound is ln = 1/2 [93].

Depending on the specific target state, the above witnesses
might be complicated observables with a large overhead in
measurement complexity. In general, they require 2n−1 − 1
different local Pauli measurements, which is exponential in
the number of qubits n. This has motivated the development
of alternative witnesses, such as the witnesses proposed by
Tóth and Gühne [92,93], or the conditional witness method
[58], both of which are efficient in the number of bipartitions
in which entanglement must be checked. They reduce the
overhead on the required number of measurements to n rather
than 2n−1 − 1.

We describe below both protocols by focusing on a spe-
cific type of entangled state. These are stabilizer states
fulfilling

gi|ψ (n)〉 = +|ψ (n)〉 ∀ i ∈ {1, . . . , n}, (14)

where the n Hermitian, involutory, and mutually commuting
operators of the Pauli group gi ∈ Pn generate the stabilizer
group Sn = 〈g1, g2 . . . , gn〉, and uniquely determine the target
entangled state |ψ (n)〉. We note that the number of qubits of the
multipartite state n should not be confused with the number of
physical qubits in the code nc and that, likewise, the stabilizer
group associated with the state S̃n should not be confused with
that of the QEC codes SG discussed above. In our case, the
target state for the X -type (9) [Z-type (10)] circuit contains
n = 5 qubits, such that the respective generators gx

i (gz
i) are

not the two parity checks (3) of the corresponding plaquette,
rather the two following sets:

gx
i = ZiZi+1 ∀ i ∈ {1, . . . , 4}, gx

5 =
5∏

i=1

Xi,

gz
i = XiXi+1 ∀ i ∈ {1, . . . , 4}, gz

5 =
5∏

i=1

Zi. (15)

Note that, in light of the GHZ-type target states in Eqs. (9)
and (10), one could also define the weight-2 parity checks as
being composed of other pairs of physical qubits. This will
be important when considering the robustness of the witness
against biased noise.

The projector that appears in the general entanglement
witness for n-partite pure states (13) can be expressed in terms
of these stabilizer generators. In particular, the projector used
in the construction of the witness can be obtained by the
product of all projectors onto the +1 eigenspace of the gen-
erators |ψ (n)〉〈ψ (n)| = ∏n

i=1
1
2 (I⊗n + gi ) = Ln, where Ln will

be denoted as the entanglement test operator. This operator
contains all products of the stabilizers and, since they belong
to the Pauli group, can be inferred from local measurements.
However, the corresponding product increases the number of
required measurement basis. We now discuss two witnesses
that minimize the measurement overhead.

1. Standard linear witnessing

As discussed in Ref. [92], a GME witness that only requires
a linear number of measurements can be defined by

W SL
n = (n − 1)I⊗n −

n∑
i=1

gi, (16)

where ln = (n − 1) is the corresponding entanglement bound
[92]. In this case, the linear number of measurements is given
by measuring the expectation value of the n generators of
the target state, rather than all stabilizers. In this work, for
convenience, we choose a normalized version

W̃ SL
n = l̃SL

n I⊗n − LSL
n , (17)

where the test operator LSL
n is the average of the generators

LSL
n = 1

n

n∑
i

gi, (18)

and the witness bound is

l̃SL
n = n − 1

n
. (19)

One can see that the expectation value of the test operator
becomes +1 for the ideal GME states in Eqs. (9) and (10).
If 〈LSL

n 〉 surpasses the critical value of l̃SL
n , one would obtain

〈W̃ SL
n 〉 < 0, signaling a GME state of n qubits.
In the SL witnessing, we need to measure n different

stabilizer generators, which could, in principle, require up
to n different measurement settings. For the particular case
of parity check circuits whose output states have CSS-type
stabilizers [95], i.e., its generators gi are formed of either
X - or Z-type Pauli operators only as in Eqs. (15), it has
been shown that the required number of measurement settings
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reduces from n to just two settings: measuring all qubits in the
X - and the Z- basis suffices to determine the expectation value
of all operators contributing to the witness W̃ SL

n [93]. For both,
non-FT and FT circuits that allow us to measure the X -type
parity checks, as shown in Fig. 2(b) and in Fig. 3(b), the
target 5-qubit output state is |GHZ5

z,+〉, as given in Eq. (9).
For the case of the FT-circuit, we obtain the target 5-qubit
GME state after postselecting on the measurement events in
which the flag-qubit is not triggered. This state is stabilized
by the Z-type operators of Eq. (15) and, therefore, just two
measurement settings are needed. Likewise, for the non-FT
and FT Z-type circuits shown in Figs. 2(a) and 3(a), the target
output state is given by the 5-qubit GME state |GHZ5

x,+〉
shown in Eq. (10). For the FT circuit, we again postselect on
the flag qubit. In this case, the stabilizer generators are the
x-type operators of Eq. (15), showing that two measurement
settings suffice.

2. Conditional linear witnessing

With the same goal, namely, reducing the exponential
number of bipartitions that need to be checked to a linear
one, and hence, making the entanglement detection efficient,
we have introduced conditional entanglement witnessing in
Ref. [58] as a robust and efficient technique to test multipartite
entanglement (ME) in quantum systems. For the conditional
witness, we refer to the verification of ME instead of GME,
following the definition as in Refs. [96,97]. In this defini-
tion, GME detection terminology is explicitly used for states
that are not within the convex hull of all biseparable states,
while ME describes the states that are not separable within
any bipartition. We proved that, given an n-partite system,
certification of entanglement between the subsystems s1 and
sx for all sx ∈ {s1}c = {s1, . . . , sn} \ {s1}, conditioned on an
outcome i of suitable local measurements on the remaining
n − 2 subsystems, is actually sufficient for the certification
of ME. Moreover, the number of bipartitions needed to be
checked gets reduced to n − 1 [58]. In this case, the condi-
tional entanglement witness has an analogous form as before
in (17), namely,

W CL = lCLI − LCL, (20)

where LCL is the conditional test operator, and lCL is the
corresponding witness bound. Let us now give the explicit
expressions of the conditional witness for the 5-qubit target
multipartite entangled state in Eqs. (9) and (10). In a standard
scenario to certify n-party entanglement in a n = 5 partite
system, we would need to test entanglement in Nb = 24 − 1 =
15 bipartitions; a number that grows exponentially with the
number of subsystems n. On the contrary, conditional entan-
glement achieves the verification of entanglement in a number
of bipartitions that just grows linearly with the number of
subsystems. The method works by localizing entanglement
between two partitions of the 5-qubit multipartite system,
by performing local measurements on the three remaining
subsystems [98,99]. This reduces the exponential complexity
of the n-party entanglement detection to a linear number of
tests. For the particular case of study, it would be then enough
to test entanglement in n − 1 = 4 bipartitions instead of in 15.
We are going to focus merely on the four bipartitions [s5|s1],

[s5|s2], [s5|s3], and [s5|s4]. In this case, within each bipartition,
we check if each subsystem data qubit is entangled with the
syndrome ancilla subsystem. However, a different choice of
bipartitions is also valid. Then, for the certification of multi-
partite entanglement in the 5-qubit states from Eqs. (9) and
(10), it suffices to test entanglement in each bipartition [s5|sx]
for x ∈ {1, 2, 3, 4}, conditioned on the outcome of a projective
measurement on the remaining three qubits sx′ ∈ {s5, sx}c. The
conditional entanglement test operators for each bipartition
are

LCL,z
[s5|sx] = ∣∣Bellz

s5|sx

〉〈
Bellz

s5|sx

∣∣ ⊗ P0
{s5,sx}c ,

LCL,x
[s5|sx] = ∣∣Bellx

s5|sx

〉〈
Bellx

s5|sx

∣∣ ⊗ P+
{s5,sx}c , (21)

where LCL,z
[s5|sx] is the conditional test operator for the Z-type

parity-check circuit output state, whereas LCL,x
[s5|sx] is the condi-

tional test operator for the X -type. In this case, in addition to
the projector of the qubit pair s5 and sx onto the Bell state
|Bellz〉 = (|++〉 + |−−〉)/

√
2, we condition on the projec-

tion of the remaining qubits into

P0
{s5,sx}c =

⊗
sx′ ∈{s5,sx}c

∣∣0sx′
〉〈

0sx′
∣∣. (22)

The test operator in the X -type circuit for the bipartition [s5|sx]
is given by LCL,x

[s5|sx]. The main difference with respect to the
Z-type conditional test operator is that now the projector on
the remaining three qubits is

P+
{s5,sx}c =

⊗
sx′ ∈{s5,sx}c

|+sx′ 〉〈+sx′ |, (23)

and the conditional Bell pair is |Bellx〉 = (|00〉 + |11〉)/
√

2.
The Bell pairs can be described in terms of the same

weight-2 stabilizer generators {Xsx Xs5 , Zsx Zs5}, so that the pro-
jector can be specified by the product of these two generators
and, thus, the conditional test operators can be expressed as a
linear combination of two-point correlations

LCL,x/z
[s5|sx] = Isx Is5 + Xsx Xs5 − YsxYs5 + Zsx Zs5

4
. (24)

In addition, the entanglement bounds for Bell states are
lCL,x/z
[s5|sx] = 1/2 [58,93] for all the bipartitions. Thus, the condi-

tional test operator must surpass this value, 〈LCL,x/z
[s5|sx] 〉 > 1/2,

in order to obtain a negative value for the conditional witness;
that is, 〈W CL,x/z

[s5|sx] 〉 < 0.
In this occasion, we need three measurement settings

{XX, ZZ,YY } per bipartition. Hence, for the n − 1 = 4 bi-
partitions, a total of twelve measurement settings would be
required for this witnessing method. One can argue that this
number is considerably higher than the two settings needed
in the SL witness. However, this method has a larger witness
bound. For the SL method, we have a l̃SL = 5/6, which is
larger than the one required in the CL method, lCL = 1/2.
This implies that, with the SL method, we lose sensitivity
in the verification of entanglement. There are states that lie
within the convex hull of all biseparable states that would not
be detected by using the SL witness [58]. On the contrary, with
the CL method, we build n − 1 witnesses that can be tangent
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to the set of biseparable states, thus increasing the sensitivity
on detecting multipartite entanglement [58]. We see later in
the text that the CL method is more robust than the SL against
the circuit noise models considered.

III. ERROR MODEL FOR LIGHT-SHIFT GATES

So far, we have presented the native trapped-ion gate set
in Eqs. (4)–(6) from a high-level perspective. This suffices
to find trapped-ion compilations of specific circuits and an-
alyze the propagation of generic phenomenological errors, as
discussed in the previous section. However, in order to give
a realistic account of the performance of the circuits and, in
the present context, assess the detection of multipartite en-
tanglement, one needs to delve into a lower-level description
and derive a microscopic noise model that captures how the
gates deviate in practice from the ideal unitaries (4)–(6). In
Ref. [58], we evaluated the robustness of the previous entan-
glement witnesses for a phenomenological noise model that
consisted of a depolarizing channel [1], together with bit-flip
errors in the measurements. Each of these noise sources was
controlled by a specific error rate, and the robustness of the
witness was studied as one increases the severity of both noise
sources. We note that, however, it is possible to go beyond this
simplified model and derive more realistic microscopic error
channels with rates that are fixed by specific experimental pa-
rameters. As noted in the introduction, this research direction
has been developed to some extent for optical [42–45] and
hyperfine [46–50] trapped-ion qubits operated with Mølmer-
Sorensen entangling gates [22]. The goal of this section is
to derive a microscopic noise model for trapped-ion Zeeman
qubits operated with single-qubit rotations and entangling
light-shift gates. As mentioned before, the bottleneck is the
performance of entangling gates, and we thus focus on the
error model for them.

A. Ideal entangling light-shift gates

To discuss sources of error, we first need to review the
ideal scheme of a light-shift gate. We consider a crystal of
N trapped 40Ca+ ions, where the qubit is encoded in the
two Zeeman sublevels of the S1/2 ground-state [38], with
mJ = −1/2 for |↓〉 = |0〉 and mJ = 1/2 for |↑〉 = |1〉, with
ω0/2π = 10.5 MHz as the transition frequency splitting be-
tween those states obtained by applying an external magnetic
field [38]. The ions’ equilibrium positions �r 0

i are confined
along the null of the rf-fields of a segmented linear Paul trap
[38]. The light-shift gates [29] can be obtained from a pair of
noncopropagating laser beams of frequency ωL for L ∈ {1, 2},
which are far off-resonant from the dipole-allowed transitions
S1/2 → P1/2, P3/2 (see Fig. 4). The detuning of the laser beams
from the dipole-allowed transition from s ∈ {|↑〉, |↓〉}, is as-
sumed to be much larger than the qubit frequency splitting,
ω0 � l,↓ ≈ l,↑ = . It is also assumed in the last step
that both detunings are approximately equal. Likewise, the
detuning must be much larger than the linewidth of the dipole-
allowed transition,  � �, such that the residual spontaneous
scattering is reduced. As we see below, the effect of such
laser beams is a collection of ac-Stark shifts that arise due
to second-order (two-photon) processes.

FIG. 4. Atomic levels and laser beam configurations used to
create light-shift gates in 40Ca+ ions with the qubit s ∈ {|↑〉, |↓〉}
encoded in the Zeeman sublevels of the S1/2 ground state. �l,s are
the Rabi frequencies of the dipole-allowed transitions, with l ∈ {1, 2}
labeling a pair of noncopropagating laser beams. We consider that
the detunings of these laser beams l,s are much bigger than the
qubit frequency splitting ω0 � l,↓ ≈ l,↑ = . The effect of this
laser-beam configuration leads to second order (two-photon) process
depicted in panel (a) where the ion virtually absorbs and emits a
photon from and into the same laser, and panel (b) where the ion
virtually absorbs from one laser and emits into the other one.

In addition to the internal electronic states, the ions also
vibrate around the crystal equilibrium positions, giving rise to
collective oscillations.

Following standard steps [78,100], let us define the beat-
note frequency of the lasers ωL = ωL,1 − ωL,2 and denote
the three photon axes, the so-called radial α ∈ {x, y} and axial
α = z, with normal-mode frequencies ωα,m and creation and
annihilation operators a†

α,m, aα,m. With N = 2 trapped ions,
we have m = 2 frequency modes for each α axis. In par-
ticular, the center of mass (COM) frequency mode, and the
zigzag (ZZ) frequency mode. Ion crystals, in general, have
micromotions, i.e., periodic motions due to oscillations of
the Paul trap’s potential. Excess micromotion are classically
driven motions of the ions that off the rf null, and intrinsic
micromotions which is a quantum-mechanical driven motion
with the rf frequency [101]. Assuming the ions lie in the
rf null and restricting to beat note frequencies far detuned
from the rf frequencies, it is possible to neglect the excess
and intrinsic micromotions and describe the ions’ motional
degrees of freedom as three decoupled branches. The internal
and motional Hamiltonian of ions is then described by

H0 = 1

2

N∑
i=1

[ω0 + δω̃0,i(t )]Zi +
N∑

m=1

∑
α=x,y,z

ωα,ma†
α,maα,m,

(25)
wherein

δω̃0,i(t ) = δω0,i + δωL,i (26)

reflects the contribution of the differential ac-Stark shifts. The
first term in δω̃0,i represents an energy shift of the qubit fre-
quency due to an ion virtually absorbing and emitting a photon
from and into the same laser beam [see Fig. 4(a)]. The second
term occurs when an ion virtually absorbs a photon from a
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laser beam and then emits it into the other [see Fig. 4(b)],
leading to crossed-beam oscillating ac-Stark shifts.

In more detail,

δω0,i =
∑

l

(∣∣�i
l,↑
∣∣2 − ∣∣�i

l,↓
∣∣2)/4, (27)

where �i
l,s is the Rabi frequency of the corresponding dipole-

allowed transition for the ith ion. Furthermore,

δωL,i = |�̃L,i|cos
(
�k�r 0

i − �Lt + φl
)
. (28)

In this expression, �kL = �kL,1 − �kL,2 is the differential
wave-vector of the laser beams, and φL = φL,1 − φL,2 is
the corresponding phase mismatch. The �̃L,i = (�1,↑�∗

2,↑ −
�1,↓�∗

2,↓)exp{− 1
2

∑
m(ηα,mMα

i,m)2}/(4) contains contains
the correction of the differential ac-Stark shifts by the Debye-
Waller factors due to zero-point fluctuations of ion’s vibra-
tions [78], where Mα

i,m is the ith ion displacement in the mth
mode along the α axis, and ηα,m = �kL · eα/

√
2mCaωα,m � 1

is the Lamb-Dicke parameter [78] with mCa being the ion’s
mass.

The light-matter interaction Hamiltonian is given by

Hint =
∑
α,i,m

iFα
i,mei(�kL ·�r 0

i −ωLt+φL )Zi(aα,m + a†
α,m) + H.c.,

(29)
where Fα

i,m is a state-dependent dipole force,

Fα
i,m = i

|�̃L,i|
2

ηα,mMα
i,m. (30)

The total light-matter Hamiltonian of the trapped ions inter-
acting with the laser beams is then H = H0 + Hint (h̄ = 1).

For the ideal performance of the gate, we assume that �kL

is perfectly aligned with one of the radial vibrational branches,
e.g., �kL ‖ ex. Note that we have focused on the radial modes
as they are more robust to successive shuttling and reconfigu-
ration operations which, as discussed in the introduction, form
a crucial part of the native trapped-ion toolbox in scalable
shuttling-based approaches for quantum information process-
ing (QIP) [33]. Now, moving to the interaction picture with
respect to H0, the resulting Hamiltonian is

Hint (t ) �
N,M∑
i,m

iF x
i,mZia

†
x,mei(k̄�r 0

i +δx
mt+φL ) + H.c. (31)

Here, we have defined the detunings δα
m = ωx,m − ωL �

ωx,m, and used the underlying assumption |�L,i| � ωL �
ωx,m which is used to neglect other powers of the vibrational
operators in the Lamb-Dicke expansion of the laser-ion in-
teraction. One thus sees that, when the laser beat note is
tuned close to the target vibrational branch, it induces a state-
dependent displacement that pushes the ions along different
trajectories in phase space depending on the internal state.
This results in a geometric phase gate capable of generating
entanglement.

We can obtain the exact time evolution operator using
the so-called Magnus expansion [102,103] which, under the
assumption of perfectly aligned laser and the neglect of high-
order vibrational operators, closes at second order. This results

in

U (t ) = e−iH0t e

∑
i,m

(�x
i,m (t )a†

x,m−H.c.)Zi

× e
−i

∑
i, j

ZiZ j (
Ji j t

2 −2
∑
m

Re{�α
i,m (t )(�α

i,m (0))∗})
, (32)

where we have defined

�x
i,m(t ) = F x

i,m

δx
m

ei(�kL ·�r 0
i +φL )(1 − eiδx

mt ). (33)

We thus see that the time-evolution operator contains
state-dependent displacement operators, i.e., D±(�x

i,m(t )) =
exp(±�x

i,m(t )a†
x,m ∓ �x

i,m(t )∗ax,m) for |↑〉, |↓〉, which can lead
to residual qubit-phonon entanglement if the trajectories are
not closed, i.e., if �x

i,m(t ) �= 0. The evolution operator also
contains a qubit-qubit coupling term of strength

Ji j = −2
∑

m

F x
i,mF x

j,m

δx
m

cos
(
φ0

i j

)
, (34)

that generates entanglement through phonon-mediated inter-
actions [104–107]. The phase φ0

i j = �kL · (�r 0
i − �r 0

j ) causes
the coupling strength Ji j to oscillate with the distance between
ions in a generic situation. However, for radial phonons, this
oscillation disappears. We note that off-resonant terms addi-
tional to the force in Eq. (31) can also be accounted for in the
Magnus expansion, which lead to small perturbations to the
spin-spin couplings [106].

An ideal implementation of the two-qubit light-shift
gate exploits these phonon-mediated interactions to generate
entanglement and minimizes the residual qubit-phonon en-
tanglement with the active phonons mediating the entangling
operations. By active mode we refer to the mode m along an
α-axis direction used to perform the entangling gate, the re-
maining 3N − 1 modes are refereed to as the spectator modes,
which in an ideal scenario are not involved in the entangling
operation. Using a single pulse per ion qubit, this can be
achieved as follows. For radial modes, there is no large separa-
tion between the center-of-mass mode (COM, m = 1) and the
remaining zigzag (ZZ, m = 2) mode. As a consequence, we
cannot divide the radial modes that the state-dependant force
excites into active and spectator modes, as occurs for forces
coupling to the axial modes [22], and both modes mediate the
interaction. This means that we excite two trajectories in the
phase spaces of each mode with large excursions that both
must be closed at the final gate time duration tg, in order to
minimize the residual qubit-phonon entanglement and achieve
a high gate fidelity. This leads to the following two conditions:

�x
i,com(tg) = 0 ⇒ F x

i,com

δx
com

(1 − eiδx
comtg ) = 0,

�x
i,zz(tg) = 0 ⇒ F x

i,zz

δx
zz

(1 − eiδx
zztg ) = 0. (35)

The only possibility to satisfy both conditions with a single
pulse is to have two detunings are multiples of each other,
δx

zz = pδx
com, such that

δx
comtg = 2πr, δx

zztg = 2πr p, r, p ∈ Z. (36)
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Here, r is the number of closed loops in the phase space
of the COM mode, and |pr| is the number of loops in the
ZZ mode. One possibility is to fix r = 1, p = −1, such
that, δx ≡ δx

zz = −δx
com, and the state-dependent force lies

midway from both resonances ωL � (ωx,com + ωx,zz)/2. In
this case, the trajectories correspond to two circles winding
in opposite directions with tg = 2π/δx. Using the normal-
mode displacements Mx

1,com = Mx
2,com = 1/

√
2 and Mx

1,zz =
−Mx

2,zz = 1/
√

2, the phonon-mediated interactions have a
strength

J12,x = − 1

2δx

(
ωLηx,com√

2

)2

e− 1
2 (η2

x,com+η2
x,zz )

(
1 + ωx,com

ωx,zz

)
.

(37)

In the interaction picture, the ideal unitary evolution operator
for N = 2 ions becomes

Uid
(
tg
) = e−i(Jxtg)σ z

1 σ z
2 , (38)

where J12,x = J21,x = Jx. The unitary at multiples of this
gate time describes decoupled dynamics of the gate-mediated
phonons and qubits and yields a maximally entangling gate
for Jxtg = π/4, Uid = Uid (π/4Jx ), that generates an entangled
pair from an initial separable state |�0〉 = |++〉. In the inter-
action picture, this reads

|ψid〉 = Uid|ψ (0)〉 = 1√
2

(|−−〉 − i|++〉). (39)

In contrast with the use of axial modes, where δ is pretty much
free [22], here we have to place it between the COM and ZZ
modes to close both trajectories simultaneously.

In the following section, we study the effect of noise
and experimental imperfections on this maximally entan-
gling gate. As noted in the introduction, previous results
[52,53] follow similar calculations of state infidelities in
the Mølmer-Sørensen gate [22] and identify different con-
tributions to deviations from the target state (39). These
deviations can be quantified through the state fidelity Fs =
〈�id(tg)|E (ρ0)|�id(tg)〉, where E (ρ0) describes the noisy evo-
lution of the initial state, which is typically considered to be in
a product state of the internal and vibrational degrees of free-
dom ρ0 = | + +〉〈+ + | ⊗ ρvib. In general, however, the gate
embedded in a larger circuit will act on other states and, in or-
der to provide a more representative of the gate performance,
one should instead compute the gate error εg = 1 − F̄g, which
is obtained by averaging the corresponding fidelities for all
possible initial states ρ0 = |�0〉〈�0| ⊗ ρvib. Below we give
explicit expressions for these errors, investigating the influ-
ence of thermal fluctuations in all vibrational branches εth

g ,
off-resonant couplings εoff

g , dephasing noise due to fluctuat-
ing unshielded magnetic fields of laser phase noise εd

g , and
residual spontaneous photon scattering ε

sp
g . For small or weak

errors, the effect of distinct sources of noise is additive [1].
Therefore,

εtot
g = εth

g + εoff
g + εdeph

g + εscatt
g . (40)

B. Average gate fidelity

The light-shift gate fidelity can be calculated by averaging
the state fidelities of the real time-evolved states for all possi-
ble initial states of the two qubits [1], with respect to the ideal
target state for each of them, namely, Uid|�0〉. Accordingly,
the gate fidelity is

F̄g(Uid, E ) =
∫

d�0〈�0|U †
idE (ρ0)Uid|�0〉, (41)

where the integral is taken with respect to the Haar measure
over the two-qubit Hilbert space, and thus averages over all
possible two-qubit states |�0〉. Here, E (ρ0) describes the real
evolution of the initial state ρ0 under a noisy quantum chan-
nel. To account for sources of errors added to the thermal
fluctuations of the vibrational modes, we consider E (ρ0) =
〈Traux{Ug(t )|�0〉〈�0| ⊗ ρauxU †

g(t )}〉stoch, where ρaux describes
“auxiliary” degrees of freedom, including all the phonon
branches, other electronic states such as the virtually popu-
lated P levels used to induce the state-dependent dipole forces,
as well as the photons of the surrounding electromagnetic en-
vironment. Additionally, the unitary evolution of the complete
system Ug(t ) may depend on external fluctuations, such as
un-shielded magnetic fields or fluctuating control parameters,
which can be modeled by stochastic processes {g(t )}. Accord-
ingly, the quantum channel will also result from statistical
averaging over such stochastic processes, which corresponds
to 〈·〉stoch in the previous expression. As a result of this average
and the partial trace, the evolution of the system will no longer
be unitary as in the ideal case (38). The goal of this section is
to find contributions to the gate infidelity in the limit of small
errors, which can be calculated analytically, and then fed into
effective noise models.

To avoid the integral over the two-qubit Hilbert space,
we can alternatively calculate the entanglement fidelity
[108–110] given by

F̄e(Uid, E ) = 〈φm|Id ⊗ U †
id E (ρm) Id ⊗ Uid|φm〉. (42)

The entanglement fidelity is defined in an enlarged Hilbert
space with partitions A and B, where A is auxiliary with
the same number of qubits as B and |φm〉 = ∑d

ξ=1 |ξ 〉A ⊗
|ξ 〉B/

√
d is a maximally entangled state. Here, d = 2N , where

N is the number of physical qubits involved in the gate,
and the set {|ξ 〉} of d quantum states is chosen to form
an orthonormal basis. For the current case of N = 2, we
have d = 4 basis states {|++〉, |+−〉, |−+〉, |−−〉}. In the
above equation (42), the auxiliary qubits are not subjected
to the ideal or noisy time evolution, such that E (ρm) =
〈Traux{Id ⊗ Ug(t ) |�m〉〈�m| ⊗ ρaux I

d ⊗ U †
g(t )}〉stoch. By dou-

bling the number of qubits, and exploiting their entanglement,
one can prove [108,110] that a single state fidelity of the
enlarged system can be used to infer the gate fidelity of the
original physical system via

F̄g(Uid, E ) = dF̄e(Uid, E ) + 1

d + 1
. (43)

Equipped with this formal tool, it is possible to derive an-
alytical expressions for various sources of gate infidelities.
As advanced previously, we are interested in a perturbative
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regime where different error sources are additive and thus can
be thus discussed sequentially.

C. Gate infidelity due to thermal errors

The light-shift gates, just like Mølmer-Sørensen gates
[21,22], are robust against the thermal occupation of the ac-
tive phonon modes in the Lamb-Dicke approximation. In this
section, we analyze the effect of thermal occupation due to
higher-order terms in the Lamb-Dicke expansion for both the
active vibrational modes as well as the spectator modes.

1. Warm active phonons

There are higher-order terms in the Lamb-Dicke expan-
sion of Eq. (29), there are additional corrections that stem
from higher-order terms in the Lamb-Dicke parameters which
are not far-off resonant and thus must be taken into ac-
count. Under these circumstances, ensuring that the beat note
laser frequencies are still satisfying |�̃L,i| � ωL � ωx,m, the
force parameter from Eq. (30) transforms into

F̃ x
i,m = i

|�̃L,i|
2

ηx,mMx
i,mGx

i,m({a†
x,max,m}), (44)

where we have introduced the operator

Gx
i,m =

⎛⎝ ∞∑
l=0

[−(
ηx,mMx

i,m

)2]l

(l!)2(l + 1)
(a†

x,max,m)l

⎞⎠
×

∏
m′ �=m

⎛⎝ ∞∑
l=0

[−(
ηx,m′Mx

i,m′
)2]l

(l!)2 (a†
x,m′ax,m′ )l

⎞⎠. (45)

Depending on the motional state, this operator will result in
fluctuations in the amplitude of the force.

As highlighted before, one important difference between
axial and radial-mediated entangling gates is that in the former
case, there is only one active vibrational mode. Typically, it
is chosen to be the COM mode, whereas the other breathing
mode is off-resonant, and merely acts as a spectator. In our
case, since we are focusing on radial modes along the α = x
axis, both COM and ZZ modes are active, and they contribute
to the gate equally. We consider the initial vibrational state
described by the tensor product of two thermal Gibbs states
ρ th

vib,x = ρ th
com ⊗ ρ th

zz of the form

ρ th
m =

∞∑
nm=0

pm(nm)|nm〉〈nm|, (46)

where the probability pm(nm ) is given by a thermal
distribution

pm(nm ) = 1

1 + n̄m

(
n̄m

1 + n̄m

)nm

. (47)

Here, n̄m = 1/(ekBTm/h̄ωm − 1) is the Bose-Einstein distribu-
tion, ωm is the frequency of the m mode, and Tm is the effective
temperature for each mode used to model situations in which
resolved sideband cooling is used.

By considering the new force operator (44), one can revisit
the Magnus expansion that leads to the evolution in Eq. (32).
We find that, the closure conditions �x

i,com(tg) = �x
i,zz(tg) =

0, are not modified by thermal fluctuations. On the other
hand, the spin-spin interactions (34) depend on the number of
phonons. To the lowest order of the Lamb-Dicke parameters,
they read

Ji j,x = −2
∑

m

F x
i,mF x

j,m

δm

(
1 −

∑
m′

η2
x,m′a†

x,m′ax,m′

)
. (48)

Therefore, the Jxtg = π/4 condition, which leads to the ideal
maximally entangling gate (38) for phonons in the vacuum
state, now leads to qubit-qubit interactions that depend on the
thermal fluctuations of phonons, affecting the gate fidelity.
Using the entanglement fidelity (43) with the auxiliary qubits
in the specific entangled state, it is possible to evaluate the
gate fidelity for the initial thermal states analytically, arriving
at an error due to warm active phonons,

εact
th = π2

20

∑
m,m′

η2
x,mη2

x,m′ 〈n̂x,mn̂x,m′ 〉, (49)

where 〈n̂x,mn̂x,m′ 〉 = (2n2
m + nm)δm,m′ + nmnm′ (1 − δm,m′ ) for

the above thermal states. We note that the condition Jxtg =
π/4 for the entangling gate could be modified to account
for the mean number of phonons, and the above gate errors
would only depend on the thermal fluctuations because of
the variances on the phonon number. However, since we are
interested in modeling shuttling-based QIP, the phonon state
will change between different gates, and such optimal con-
ditions will not hold for the whole circuit. Accordingly, we
follow a conservative approach by considering that the errors
(49) follow from setting the vacuum condition Jxtg = π/4
throughout the circuit. In Table I, we give the specific error
(49) for N = 2 ions.

2. Warm spectator phonons

So far, we have assumed that the spectator modes (i.e.,
those along the remaining radial α = x direction, along the
radial α = y axis, and those along the α = z axial direction)
do not affect the gate performance. This is strictly so if the
alignment of the beams is perfect �kL = kLex. However,
if there is a small misalignment, such that the correspond-
ing Lamb-Dicke parameters no longer vanish ηz,m, ηy,m �=
0, the spectator modes could contribute to fluctuations of
the effective Rabi frequency of the state-dependant dipole
force, off-resonant drivings, and unclosed trajectories in phase
space. Following a similar calculation as above, the force pa-
rameter, when considering the spectator phonons transforms
into

˜̃F x
i,m = i

|˜̃�L,i|
2

ηx,mMx
i,mGx

i,m({a†a})Ky,z
i ({a†a}), (50)

where, in this case, the Debye-Waller factor must also account
for the vacuum contributions of the additional vibrational
modes,

˜̃�L,i = �L,ie
− 1

2 (
∑
m

(ηx,mMx
i,m )2+ ∑

α=y,z

∑
m

(ηα,mMα
i,m )2 )

. (51)
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TABLE I. Summary of the different error source contributions to the gate infidelity. For low values of n̄α,m, the leading error contribution
is due to off-resonant forces. However, for increasing n̄α,m, the thermal error contribution becomes more predominant. For n̄α,m ≈ 10 becomes
the leading error source. The contribution to the infidelity due to dephasing and residual photon scattering is much lower than the other two
sources, with the one due to dephasing one order of magnitude higher.

Thermal errors Warm active phonons (49) εact
th = π2

20

∑
m,m′ η2

x,mη2
x,m′ 〈n̂x,mn̂x,m′ 〉 (A 1)

Warm spectator phonons (54) ε
spec
th = π2

20

∑
m,m′

∑
α,α′ Cα,α′η2

α,mη2
α′,m′ 〈n̂α,mn̂α′,m′ 〉 (A 2)

Off-resonant coupling Active phonons (57) εact
off = ∑

i,m

�̃2
L,i
5 η2

x,m
2π

(ω2
x,m−�2

L )

Spectator phonons (59) ε
spec
off = 4

5

∑
α=y,z

∑
m

(�̃Lη2
α,m )2

ω2
L−ω2

α,m

∣∣ω2
L+ω2

α,m

ω2
L−ω2

α,m
(2n̄α,m + 1) + i 2πωα,m

ωα,m−ωL
|

Dephasing noise Local B-field (63) εdeph,l
g ≈ 8

5 (tg/2T2)

Correlated B-field (66) εdeph,c
g ≈ 8

5 (tg/2T2)

Residual photon scattering Rayleigh (72) εscatt
Rai = 8

5 (tg/2T eff
2 )

Raman (75) εscatt
Ram = 12

5 (tg/T1)

In addition, the force can fluctuate depending on the moments
of the number of spectator phonons,

Ky,z
i =

∏
α=y,z

∏
m

⎛⎝ ∞∑
l=0

[ − (
ηα,mMα

i,m

)2]l

(l!)2 (a†
α,maα,m)l

⎞⎠. (52)

In a shuttling-based approach to QIP, since the axial modes
(along the trap axis) are more susceptible to heating by the
crystal reconfigurations, the modes in α = z will have higher
contributions to this source of error. To calculate it explicitly,
we check how it affects the Magnus expansion and the spin-
spin interactions. The closure conditions of the phase-space
trajectories are the same in spite of the additional spectator
modes; that is, �x

i,com(tg) = �x
i,zz(tg) = 0. However, as in the

case of warm active phonons, the spin-spin strength will de-
pend on the phonon operators as

Ji j,x = −2
∑

m

F x
i,mF x

j,m

δm

(
1 −

∑
m′

η2
x,m′a†

x,m′ax,m′

− 1

2

∑
α=y,z

∑
m′

η2
x,m′a†

α,m′aα,m′

)
. (53)

The calculation of the gate fidelity goes along the same lines
as before and leads to the following error due to spectator
modes:

ε
spec
th = π2

20

∑
m,m′

∑
α,α′

Cα,α′η2
α,mη2

α′,m′ 〈n̂α,mn̂α′,m′ 〉, (54)

where we have introduced the symmetric matrix with coef-
ficients Cx,y = Cx,z = 1/2 and Cy,z = Cx,z = 1/4, otherwise
zero. The total gate error due to thermal noise in Eq. (40) is
then εth

g = εac
th + ε

spec
th . In Table I, we give the specific error for

N = 2 ions.

D. Gate infidelity due to off-resonant forces

When moving to the interaction picture in Eq. (31), we
neglected off-resonant contributions to the state-dependent
forces of both active and spectator modes. In this section, we
calculate the contribution of those errors to gate infidelity.

1. Off-resonant forces on active phonons

In Eq. (31), we kept just the contributions of
ei(�kL ·�r 0

i +δx
mt+φL ) to the dipole force, where δx

m = ωx,m − ωL.
With the beat-note laser frequency set close to the vibrational
modes ωL ≈ ωx,m so that the neglected terms rotate
with ωα,m + ωL, and are thus off-resonant contributing
perturbatively to the gate. To account for the error, we treat
this perturbation

VI =
∑
i,m

iF x
i,mei(�kL ·�r 0

i +(ωx,m+ωL )t+φL )Ziax,m + H.c. (55)

in the interaction picture with respect to the ideal unitary
evolution (32), such that

Ũ (tg) = e−iH0tgU (tg)T {e−i
∫ tg

0 dt ′VI (t ′ )}. (56)

We evaluate the leading contribution to the error using the
Dyson series expansion of the time-ordered operator. The
leading error contribution is calculated by assuming the sym-
metric closure conditions for the ideal gate tg = 2π/δx, with
δx

com = −δx
zz = δx. By substituting the Dyson expansion in the

expression for entanglement fidelity (42), we get the following
contribution to the gate infidelity for N = 2 ions:

εact
off =

∑
i,m

�̃2
L,i

5
η2

x,m

2π(
ω2

x,m − �2
L

) , (57)

as shown in Table I. Let us note that, from the Dyson ex-
pansion, one finds two processes with opposite detunings
contributing to the error, such that the dependence on the mean
phonon numbers cancels. In that regard, the contribution to
the off-resonant error (57) could indeed be accounted for by
a small renormalization of the phonon-mediated interaction
strength, leading to an under-rotation. As such, one could
modify the required laser intensity needed to meet the con-
straint for a maximally entangling gate Jxtg = π/4, by using
the qubit-qubit interactions that also take into account these
off-resonant contributions [111]. The situation is different for
spectator modes.
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2. Off-resonant forces on spectator phonons

The spectator modes will also be subject to off-resonant
forces when the laser wave vector is misaligned. We now
include the spectator modes for α = y, z in Eq. (31), and
consider the following perturbation due to off-resonant terms,

VI �
∑
α=y,z

∑
i,m

iFα
i,m

[
ei(�kL ·�r 0

i +δα
mt+φL )

+ e−i(�kL ·�r 0
i +(ωα,m+ωL )t+φL )]Zia

†
α,m + H.c. (58)

Proceeding similarly as in Eq. (56), we estimate the leading
error to the gate fidelity which, in contrast with the active
modes, depends on the mean number of phonons. In this case,
the contribution to the gate error is given by

ε
spec
off = 4

5

∑
α=y,z

∑
m

(
�̃Lη2

α,m

)2

ω2 − ω2
α,m

×
∣∣∣∣∣ω2

L + ω2
α,m

ω2
L − ω2

α,m

(2n̄α,m + 1) + i
2πωα,m

ωα,m − ωL

∣∣∣∣∣. (59)

Note that, the second contribution in the equation above is
indeed caused by an under/over-rotation that could be ac-
counted for by summing also over the spectator modes in the
definition of the qubit-qubit couplings (34) and by modifying
the condition for a maximally entangling gate. The thermal
contribution, on the other hand, cannot be minimized and
contributes to the N = 2 error of Table I. Altogether, the gate
error from off-resonant forces is εoff

g = ε
spec
act + ε

spec
off .

E. Gate infidelity due to dephasing noise

As noted in the introduction to the light-shift gate III A,
there could also be possible errors due to magnetic field and
laser-phase fluctuations on the Zeeman sublevels forming our
qubit. We can study these fluctuations in two regimes; when
the magnetic-field fluctuations act locally on the ions and they
are fully uncorrelated, and when they act globally and affect
both qubits in a correlated manner. In both cases, we assume
that the stochastic process describing this noise is Markovian,
and model its effect by a standard dephasing master equa-
tion in the Lindblad form [1], namely,

ρ̇(t ) = −i[H0 + Hint, ρ(t )] + Dd (ρ(t )). (60)

The form of the coherent evolution with H0 and Hint is that
of the Hamiltonians in Eqs. (25) and (29), respectively. The
superoperator Dd (ρ(t )) stems from averaging the stochastic
noise describing local and global magnetic-field fluctuations
in the weak-coupling limit.

1. Individual dephasing noise

In this scenario, the fluctuations are local, and there are no
spatial correlations in the noise. We also assume that the noise
is Markovian and the Lindblad operators for the dephasing
are Li = √

�d/2Zi, where �d = 1/T2 is the dephasing rate,
and T2 the dephasing time of the qubits. Since all terms in
the Hamiltonian and noise commute, it is straightforward to
move to the interaction picture in Eq. (60) to find that the ideal

evolution of the form

ρ̇I (t ) = �d

2

∑
i

[ZiρI (t )Zi − ρI (t )], (61)

where ρI (t ) = U †(t )ρ(t )U (t ) is the evolution of the system
in an interaction picture with respect to the coherent terms
U (t ) = T (exp{−i

∫ t
0 dt ′[H0 + Hint (t ′)]}). The solution to this

equation is simply the composition of two dephasing channels
which read

ρI (tg) = [1 − pd (tg)]2ρ(0) + p2
d (tg)Z1Z2ρ(0)Z1Z2

+ [1 − pd (tg)]pd (tg)
∑

i

Ziρ(0)Zi, (62)

where pd (tg) = 1
2 (1 − e−tg/T2 ) is the phase-flip error rate. We

should bear in mind that, when moving back to the origi-
nal picture, ρ(tg) = U (tg)ρI (t )U †(tg), one gets the additional
evolution under coherent terms (32), which would lead to
the light-shift gate (38) under idealized conditions. Substi-
tuting this expression into the entanglement fidelity formula
in Eq. (42), and neglecting the combination of thermal and
dephasing errors, as these will only appear in higher-order per-
turbations, we find that the leading error to the gate infidelity
is given by

εdeph,l
g = 4

5

[
2pd (tg) − p2

d (tg)
]
. (63)

If one assumes a weak dephasing during the extent of the
gate tg � T2, with tg = 2π/δx, the dephasing gate error can
be approximated by ε

deph,l
g ≈ 4N

5 (tg/2T2). In this case, the gate
infidelity scales linearly with N . In this paper, we restrict to
N = 2 as summarized in Table I.

2. Correlated dephasing noise

Let us now discuss the limit where the magnetic -field
fluctuations or the laser phase noise are global and affect both
qubits in a correlated manner. In this case, moving to the
interaction picture in Eq. (60), the master equation becomes

ρ̇I (t ) = 2�d
(
SzρI (t )Sz − 1

2 S2
z ρI (t ) − 1

2ρI (t )S2
z

)
, (64)

with Sz = (Z1 + Z2)/2 being the total spin operator. The
solution to this master equation can be written in terms of
χ (t ) ≡ e−Nt/T2 , which decays twice as fast as the case of indi-
vidual dephasing. The quantum channel admits an analytical
solution in Kraus form ρI (tg) = ∑

n K†
n (tg)ρ(0)Kn(tg),

K1(tg) = 1
2

(√
χ (tg) + 1

)
I + 1

2

(√
χ (tg) − 1

)
Z1Z2,

K2(tg) = 1
2

√
χ (tg)[1 − χ (tg)](Z1 + Z2),

K3(tg) = 1
4 [1 − χ (tg)](1 + Z1 + Z2 + Z1Z2),

K4(tg) = 1
4 [1 − χ (tg)](1 − Z1 − Z2 + Z1Z2). (65)

It is worth mentioning that if one is interested in the state
fidelity for the maximally entangled pair obtained by Mølmer-
Sørensen gates [42], it scales as N2 due to the global nature of
the noise. In the present case, however, we are interested in
light-shift gates and, moreover, not the fidelity of producing a
single state but rather the average gate fidelity. Substituting the
previous Kraus channel n the expression of the entanglement
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fidelity (42) to estimate the contribution to the gate infidelity,
we find that

εdeph,c
g � 4

5

[
2pd (tg) − 3p2

d (tg) + 4p3
d (tg) − 2p4

d (tg)
]
. (66)

Although this expression differs from the uncorrelated one in
Eq. (63), for weak dephasing during the gate time, one finds
that ε

deph,c
g ≈ ε

deph,c
g .

F. Gate infidelity due to residual photon scattering

So far, when using the expression of the state-dependent
force (31), we have neglected the possible irreversible dynam-
ics due to the emission of photons from the excited P levels to
the background of electromagnetic modes (see Fig. 4). This is
justified for very large detunings of the lasers, but, in general,
it will have some contribution to the error. To determine this
contribution, we consider the Markovian master equation

ρ̇(t ) = −i[H0 + Hint, ρ(t )] + Dsc(ρ(t )) (67)

which is obtained after tracing over the excited P1/2, P3/2

levels of linewidth 1/� and the electromagnetic photons
[1]. In addition to the coherent terms in Eq. (67), we get
a Lindblad-type term Dsc(ρ(t )) describing the effect of the
residual spontaneous emission within the qubit computational
subspace due to off-resonant scattering of photons. Following
Refs. [112,113], we get

Dsc(ρ) =
∑

i

∑
n

(
Li,nρL†

i,n − 1

2
{L†

i,nLi,n, ρ}
)

. (68)

where one finds two possible decoherence effects, the so-
called Raman and Rayleigh scattering of photons [114,115].
These are described by the following effective jump operators

Li,1 =
√

�



∑
l=1,2

�i
l,↓ei(�kL,l ·�ri−ωL,l t )(|↓i〉〈↓i| + |↓i〉〈↑i|),

Li,2 =
√

�



∑
l=1,2

�i
l,↑ei(�kL,l ·�ri−ωL,l t )(|↑i〉〈↑i| + |↑i〉〈↓i|). (69)

These jump operators lead to an effective scattering rate of
�eff ∼ �(�i

l,s/)2 which, in the limit of very large detunings,
can be made much smaller than the dipole-force amplitudes in
Eq. (30) which scale with (�i

l,s)2/.
In the expressions of the effective jump operators in

Eq. (69), the first addend terms on the right, which are propor-
tional to (I ± Zi )/2 correspond to the elastic Rayleigh photon
scattering that does not modify the internal qubit states. The
second addend terms in Eq. (69), which are proportional to
the raising and lowering spin operators σ+

i = (Xi + iYi )/2
and σ−

i = (Xi − iYi )/2, correspond to the Raman scattering,
where the qubit state is flipped after the emission of the pho-
ton. Let us now calculate the contribution of each scattering
event to the light-shift gate fidelity.

1. Rayleigh scattering errors

Moving to the interaction picture with respect to the com-
plete Hamiltonian, the contribution to Eq. (67) from Rayleigh

scattering is

DRai
sc (ρI (t )) =

∑
i

�Rai
sc,i[ZiρI (t )Zi − ρI (t )], (70)

which induces pure dephasing as in Eq. (61). �Rai
sc,i is the

dephasing rate due to the elastic Rayleigh scattering given by

�Rai
sc,i = �


δω̃0,i ≈ �



⎛⎝∑
l=1,2

∣∣�i
l,↓
∣∣2 + ∣∣�i

l,↑
∣∣2

4

⎞⎠, (71)

where δω̃0,i(t ) as in Eq. (26). In the last step, since (�/) �
1, we can also assume that �


(
�2

l,s


) � ωL � ωx, and thus,

the oscillating part in δω̃0,i(t ) can be neglected in a rotating-
wave approximation. Since the effect of Rayleigh scattering
is analogous to uncorrelated dephasing, we can use the results
of the previous section, and express the gate infidelity as

εscatt
Rai = 4

5 N
(
tg/2T eff

2

)
, (72)

with the particularity that now the coherence time is related to
the elastic-scattering rate as T eff

2 = 1/�sc
Rai,i.

2. Raman scattering errors

Next, we calculate the leading error due to Raman scatter-
ing, which, in contrast with Rayleigh scattering, leads to the
damping of the qubit populations. The contribution to Eq. (67)
from Raman scattering in the interaction picture is

DRam
sc (ρ̃ ) =

N∑
i=1

[
�Ram

em,i

(
σ̃−

i ρ̃σ̃+
i − 1

2

{
σ̃+

i σ̃−
i , ρ̃

})

+ �Ram
ab,i

(
σ̃+

i ρ̃σ̃−
i − 1

2

{
σ̃−

i σ̃+
i , ρ̃

})]
, (73)

with σ̃±
i = Uid (t )σ±

i U †
id (t ) being the rotating-frame spin lad-

der operators, ρ̃ = Uid (t )ρU †
id (t ) the evolution operator in the

interaction picture, and Uid (t ) describing the perfect unitary
evolution (32). �Ram

abs,i and �Ram
em,i are the absorption and emis-

sion rates, respectively, given by

�Ram
em,i = �



⎛⎝∑
l=1,2

�i
l,↓�i∗

l,↑


⎞⎠ = (
�Ram

abs,i

)∗
, (74)

which are approximately equal.
The effect of the Raman absorption and emission on the

gate error can be calculated following a strategy as with
other weak sources of noise. In this case, the solution to the
interaction-picture master equation ρ̇I (tg) = DRam

sc (ρI (tg)) for
the specific matrix element that appears in the calculation
of entanglement fidelity (42) allows us to find the following
contribution to the gate error:

εscatt
Ram = 6

5 N (tg/T1), (75)

where the amplitude damping time is defined as T1 =
1/2|�Ram

em |. The total error due to the residual photon scat-
tering involving the contributions from Rayleigh and Raman
scattering is εscatt

g = εscatt
Rai + εscatt

Ram. In Table I, we provide fur-
ther details specifically for N = 2 ions
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FIG. 5. Total gate error ε̄g,T as a function of the gate time tg

and the initial average vibrational occupation number n̄α,m(0). We
assume here that for each axis α = x, y, z, all modes m are cooled
down to the same n̄α,m(0), before running the parity-check circuits.

In Fig. 5, we present the total average gate infidelity ε̄tot
g

as a function of the gate time tg, and of the initial average
vibrational occupation number n̄α,m. For the displayed re-
sults, we have assumed that all the modes m for the different
axes α = x, y, z are initially Doppler- and sideband-cooled
up to the same average phonon number n̄α,m. The gate in-
fidelity values shown in Fig. 5 range between 2.4 × 10−2

and 0.30, which are higher than the gate infidelity values ex-
pected for performing FT-QEC. However, to show tr(Wnρ) =
0 we consider higher possible errors. Recall that we are
focusing on two-qubit light-shift gates mediated by the ra-
dial phonons along the x axis. The values for the trapping
frequencies are ωx,m/2π = {4.64, 4.37} MHz, ωy,m/2π =
{3.88, 3.57} MHz and ωz,m/2π = {1.49, 2.57} MHz for the
two normal modes m = {com, zz} [38]. The laser beams are
slightly misaligned with respect to the α = x axis, �kL ‖ ex =
−0.5 rad. The Rabi frequency of the dipole-allowed tran-
sitions is set to ωL = 0.1ωx,com, and the detuning of both
lasers from the dipole-allowed transitions are set to l/2π =
−100 GHz, with the decay from the P-manifold set by the
decay rate �/2π ≈ 22 MHz.

For the light-shift gate, the beat-note frequency of the laser
ωL is set to f1ωx,com + f2ωx,zz where f1 and f2 are con-
stants. The detunings to close the loops in phase space δx

m =
ωx,m − ωL satisfy δx

com = 2πr and δx
zz = 2π p with r, p ∈ Z.

In Fig. 6, we show the way we adjusted the detunings when
sweeping across gate times from 10 to 100 µs. If the gate
time increases, the values of the frequency modes have to be
reduced to achieve smaller detunings δx

m. However, to keep
values consistent with the experiment, we cannot reduce the
trap frequencies indefinitely. What we do instead is to change
where we set the beat-note frequency in 1/2, 2/3, 3/4, . . .

and so on. This helps to decrease the detuning values without
the need to reduce the trap frequencies, at the expense of
increasing the number of loops in one of the modes. We
consider a coherence time T2 = 2.1 s [15] and the T1 time
which is set at T1 = 1/2�Ram

em,i ≈ [2( �
l

)ω2
L

l
]−1 according to the

FIG. 6. Adjusting phase-loop detunings for the radial α = x trap
frequency modes. For a target gate time tg, we need to set the detun-
ing δx

m for the m = {com, zz} modes such that δx
com = 2πr and δx

zz =
δx

com p with r, p ∈ Z to ensure that both trajectories are closed in phase
space. The detuning δx

m = ωx,m − ωL , can be adjusted by setting
ωL the beat-note frequency to different fractions of the frequency
difference between ωx,com and ωx,zz, that is ωL = f1ωx,zz + f2ωx,zz

with f1 and f2 the fractional quantities.

Raman-scattering rate. We also ensure that T eff
2 (�/l ) � 1 is

fulfilled.

G. Effective error channels

During QEC cycles, the individual parity-check readout
circuits consist of sequences of single-qubit gates and two-
qubit light-shift gates that map the information from data
qubits onto ancillary qubits. Typically, the circuit noise is
modeled by introducing a quantum noise channel after each
gate which, with some probability p, leads to a single or
two-qubit error on the physical qubits participating in the
gate, whereas with a probability 1 − p, the qubits are left
unaffected.

In this section, we discuss different effective error models
for two-qubit light-shift gates, which are the bottleneck in the
current trapped-ion implementations. We use all the micro-
scopic error contributions to the Uid gate calculated in Sec. III
to extract the error rate p that is fed into different two-qubit
error channels, such as the depolarizing channel and the two-
qubit dephasing channel, instead of assuming arbitrary values
of p.

We can achieve this by establishing a connection between
the analytical expression of the microscopic gate infidelity
(i) ε̄g,T (εth

g + εoff
g + ε

deph
g + εscatt

g ), and (ii) the gate infidelity
we get when introducing an effective two-qubit noise channel
[e.g., depolarizing ε̄g,T (pd p) or dephasing ε̄g,T (pdeph)] fol-
lowing the ideal unitary, with pd p and pdeph being the error
rates for each channel, respectively. By matching expressions
(i) and (ii), the error rates pd p and pdeph can be written in
terms of the microscopic error parameters, i.e., pd p, pdeph →
εth

g + εoff
g + ε

deph
g + εscatt

g .
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1. Two-qubit depolarizing noise

For a two-qubit depolarizing noise channel, each pair of
ions involved in a light-shift gate can undergo 15 possible one-
and two-qubit Pauli errors, so that the total error channel is
described as

εd p(ρ) = (1 − pd p)ρ + pd p

15

∑
(σi,κ j )∈Y

σiκ jρκ jσi. (76)

Here, i and j with i �= j denote the active ions involved in
each two-qubit entangling gate, pd p is the error probability,
and the sum on the right runs over the six nontrivial single-
qubit and the nine nontrivial two-qubit Pauli operators in
Y = {I, X,Y, Z}2/(I, I ). Here, we have considered a sym-
metric two-qubit depolarizing channel, where the probability
of single and two-qubit errors is the same. Next, by making
εd p(ρ) = ε(|φm〉〈φm|) we calculate the entanglement fidelity
(42) in terms of pd p. One finds

F̄e = |1 − pd p|2 = 1 − 2pd p + O
(
p2

d p

)
, (77)

which means that the effect of all the possible errors per-
turbing the target state, i.e., bit and phase-flip errors, is on
average null. In this case, we find that the two-qubit errors
{XX,Y Z, ZY } contribute positively (+1) or negatively (−1) to
the probability pd p depending on the initial input state |α〉 ∈
{|++〉, |+−〉, |−+〉, |−−〉} so that, on average, their effects
cancel out. Finally, the average gate fidelity from Eq. (43)
allows us to fix the channel error rate to

F̄g = 1 − 8
5 pd p → pd p = 5

8 ε̄g,T , (78)

where we have used ε̄g,T = 1 − F̄g.

2. Two-qubit dephasing noise

As per discussion in the previous section, there is a privi-
leged basis for error channels (except the Raman scattering),
namely, the Z basis. With the exception of the Raman scat-
tering, all the other sources of error act on such a phase-flip
basis. Accordingly, it is expected that dephasing-type errors
be more dominant than bit-flip errors, or a combination of
both. Thus, it is more reasonable to consider a two-qubit
dephasing channel

εdeph(ρ) = (1 − pdeph )ρ + pdeph

3

∑
(σi,κ j )∈I

σiκ jρκ jσi, (79)

where i and j represent the active ions involved in the two-
qubit gate, and I = {I, Z}2/(I, I ). The quantum channel in
Eq. (79) is also symmetric, where all the errors {IZ, ZI, ZZ}
occur with the same probability pdeph. As before, we can
compute the entanglement fidelity for this channel by in-
troducing εdeph = ε(|φm〉〈φm|) into the entanglement fidelity
(42). We arrive at a similar result as for the depolarizing
channel, F̄e ≈ 1 − pdeph. In this case, all single and two-qubit
dephasing errors affect the expected output state. Thus, the
relation between the dephasing error rate pdeph and the average
gate infidelity is

F̄g = 1 − 8
5 pdeph → pdeph = 5

8 ε̄g,T , (80)

leading to a similar relation as in the depolarizing noise model.
Note, however, that the effect of these channels will be differ-
ent for the specific circuits and target n-qubit entangled states.

We have thus shown how to relate the error probabilities
for different effective noise channels with the average gate
infidelities of the light-shift gates that arise from detailed
microscopic calculations. Here, even though the weight of the
error probability with the average gate fidelity is the same
for both cases, i.e., 5/8, the structure of the noise is different
and would propagate differently through the circuit [58]. In
the following section, we address this question: can the noise
structure of both channels lead to better or worse performance
of the corresponding circuit? And can one modify the circuits
to leverage our detailed knowledge of the microscopic noise?

IV. CHARACTERIZATION OF NOISY TRAPPED-ION
QUANTUM ERROR CORRECTION CIRCUITS

VIA ENTANGLEMENT WITNESSES

In this section, taking previous works [38,58] a step further
we evaluate the performance of the parity check measurement
circuits in terms of their ability to generate GME states in
the presence of realistic microscopic noise. For the numerical
simulations, the chosen error model in this work includes
perfect light-shift gate operations followed by a two-qubit
depolarizing (76) or a two-qubit dephasing (79) channel on
the active qubits. We include measurement errors for the Pauli
operator readouts and neglect errors on single-qubit gates
since it has been shown that for this particular experimental
setup [33], they are negligible in comparison to the two-qubit
and measurement errors.

We focus on experiments with trapped-ion crystals of a
single atomic species, which are shuttled around in order to
perform the sequence of single- and two-qubit gates by bring-
ing the corresponding ions to operation zones of a segmented
trap where they can be coupled to lasers. In this work, we
assume that all the vibrational modes, active and spectator,
have the same average number of phonons after the Doppler
and sideband cooling processes. Since we do not have mixed
species at our disposal, no sympathetic cooling is considered,
and the entangling gates will get worse due to the heating
caused by the intermediate shuttling operations. This effect
is directly accounted for by our expressions of the gate errors
i.e., thermal errors contributions in Table I and their relations
to the error-channel rates. Finally, we note that in Ref. [15],
it was shown that stable magnetic fields lead to a negligible
dephasing of qubits during the idle-time intervals in which
they are not acted upon. Thus, we assume that during gates
and shuttling operations in between, idle qubits do not suffer
from dephasing noise.

For the numerical simulations, we model the errors dur-
ing measurement by including an effective noise channel
for the projection operators. The single-qubit Pauli operator
σ ∈ {X,Y, Z} can be measured using the corresponding error-
free positive operator-valued measure (POVM) [1] {Pσ

± =
(I ± σ )/2}. However, for each measurement outcome, a bit-
flip error can take place with probability pme, which gives rise
to the erroneous effect operators

Pσ
+ �→ (1 − pme)Pσ

+ + pmePσ
−, (81)
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FIG. 7. SL witnessing for a X -type parity-check readout circuit under effective microscopic noise channels. The color bar indicates the
value of the witness. For all the colors represented, the witness takes a negative value signaling the presence of entanglement. The white area
represents all positive values of the witness values where the verification is inconclusive. The red dashed line fits the perimeter area of the
(a) non-FT X -type circuit under a two-qubit depolarizing noise channel. Then, the red dashed line is plotted on top of the following graphs
to benchmark the size of the enclosed colored area on the (b) flag-based FT X -type circuit under depolarizing noise, and for (c) the non-FT
and (d) FT X -type circuits under dephasing noise, respectively. This witness is reconstructed using the following 5-qubit stabilizer generators
g1 = Z1Z2, g2 = Z2Z3, g3 = Z3Z4, g4 = Z4Z5, g5 = X1X2X3X4X5 of the state (|00000〉 + |11111〉)/

√
2.

and

Pσ
− �→ (1 − pme)Pσ

− + pmePσ
+ . (82)

For all the simulation results shown in this paper, the mea-
surement error probability is set to pme = 10−3 [13]. We now
analyze the numerical results for the SL and the CL witnessing
methods.

1. Numerics for the standard linear witnessing

In Fig. 7, we show the entanglement witnessing results
for the X -type parity-check readout circuits of Figs. 2 and 3
following the standard linear method described in Sec. II C 1.
The results for the Z-type parity checks measurement circuits
are practically the same since the error propagation of one-
and two-qubit Pauli operators from either depolarizing or de-
phasing channel through the native gates leads to a similar
result in terms of number of expectation values of the sta-
bilizer generators flipped, which is the same profile and the
number of 〈gi〉 = −1 as when the propagation of errors is
evaluated in an X -type parity-check circuit. Note that, when
the stabilizers (15) flip, the corresponding values of the test
operators described above will decrease, which can make the
result of the witness measurement inconclusive.

For the simulation, we have used the same parameters used
to generate Fig. 5. We plot the results for different gate times
tg and for different initial average phonon numbers n̄α,m(0),
which will change the gate error and the corresponding chan-
nel parameters. Recall that all modes are cooled down to the
same initial phonon occupation number. However, after each
entangling gate, the phonon number increases, which can be
estimated to contribute with ˙̄nax = 3.9 phonons for the z-axial
direction (shuttling axis), and ˙̄nra = 0.255 for the radial x-
and y-axis directions [101]. In our simulations, after each
entangling gate: n̄α,m(0) → n̄α,m(0) + k ˙̄nα,m, where k ∈ Z in-
dicates the location of the gate in the circuit. In this model,
the average phonon number grows linearly with the gate’s
position in the circuit (depth).

Figures 7(a) and 7(b) show the results for the non-FT and
flag-based X -type circuits under the effective depolarizing
channel described in Sec. III G 1. Figures 7(c) and 7(d) show
the results for the same circuits in the presence of the effective

dephasing channel of Sec. III G 2. The red dashed line rep-
resents the boundary between the region in parameter space
where errors are low, and we can conclusively detect GME via
the witness, and an inconclusive outer region. One can notice
that, in Fig. 7, the entanglement witnessed area reduces from
left to right. With the SL witness built from stabilizers 〈g1 =
Z1Z2, g2 = Z2Z3, g3 = Z3Z4, g4 = Z4Z5, g5 = X1X2X3X4X5〉
we can detect more entangled states for the same physical
parameters when the circuits are affected by the depolarizing
noise channel (76) than when they are subjected to the dephas-
ing channel (79). We refer to them as the nearest-neighbor
(NN) generators.

Another way to visualize the performance of the en-
tanglement witness is by comparing its expectation value
as a function of the effective error probability, denoted
p(tg, n̄α,m(0)). The latter is a function of the gate time tg and
the initial average number of phonons n̄α,m(0). Recall from
Eqs. (78) and (80) that both the depolarizing error probabil-
ity pd p and the dephasing error probability pdeph are equally
weighted in the total average gate infidelity, i.e., 5/8. Hence,
we can use the same values p(tg, n̄α,m(0)) to simulate both
channels. In Fig. 8, we present the entanglement witnessing
results, similar to Fig. 7, as a function of p(tg), while fixing
the initial average phonon numbers, n̄α,m(0). Each column in
Fig. 8, labeled (a) to (d), corresponds to the four scenarios de-
picted in Fig. 7: X -type (a) non-FT circuit and (b) flag-based
FT circuit under a two-qubit depolarizing noise; (c) non-FT
circuit, and (d) FT flag-based circuit under dephasing noise.
Within each column, the subplots, denoted i = 1, 2, and, 3,
represent three different initial values of n̄α,m(0) = 0.01, 2,
and 6. The red dashed line, where W̃ SL

5 = 0, serves as the
boundary between the conclusive and inclusive witnessing
domains. The threshold value of p(tg) at which the witness
line (black solid) intersects with the boundary gives us the
maximum error probability per entangling gate that the circuit
in Figs. 2 and 3 can tolerate before the entanglement detection
becomes inconclusive. The threshold value decreases from
left to right, following a similar pattern as described in Fig. 7,
and decreases in all cases (from top to bottom within each
column) with increasing the initial average phonon number.

To better understand the entanglement witnessing areas
and the noise channels, we count the number of stabilizers
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FIG. 8. SL witnessing for an X -type parity-check readout circuit in terms of the effective error probability p(tg) derived from microscopic
noise parameter. The red dashed line, where W̃ SL

5 = 0, indicates the boundary above which the verification is inconclusive. From left to right, the
subplots depict the result for X -type (ai) non-FT circuit, (bi) flag-based FT, under a two-qubit depolarizing noise channel, (ci) non-FT circuit,
and (di) flag-based FT under dephasing noise. Within each column, the index i = 1, 2, 3 represents different initial values of n̄α,m = 0.01, 2, 6,
respectively. The SL witness is reconstructed using the following 5-qubit stabilizer generators g1 = Z1Z2, g2 = Z2Z3, g3 = Z3Z4, g4 = Z4Z5,
g5 = X1X2X3X4X5 of the state (|00000〉 + |11111〉)/

√
2.

flipped by the error operators (cf. Table II), that is, how many
turns into 〈gi〉 = −1, when a single or a two-qubit error from
the depolarizing channel propagates through the circuit of
Fig. 2. Let us note that these tables are expected to provide
a rough estimate of the performance of the GME witness
for finite error rates, which should become more and more
reliable as the error rate decreases, as errors are only linear
in p. In Table III, we show the same results but for the single
and two-qubit phase errors. We calculate the ratio between
the number of stabilizer generators that change sign when an
error occurs, versus the total number of generators measured
for all different types of errors. These error propagations and
stabilizer flips show that using a dephasing channel after each
entangling gate leads to more stabilizer flips than a depolar-
izing channel. In fact, Table II, the percentage of “−1” goes
as %21, %32, %32, %32, for the depolarizing errors applied
after the first, second, third, and fourth entangling gate, re-
spectively. However, for the dephasing-type errors in Table III,
that percentage increases up to %40. A larger number of
〈gi〉 = −1, consequently reduces the value of the witness test
operator against the entanglement bound [see Eq. (17)], and
thus the negativity of the witness.

From the perspective of the different behavior of the er-
rors with respect to the flipped stabilizers, it is possible to
try to construct witnesses that are more robust for a partic-
ular type of noise by just looking at its error propagation
through the circuit. In Figs. 9 and 10, we plot the numerical
results for the X -type parity-check readout circuits depicted
in Figs. 2 and 3. These results follow the standard linear
method described before but we employ a different set of
stabilizer generators compared with those mentioned above.
Specifically, 〈g′

1 = Z1Z5, g′
2 = Z2Z5, g′

3 = Z3Z5, g′
4 = Z4Z5,

g5 = X1X2X3X4X5〉, which will be referred the in the text as
Z5-biased generators. With these new generators, we are able
to construct a witness that exhibits a larger witnessed entan-
glement area for the dephasing channel [see Figs. 9(c) and
10(ci)] than it does for the depolarizing channel, as shown in
Figs. 9(a) and 10(ai), respectively. This reverts the behavior

observed in Figs. 7 and 8. The fact that, under the dephasing
channel, we obtain better results for the Z5-biased generators
than for the NN ones can be justified as follows: (i) the Zd I5

errors with d = 1, 2, 3, 4, transforms into the Xd I5 type of
errors at the end of the circuit, causing just one “−1” sign
flip for the Z5-biased stabilizers. On the other hand, for the
NN-type generators, it can contribute with up to two, e.g.,
Z2I5 → X2I5 flips the Z1Z2 and Z2Z3 generators. (ii) Id Z5

errors change the sign of g5 = X1X2X3X4X5 for both type of
generators. Finally, (iii) Zd Z5 errors, which are the product
of the other two types, contribute to up to three sign flips of
the NN-type generators. On the other hand, at most two sign
flips can occur for the Z5-biased generators. In other words,
the Z5-biased stabilizers commute with more dephasing errors
than the NN-type generators do, and consequently, there are
more “+1” values helping to increase the difference between
the entanglement test operator and its entanglement bound,
and consequently, the negativity of the witness. We can also
corroborate these results by looking at the individual error
propagation for the depolarizing and dephasing channels of
the Z5-biased generators in Tables IV and V, respectively. We
note that the percentage of “−1” sign flips for the dephasing
channel is around %27, while it is, in the majority of cases,
higher for the depolarizing channel. We note, then, that the
numerical and tabulated results agree for the case of the non-
FT circuits. By looking at Figs. 9(b) and 9(d), and similarly,
in Figs. 10(bi) and 10(di), we confirm again that the FT circuit
design with the flag-qubit is not advisable for gates with high
failure rates. Thus, if one wants to qualitatively characterize
the performance of QEC circuits in terms of SL witnesses,
it is important to construct an optimal witness; that is, one
whose generators commute with the largest number of errors
propagated through the circuit.

Similarly, for the flag based FT circuits in Figs. 7(b) and
7(d) [Figs 8(bi) and 8(di)], it looks like the flag qubit and
the associated postselection does not help to increase the
robustness of the GME witness. In fact, the additional entan-
gling gates between the syndrome and flag qubits, which are

052417-18



WITNESSING ENTANGLEMENT IN TRAPPED-ION … PHYSICAL REVIEW A 109, 052417 (2024)

TABLE II. One- and two-qubit depolarizing errors propagating
through a non-FT X -type parity-check circuit. The subscripts on the
Pauli operators refer to the qubits affected by the errors after the
application of the entangling light-shift gate on those two qubits.
±1 numbers refers to the expectation of the stabilizer generators
g1 = Z1Z2, g2 = Z2Z3, g3 = Z3Z4, g4 = Z4Z5, g5 = X1X2X3X4X5.

Error g1 g2 g3 g4 g5 No. of −1s Error g1 g2 g3 g4 g5 No. of −1s

X1I5 −1 1 1 1 −1 2 X2I5 −1 −1 1 1 −1 3
I1X5 −1 1 1 1 −1 2 I2X5 1 −1 1 1 1 1

X1X5 1 1 1 1 1 0 X2X5 −1 1 1 1 −1 2

X1Y5 1 1 1 1 −1 1 X2Y5 −1 1 1 1 1 1

Y1X5 −1 1 1 1 1 1 Y2X5 1 −1 1 1 −1 2

X1Z5 −1 1 1 1 1 1 X2Z5 −1 −1 1 1 1 2

Z1X5 1 1 1 1 −1 1 Z2X5 −1 1 1 1 1 1

Y1I5 1 1 1 1 −1 1 Y2I5 1 1 1 1 −1 1

I1Y5 −1 1 1 1 1 1 I2Y5 1 −1 1 1 −1 2

Y1Y5 −1 1 1 1 −1 2 Y2Y5 1 −1 1 1 1 1

Y1Z5 1 1 1 1 1 0 Y2Z5 1 1 1 1 1 0

Z1Y5 1 1 1 1 1 0 Z2Y5 −1 1 1 1 −1 2

Z1I5 −1 1 1 1 1 1 Z2I5 −1 −1 1 1 1 2

I1Z5 1 1 1 1 −1 1 I2Z5 1 1 1 1 −1 1

Z1Z5 −1 1 1 1 −1 2 Z2Z5 −1 −1 1 1 −1 3

Total: 16/75; %21 Total: 22/75; %32

X3I5 1 −1 −1 1 −1 3 X4I5 1 1 −1 −1 −1 3

I3X5 1 1 −1 1 −1 2 I4X5 1 1 1 −1 1 1

X3X5 1 −1 1 1 1 1 X4X5 1 1 −1 1 −1 2

X3Y5 1 −1 1 1 −1 2 X4Y5 1 1 −1 1 1 1

Y3X5 1 1 −1 1 1 1 Y4X5 1 1 1 −1 −1 2

X3Z5 1 −1 −1 1 1 2 X4Z5 1 1 −1 −1 1 2

Z3X5 1 −1 1 1 −1 2 Z4X5 1 1 −1 1 1 1

Y3I5 1 1 1 1 −1 1 Y4I5 1 1 1 1 −1 1

I3Y5 1 1 −1 1 1 1 I4Y5 1 1 1 −1 −1 2

Y3Y5 1 1 −1 1 −1 2 Y4Y5 1 1 1 −1 1 1

Y3Z5 1 1 1 1 1 0 Y4Z5 1 1 1 1 1 0

Z3Y5 1 −1 1 1 1 1 Z4Y5 1 1 −1 1 −1 2

Z3I5 1 −1 −1 1 1 2 Z4I5 1 1 −1 −1 1 2

I3Z5 1 1 1 1 −1 1 I4Z5 1 1 1 1 −1 1

Z3Z5 1 −1 −1 1 −1 3 Z4Z5 1 1 −1 −1 −1 3

Total: 24/75; %32 Total: 24/75; %32

included to catch dangerous weight-2 errors to allow for an
FT readout, actually add more noise in terms of spin flips for
the stabilizer generators of the GHZ-type state. To show this,
we have proceeded similarly as before, performing the error
propagation for the flag-based circuits of Fig. 3. In Tables VI
and VII, we show the error propagation of the depolarizing
and dephasing channels, counting only the flipped 〈gi〉 = −1
instances in which the flag-qubit has been measured, and post-
selected in the |+〉 state; that is, when M f (X ) = +1 and we
get right of dangerous weight-2 errors. We can clearly verify
the increased number of stabilizer flips for the dephasing
noise, by comparing these tables with those of the non-FT
circuits, i.e., Tables III and VII. Even if the postselection

TABLE III. One- and two-qubit dephasing errors propagating
through a non-FT X -type parity-check circuit. The subscripts on the
Pauli operators refer to the qubits affected by the errors after the
application of the entangling light-shift gate on those two qubits.
The ±1 numbers refers to the expectation of the stabilizer generators
g1 = Z1Z2, g2 = Z2Z3, g3 = Z3Z4, g4 = Z4Z5, g5 = X1X2X3X4X5.

Error g1 g2 g3 g4 g5 No. of −1s Error g1 g2 g3 g4 g5 No. of −1s

Z1I5 −1 1 1 1 1 1 Z2I5 −1 −1 1 1 1 2

I1Z5 1 1 1 1 −1 1 I2Z5 1 1 1 1 −1 1

Z1Z5 −1 1 1 1 −1 2 Z2Z5 −1 −1 1 1 −1 3

Total: 4/15; %27 Total:6/15; %40

Z3I5 1 −1 −1 1 1 2 Z4I5 1 1 −1 −1 1 2

I3Z5 1 1 1 1 −1 1 I4Z5 1 1 1 1 −1 1

Z3Z5 1 −1 −1 1 −1 3 Z4Z5 1 1 −1 −1 −1 3

Total: 6/15; %40 Total: 6/15; %40

gets rid of some weight-2 errors that would deteriorate the
GHZ-type state, the price to pay is to introduce more faulty
light-shift gates that result in more stabilizer flips and thus
do not reduce the percentage of “−1” values, but instead add
an extra %6 per entangling gate between syndrome and flag.
This trend matches qualitatively the simulation results shown
in Figs. 7(c) and 7(d).

All the errors in the Z basis are nondetectable by the flag,
and, consequently, adding more gates, will just introduce more
errors in the circuit. On the other hand, for the depolariz-
ing channel, the simulations and the tabulated results seem
contradictory. The flag qubit in Table VI helps to reduce
the percentage of errors for the intermediate gates almost in
half, at the expense, although, of putting in an extra %11 per
entangling gate between syndrome and flag qubit. Despite this
extra noise, the net result of having the flag is favorable, a
lower number of “−1” are produced in the presence of the
flag qubit. This apparently contradicts the results displayed in
Figs. 7(a) and 7(b), where the enclosed GME-witnessing area
for the flag-based circuit is smaller than for the non-FT case.

This discrepancy can be primarily due to the fact that we
are considering high error probabilities, whereas the tables
only consider erroneous events linear in such a probability.
For the depolarizing channel, we are considering pd p > 10−2,
which increases due to shuttling as the circuit proceeds, and
similarly for the dephasing channel with pdeph > 10−2. For the
dephasing channel, as discussed above, the flag qubit under
a dephasing channel would always add more noise than it
could help to remove, even for low-error probabilities. On the
other hand, for the depolarizing channel, this is not always the
case. For lower failure probabilities, it has been shown that
the flag-qubit helps to increase pseudothresholds in FT-QEC
protocols [72]. For the GME-witnessing studied here, we need
to use higher values of pd p to show the boundary between
the entanglement witnessed and the nonwitnessed regions.
For such values, terms of order O(p2

d p) and higher become
relevant, and the flag cannot cope with them. If we go to
low failure probabilities with one error propagating at most
in the circuit; that is, of the order of O(pd p), the flag-qubit
has indeed a positive effect, as it is shown in Table VI. On the
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FIG. 9. SL witnessing for an X -type parity-check readout circuit under effective microscopic noise channels. The color bar indicates the
value of the witness. For all the colors represented, the witness takes a negative value signaling the presence of entanglement. The white
area represents all positive values of the witness values where the verification is inconclusive. The red solid line fits the perimeter area of the
(a) non-FT X -type circuit under a two-qubit depolarizing noise channel. Then, the red dashed line is plotted on top of the following graphs
to benchmark the size of the enclosed colored area on the (b) flag-based FT X -type circuit under depolarizing noise, and for (c) the non-FT
and (d) FT X -type circuits under dephasing noise, respectively. This witness is reconstructed using the following 5-qubit stabilizer generators
g1 = Z1Z5, g2 = Z2Z5, g3 = Z3Z5, g4 = Z4Z5, g5 = X1X2X3X4X5 of the state (|00000〉 + |11111〉)/

√
2.

other hand, having a more negative witness cannot be used
to ascertain that the circuit is performing better, as we can
only detect when the state has GME. On the other hand, if we
compute the state fidelity, its quantitative value can give us
further confirmation that the above reasoning is correct.

In Figs. 11 and 12, we study a low-to-high error probability
regime for pd p and pdeph in terms of the state fidelity Fs of the
output state generated by the X -type circuit. The three plots
in Fig. 11 show the results for gate times tg ranging from
1 µs up to 100 µs. In Fig. 11, we study the state fidelity as
a function of tg fixing n̄α,m(0), whereas in Fig. 12, we plot
the state fidelities of both channels, as well as for the FT and
non-FT X -type circuits as a function of n̄α,m(0) while fixing
the gate time. From top to bottom, in Figs. 11(a)–11(c) we
consider an initial phonon occupation number of n̄α,m(0) =
0.01, n̄α,m(0) = 2, and n̄α,m(0) = 6, respectively. Meanwhile,
Figs. 12(a)–12(c) correspond to a gate time tg = 1 × 10−6 s,
tg = 5 × 10−6 s, and tg = 1 × 10−5 s, respectively. Across
all cases, the error probabilities increase from panels (a) to
(c). In both figures, the black solid lines represent the state

fidelities of the ideal output GME state against the output state
generated by the non-FT X -type circuit in the presence of
a depolarizing channel. The blue lines do the same but, for
a flag-based FT circuit. The green lines represent the state
fidelity values of the output state generated with a non-FT X -
type parity check circuit in the ideal case and in the presence
of a dephasing channel. The red line shows the results for the
flag-based version under dephasing errors. We note that, just
in Fig. 11(a) (see inset) and Fig. 12(a), which represent the
lowest error probabilities, the flag qubit mitigates the effect of
the depolarizing channel, yielding higher state fidelity results
than for the non-FT version. However, for increasing error
probabilities, as indicated by a smaller increase in n̄α,m(0) or
tg, the flag-qubit has a detrimental effect, as it can be seen in
already in Fig. 11(a) for larger gate times, and in both fig-
ures for the plots in Figs. 11(b)–11(c) and Figs. 12(b)–12(c).
That is the reason why there was an apparent discrepancy
between the tabulated results in Table VI, which represent the
low-error rate regime, and those in Figs. 7(a) and 7(b), which
represent the higher-error regime. It is important to highlight

FIG. 10. SL witnessing for a X -type parity-check readout circuit in terms of the effective error probability p(tg) derived from microscopic
noise parameter. The red dashed line, where W̃ SL

5 = 0, indicates the boundary above which the verification is inconclusive. From left to right, the
subplots depict the result for X -type (ai) non-FT circuit, (bi) flag-based FT, under a two-qubit depolarizing noise channel, (ci) non-FT circuit,
and (di) flag-based FT under dephasing noise. Within each column, the index i = 1, 2, 3 represents different initial values of n̄α,m = 0.01, 2, 6,
respectively. The SL witness is reconstructed using the following 5-qubit stabilizer generators g1 = Z1Z5, g2 = Z2Z5, g3 = Z3Z5, g4 = Z4Z5,
g5 = X1X2X3X4X5 of the state (|00000〉 + |11111〉)/

√
2.
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TABLE IV. One and two-qubit depolarizing errors propagating
through a non-FT X -type parity-check circuit. The subscripts on the
Pauli operators refer to the qubits affected by the errors after the
application of the entangling light-shift gate on those two qubits.
±1 numbers refer to the expectation of the stabilizer generators
g′

1 = Z1Z5, g′
2 = Z2Z5, g′

3 = Z3Z5, g′
4 = Z4Z5, g5 = X1X2X3X4X5.

Error Syndrome No. of −1s Error Syndrome No. of −1s

X1I5 −1 1 1 1 −1 2 X2I5 1 −1 1 1 −1 2

I1X5 −1 1 1 1 −1 2 I2X5 −1 −1 1 1 1 2

X1X5 1 1 1 1 1 0 X2X5 −1 1 1 1 −1 2

X1Y5 1 1 1 1 −1 1 X2Y5 −1 1 1 1 1 1

Y1X5 −1 1 1 1 1 1 Y2X5 −1 −1 1 1 −1 3

X1Z5 −1 1 1 1 1 1 X2Z5 1 −1 1 1 1 1

Z1X5 1 1 1 1 −1 1 Z2X5 −1 1 1 1 1 1

Y1I5 1 1 1 1 −1 1 Y2I5 1 1 1 1 −1 1

I1Y5 −1 1 1 1 1 1 I2Y5 −1 −1 1 1 −1 3

Y1Y5 −1 1 1 1 −1 2 Y2Y5 −1 −1 1 1 1 2

Y1Z5 1 1 1 1 1 0 Y2Z5 1 1 1 1 1 0

Z1Y5 1 1 1 1 1 0 Z2Y5 −1 1 1 1 −1 2

Z1I5 −1 1 1 1 1 1 Z2I5 1 −1 1 1 1 1

I1Z5 1 1 1 1 −1 1 I2Z5 1 1 1 1 −1 1

Z1Z5 −1 1 1 1 −1 2 Z2Z5 1 −1 1 1 −1 2

Total: 16/75; %21 Total: 24/75; %32

X3I5 1 1 −1 1 −1 2 X4I5 1 1 1 −1 −1 2

I3X5 −1 −1 −1 1 −1 4 I4X5 −1 −1 −1 −1 1 4

X3X5 −1 −1 1 1 1 1 X4X5 −1 −1 −1 1 −1 4

X3Y5 −1 −1 1 1 −1 3 X4Y5 −1 −1 −1 1 1 3

Y3X5 −1 −1 −1 1 1 3 Y4X5 −1 −1 −1 −1 −1 5

X3Z5 1 1 −1 1 1 1 X4Z5 1 1 1 −1 1 1

Z3X5 −1 −1 1 1 −1 3 Z4X5 −1 −1 −1 1 1 3

Y3I5 1 1 1 1 −1 1 Y4I5 1 1 1 1 −1 1

I3Y5 −1 −1 −1 1 1 3 I4Y5 −1 −1 −1 −1 −1 5

Y3Y5 −1 −1 −1 1 −1 4 Y4Y5 −1 −1 −1 −1 1 4

Y3Z5 1 1 1 1 1 0 Y4Z5 1 1 1 1 1 0

Z3Y5 −1 −1 1 1 1 2 Z4Y5 −1 −1 −1 1 −1 4

Z3I5 1 1 −1 1 1 1 Z4I5 1 1 1 −1 1 1

I3Z5 1 1 1 1 −1 1 I4Z5 1 1 1 1 −1 1

Z3Z5 1 1 −1 1 −1 2 Z4Z5 1 1 1 −1 −1 2

Total: 31/75; %41 Total: 40/75; %53

here the different behaviors of the fidelity with respect to tg
and n̄α,m(0). This can be deduced by examining the analytical
expression of the state fidelity in terms of p(tg, n̄α,m(0)), where
gate time tg, and the initial average phonon number n̄α,m(0)
are the only free parameters in our simulation, the rest are
fixed according to the experimental values in Ref. [38]. For
simplicity, we compute an approximate state fidelity F̃s for
a particular example: a non-FT weight-4 X -type parity-check
circuit expressed in terms of CNOT gates, resembling the one
shown in Fig. 2(b), where a two-qubit dephasing channel (79)
is applied after each entangling gate with error probability
p = pdeph. We assume that the error probability p after each
gate is the same and constant, whereas in our simulations it

TABLE V. One and two-qubit dephasing errors propagating
through a non-FT X -type parity-check circuit. The subscripts on the
Pauli operators refer to the qubits affected by the errors after the
application of the entangling light-shift gate on those two qubits.
±1 numbers refer to the expectation of the stabilizer generators
g′

1 = Z1Z5, g′
2 = Z2Z5, g′

3 = Z3Z5, g′
4 = Z4Z5, g5 = X1X2X3X4X5.

Error Syndrome No. of −1s Error Syndrome No. of −1s

Z1I5 −1 1 1 1 1 1 Z2I5 1 −1 1 1 1 1
I1Z5 1 1 1 1 −1 1 I2Z5 1 1 1 1 −1 1
Z1Z5 −1 1 1 1 −1 2 Z2Z5 1 −1 1 1 −1 2

Total: 4/15; %27 Total: 4/15; %27

Z3I5 1 1 −1 1 1 1 Z4I5 1 1 1 −1 1 1
I3Z5 1 1 1 1 −1 1 I4Z5 1 1 1 1 −1 1
Z3Z5 1 1 −1 1 −1 2 Z4Z5 1 1 1 −1 −1 2

Total: 4/15; %27 Total: 4/15; %27

increases with the depth of the circuit. However, this increase
is a constant heating rate, ˙̄nα,m, so it will just add an offset with
respect to the results shown in Figs. 11 and 12. Under these
assumptions, the fidelity of recovering the ideal 4-qubit GHZ
state on the output, F̃s, can be written as

F̃s =
n=4∑
k=0

(
n

k

)
(1 − p)n−k

( p

3

)k

+
n=4∑

keven & k>0

(
n

k

)[
(1 − p) + p

3

]n−k(2p

3

)k

, (83)

with n = 4 the number of faulty positions in the circuit, i.e.,
each location after a two-qubit gate. To first order, expression
(83) can be approximated as

F̃s ≈ 1 − 11
3 p + · · · + O(p4). (84)

According to (80), the error probability, p = pdeph, varies
with the microscopic error parameters, as

p = 5
8 ε̄g,T = 5

8

[
εth

g + εoff
g + εdeph

g + εscatt
g

]
. (85)

Here, εth
g , εoff

g , ε
deph
g , and εscatt

g represent the contributions
of thermal error, off-resonant forces error, local dephasing,
and residual photon-scattering error sources, respectively, to
the gate infidelity. The exact expression for each of these
contributions in terms of experimental parameters is shown
in Table I and in Appendix. By fixing all the parameters apart
from the gate time and the initial average number of phonons,
each error contribution now becomes a function of either of
these two free variables, and thus the error probability,

p
(
n̄α,m(0), tg

) = 5
8

[
εth

g

(
n̄2

α,m(0)
) + εoff

g (n̄α,m(0))

+ εdeph
g (tg) + εscatt

g (tg)
]
. (86)
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TABLE VI. One and two-qubit depolarizing errors propagating through a flag-based FT X -type parity-check circuit. The subscripts on the
Pauli operators refer to the qubits affected by the errors after the application of the entangling light-shift gate on those two qubits. ±1 numbers
refers to the expectation of the stabilizer generators g1 = Z1Z2, g2 = Z2Z3, g3 = Z3Z4, g4 = Z4Z5, g5 = X1X2X3X4X5.

Error g1 g2 g3 g4 g5 No. of −1s Mf (X ) Error g1 g2 g3 g4 g5 No. of −1s Mf (X ) Error g1 g2 g3 g4 g5 No. of −1s Mf (X )

X1I5 −1 1 1 1 −1 2 +1 X5I6 −1 1 1 1 1 1 −1 X2I5 −1−1 1 1 −1 3 +1

I1X5 −1 1 1 1 −1 2 +1 I5X6 1 1 1 1 −1 1 −1 I2X5 1 −1 1 1 −1 2 −1

X1X5 1 1 1 1 1 0 +1 X5X6 −1 1 1 1 −1 2 +1 X2X5 −1 1 1 1 1 1 −1

X1Y5 1 1 1 1 −1 1 +1 X5Y6 −1 1 1 1 −1 2 −1 X2Y5 −1 1 1 1 −1 2 −1

Y1X5 −1 1 1 1 1 1 +1 Y5X6 −1 1 1 1 1 1 +1 Y2X5 1 −1 1 1 1 1 −1

X1Z5 −1 1 1 1 1 1 +1 X5Z6 −1 1 1 1 1 1 +1 X2Z5 −1−1 1 1 1 2 +1

Z1X5 1 1 1 1 −1 1 +1 Z5X6 1 1 1 1 1 0 −1 Z2X5 −1 1 1 1 −1 2 −1

Y1I5 1 1 1 1 −1 1 +1 Y5I6 −1 1 1 1 −1 2 −1 Y2I5 1 1 1 1 −1 1 +1

I1Y5 −1 1 1 1 1 1 +1 I5Y6 1 1 1 1 −1 1 +1 I2Y5 1 −1 1 1 1 1 −1

Y1Y5 −1 1 1 1 −1 2 +1 Y5Y6 −1 1 1 1 1 1 −1 Y2Y5 1 −1 1 1 −1 2 −1

Y1Z5 1 1 1 1 1 0 +1 Y5Z6 −1 1 1 1 −1 2 +1 Y2Z5 1 1 1 1 1 0 +1

Z1Y5 1 1 1 1 1 0 +1 Z5Y6 1 1 1 1 1 0 +1 Z2Y5 −1 1 1 1 1 1 −1

Z1I5 −1 1 1 1 1 1 +1 Z5I6 1 1 1 1 −1 1 +1 Z2I5 −1−1 1 1 1 2 +1

I1Z5 1 1 1 1 −1 1 +1 I5Z6 1 1 1 1 1 0 −1 I2Z5 1 1 1 1 −1 1 +1

Z1Z5 −1 1 1 1 −1 2 +1 Z5Z6 1 1 1 1 −1 1 −1 Z2Z5 −1−1 1 1 −1 3 +1

Total 16/75; %21 Total 8/75; %11 Total 12/75; %16

X3I5 1 −1−1 1 −1 3 +1 X5I6 1 1 −1 1 −1 2 +1 X4I5 1 1 −1−1 −1 3 +1

I3X5 1 1 −1 1 1 1 −1 I5X6 1 1 1 1 1 0 +1 I4X5 1 1 1 −1 1 1 +1

X3X5 1 −1 1 1 −1 2 −1 X5X6 1 1 −1 1 −1 2 +1 X4X5 1 1 −1 1 −1 2 +1

X3Y5 1 −1 1 1 1 1 −1 X5Y6 1 1 −1 1 −1 2 −1 X4Y5 1 1 −1 1 1 1 +1

Y3X5 1 1 −1 1 −1 2 −1 Y5X6 1 1 −1 1 1 1 +1 Y4X5 1 1 1 −1 −1 2 +1

X3Z5 1 −1−1 1 1 2 +1 X5Z6 1 1 −1 1 −1 2 −1 X4Z5 1 1 −1−1 1 2 +1

Z3X5 1 −1 1 1 1 1 −1 Z5X6 1 1 1 1 −1 1 +1 Z4X5 1 1 −1 1 1 1 +1

Y3I5 1 1 1 1 −1 1 +1 Y5I6 1 1 −1 1 1 1 +1 Y4I5 1 1 1 1 −1 1 +1

I3Y5 1 1 −1 1 −1 2 −1 I5Y6 1 1 1 1 1 0 −1 I4Y5 1 1 1 −1 −1 2 +1

Y3Y5 1 1 −1 1 1 1 −1 Y5Y6 1 1 −1 1 1 1 −1 Y4Y5 1 1 1 −1 1 1 +1

Y3Z5 1 1 1 1 1 0 +1 Y5Z6 1 1 −1 1 1 1 −1 Y4Z5 1 1 1 1 1 0 +1

Z3Y5 1 −1 1 1 −1 2 −1 Z5Y6 1 1 1 1 −1 1 −1 Z4Y5 1 1 −1 1 −1 2 +1

Z3I5 1 −1−1 1 1 2 +1 Z5I6 1 1 1 1 −1 1 +1 Z4I5 1 1 −1−1 1 2 +1

I3Z5 1 1 1 1 −1 1 +1 I5Z6 1 1 1 1 1 0 −1 I4Z5 1 1 1 1 −1 1 +1

Z3Z5 1 −1−1 1 −1 3 +1 Z5Z6 1 1 1 1 −1 1 −1 Z4Z5 1 1 −1−1 −1 3 +1

Total 12/75; %16 Total 8/75; %11 Total 24/75; %32

TABLE VII. One and two-qubit dephasing errors propagating through a flag-based FT X -type parity-check circuit. The subscripts on the
Pauli operators refer to the qubits affected by the errors after the application of the entangling light-shift gate on those two qubits. ±1 numbers
refers to the expectation of the stabilizer generators g1 = Z1Z2, g2 = Z2Z3, g3 = Z3Z4, g4 = Z4Z5, g5 = X1X2X3X4X5.

Error g1 g2 g3 g4 g5 No. of −1s Mf (X ) Error g1 g2 g3 g4 g5 No. of −1s Mf (X ) Error g1 g2 g3 g4 g5 No. of −1s Mf (X )

Z1I5 −1 1 1 1 1 1 +1 Z5I6 1 1 1 1 −1 1 +1 Z2I5 −1 −1 1 1 1 2 +1

I1Z5 1 1 1 1 −1 1 +1 I5Z6 1 1 1 1 1 0 −1 I2Z5 1 1 1 1 −1 1 +1

Z1Z5 −1 1 1 1 −1 2 +1 Z5Z6 1 1 1 1 −1 1 −1 Z2Z5 −1 −1 1 1 −1 3 +1

Total 4/15; %27 Total 1/15; %6 Total 6/15; %40

Z3I5 1 −1 −1 1 1 2 +1 Z5I6 1 1 1 1 −1 1 +1 Z4I5 1 1 −1 −1 1 2 +1

I3Z5 1 1 1 1 −1 1 +1 I5Z6 1 1 1 1 1 0 −1 I4Z5 1 1 1 1 −1 1 +1

Z3Z5 1 −1 −1 1 −1 3 +1 Z5Z6 1 1 1 1 −1 1 −1 Z4Z5 1 1 −1 −1 −1 3 +1

Total 6/15; %40 Total 1/15; %6 Total 6/15; %40
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FIG. 11. Fidelity Fs between the output state generated by an
ideal performance of the X -type circuit and the output state generated
in the presence of two-qubit depolarizing and two-qubit dephasing
error channels for different gate times and initial average phonon
number. All modes are initially cooled down to the same n̄α,m(0).
The three figures show the results for gate times tg ranging from 1 µs
up to 100 µs for different initial n̄α,m(0). Panel (a) shows the result
for an initial phonon occupation number of n̄α,m(0) = 0.01, on the
results for the range from 1 to 1.6 µs. Panel (b) displays the results
for n̄α,m(0) = 2 and panel (c) does it for n̄α,m(0) = 6. The black solid
line represents the state fidelity in a non-FT X -type circuit run in
the presence of the depolarizing channel. The blue line does the same
but, for a flag-based FT circuit. The green line represents the state
fidelity for the non-FT X -type parity check circuit in the presence of
the dephasing channel, and the red line shows the results for the
flag-based version under dephasing errors.

FIG. 12. Fidelity Fs between the output state generated by an
ideal performance of the X -type circuit and the output state generated
in the presence of two-qubit depolarizing and two-qubit dephasing
error channels for different initial average phonon number and gate
times. The three figures show the results for initial average phonon
numbers n̄α,m(0) ranging from 0.01 up to 10 for different initial gate
times tg. All modes are initially cooled down to the same n̄α,m(0).
Panel (a) shows the result for a gate time of tg = 1 × 10−6 s, panel
(b) for tg = 5 × 10−6 s and panel (c) does it for tg = 1 × 10−5 s. The
black solid line represents the state fidelity in a non-FT X -type circuit
run in the presence of the depolarizing channel. The blue line does
the same but, for a flag-based FT circuit. The green line represents
the state fidelity for the non-FT X -type parity check circuit in the
presence of the dephasing channel, and the red line shows the results
for the flag-based version under dephasing errors.

By introducing the above expression for p(n̄α,m(0), tg) into
Eq. (84), we can gain a better understanding of why in
Fig. 11, the state fidelity decreases exponentially with the gate
time when the initial average of phonons is fixed. For small
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values of tg, the state fidelity can be approximated by a linear
decay, Fs ≈ 1 − O(tg). However, when we fix tg, as seen
in Fig. 12, we observe a quadratic dependence on n̄α,m(0).
In this case, the state fidelity can be approximated as Fs ≈
1 − O(n̄α,m(0)) − O(n̄2

α,m(0)).
Let us close this section by drawing some conclusions. We

have characterized trapped-ion QEC circuits by their ability to
generate multipartite entanglement. We have shown that it is
important to incorporate realistic microscopic modeling of the
noise to draw general conclusions about the benefits of an FT
circuit design. From the perspective of GME witnessing, the
added complexity of FT circuit designs is detrimental, as the
region in parameter space where GME can be inferred from
the measurements decreases when moving from non-FT to
FT designs. Despite the fact that the postselection on the flag
avoids certain weight-2 errors that are dangerous regarding
the stabilizers of the QEC code, the extra gates lead to further
errors that induce more sign flips of the stabilizers of the GHZ-
type GME state, which is detrimental for the performance of
the entanglement witness. The severity of this trend actually
depends on the noise channel that is used to model errors. For
the more realistic dephasing channel of trapped-ion light-shift
gates, this trend is generic: the flag qubit does not help at
mitigating the effects of dephasing noise on the entanglement
witness for both low- and high-error probabilities. On the
other hand, for a depolarizing channel, the capability of the
flag-qubit FT circuit to generate GME states can actually im-
prove for low-error rates, even if the region of witnessed GME
that is characterized by larger errors does also decrease for the
FT construction. From these results, it follows that one would
be overestimating the power of the FT design if a depolarizing
channel is used in the simulation of a trapped-ion device. On
the other hand, as also discussed above, one can modify the
circuits to measure other stabilizers that are more robust to a
dephasing noise model. In this respect, information about the
microscopic noise model can actually be used to improve the
design of the QEC circuits, both with respect to the low-error
regime for QEC or with respect to the GME witnessing region
at higher errors.

2. Numerics for the conditional linear witnessing

In this section, we characterize the ability to generate GME
of the X -type parity check circuits of Figs. 2 and 3 using the
conditional linear witnessing method. Recall from Sec. II C 2
that this method is also efficient in the verification of ME. In
contrast with the standard linear witnessing method, which
uses n stabilizer generators of the n-partite systems to con-
struct the test operators, the conditional method follows a
slightly different approach. It was shown in Ref. [58] that, for
the certification of ME of an n-partite system, it is sufficient to
verify entanglement in just n − 1 bipartitions. In this case, we
choose to certify entanglement between the subsystems s5 and
sx for all sx ∈ {s5}c = {s1, . . . , s4} with s5 being the syndrome
qubit. This is achieved by postselecting on the state |+〉〈+|
for the remaining n − 2 = 3 qubits that are not involved in
the specific bipartition. Altogether, the X -basis witness test
operator in Eq. (21) can be expressed as a linear combination
of two-point correlations (24), requiring three measurement
basis per bipartition.

FIG. 13. CL witnessing for an X -type parity-check readout cir-
cuit. The color bar indicates the value of the witness under effective
microscopic noise channels. For all the colors represented, the wit-
ness takes a negative value signaling the presence of entanglement.
The white area represents all positive values of the witness values
where the verification is inconclusive. The red dashed line fits the
perimeter area of the (a) non-FT X -type circuit under a two-qubit
depolarizing noise channel. Then, the solid line is plotted on top of
the following graphs to benchmark the size of the enclosed colored
area in panel (b), the non-FT X -type circuits under dephasing noise,
respectively. This witness is reconstructed using the products of the
Bell-pair stabilizer generators for the [s5|s1] bipartition output state
(|00〉 + |11〉)/

√
2 which are g1 = X1X5, g2 = Z1Z5. The resulting

Bell pair is obtained after postselecting on |+〉〈+|⊗3 for s2, s3, and
s4 subsystem qubits.

Figures 13(a) and 13(b) show the numerical simulations
for the non-FT circuit in the presence of the effective two-
qubit depolarizing and dephasing channels, respectively. We
only display the values of the CL witness for the bipartition
[s5|s1], which actually has the lowest performance under the
noise channels in comparison to the other bipartitions. The
red dashed line is the boundary between the entanglement
witnesses region and the inconclusive outer region for the
depolarizing channel. This line is then plotted on top of the
results for the dephasing channel for comparison, as shown in
Fig. 13(b). We note that the conditioned ME witnessed region
is greater when the effective noise channel is a dephasing
channel than when it is a depolarizing channel. However, this
may not be the case for other bipartitions.
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In fact, for the rest of the bipartitions, which we do not
show here to avoid redundancy, the region of witnessed en-
tanglement in the presence of dephasing noise barely changes
its size, while the depolarizing area increases. For the bi-
partition [s5|s4], the witnessed entanglement area, in the
presence of depolarizing noise, surpasses the one obtained
under the dephasing channel. The majority of the depolarizing
errors with a Pauli-operator of the type X5 or Y5, occur-
ring on the syndrome, propagate to multiple errors through
the light-shift gates, and consequently, it is more likely to
find errors that have propagated on s3, s4, and s5. This
implies that the Bell pair generators with support in these
subsystem qubits commute more times with the propagated
errors, yielding better results for the witnessed entanglement
regions.

The main conclusion that can be drawn from the results
from Figs. 7 and 13 is that, for both types of noise channels,
the conditional linear witness encloses a larger area of wit-
nessed entanglement than the one obtained via the standard
linear witness. For brevity, in Fig. 13 we do not show the
results for the CL method using the flag-based FT circuit,
as the behavior is the same as we extensively discussed in
Sec. IV 1. For the high probability error rates needed to
show the performance of the witnesses, the flag-based circuits
would always add more noise and perform worse than the bare
non-FT circuits.

V. CONCLUSIONS AND OUTLOOK

In this paper, we have presented a detailed microscopic
error model for the trapped-ion light-shift gates in terms of the
average gate error. We have discussed a microscopic deriva-
tion of this error in terms of entanglement fidelity, which can
be condensed into an analytical formula that contains various
possible error sources and experimental parameters. We then
fed this gate error into effective noise models for the two-qubit
light shift gates. In this way, the dynamical quantum map that
describes the evolution of the imperfect entangling gate has
error rates that connect to realistic microscopic calculations,
instead of giving them arbitrary values from zero to one, as
we had previously done in Ref. [58].

We have used this noise model to assess the performance
of the parity-check QEC circuits in terms of their ability to
generate n-qubit entangled output states. Multipartite entan-
glement, then, is detected by two entanglement witnessing
operators, which require a number of bipartitions in which
entanglement must be checked that grows linearly with the
qubit register size. These methods correspond to the standard
linear (SL) method used experimentally in this context in
Ref. [38], and the conditional linear (CL) method that we
introduced in Ref. [58]. We verify that the CL method is again
more robust than the standard linear method for the current,
more realistic, noise model. In spite of this improvement, it
should be noted that the CL witness can lead to an increase
in statistical errors due to the conditional evaluation or posts-
election of the remaining subsystems. Besides, the CL needs
twelve measurement settings, while the SL only needs two, so
that, in order to choose one method with respect to the other,

one must first evaluate the trade-off between robustness and
experimental feasibility.

Regarding the flag-based FT results, we have shown that
for high failure rates on the two-qubit entangling gates, the
flag-qubit does not have a positive effect on the GME wit-
nessed certification. We have argued that the two additional
entangling gates between syndrome and flag qubit designed
to catch weight-2 dangerous errors, introduce additional er-
rors which, at high failure rates, are not eliminated after
postselecting on the flag, and lead to more sign flips of the
stabilizers that reduce the expectation value of the witness
operator.

An interesting direction for further research could be to
work on the design of optimal SL witnesses by a thorough
analysis of the particular output state generated by the QEC
primitives, and the propagation of the effective noise channel
through it. We have shown in the text that, by changing the
stabilizer generators for the SL method, the region of wit-
nessed GME can be greater for the biased dephasing noise.
Therefore, if one knows the noise structure, and how the prop-
agation through the circuit affects the resulting witness test
operators, it is possible to optimize the design of entanglement
witnesses to choose the most robust option. We believe that
our work can also help experimentalists working with these
gates to realize which experimental parameters can be mod-
ified to minimize the two-qubit gate infidelity values in their
setups.
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APPENDIX: DETAILED ANALYTICAL FORMULAS FOR
THE GATE INFIDELITY CAUSED BY THERMAL ERRORS

To highlight the quadratic dependence of the thermal error
on the average phonon number, this Appendix presents more
explicit expressions for the analytical formulas derived for the
thermal error contributions, as shown in Table I. We cover
both warm active and spectator phonons.
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1. Gate infidelity due to warm active phonons

By expanding the covariance in Eq. (49), we obtain the expression for the gate infidelity due to warm active phonons:

εact
th =

(
πη2

x,1

4

)2{
2n̄2

x,1 + n̄x,1 + 2

(
ωx,1

ωx,2

)
n̄x,1n̄x,2 +

(
ωx,1

ωx,2

)2(
2n̄2

x,2 + n̄x,2
)}

. (A1)

n̄x,1 ≡ n̄x,1(0) and n̄x,2 ≡ n̄x,2(0) represent the initial average phonon number for the both radial modes along the x axis.
Recall that for the simulations, the two-ion light-shift gates are mediated by the radial phonons along this axis, referred to as the
active modes. ωx,m and ηx,m with m = {1, 2} are the mode frequencies and the Lamb-Dicke parameters for the two-ion crystal in
the x radial direction, respectively.

2. Gate infidelity due to warm spectator phonons

Following a similar procedure as above, and expanding the covariance in Eq. (54), we obtain the expression for the gate
infidelity due to warm spectator phonons
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Here, n̄y,m ≡ n̄y,m(0) represents the average number of phonons for the m = {1, 2} modes along the y axis, and n̄z,m ≡ n̄z,m(0)
represent the average number of phonons for the modes m = {1, 2} along the z axis. We refer to these modes as spectator modes,
which in an ideal scenario are not involved in the entangling operation. The mode frequencies and the Lamb-Dicke parameters
for the spectator modes are given by ωα,m and ηα,m, respectively, with α = y, z and m = {1, 2}.
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