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Witnessing non-Markovianity with Gaussian quantum steering in a collision model
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The nonincreasing feature of temporal quantum steering under a completely positive trace-preserving (CPTP)
map, as proposed by Chen et al. [Phys. Rev. Lett. 116, 020503 (2016)], has been considered as a practical measure
of non-Markovianity. In this paper we utilize an all-optical scheme to simulate a non-Markovian collision
model and to examine how Gaussian steering can be used as a tool for quantifying the non-Markovianity of
a structured continuous-variable (CV) Gaussian channel. By modifying the reflectivity of the beam splitters
(BSs), we are able to tune the degree of non-Markovianity of the channel. After analyzing the non-Markovian
degree of the dissipative channel within two steering scenarios, we discovered that the Gaussian-steering-based
non-Markovian measure depends the specific scenario because of the asymmetry of Gaussian steering. We
also compared the Gaussian-steering-based non-Markovianity to the one based on violation of divisibility of a

CPTP map.
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I. INTRODUCTION

Einstein-Podolsky-Rosen (EPR) steering [1], also known
as quantum steering, is a phenomenon that can demonstrate
nonlocal correlations between entangled systems. It refers to
the ability of one observer, called Alice, who can remotely
manipulate the quantum state of another observer’s, named
Bob, system by choosing which measurements to perform on
her own part of an entangled system [2—4]. This effect is a
signature of entanglement and is related to Bell nonlocality,
i.e., quantum steering is connected to entanglement and Bell
nonlocality in that all steerable states are entangled but not all
entangled states are steerable; all states that violate the Bell
inequalities, known as Bell nonlocal states, are also steerable,
but not vice versa [5].

Quantum steering has been well studied in the field of
quantum mechanics for several decades since the concept was
first introduced by FEinstein, Podolsky, and Rosen in their
pioneering paper [1]. However, the topic has gained renewed
interest in recent years, with numerous studies exploring its
theoretical and practical applications in various areas [5]. So
far quantum steering has been studied more in-depth, with a
focus on its potential applications in quantum communication
and cryptography [6-8], quantum metrology [9,10], quantum
networks [11-13], information scrambling [14], and quantum
computing [15], and comprehensive reviews of the state of
the art of quantum steering can be found in Refs. [3,4]. Addi-
tionally, quantifying the non-Markovianity degree of the dy-
namics of quantum systems has been identified as a potential
application due to the concept of temporal steering proposed
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by Chen et al. [16], and the non-Markovian evolution of EPR
steering has also been observed in recent experiments [17].
The non-Markovian effect in the dissipative dynamics of
an open quantum system refers to the situation that the evo-
lution of state of the system in the present time depends on
its “historic” states, which indicates the so-called memory
effect [18-20]. The non-Markovianity plays important roles
in many areas of physics, including quantum information
processing [21-23], quantum optics [24,25], and quantum
thermodynamics [26-29]. Thus, quantifying and measuring
the non-Markovianity in dissipative quantum dynamics is al-
ways an active research area. Usually, the non-Markovianity
of dissipative dynamics is quantified through two ways. One is
introduced by Breuer-Laine-Piilo (BLP) [30], which utilizes
the distinguishability between two distinct initial states that
undergo the same evolutionary process; the distinguishabil-
ity of states is usually quantified by the trace distance. The
other measure is proposed by Rivas-Huelga-Plenio (RHP)
[31]; the dynamic can be recognized as non-Markovian if
its corresponding dynamical map ®(z, fy) violates the com-
pletely positive trace-preserving (CPTP) divisibility. Besides,
inspired by the RHP approach, Torre et al. have developed
a measure of non-Markovianity for the Gaussian channel
[32,33], which has provided a method without relying on the
Choi-Jamiolkowski representation of the Gaussian channels
[34] and without optimizing the set of input state [35].
Generally, the dissipative dynamics of an open quantum
system can be described by quantum master equations [36].
However, it is also worth mentioning that in recent years,
the quantum collision model has become a powerful tool for
constructing and investigating both the Markovian and non-
Markovian dynamics in open quantum systems [37—41]. The
reason behind the effectiveness of quantum collision models
lies in their ability to discretize the infinite environmental
degrees of freedom in an open quantum system as a family of
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identical states. This approach allows the model to express the
interaction between the system and the environment as a series
of “collisions” between the system and the discrete environ-
mental degrees of freedom. Thus, we can more concretely
investigate the thermal and information exchange between the
system and its surrounding environment [41]. Additionally,
after performing specific assumptions, this model is equiv-
alent to the quantum master equation in the Lindblad form
[40]. As a result, the quantum collision models have been
used not only to study non-Markovian dynamics and measure
non-Markovianity [42,43], but also to investigate quantum
thermodynamics [44—46], quantum synchronization [47-49],
and quantum many-body systems [50,51].

Our research is focused on the time evolution of Gaussian
steering through the dissipative (Gaussian) channel. Unlike
the previous studies [52,53], here we employ the framework
of the quantum collision models and propose an all-optical
scheme that is possible to implement in experiment. Be-
sides, compared with other measures, we find that only in
the case of the auxiliary mode steering the system mode
can the Gaussian-steering-based measure faithfully reveal the
non-Markovianity of the system’s dynamics due to the asym-
metric nature of quantum steering. We also notice that, during
the evolution processes, Gaussian steering may show sudden
death and birth behaviors that have not been mentioned in
previous works. Furthermore, within the quantum collision
model in the continuous-variable system that we are ana-
lyzing, we are able to initiate a “dynamical transition” from
Markovian to non-Markovian dynamics [54], or vice versa,
by performing minor adjustments to a few parameters. In ad-
dition, this theoretical framework allows us to easily compare
various non-Markovian measures.

This paper studies the possibility of witnessing and mea-
suring non-Markovian dynamics via Gaussian steering in
collision models. To this end, we introduce an ancilla mode
and compare the non-Markovianity degrees under different
Gaussian steering scenarios. We observe that due to the asym-
metric nature of quantum steering, some parameter cases yield
opposite dynamical properties in different scenarios. To avoid
potential errors, we use another non-Markovian measure, the
violation of CPTP map divisibility, and compare the results.
We find that the non-Markovian region, as measured by the
violation of CPTP map divisibility, aligns with the results
obtained using the Gaussian steering, with the system being
the steered component. We analyze the reasons for the dif-
ferences between the two steering scenarios and explain the
sudden-change phenomena in the time-evolution process of
Gaussian steering.

This paper is organized as follows. In Sec. II we introduce
the basic concepts of our collision model and its correspond-
ing all-optical scheme, then provide the characteristic function
of the Gaussian state to explore the dynamical process. Then,
in Sec. III the different non-Markovianity measures are in-
troduced, including Gaussian steering and the violation of
CPTP map divisibility of the Gaussian channel. In Sec. IV
we present our main results, which include a comparison and
discussion of the differences between the two steering scenar-
ios. Additionally, we explain the factors that contribute to the
occurrence of sudden changes in Gaussian steering. Finally,
we summarize our findings in Sec. V.
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FIG. 1. (a) Schematic diagram showing the block-interaction
routes of collision model. The collision model consists of the ancilla
An, the system S, and the environment blocks E;, j € [1, L]. The
system is initialized to be entangled with the ancilla in the form of a
two-mode squeezed vacuum (TMSV) state. Each collision route con-
tains two separate steps in sequence: Step I describes the interaction
that occurs between the system and the jth environment block; Step
11 shows the internal interacting process of the environment blocks
E; and E;;,. (b) A pictorial illustration of the all-optical scheme
for simulating the collisions is shown in (a), which contains BSs for
introducing the mixing of optical modes.
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II. SIMULATION OF DISSIPATIVE DYNAMICS USING A
COLLISION MODEL AND ITS ALL-OPTICAL SCHEME

Deriving the non-Markovian quantum master equa-
tions can be a challenging task, despite the availability of
the efficient approaches, such as the time-convolutionless
(TCL) projection operator technique [55-58], the Nakajima-
Zwanzig formalism [59-62], etc. This is due to the inherent
complexity of non-Markovian dynamics, which involve the
so-called memory effects that are absent in Markovian cases
[36]. Therefore, constructing and measuring non-Markovian
dynamics remain complex problems.

Fortunately, after decades of development, collision mod-
els provide us with a new approach for investigating open
quantum systems, especially the non-Markovian dynamics.
In the collision model framework, the dissipative dynamics
of a system can be described by its stroboscopic collisions
with a collection of environmental ancillary quantum states.
To be more specific, as shown in Fig. 1(a), the system §
is represented by a quantum state, while the environment is
comprised of a series of identical states. Each block can be
considered an environment state, and as the number of blocks
increases, the degrees of freedom of the environment also in-
crease, potentially meeting the requirement of infinite degrees
of freedom. A collision is introduced by a composite unitary
evolution between the different blocks, and by constructing
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various collision routes, the system exhibits a wide range of
dynamic properties.

Our research, depicted in Fig. 1(a), concentrates on a
collision scenario that is relatively simple yet facilitates the
transition from Markovian to non-Markovian dynamics. A
single collision cycle can be split into two sequential steps
exemplified by the jth cycle: during Step I, system block S
collides with the jth environmental block E;, followed by an
internal collision between environmental blocks during Step
II, where E; interacts with £ ;. It should be noted that if the
system has no quantum correlations with block E; initially,
during Step I, information from the system can flow into the
environment, and in Step II, the information can flow into en-
vironmental block £ in the form of interactions. As a result,
in the j + 1th collision cycle, the system will interact with the
environmental block E;;, which contains its “history.” By
adjusting the appropriate interaction strengths, the system’s
dynamics process can be made non-Markovian. In addition,
to examine the dynamic properties of Gaussian steering and
quantify non-Markovianity, we introduce an ancillary part and
prepare it to be entangled with the system state. It is important
to note that the ancilla does not evolve during the collision
cycles.

Although constructing non-Markovian dynamics through a
collision model is experimentally possible, precisely control-
ling the interaction strength and time between particles still
remains challenging. However, the all-optical platforms own
the advantages of high stability and arbitrary control of the de-
vice parameters and have already been used to experimentally
realize boson sampling [63,64] and quantum collision models
[65,66]. In this way, we propose an all-optical scheme as an
ideal experimental platform for our research to improve the
experimental implementation.

Our proposed all-optical scheme primarily involves an ar-
ray of beam splitters, which we use to manipulate and mix
different optical modes to realize “interaction.” Those inde-
pendent optical modes propagating along different optical
paths are regarded as the “blocks” mentioned in the collision
model. By constructing an appropriate optical path and beam
splitters (BSs) network, we can map the collision model into
an all-optical system and obtain the corresponding output
results based on the provided input patterns, as shown in
Fig. 1(b).

Here we recall the mathematical expression of mixing in-
put optical modes @ and @' through BSs, which is in the
following form:

af™ root\ [a"
agut = -t r aiZ“ s (D

where the input (output) optical modes are represented by the
annihilation operator ™'Y, and the 2 x 2 matrix describes
the optical mode mixing process and is named the scattering
matrix, with r and ¢ being the reflectivity and transmissivity
satisfying 72 4 t> = 1 (indicating the optical mixing process
corresponds to a unitary evolution). To meet the requirements
of our model, we need to create two distinct types of scattering
matrices. The first type should explain the mixing process
between the modes of the system and the environment, while
the second type should describe the mixing process between

the different components of the environment. It is important to
note that the reflectivity and transmissivity of the two collision
cases can be represented by r() and #,(2), respectively. With
that in mind, we can now provide a detailed description of the
construction process of the scattering matrix for the evolution.

As we introduced before, the evolution of a quantum state
through a scattering matrix describes the transition of the state
from one moment to another, allowing the continuous change
of a quantum state in the time domain that can be represented
as a discrete sequence of states undergoing single or multiple
scattering matrices. This indicates that the continuous dynam-
ical map can be equivalently expressed in the following form:

{a}*™ (L) = S(L){a}™ (L), 2)

where S(L) = H?:lSj’ and the total number of
collision routes is L. The mode operators describe
the entirety of the system. That is, the collection of
the annihilation operators, denoted by {a}"°'"W(L) =

in(out) _in(out) _in(out) in(out) 1T
la,, . ag N ,...,aE’L_H] , stores the complete

information. In addition, the commutation [ay, a;'] = §; holds
true for these operators, where the superscript T represents
the transpose, and those subscripts An, S, and (E, j) denote
the ancilla, the system, and the jth environmental mode,
respectively.

The (L + 3)-dimensional matrix S; is the jth scattering
matrix describing the process of mixing all optical modes
(both the system-environment and environment-environment
are included). Thus, the specific form of the scattering matrix
S is governed as follows:

1 0 0 0 0 0
0 re 0 t e 0 0
0 0 I 0 0 0
o - 3
Si 0 —nn O nrn o 0 )
0 1315) 0 —rity 1 0

o 0 0 0 0 I

where [,,, is the m x m identity matrix and g is the phase shift,
which can be realized via a phase shifter in the optical path.

Our proposal is discussed in the Gaussian regime, and the
N bosonic modes can be associated with a tensor product
Hilbert space: Hio = ®§2’=17~{k, However, the Gaussian system
can be described in the quadratic form by defining the cor-
responding quadrature operators for each optical mode, i.e.,
gk = ai + a}: and p, = —i(ay — (JZ)

The quadrature operators obey canonical commutation re-
lations, which read

N
0 1
[gi. pi) = iQu. 2 = P o, with © = (_1 0), @)
k=1

where 2 is a real, canonical symplectic matrix. Then a Gaus-
sian state can be fully characterized by the real symmetry
matrix, namely, covariance matrix (CM) o, which satisfies the
following Robertson-Schrodinger uncertainty relation [67]:

o+iQ>0. @)

For the quantum state with N bosons, the all-matrix elements
of CM are specifically defined by second statistical moments
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of the quadrature operator: oy = ({Ry, R;})/2 — (Ri)(R;),
with a vector of operators R = (g1, p1, .-, gn, pN)T, and (-)
denotes the expectation value.

The CM is a key to our exploration of the system dy-
namics, and we can choose a convenient way to manage
the elements, namely, characteristic function formalism x (1)
[68]. The characteristic function can be obtained through its
corresponding density matrix p, x (1) = Tr[pD(A)], where
D(1) is the Weyl displacement operator, defined as D(A) =
exp(kaT — A*a). The characteristic function’s derivatives in
the origin of the complex plane generate symmetrically or-
dered moments of mode operators in the formula

rt+q .
(=D g X Wm0 = Te[p[(@Vaf] ] ©)

IAY A
Through Eq. (6), we can get the corresponding covariance
matrix of the input mode of our interest.

Let us discuss our model settings specifically. In our model
each environmental optical mode is set as the identical single-
mode squeezed thermal state, and the corresponding input
characteristic function has the following form,

4 1
xg, (1) =eXP{ (n + 5)

1 . ,
X [E sinh ¢ (e7®2? + ¢/?1*?) — cosh ¢ |)L|2i| }

)

where n is the average thermal photon number, ¢ is the
squeezing strength, and ¢ denotes the squeezing angle. The
parameters 7, ¢, and ¢ are real numbers.

Regarding the input modes of the system and ancilla, they
are entangled with each other. Therefore, we consider a two-
mode squeezed vacuum state denoted by p; to initialize the
joint input modes. The two-mode squeezed vacuum (TMSV)
state is a correlated state for two bosonic modes (a and b) and

J

is generated by acting the unitary Bogoliubov transformation
S() =exp{éePab — £e®bTa’} on the two-mode vacuum
state |0,, 0p). Here & denotes the squeezing strength and 9 is
the squeezing angle. For the sake of simplicity, we set 6 = 0
hereinafter. The TMSV state is a pure state, and the corre-
sponding density matrix is pants = S(£)[04, 05) (04, 0,|ST(&).
As a result, we can obtain the corresponding characteristic
function of joint input modes:

X (han, As)

(_ [Aanl? + [As]? .
2

osh & +

AAnA AN AT
= exp w 51nh§>'

®)

The initial joint input modes of interest are set to be un-
correlated with the environment. As a result, the total input
characteristic function of this collision model xiT“ (X) is calcu-
lated by a product form

L
Xy = x < [ ] xits ©)
j=1

where X = [Aan, Ass Ag,, .. < hg,,,], with A ; the
characteristic function of the jth environmental mode. In ad-
dition, as we mentioned before, the scattering matrix S(L)
can connect the characteristic function of the input modes
and output modes after they have undergone L times collision
routes, shown in the following [51,69]:

s

Xt a) =
To achieve the desired output characteristic function, one
approach is to partially trace over all other modes by
substituting a specific vector [70], e.g., substituting x=
[Aans As, O, ..., 0], into the above equation to obtain the char-
acteristic function of the joint mode. Thus, we will have the
following form:

XMSTHLYA]. (10)

L L L
1 1 . —i i % gk in
X5 oans As) = exp{ (n+ 5) [5 smh:(e 2D (Crahs) + e Z(Cl,zxs)2> + cosh¢ ) |C1,2|2|)»s|2:| }x, (Aan: Co2hs).

=3

where C; ; indicates the matrix element in the /th row and kth
column of the inverse of scattering matrix S~'(L). With the
help of Eq. (6), we are able to obtain the expectation values of
the operators we are interested in.

III. MEASUREMENT OF NON-MARKOVIANITY

As we proceed with this section, we briefly review the
measure of non-Markovianity based on Gaussian steering. In
addition, we will also introduce the measure based on the
violation of the Gaussian channel’s divisibility for benchmark
comparison purposes.

A. Gaussian steering to witness and measure non-Markovianity

EPR steering is a form of nonlocal correlation that al-
lows one part of a bipartite quantum system to steer the

1=3 =3

(11

(

other part through a local measurement. In the context of
this scenario, we have Alice and Bob as two experimenters
who share a bipartite quantum state, represented by psp. Al-
ice then proceeds to perform a set of local measurements,
M, on her side of the state. With the measurements R, and
Rp (Ry € M, and Ry is arbitrary) and their outcomes ry
and rg, when the joint probability P(rs, rg|Ra, Rp, pap) =
>, PP (ralRa, v)P(rp|Rg, py) is violated by at least one
measurement pair R4 and Rp, Alice can effectively steer the
types of the states that Bob can have access to in his side. Here
P, across all measurements, &, and L (r4|R4, v) are arbi-
trary probability distributions, and P(rg|Rg, p,) is the hidden
variable that Bob holds [5,71].

We now narrow our discussion to the Gaussian realm. The
joint mode of the system and ancilla of our study is a Gaussian
state, where the joint state can be described by the covariance
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matrix oy, and the measurement M is also Gaussian. With the
help of this work, see Ref. [71], the measure of the Gaussian
steering can be defined.

Our studies aim to address two distinct scenarios. The first
scenario involves the system mode having the ability to steer
the ancilla, and the corresponding measure is Gaussian S —
An steerability:

G5 = max{O, 1 detlVs! } (12)

2 det[aj]

On the other hand, the second case pertains to the opposite
scenario where the system mode can be steered by the ancilla,
which is referred to as Gaussian An — S steerability:

1 det[Vay] }

GhS = max{O, —1In (13)

2 detloy]

where o; has the form

VAn VJ
oy = ( T )’ (14)
VIV

where Va, and Vs are the covariance matrices corresponding
to the ancilla and the system, and V; is the correlation matrix
of this joint mode. The positive value of the measure implies
the steerability, e.g., when G5~A" is positive, it means that
the system mode can steer the ancilla mode. The detailed
expressions of those matrices can be found in Appendix A.

In a recent work [52], Frigerio and collaborators exploit
Gaussian steering to probe non-Markovianity through the
quantum Brownian motion channel. It shows that if Gaussian
steering is not strictly monotonically decreasing during the
evolution, we can say that the channel is non-Markovian,
which means that the time derivative of the steering measure
is positive. This is due to the fact that Gaussian steering, as
a kind of quantum resource, cannot exceed its initial value
under generic local Gaussian operations in a general CPTP
map. This means that if the Gaussian channel satisfies CPTP
divisibility, the steering will not increase; otherwise the Gaus-
sian steering will show some nonmonotonical behaviors. In
this work we restrict our discussions to the field of Gaussian
channels and operations. As a result, in the collisional picture
of the Gaussian system, the non-Markovian dynamics can also
be defined based on the expression given in Ref. [52]:

Dj=max{0,G " [oy(NI =G oy — DI} >0, (15)

where o;(j) is the joint covariance matrix after j times colli-
sion route, and — is a general index that can indicate different
steering scenarios.

Hence, the measurement of non-Markovianity for a Gaus-
sian channel can be defined as follows:

L
Nos(L) =) D;. (16)
j=1

The above definition can be interpreted as follows: the de-
gree of non-Markovianity can be qualified by summing up
the violation of Markovianity that occurs during the collision
process [16,52].

B. Measuring non-Markovianity of Gaussian channel based
on violation of the CPTP map divisibility

We now introduce an extensively used measurement of
non-Markovianity for Gaussian channels, proposed by Torre
et al. in Ref. [32], which is based on quantifying the degree of
violation of dynamical divisibility.

Under the collision model’s framework, the time-evolution
process of the system can always be described by the dynami-
cal map &[], i.e., after the jth time collision route occurring,
the output covariance matrix of the system can be

os(j) = &j[of"]. (17)

Then the stroboscopic property of the collision model ensures
that we can split its dynamical map as follows:

81':(1)]"]‘,108]',1, (18)

where ®; ;_; corresponds an intermediate process and the o
denotes the composition of the map. The Markovian dynamic
suggests that the dynamical map is always divisible, indicat-
ing that ®; ;_; is CPTP for all collision processes. However,
nondivisibility can occur in the presence of certain intermedi-
ate processes where ®; ;_; fails to obey CPTP. This implies
the non-Markovian dynamic—the other side of the coin.

As for a generic Gaussian channel, the dynamical map
&jl-] has the following form: o5(j) = &; [asi“] = XjaSi“XjT +
Y; [32], where X; and Y; are 2 x 2 matrices. Then we can
find that the sufficient and necessary conditions for the inter-
mediate process ®; ;_; to satisfy the CPTP condition is the
semi-positive definiteness of the following 2 x 2 matrix:

Fi=Y 1 — %Q + %X,,,,lszxfj,l, (19)
where Xj’jfl = Xij__ll, Yj’jfl = Yj - Xj,jflyjflxgj_p and
Q has been given before. The detailed expressions of the
above matrices and relevant inferences can be found in Ap-
pendix B. The eigenvalues of #; are related to the CPTP
property of @®;;_;: the negative eigenvalue of ¥; leads to
a non-CPTP for ®; ;_;, and thus the non-Markovianity of a
Gaussian channel with vacuum environment can be quantified
by [69]

L
Nevre(L) =YY WT‘W, (20)

j=2 m=%

where v;,, are the eigenvalues of #;. In addition, from the
expression of v;,, shown in Appendix B, we can find that
quantifying non-Markovianity using this measurement is re-
lated to two conditions: the structure of the scattering matrix
and the states of the environment. Both steering cases have
the same scattering matrix and environment states as in our
collision model. Thus, we can consider the arbitrary side of
steering as the initial input system mode to quantify the non-
Markovianity of the dissipation channel.

IV. RESULTS AND DISCUSSION

A. Measuring non-Markovianity by Gaussian steering

We start our study with the results of non-Markovianity de-
gree in the reflectivities parameter space. As shown in Fig. 2,
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FIG. 2. The Markovian and non-Markovian regions which are
quantified by the Gaussian steering Ngs(L) in the r;-r, plane. The
environmental modes are vacuum states. In both panels the dissipa-
tion channel acts on the system mode, but for (a) the system can steer
the ancilla, and for (b) the system will be steered by the ancilla. The
phase shift is always ¢ = 0. The number of collisions in each case is
L = 250.

the non-Markovianity degree of dissipative evolution process
in the r;-r, plane is quantified by Gaussian steering for the
two cases where the environmental states are all initialized
vacuum states, as previously mentioned [72].

Our primary attention is directed towards the extreme case
in the parameter space. It has been observed that if the re-
flectivity is always fixed at r, = 1, then the dynamics are
Markovian, irrespective of the value of r| for both cases. The
reason for this is quite straightforward. When r, = 1, there
is no mixing of information between environmental modes,
and quantum correlation cannot be established. This is illus-
trated in Fig. 1, in which we can see that the system mode
and the E;;; mode in the jth collision route are unable to
build any quantum correlation. As a consequence, in each
collision route the system mode will always interact with
a new environmental mode that does not carry any of its
historical information. As a result, information flows only in
one direction, from the system mode to the environment, with
no backflow of information. This behavior is a hallmark of
a standard Markovian process. Furthermore, it is also worth
noting the other extreme case, where the dynamics of the
system also exhibit Markovian behavior as the reflectivity
approaches r; ~ 1. However, this type of dynamical process
actually corresponds to unitary evolution, i.e., the system does
not actually interact with environmental modes, which is a
closed quantum system.

Within the nonextreme regions, when we fix the r; and vary
ry, the degree of non-Markovianity of the system decreases
as rp increases. It can be attributed to the fact that when the
exchange of information between the system and the environ-
ment is constant, a decrease in r, leads to a higher flow of
information back into the system, hinting at the presence of
stronger non-Markovian dynamics.

In addition, upon comparing the results presented in Fig. 2,
it is evident that the Markovian regions in the parameter space
differ for those two scenarios. Specifically, the Markovian
region of Fig. 2(a) is larger than that of Fig. 2(b). In the
region of r; £ 0.7 and 0.7 < r, < 1, it can be observed that
the case in which the system can steer the ancilla exhibits the
non-Markovian region, while the other case still maintains its
Markovian region.

To analyze the specific differences between the two sce-
narios, we opted to choose certain parameter points, denoted
as P,,...,P; in Fig. 2, and showcase their corresponding
Gaussian steering G~ dynamic behavior in Fig. 3. We start
our discussions with the parameter points P, and P,. It can be
found that both cases can exhibit non-Markovian properties
in Figs. 2(a) and 2(b), and this observation is supported by
the results shown in Figs. 3(a) and 3(b). The time-evolution
quantum steering exhibits nonmonotonic behavior and hints
the occurrence of information backflow. However, upon closer
examination, it becomes apparent that even though the param-
eters of the dissipation channel are identical in the two cases,
the steering behavior in Fig. 3(b) shows a significant differ-
ence. More specifically, the quantum steering does not come
close to disappearing until a sufficient number of collisions
have taken place, especially at P, i.e., L = 250. Moreover, in
Fig. 3(a) we can observe that Gaussian steering experiences
the sudden change during its evolution process, i.e., the value
of Gaussian steering will suddenly drop to zero and promptly
recover at the next collision. This pattern continues until
reaching a specific step until the steering does not recover any
longer. Then we proceed with our discussions on the situation
of the parameter points P, and Py in Fig. 2, which correspond
to Figs. 3(e) and 3(f), respectively, all of which correspond
to the Markovian dynamic in both dissipation cases. In ei-
ther case, the Gaussian steering evolution is monotonically
decreasing, which is a characteristic property of Markovian
processes. However, there is a difference in the evolution
process between GA"~5 and G5~A". The time evolution of
GA"~S approaches zero asymptotically, while in the case of
G5~A" it suddenly becomes zero at a certain collision step
without any possibility of recovery.

In those previously discussed parameter points, both cases
arrive at similar conclusions regarding the properties of the
system dynamics. However, the discrepancy between the two
lies in the specific details of the steering evolution over time,
leading to varying degrees of non-Markovianity within the
system dynamics. Then, we will discuss the middle two panels
of Fig. 3, in which the system dynamics show totally different
properties. It can be found that in Fig. 3(c), the Gaussian
steering can suddenly become zero when L = 2 for GS~A",
hinting at the Markovian properties, while for the GA"~5 in
Fig. 3(d), the dynamic is non-Markovian with a nonmonotonic
decreasing behavior of quantum steering.

We recall our model settings here, including the dissipation
channel and its corresponding parameters. All settings are the
same in both scenarios; the only difference is whether the
system mode is the steering or steered parts. Therefore, it
is interesting to note that the dynamic behavior of Gaussian
steering is significantly different in both cases.

To gain better insights into the discrepancies we mentioned
above, it is worth recalling the definition of the measure
of non-Markovianity: the dynamics of Gaussian steering ex-
hibit a nonmonotonically decreasing behavior. However, it
is crucial to note that this definition is always based on the
fundamental assumption that the model is always steerable.
To this end, discussing the conditions for when the system or
the ancilla is steerable will be meaningful.

We start our discussions with the system as the steering part
case. In accordance with Eq. (12), steerability can be achieved

052201-6



WITNESSING NON-MARKOVIANITY WITH GAUSSIAN ...

PHYSICAL REVIEW A 109, 052201 (2024)

1.5 : 1.5 - 1.5 :
(a) - P, (c) - P, (e) o P,
<% 1 ?o fo—Pb <q: 1 O*Pd 1 i 1“ f<>fPf
3 lils 3 5
> 0.5 7, > 057 1 0.5} 5
yiR e : Wy
IRER g ! L0
0 0% 0
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
1.5 " " " : 1.5 - : " " 1.5 " " - "
J:‘: "';’290 iP%a0,
) B88 85 S aaaa 088 o ) -
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 50
L L L

FIG. 3. The Gaussian steerabilities G~ in Egs. (12) and (13) as functions of the number of steps L in the different scenarios: the first
and second rows correspond to the cases that the system can steer the ancilla, GS~A", and the system can be steered by the ancilla, GA"~5,
respectively. We have chosen six sets of parameters, denoted as Py = (ry, 12), with 8 = a, b, ¢, d, e, and f for each case. The specific parameter
settings are P, = (0.4,0.3), P, = (0.5,0.5), P. = (0.4,0.8), P, = (0.5,0.9), P. = (0.8, 0.9), and P; = (0.9, 0.9), and these parameter points

are also have been labeled in Fig. 2(a).

when satisfying det[Vs] > det[o;]. By refining this condition,
we can derive a more dynamic expression that only pertains
to the matrix element for the inverse of the scattering matrix
S~ ! after the jth collision,

1
2+ 1)

where n is the average thermal photon number of the environ-
ment states we have stated before. The above condition will be
reduced into |C,5(j)|> > 1/2 for when the environment states
are initialized as the vacuum mode (n = 0).

When considering the scenario where the system is the
steered part, it is worth noting that the expression of the steer-
ability condition becomes intricate. The steerable conditions
are related to the initial setting of the system state’s squeezing
strength £, the environment states’ squeezing strength ¢, and
also the average thermal photon number. In the case where the
environment modes are in a thermal state, i.e., { = 0, we can
obtain the general form of the condition,

2ncosh &
(2n+ 1)cosh& —1°

To provide a more comprehensive understanding, we have
included the detailed derivations of the above inequalities in
Appendix C. Additionally, it is important to note that the
above condition shown in Eq. (22) will always hold when
n = 0, and it implies that the ancilla mode has the capability
to steer the system mode at all times.

In order to verify our previous conclusions, we present the
scenario where the system mode will be the steering part.
Specifically, we analyze the variation of |C5»(j)|* with re-
spect to the collision times. The results are given in Fig. 4.

We highlight three distinct parameter settings in our
following discussions, illustrated in Figs. 4(a)—4(c), that cor-
respond to the points P, P,, and P as shown in Figs. 3(a)
and 3(e). The three panels are all divided into two regions:
the green part is to be the regime of |C,,(j)|> > 1/2, and the
residual part is to be white.

1Coo(HIF > 1 — 1)

1Con(I> > (22)

We start our discussions with the P, case. It can be clearly
found that when the number of collisions is restricted to j < 6,
the value of |Cy,(j )|? varies iteratively with the collision
process around |Cs(j)|> = 1/2. This phenomenon implies
that G5~A" will change suddenly as the collision process
occurs, and this coincides with what we observed in Fig. 3(a).
Similarly, we can compare the dynamic behaviors of P, and
Py shown in Figs. 4 and 3. We find the numerics also suggest
that in the case of G5~A", the dissipative process will have a
significant impact on the survival of Gaussian steering: due

=0 Pb
QQ?WQOQ()WO QOOROOOOOOANO
20 30 40 50
1 T T r .
(b) 052 \ —o-P,
o =T %
30.5F S ]
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FIG. 4. Variation of the matrix element |C, ;|> with the number of
collisions L. Each panel (a), (b), and (c) corresponds to the parameter
points Py, P,, and P; of the G5~A" case in Fig. 3, respectively.
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FIG. 5. Gaussian steerability G~ as a function of collision time
forr; =04, r, =0.3.

to the influence of dissipation, the system mode may lose
its ability to steer the ancilla, which can be observed from
the Markovian dynamic results. On the other hand, the asym-
metric property of quantum steering can lead to the different
non-Markovian regions for the two cases, as can be observed
in Fig. 2. It also means that inaccurate results will be obtained
if the system functions as the steering part while the dissi-
pative channel is in action, as this can affect the measure of
non-Markovianity.

B. Sudden death and sudden birth of Gaussian steering

As we have seen in the previous section, Gaussian steering
G5~ An can exhibit sudden changes in certain parameter cases,
as shown in Fig. 3(a). To gain a deeper understanding of this
behavior, we also examined it from a mathematical perspec-
tive, as depicted in Fig. 4(a). However, further investigation is
required to uncover the underlying physics fully. To this end,
we focus on the details of the evolution of the entire model.

Our all-optical collision model is designed to take account
of all the necessary information about the auxiliary, system,
and environment parts throughout the numerical simulation.
Although we mainly concentrate on the system component
in the past discussion, the model encompasses all aspects to
comprehensively represent the system’s evolution. This im-
plies that quantum correlation between the subsystems will
be retained in the overall system, even though it may be
transported, delocalized, or undergo some other changes. This
also makes it possible to investigate the sudden changes in
Gaussian steering more specifically.

The observed sudden changes in Gaussian steering can be
attributed to the transfer of quantum steering from the system
to other subsystems. In light of this, we show the Gaussian
steerability to the ancillary mode as a function of the num-
ber of collisions in different subsystems. The numerics are
shown in Fig. 5. It can be seen that in the non-Markovian
region (r; = 0.4, r, = 0.3), the time evolution of the Gaussian
steering G~ A" shows the sudden changes. After completing
the first round of the collision route (L = 1), the Gaussian
steerability GS~A" disappeared. However, at the same time,

0 10 20 30 40 50 60

FIG. 6. Gaussian steerability GS~*" and |C, ,|? (inset) as a func-
tion of collision time. The parameters are r; = 0.75, r, = 0.15, and
o=r.

the second environment mode E, became capable of steering
the ancilla, with GF27A" > 0. This can be understood as in the
first round of collision, the steerability transports into the first
environment mode leading to the vanishing of G5~A" and a
nonzero GF'~A". Then the collision takes places between the
environment modes E; and E, at the BS (with the reflectivity
). The small reflectivity r, allows for almost an exchange be-
tween the two environment modes. As a result, the steerability
of environmental modes is passed on from E; to E;.

To corroborate our analysis, we also include data regarding
the variation of the Gaussian steerability of the environment
modes E; and Ej to the ancilla mode with the number of col-
lisions. Upon analyzing the data, it is evident that the Gaussian
steerability is transported from the environment modes to the
system mode at L = 2,4, ... and is stored in the environment
modesat L = 1, 3, 5, ... . In addition, upon analyzing our col-
lision process, we can discover that during the second round
of collision route occurrence, the system mode interacted with
the environment mode E, first. At this point, the steerability
had already been transferred to the system mode. As a result,
the subsequent interaction between environment modes E;
and FE3 did not transfer the steerability to the E53 mode. This
point can be verified by the inset of Fig. 5.

Indeed, the sudden-change behavior of the Gaussian steer-
ing mentioned above can be interpreted as the occurrence of
what is commonly referred to as the sudden death or sudden
birth of Gaussian steering [73-76]. To get further insights, we
introduce a phase shift in the system mode, e.g., ¢ = 7 in the
scattering matrix (3), and investigate the time evolution of the
joint system. In Fig. 6 one can see that the Gaussian steering
demonstrates a recurring pattern of transitions, it disappears
suddenly at some step, remains vanished for a finite number
of steps, then resurfaces suddenly, and so on and so forth.

C. Comparisons of results with the measure based
on the violation of CPTP map divisibility

We identified the reasons for the distinct dynamic pro-
cesses exhibited by the two steering scenarios, GA"~5 and
G5~ A" in the previous section. However, we have not yet
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FIG. 7. (a) The Markovian and non-Markovian regions in the 7, — r, plane, which is measured by the violation of the CPTP map divisibility
Ncprp(L) in Eq. (20). The white dashed line corresponds to the boundary of the Markovian and non-Markovian regions in Fig. 2(b). The number
of collisions is L = 250. (b.1)-(b.3) The time evolution of Gaussian steering G*"~° in the different intervals of the number of collisions.
(c.1)—(c.3) The variation of v; _ with the different intervals of the numbers of collision. The environmental optical modes are initialized to be
the vacuum states, and the other parameters are specified as r; = r, = 0.2 in (b) and (c).

determined which of the scenarios will provide more accu-
rate results for distinguishing the non-Markovian dynamics.
Therefore we introduce the other measures for comparison
and to validate the previous results. This section delves into
the non-Markovianity property by adopting the concept pre-
sented in Ref. [32]. As mentioned in Sec. III B, we have
already introduced the detailed expression of the CPTP map
divisibility.

We show the non-Markovianity based on the violation of
the CPTP map divisibility in Fig. 7(a). It can be observed that
the boundary between Markovian and non-Markovian regions
is similar to the GA"~5 steering case illustrated in Fig. 2(b).
To further compare, we have shown the boundary in Fig. 2(b)
using the white dashed line in Fig. 7(a), and the results can
be found to have matched well. Taking our discussion a step
further, we show in detail the time evolution of those two mea-
sures in Figs. 7(b.1)-7(b.3) and 7(c.1)-7(c.3), respectively.

Recall the condition for the violation of CPTP map divisi-
bility: at least one of the eigenvalues v; 1 of the matrix given
in Eq. (19) is negative. However, we are able to prove that the
eigenvalue of F;, v; ; is always zero when the environment
modes is in vacuum state (c.f. Appendix B for details). In
this way we only need to focus on the eigenvalue v; _ and its
dependence on the collision times. In Figs. 7(c.1)-7(c.3) we
provide numerical illustrations of these variations. We set the
total number of collision routes to be L = 500 and focus on
three segments of the time evolution: (i) the initial stage from
L = 0 to 60; (ii) the intermediate stage ranging from L = 200
to 260; and (iii) the final stage ranging from L = 440 to 550.

In the initial stage, both scenarios exhibit equivalent prop-
erties: the negative eigenvalue always exists and the Gaussian
steering shows the nonmonotonic evolution. However, as the
system evolves to the intermediate stage, although the Gaus-
sian steering G*"5 still shows the nonmonotonic evolution,
it becomes very small with the magnitude 10~*. This is due
to Gaussian steering as a resource that may lost during the

time evolution. In principle, in order to characterize the non-
Markovianity, one should initialize the system and ancilla
modes in the maximally entangled state. However, the neg-
ative eigenvalue is still visible even if in the late stage of the
evolution, since the violation of CPTP map divisibility is only
determined by the intrinsic property of the Gaussian channel.

V. SUMMARY

In this paper we investigate Gaussian steering as a measure
to witness non-Markovian dynamic processes. Our work dif-
fers from previous studies in that it introduces an all-optical
scheme to simulate a quantum collision model, which is con-
sidered an effective method for studying the dynamics in open
quantum systems. Under the framework of collision models,
the continuous time-evolution process can be replaced by the
stroboscopic interactions in the spatial dimension. This allows
us to implement the different dynamic evolution processes
relatively easily and even discuss dynamical transitions.

Therefore, by manipulating the transmission or reflectivity
of the beam splitters, we can alter the non-Markovian dynamic
processes to Markovian dynamic processes. Our approach
involves two steering scenarios where the system mode can
steer the ancilla mode, denoted as G5~ A", and where the
ancilla mode can steer the system, denoted as GA"~5. While
both scenarios can provide the boundaries between Marko-
vian and non-Markovian dynamics in parameter space, there
are significant differences in their results. Specifically, when
examining the dynamic processes, we observe that the first
scenario can lead to nontrivial changes in the non-Markovian
region, such as sudden death and sudden birth.

To address the questions raised, we analyze the conditions
for the existence of Gaussian steering; the difference in those
conditions is the reason for the different non-Markovian
measure results between the two scenarios. We identify the
asymmetric properties of Gaussian steering as the underlying
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reason for inducing distinct recognition of these dynamics.
Additionally, we study the changes in quantum nonlocal
correlation in the environment modes to explain sudden
changes in Gaussian steering. In order to verify the suitable
steering scenario, we compare the results of Gaussian steering
with data based on the violation of CPTP map divisibility and
find that the results of steering scenario GA"~S can have an
agreement with the CPTP scheme.

Our work sheds light on understanding non-Markovian
dynamics and quantum steering in open quantum systems,
which also indicates that quantum steering has potential
applications in diverse research domains, for instance, quan-
tum synchronization [77-79] and quantum thermodynamics
[80-82], among others. Furthermore, our research provides a
robust and versatile framework for future experimental stud-
ies. The all-optical collision model scheme, with its inherent
advantages of high precision, control, versatility, and efficient
detection [65,66], offers a promising avenue for further ex-
ploration. We believe our findings will inspire and stimulate
research interest in this important study area.
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APPENDIX A: COVARIANCE MATRICES

This section aims to provide an overview of the distinct
forms of the joint covariance matrices oy. As depicted in
Eq. (14) in the main text, the detailed expression of o, () is
related to the scattering matrix of the model after finishing the
jth collision and demonstrates a specific pattern that can be
obtained as follows:

Ve — Oxixi Oxip Vi = cosh§ 0

ST Oup Opip) A 0 cosh§ )’
_ (sinh&Re[C5,(j)]  sinh EIm[C5,())] (AD)
~ \sinh€Im[C3,(j)] —sinh&Re[C},(j)])

The detailed matrix elements of Eq. (A1) are
1y . ip —i¢
Onx; = | N+ 7 sinh ¢[e’C,, . +e Cpel

+ cosh &Gy (j)I?
+ (2n+ 1)cosh¢(1 — |G (),

Oxipy = l<n+ 1) sinh{[ei¢C' - eii(PCme]’
; B m.e. €.

1\ . ‘ By
Opipy = — (n + E) sinh ;[e"”Cfn.e. +eChel
+ cosh&[Con(j)I* + (2n + 1)
x cosh ¢ (1 — |C22(j)I?), (A2)

L . L 2
where Cpe =Y 1 3Ci2(j)* and C, . =3/, G (j)" de-
note the summations of matrix elements, and C; ; indicates the
matrix element in the /th row and the kth column of scattering

matrix S~ (L), which is revealed in Eq. (10). The definitions
of the other parameters have also been given in the main text.

APPENDIX B: MEASURE OF NON-MARKOVIANITY
BASED ON VIOLATION OF DIVISIBILITY

In the main text we have outlined the fundamental con-
cepts and theoretical framework of the measure based on the
violation of CPTP map divisibility, as discussed in Sec. III B.
This Appendix provides further elaboration on the measure’s
specifics.

As previously stated, the covariance matrix of the system
after jth collisions, denoted as og(j), can be represented as
as(j) = §log"] = X;o"X] +Y; [32]. This can be achieved
by applying a mapping of j collisions on the initial covariance
matrix. To simplify the expression for X; and Y;, we can
express the corresponding elements as

v Re[Cr2(j)]  —Im[Co o ()] B1)
T \Im[Ca(D] Re[Caa()] )
Y 1 — |Con(j)I? 0
i= 0 1—|Con()I?
M RC[Cm_eA] _Im[Cm.e.]
+Meos¢ (—Im[Cm,e,] —Re[Cm.e.])
M ) IIIl[Cm‘e,] Re[cm.e.] B2
+ st ¢ (RC[Cm,e.] _Im[CmAe.]> ’ ( )

where N = (2n+ 1)cosh¢, M = (2n+ 1)sinh ¢, and the
squeezing angle ¢ is corresponding to the environmental
mode.

From this we can give the explicit form of the Eq. (19) as
follows:

|C22(j)|2)
Fi=(1-—22
! ( 1G22 — DI
y Mc?s¢+1y Msing — £ . E3)
Msing +5 —Mcos¢ +N

The eigenvalues of F; are related to the CPTP property of
®; j_1, and the expressions of the eigenvalues are

1
Vj,i = E(N + vV 4M2 + 1)

Coa()?
o <1_ | 2,2'(J)| 2). (B4)

|Co2(j — D
If we consider the environment modes to be in a vacuum
state, the eigenvalues of ¥ j are v;, =0 and v;_ =1

_Ga ()
Gat—np 109 o
Consequently, we can calculate the non-Markovianity of

the Gaussian dissipation channel with a vacuum environment,

denoted as Ncprpyac (L), using the following expression:

|C,, 2(J)|2

vac L () 1 -
Ncprpyvac(L) = me{ |C22() — 1C22(j — D2

} (BS)

The above expression implies that the Gaussian dis-
sipation channel with a vacuum environment exhibits
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non-Markovianity if and only if the following condition is
satisfied:

ICo2(DIF > 1C2n(j — DI,

Furthermore, if we consider the dissipation channel in the
presence of a generic Gaussian environment, we can deter-
mine the non-Markovianity, Ncprp, gau(L), by applying the
following analysis [43]:

Ncrre, gau (L) = (2n + 1) cosh ¢ Ncprpyac (L). (B7)

Vi 2. (B6)

APPENDIX C: GAUSSIAN STEERABILITY CONDITION

In this section we present the Gaussian steerability condi-
tions for GS~A" and GA"~S, which involve the determinants
of Van, Vs, and o;. The specific expressions for these determi-
nants are as follows:

det[Va,] = cosh? &,

1
det[Vs] = [2(:1 + 5)0 — 1G22 (D)
2
x cosh ¢ + |C2’2(j)|2 cosh§:|
1 2
- [2<n + z)(l — Coa()P) sinh :] ,
1
det[o/] = [|cz,2<j)|2 + 2<n + 5)
2
x (1 = |Cy.2(j)|*) cosh ¢ cosh g}

2
- [2(11 + %)(1 — 1C22(j)I?) sinh ¢ COShS] )
(ChH

where we utilize the condition Y i |Cia(j)I> =
1 — |C22(j)|? that is satisfied at any number of collisions
j. From Eq. (12) we can conclude that in order to ensure
that the system mode S can steer the ancilla mode An,
the determinant of V4 must be greater than or equal to the
determinant of 045, which can be expressed as

det[Vg] — det[oy]
=[1Coa(DI* — @n+ 1)
x (1 = [C22(j)I*)* cosh® ¢](cosh® & — 1)
+[2n + 1*(1 — [Co2(j)I*)’ sinh? £ [(cosh® & — 1)
= (cosh®& — D[|Co2(j)I*
— Q2n+ 1D*(1 — [Coa(HIP)] = 0. (C2)

Since cosh2§ > 1, we have |C2,2(j)|4 > 2n+ 1)1 —
|C2.2(j)I?), which must be satisfied for det[V4] to be greater
than or equal to det[o4p]. Rearranging the inequality, we ob-
tain the condition for the system mode S to steer the ancilla
mode An:

1

Cor(HPFP>1— ————.
|Co2(DI” = 0+ 1)

(C3)

Next, we derive the conditions for GA"~S, which involves
the inequality between det[Va,] and det[o;]. The inequality
can be given by

det[Va,] — det[oy]
= cosh®§ — [Coo()I* = 2n + 1’1 = 1G22 ()P
x cosh® & —2(2n + 1)(1 = |Coa(HIP)Ca 2 (I
x cosh ¢ coshé > 0. (4
While obtaining a simple form for the above inequality is
difficult, we are able to discuss it based on some specific envi-
ronmental state settings. First, considering the case when the

environmental modes are in thermal states (¢ = 0), Eq. (C4)
can be in this form:

cosh& — |Co2(/)I* = @n+ (1 = [C2(j)*) cosh & > 0.
(C5)

Thus, we can obtain the inequality

2ncosh &

Cor(HI> > )
1G22l > G T cosh e 1

(C6)

It can be found that if we determine the squeezing strength
& of the initial steerable entangled states p;, we can have the
detail conditions of Gaussian An — S steerability for different
thermal environment states. In particular, when the environ-
ment modes to be vacuum state (n = 0), Eq. (C6) reduces to
|C2.2(j)|> > 0, which will be constantly established.

Then we consider the environment modes to be squeezed
vacuum states, that is, » = 0 and ¢ # 0, and the condition
will be

(2cosh ¢ cosh & — cosh? & — 1)|C2,2(j)|2
— 2(cosh ¢ cosh & — cosh? &) >=0. (C7)
We will obtain the following relation:

2 cosh &(cosh & — cosh &)

Cor(j)* = '
1Can(j)] 1 — 2cosh ¢ cosh& + cosh? &

(C8)

The discussion above shows that the conditions for G5 can
also be derived by fixing &. Specifically, when & = ¢, Eq. (C8)
reduces to |C22(j)|* > 0, which will always hold.
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