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Non-Abelian phase and geometric force in a quantum-classical hybrid system
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It is well known that the dynamics of a hybrid system, which consists of a quantum subsystem and a
classical subsystem, can be studied by transforming the quantum subsystem into a classical one. Based on our
previous work [Phys. Rev. A 102, 032213 (2020)], we present the formalism of the quantum-classical hybrid
system containing a quantum subsystem with energy degeneracy. By simulating the non-Abelian dynamics and
geometric phases for the quantum subsystem with classical non-Abelian dynamics and geometric angles, the
effect of the non-Abelian gauge field and the geometric phase of the quantum (sub)system on the dynamics of
the classical subsystem is revealed by a simple canonical transformation. Remarkably, the non-Abelian angle
geometric vector potential is found not only to induce the Wilczek-Zee phase in the dynamics of the quantum
subsystem but also to give rise to a Lorentz-like non-Abelian geometric force. To illustrate the dynamics of
the hybrid system, we examine the interaction between a spin-half particle and a magnetic field coupled with a
magnetic particle. The explicit expression of the non-Abelian magneticlike gauge field is presented, introducing

a different form of non-Abelian geometric force in the realm of quantum-classical dynamics.
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I. INTRODUCTION

In the study of the adiabatic evolution of general quantum
systems, the Berry phase has stood for several decades as
a profound concept in quantum mechanics which depends
on the geometry of the parameter space of the Hamiltonian
since its notion was introduced by Berry [1-3]. With the
generalization of the definition of the geometric phase [4-9],
the investigation of this phenomenon has gained increasing
prominence across diverse fields, including the quantum Hall
effect [10], molecular dynamics [11], linear-response theory
[12], adiabatic passage [13,14], and adiabatic shortcut tech-
niques [15], but not limited to branches of physics [16-24].
Furthermore, there is a mechanics analog of the Berry phase
in classical integrable systems called Hannay’s angle which
is the additional angle shift acquired over the evolution of
a system undergoing slow changes of the parameters [6,25].
It is already known that the Berry phase possesses a geo-
metric connection with Hannay’s angle under a semiclassical
approximation [26]. Consequently, considerable efforts have
been directed toward unraveling the implications for quantum-
classical correspondence.

The Hilbert space of quantum systems has been demon-
strated to share the same mathematical structure with the
phase space of canonical classical Hamiltonians [27,28]. This
revelation allows for some fundamental properties of quantum
mechanics such as wave functions and observable symmetries
to be seamlessly mapped into a classical system without los-
ing any physics [29-36]. As a result, a set of applications
simulating quantum dynamics with classical oscillators has
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arisen [37—40], since the analogy between the time-dependent
Schrodinger equation and the classical Hamilton equation was
pointed out by Dirac. Moreover, the quantum-classical map-
ping (QCM) does not rest upon nondegenerate quantum
(sub)systems [41]. Since there is an absence of energy gaps
in quantum degenerate systems, there will be a nonadiabatic
evolution in the degenerate subspace [42] giving rise to an ef-
fective non-Abelian gauge field [43] and a non-Abelian phase
called the Wilczek-Zee (WZ) phase [4]. After the definition
of the WZ phase was clarified, it has garnered increasing at-
tention in the domains of quantum computation and quantum
control [44-50], and the simulation of quantum systems with
energy degeneracy using classical resonant oscillators has also
been achieved [41,51].

Previous studies primarily focused on nondegenerate
quantum-classical hybrid systems [52—65] or the simulation
of the dynamics of the quantum degenerate systems [42,45—
50]. Other insights have pointed out that both subsystems of
a hybrid system can be treated classically [3,66,67], and they
influence each other not only through subsystem-subsystem
coupling interactions but also via a vector potential [68,69].
For quantum degenerate systems, the WZ gauge potential can
be put into the framework of classical mechanics by summing
its mean value of each quantum subspace which is just the
geometric angle induced by classical non-Abelian evolution
[41,51]. In this context, we are motivated to address some
questions: How can we describe the interaction between sub-
systems of a hybrid system with degeneracy in the quantum
subsystem? What is the role of the non-Abelian gauge po-
tential in affecting the dynamics of the classical subsystem?
These questions serve as the focal point of our investigation.

This paper is organized as follows. In Sec. II B, we present
the dynamical evolution and WZ phases of the quantum

©2024 American Physical Society
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degenerate subsystem of a hybrid system in the framework of
classical resonant oscillators based on QCM. In Sec. IIC, we
briefly outline the theoretical framework of the generation of
the non-Abelian geometric force in the classical dynamics of
a hybrid system containing a quantum degenerate subsystem.
Then, the general form of the non-Abelian geometric force is
provided. To illustrate our result above, we study a cantilever-
spin system in a single spin detection experiment [68,70,71],
where the classical subsystem is a magnetic particle and
the quantum subsystem is a spin-half particle in a magnetic
field replacing the Pauli matrices by the Dirac matrices as
an example in Sec. III. Finally, we conclude our results in
Sec. IV.

II. NON-ABELIAN ADIABATIC DYNAMICS
IN A HYBRID SYSTEM

According to the Born-Oppenheimer approximation
(BOA), the Hamiltonian of a hybrid coupled system, which
consists of a fast quantum subsystem with energy degeneracy
and a slow classical subsystem, can be written as [34]

Hiyoria = (VIH(QIY) + Ha (P, Q), (1)

where |Y) is the state of the quantum subsystem, and P is
the momentum of the slow classical subsystem. The coupling
of the two subsystems is indicated by the dependency of
the Hamiltonian of the fast quantum subsystem H;(Q) on Q,
which is the coordinate of the slow classical subsystem.

A. Dynamics and Non-Abelian phase in a quantum subsystem

First, we focus on the adiabatic dynamics of a fast non-
Abelian quantum subsystem governed by H,(Q), with the
adiabatic parameters Q. The instantaneous spectrum is deter-
mined by the instantaneous eigenequation

A1(Q)|Ea(Q)) = E(Q)|Era(Q)), (2)
where E(Q) and |E;,(Q)) are the degenerated eigenenergy
and energy eigenstate, respectively. a = 1,2, ..., N with the

degree of degeneracy N. For an initial state

196(Q0)) = ) Pra(@0)|Era(Qp)), 3)

the states driven by the Schrodinger equation would be

0@ = > Pra( @) hEQITNN Uk IEL©@)), (4

b=1

where U% = Pei [Aw@ X i the geometric WZ phase factor
given by the path-ordered integral, and the geometric WZ
potential which reads [4,27]

A (Q) = i(Exa(Q)|9xExs(Q)) (5)

is the matrix element of the non-Abelian gauge potential A*.
As the slowly varying parameters Q = (Q;, Q», Q3) are the
coordinates of the slow classical system, the gauge potential
A*(Q) is related to a curvature F, p or an effective “magnetic”

field B as [4,27,41,43]
B, = Yeapy Fup,
Fyy = 00,4l — o,A; — %[AfivAlE] (@ B,y =123),
(6)
k

where the non-Abelian term —%[AQ,A’;;] emerges since the
matrices A do not commute with each other.

B. QCM of Non-Abelian adiabatic dynamics and angle
in a hybrid system

To study the dynamics of the whole hybrid system, we
next map this quantum non-Abelian dynamics of the quantum
subsystem into a classical one [41]. The dynamical evolution
of the fast quantum subsystem governed by H;(Q) on a bare
basis {|n)} can be described by the Schrodinger equation

an oH 1

e _ ’

! dt ac,
with [y) = 32, culn) and Hi(p.q:Q) = (¢/|H|y). By de-
composing the probability amplitudes ¢, into real and
imaginary parts ¢, = (g, + ipn)/~/2h, the Schrédinger equa-
tion can be rewritten as

. 0H, . 0H ®)
Qn - apn ’ Pn - aqn )
where g, and p, can be regarded as the “position variable”
and “momentum variable,” respectively.

On the other hand, the quantum states |i¢) can also be

expanded in terms of instantaneous eigenstates

) = ralExa(@)), ©)
ka

(7

where {|Ey,(Q))} is determined by Eq. (2). Then, one
can introduce the angle-action variables (0,1) by |@w,) =
o /e~ [32,68,72], and they satisfy the similar structure
of canonical equations

. OH K 3S(q,I;Q). .

Ora = oL, alka[ 90 Q}’

L0 [08@ Q)

s = 89ka|: 20 Q}, (10)

where the mean value of energy H,(I; Q) = > a Exa(Q)ia/ b
and § is a generating function induced by the canonical trans-
formation (p, q) — (0,1).

The unitary transformation connecting the two bases {|n)}
and {|Ex(Q, X)),

c=Uop, (1)

corresponds to the classical canonical transformation

(P, q) — 0,1),
pn(t) = Z vV 2[ka{COS Qkalm[Un,ka(t)] - Sil’l ekaRe[Un,ka(t)]}s

ka

@) =Y v/ 2Ukafc0s OxaRe[Up ka(t)] + sin OgaIm[U, 4o (1)]).
ka
(12)
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Therefore, the Hamiltonian in the adiabatic basis
{|Era(Q))} can be obtained as H;, = UTH,U — ihU'U with
|Ewa(Q)) = Uln). Correspondingly, under the canonical trans-
formation Eq. (12), the Hamiltonian H,(p, q; Q) becomes
H,(I; Q) but differs from the old one by

H\(p,q;0) =H,(0.1;0)

—4,1.0) + 1@ LD

ot (13)

where the partial differential of generating function S; can be
written as

081(¢. 1, Q) |:3y1

996, 1:0)

By a cyclic evolution of @, the single-valued function .7
will be trivial gradient vanished for zero contribution to the
equations of motion.

By taking the averaging principle for the non-Abelian clas-
sical dynamics by averaging

- = } L0, (1)

(k= k"),

e ={
the average over 6 of the new Hamiltonian of the total sys-
tem after the canonical transformation (p, ¢) — (0, I) can be
written as

0q(0, 1, .
H =H U;Q) + H:(P, Q)_<p(0’I’Q)q(TQ)> .0,
0

(16)

where the first two terms are the effective Hamiltonian, and
the latter is the classical non-Abelian angle gauge potential

0q(0,1,
AWD.1;0) = <p<o, 1;Q>"(8—QQ>
0

which is just the one-form for the sum of the mean value of
the WZ potential A’;b = i(Ex4|0Eyp) in each subspace

a7)

AOG.L,Q) =) 01,0, DAL (@)pr (0, 1)
kab

=Y 0.0, DA*X)g(6,1).  (18)
k

The WZ phase in the quantum subsystem can then be repre-
sented by a classical non-Abelian geometric angle [41]

0
aIku

M= =51 P AG.1:0)-dQ. (19)
It is worth noticing that the angle gauge potential A is
no longer a linear function of action variables I and contains
angle variables 6. Therefore, the Poisson brackets between the
component matrices A in the parameter space are

0AL 0Ay  0Ag IA

Ay, A} =
W ) ; 060 Ol o Olia

£0. (20

The classical non-Abelian curvature can be defined as
Waﬁ = BQaﬂﬁ - aQﬁﬂa + {A,, ﬂﬁ}

= 0p(0. DF*(X )@ (0. 1), 1)
k

which corresponds to the mean value of Fof‘ﬂ for the quantum
degenerate system.

C. Geometric forces in a non-Abelian hybrid system

For hybrid systems in which the Hamiltonian of the
classical subsystem is H, = P?/2M + V>(Q), the quantum
subsystem will provide an additional vector potential in mo-
menta P [68] by introducing a canonical transformation from
p.q.P,0t0l,0,P,Q,

as as
p =—, 0 = —,
aq ol
AN oF
P=—=—+P, Q=_—=0, 22
0 90 * P 0 @2)
with a generating function
S=35i1(¢q,1,0)+q-P. (23)

After the averaging principle, the equations of motion for
canonical variables I, @ can be written as [41,62,68]

=g _o
T R
. OH, . 0A
0=—-0 - —, 24
ol e ol 24)
and the classical canonical variables P, Q can be given as
. aH, Vo . A
p=-""1 ——2+Q-—,
0 90 00
.. P-a
Q=0 v (25)

One then can write a more explicit form for the equation of
coordinate Q as
o oH, 9V, .
=————-—F+0x8, 26
mQ 50 90 0 (26)
where the extra geometric term is brought by the effective
non-Abelian magnetic field 8 with

B, = %EaﬁyWaﬁ (o, B,y =1,2,3). (27)

III. EXAMPLE

To illustrate the formalism explicitly, we consider a simple
hybrid system where the classical subsystem is a magnetic
particle with magnetic moment myp pointing in the negative
direction of the z axis moves freely in the xy plane, and
the quantum subsystem is a four-level system with magnetic
moment p placed below the plane at distance d as shown in
Fig. 1 [68,70]. The total Hamiltonian reads

H = (Y|H\|¥) + Hy, (28)
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FIG. 1. Sketch of the hybrid system. The origin of the coordinate
system is placed in the xy plane above the quantum subsystem. As
the classical magnetic particle moves freely in the xy plane, the
two interacting spin-half particles placed beneath the plane with a
distance of d feel the magnetic field from the classical magnetic
particle.

and the Hamiltonian operator for the quantum subsystem with
twofold degeneracy is [42,73,74]

H1 = —uy-B, (29)

where the Dirac matrices

0
n=m®w=Qk%) (30)

with the Pauli matrices oy. This Hamiltonian may describe
two interacting spin-half particles since y; = o] ® o} or a
single four-level particle in the magnetic field {By, By, B;} =

2_,2 . . . .
% with 72 = x> 4+ y? which is provided by the

coordinates of the classical subsystem because of the mag-
netic dipolar interaction [42,68], whose Hamiltonian is

P2
Hy = — +Va(r), (31
2m

with r = {x, y} and the mass of the particle m. Therefore, the
coordinates x and y act as the adiabatic parameters for the
quantum subsystem. For the quantum subsystem, the Hamilto-
nian H, has two eigenvalues E = B, with two degenerate
eigenstates each,

B,—iB, 5,
o 5.
L Bo+iB,
|E71) = —= B , |E72> _ -5 ’
V2 0 V2 1
! 0
B,—iB, 5.
2 s
1 3 1 __ Bi+iBy
|[Ef1) = — B CE = LT
+ ﬁ 0 +2 > ]
! 0
(32)
where B = /B2 + B2 + B2 = %.
The geometric WZ gauge potential (18) can be written
as [4]
A= 0

where
—B,B,+B,B, —iB,B,+B.B,+(iB.—B,)B,
A = A+ 2B? 2B?
iB.B,+B.By—(iB,+B,)B, B,B,—B.B,
282 2B?

(34)
are non-Abelian vector potentials in the two degenerate
subspaces.

Next, we transform this quantum adiabatic dynamics into

a classical one. The equivalent classical Hamiltonian function
H; can be given as the average of Eq. (29) in the bare basis

{|n)},i.e.,

o
Hy =— E[(qm + pP1p4 + q2q3 + p2p3)B,.

+ (q1ps — P194 + g3p2 — P3q2)By
+ (9193 + p1p3 — g294 — p2p4)B;].  (35)

The canonical transformation (p, g) — (0, I) corresponding
to the unitary transformation {|n)} — {|Ex)} can be given by
Eq. (12),

B, B B
pr=—+I| =2cosb_| + —sinb_; | —/Io[ = sinb_,
B B B
B, B, . B. .
+ 1 ) cosfy + ) sinfy |+ 1o 3 sin 4, |,
B B, B
g1 =1 (Ex cosf_; — E} sin 9_1> + I, (Ez 0050_2>
By By . B
-1 (E cosfy — EV sin 9+1> —,/1+2<EZ cos 9+2>,
B. B, B, .
P2 =vI1-1 (E“ sin 9_1) + I_2<E} cosbf_, — 5 sin 9_2>
B B B, .
-1 (EZ sin 9+1) —\/I+2<§y cos0yp— 3 sin 0+2),
B B, By .
0 =—\/I_1<EZ cos9_1>+ I_2<E cosf_, + Eysm9_2>

B, B B
+/ 111 <E cos 9+1>—‘/I+2(§x cosbfyn + EV sin 9+2>,

p3=— /Esin 6_, — \/I;sin 0.7,

q3 =\/I: cosb_, + \/Ijzcos 040,

Py =— \/Ijsine,] — \/I:sinéﬂ,

qa =\/I:cos 6_1 + \/I:cos O41. (36)

The mean value of the Hamiltonian after this canonical trans-
formation can be obtained as

H=H+A-Q, (37)
with

ubB
H, = 7(—Ll —Io+ L+ 1) (38)
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By the averaging principle (15), the non-Abelian angle gauge potential (18) can be written as

3d
- —3dy(l_
A= @ T @ 1 3!

+ 4xy[\/I-11-p cos AO_ + /I 11,5 cos AOL]} - e, +

+2(2d*

where A6_ =6_; —6_, and A6, =6, — 64,. The dynam-
ics of the action and angle variables of the degenerate quantum
subsystem can be calculated by Eq. (24) straightforwardly,

. . 3d/I+115> . .

[ = -1 = -G G , (40
+1 +2 (d2+r2)(4d2+r2)( +1X + Goy), (40)
. A  OH,

Ox1 = — ——+ 57—

ol 0l

3d I ).
—_ _3dy + Ky |22
2(d> + r2)(Ad? + 17) R

I . " pwpome~/4d? + r?

3dx + K. ,
TRV P T T amn@ o
b __ DA H,
2T B, |l
3d Iy ).
— 3dy + Ky | 2L
2@ el o | YT REYL )
N/
+| -3dx+ K | — |y :EMMO,"F tr s
Ii2 47'[Fl(d2 + }"2)2

(41)

with G| = 2xysin(f+; — 042) — (2d2
012),

+x% —y?) cos(Ox1 —
Gip = 2xycos(0+; — O4p) — (2d2 — x> 4
y?) sin(0s1 — 012), Ki1 = 2xycos(fx) — O42) + (2d* +
x2 - y2) sin(@il - GiZ), and K;tZ = 2xy sin(@il - 9i2) +
(2d? — x*> + y*) cos(6+; — H+2). Notably, the sums of action
variables I_; + I_; and I + I, remain conserved, while the
individual action variables do not. The non-Abelian geometric
angles can then be derived by solving

3d )
NGy = [— “3dy+ Ky | 2 d
+ /2(d2+r2)(4d2+r2) R

I
+| 3dx + Ko [ 22 |dy
Lty

Aby, = |-
*2 /2(d2+

3d |1
3dy +Kuy [ |d
r2)(4d2 + r?) YRy 7

Ji
= ay .
L

+| —3dx + K4» 42)

| — Lo+ Ly — L) +2(2d* + 57

— YOI 5 sin AO_ + /I, 115 sin A6, ]

3d

2(d2 + r2)(4d? +

— 2 + I3 €08 A0 + /111112 cos AO4] + dxy[/I_11_5 sin AO_ + /11112 sin A1} - &y,

2){36135(1—1 —lo+ 1 — 1)

(39)

(

To illustrate the non-Abelian adiabatic evolution of the
quantum subsystem, we choose the parameters as

. Tt . . Tt
X=rcosS|\m —msm—1|, y=rsm|m —7mxSsm—|.
T T

(43)

As shown in Figs. 2(a) and 2(b), the action variables Ii;
(i = 1, 2) of each quantum subsystem no longer remain invari-
ant during adiabatic evolution. However, the respective sums
of the action variables, I_ =1_1+ 1, and I, = 1| + 1,5,
are conserved under adiabatic evolution. We also analytically
solving the Schrodinger equation driven by the Hamiltonian
in the adiabatic basis

Yo = OTH0 — in0T0
-B 0 0 O
_, 0 -B o o] M M (44)
“Hlo o B o -M M )’
0 0 0 B
where
B,B.—B.B, iB.B,—B.By—(iB,—B,)B,
M=| . 2 4 257 (45)
—iB.B,—B.B,+(iB,+B,)B, —B,B,+B.B,
2B2 2B2
A RS | I O3y S R

—Io/h—I/h o |o o lp |
L/ Iy /R e

0 02 04 06 08 1

L /h 'L /d o[ e+ f?

vT
(d) —0 1 -0, V-2 =71
-0 =0 < v — v

NIl

0 {
0 0.2 0 4 0.8 1 0 02 04 06 038 1
t/T vT

FIG. 2. The evolution of the action variables and probabilities
in one period 7 with (a) t =100/ and (b) T = 5000/<2. The
evolution of (c) the angle variables (wrapped to the interval [0, 27 ]),
(d) the classical angle differences A6, and the phase differences
Ay in one period T with = 5000/€2. The initial condition and
other parameters are chosen as Iy = I, = /4, 64 =604, =0,
uB/h = Q,and d = 4r.
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It is obvious that the time-dependent probabilities ¢i; =
(Exi|¥) of a generic quantum state on the eigenstates |E.;)
are in accord with the action variables I;, and the total prob-
abilities |@;]> + |@42|* and |@_;|> + |@_»|* are unchanged
as I_ and I,.. Moreover, the adiabatic dynamics of /_; and
I, are identical, as are those of I_, and I,,. The angle
variables will accumulate dynamic angles and non-Abelian
geometric angles during the adiabatic evolution, as shown
in Fig. 2(c). To illustrate the non-Abelian geometric ef-
fect, we draw the classical angle differences after QCM
A9+ = 9+1 — 9+2 = A9+1 — A9+2, and AO_ = 971 - 972 =
AO_y — AB_, in Fig. 2(d). These non-Abelian effects of
phase differences corresponding to the same eigenfrequencies
+uB are due to the degeneracy of the eigenenergy spectrum
of the quantum subsystem H;. Additionally, the quantum
phase differences Ay; = y40 — 41 = Ay — Ayyg, and
Ay_ =y_p—y_1 = Ay_» — Ay_;, which are also shown

J

_ 3ppompx(5d* + r)(—lo_11?

in Fig. 2(d), are consistent with the classical angle differ-
ences. Thus the feasibility of the non-Abelian QCM method
is demonstrated.

Next, we study these non-Abelian effects on the dynamics
of the classical subsystem. We obtain the total Hamilto-
nian (16) for the hybrid system (28) under the averaging
principle as

B (P—?l)2

H = %(_I—l —lo+ L +1)+ o
= uB(—lp-1* — lp-2|* + lps11* + lps2l?)

P — A)?

LA

2m (46)

with V,(r) = 0. By Egs. (26), (27), and (39), the equations of
motion for the classical subsystem are

— ool + o1 + lp+a®) .

mx = + 8.,
4 (d? 4 r2PVAdZ + 2 v
. B3upompy(5d* + r*)(—lo_ 11> — lo_2l* + los1|* + l92®) .
my = — _XBZa (47)
47 (d? + r2)3/4d? + 2
where
19d*(2d* + r?) s 2 2 2 2 2
= 2d° — = e —
: 2(d2+r2)2(4d2+r2)2{( r)(e-11° = loal” + o1 |™ = losal®)
—3dx(¢X |02+ @195 + @ 1042 + 019],) + 3idy[—@ (02 + 9197, — 01102 + 0197, (48)

is a non-Abelian magneticlike field. In contrast to the geomet-
ric force brought by the Abelian effective magnetic field [68],
the non-Abelian effective magnetic field is not exclusively
dictated by the classical subsystem dynamics. Rather, it is
also influenced by the quantum subsystem dynamics. This
influence stems from the nonconservation of probabilities
P.; = |@xi|* on the eigenstates and the emerging interference
terms in the expression of B;.

To illustrate the effect of the non-Abelian potential of the
quantum subsystem, we choose the initial motion of the parti-
cle in the classical subsystem as

x(0) =0, y(0) =0,
£(0) =0.03d/t;,  $(0) = 0.04d /1y, (49)

where 7/ is the total evolution time. As shown in Fig. 3(a),
the dynamics of the quantum subsystem is adiabatic, since the
populations P_ = |p_1|? + |¢_o|” and P: = |g1 P + |42
on the two degenerate energy levels and the population dif-
ferences AP = |g_ 12 — |p_o | and APy = |11 2 — [@s]?
between the degenerate states of the same eigenenergies are
consistent with those under the BOA and remain nearly un-
changed. In the meantime, the effective magnetic field B,
evolves as shown in Fig. 3(b). The non-Abelian nature of this
field (48) lies in its dependence not only on the evolution of
probability amplitudes ¢.; in the quantum subsystem induced
by the degeneracy but also on the position of the magnetic
particle in the classical subsystem.

(

For the initial condition (49), the dynamics of the classical
subsystem driven by H, will not change the symmetry of
the trajectory of the particle in the real space as shown in
Fig. 3(d). While influenced by the non-Abelian effect field
B,, the motion of the slow particle is presented in Fig. 3(c)
which is not a straight line but a curve and is in agreement
with the trajectory without BOA. Thus the validity of this
method is demonstrated. It is worth noting that this geometric
force is brought by B, breaking the real-space symmetry by
the non-real-space dynamics of the spin states’ non-Abelian
phases, akin to the Abelian case [68].

IV. CONCLUSION

We have demonstrated that the versatility of the approach
to present the quantum-classical hybrid system in the general
theoretical framework of classical theory can be generalized
to a process with energy degeneracy in the quantum sub-
system. To interpret the impact of the non-Abelian gauge
potential induced by the nonadiabatic evolution in the degen-
erate subspace, we employ a special canonical transformation
to transform the quantum subsystem into a classical counter-
part. Following this canonical transformation, a distinct vector
potential emerges, inducing a non-Abelian magneticlike field
attributed to the non-Abelian geometric force, along with a
non-Abelian geometric angle, which is just the sum of the
mean values of the WZ phase in the individual quantum
degenerate subspace. To illustrate our theoretical framework,
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FIG. 3. The time evolution of (a) the probabilities
on the eigenstates of the quantum subsystem under the
BOA, PP =|p P +lp,f, PP =lpul*+lppl’, and
APPO + AP = |p_ > — |9 + lo* — lp2/*,  and  them
without the BOA, P_ =g +lpP Py =lpul +lpsal
and AP+ APy = |¢ 1 = |9o* + 941> — l¢12l>. The time
evolution of (b) the effective magnetic field B,. The trajectories
of motion in the classical subsystem (c) with B,, without the
BOA, and (d) without B,. The motion of the particle with initial
condition x(0) =0, x(0) = 0.03d/t;, y(0) =0, y(0) = 0.04d/t;.
The parameters are chosen as 3uuompt}/(wmd®) = —1.28 x 10%,
fit /(md*) = 800.

we apply it to a general hybrid system in which the classical
subsystem is a magnetic particle and the quantum subsystem
is a spin-half particle in a magnetic field replacing the Pauli
matrices with the Dirac matrices as an example. The explicit
formula for the non-Abelian magneticlike field depending on
the non-Abelian geometric force is given. The result shows
that even though the dynamics of the quantum subsystem
is adiabatic, the population differences between the degen-
erate states of the same eigenenergies and interference will
bring a non-Abelian effective magnetic field to the classical
subsystem. This non-Abelian field depends not only on the
position of the magnetic particle in the classical subsystem
but also on the evolution of probability amplitudes in the
quantum subsystem induced by the degeneracy. The trajectory
of the particle in real space can be significantly influenced by
the non-Abelian effect field. The non-real-space dynamics of
the spin states’ non-Abelian phases generate a non-Abelian
geometric force breaking the real-space symmetry. Our theory
could be expected to find applications in the non-Abelian
quantum-classical hybrid dynamics with a fast subsystem and
a slow subsystem, such as non-Abelian spin-electron dynam-
ics [69] and non-Abelian spin torque [75].
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