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The quantum geometric tensor characterizes the complete geometric properties of quantum states, with the
symmetric part being the quantum metric and the antisymmetric part being the Berry curvature. We propose a
generic Hamiltonian with globally degenerate ground states and give a general relation between the correspond-
ing non-Abelian quantum metric and unit Bloch vector. This enables us to construct the relation between the
non-Abelian quantum metric and Berry or Euler curvature. To be concrete, we present and study two topological
semimetal models with globally degenerate bands under CP and C,7T symmetries. The topological invariants
of these two degenerate topological semimetals are the Chern number and Euler class, respectively, which
are calculated from the non-Abelian quantum metric with our constructed relations. Based on the adiabatic
perturbation theory, we further obtain the relation between the non-Abelian quantum metric and the energy
fluctuation. Such a nonadiabatic effect can be used to extract the non-Abelian quantum metric, which is
numerically demonstrated for the two models of degenerate topological semimetals. Finally, we discuss the
quantum simulation of the model Hamiltonians with cold atoms.
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I. INTRODUCTION

Geometry and topology play central roles in various fields
of modern physics and broaden our horizons about the classi-
fication of quantum phases. A representative example of this
is the discovery of the integer quantum Hall effect in the 1980s
[1], which goes beyond Landau’s theory of phase transitions
and can be understood as a topological effect characterized
by the Thouless—Kohmoto—Nightingale—den Nijs invariant
(also called the Chern number) [2—4]. Since then, topological
insulators and semimetals have been explored in condensed-
matter physics and engineered systems [5—10]. Classification
of topological quantum states in terms of antiunitary symme-
tries (e.g., time-reversal symmetry 7°) and unitary symmetries
(e.g., reflection symmetry and C, rotation symmetry) has been
widely studied. For instance, the classification of topological
semimetals was established with a unified theory in Ref. [11]
when the systems have PT- (P is inversion symmetry) and
CP-symmetry-protected nodal band structures.

The complete geometric properties of these Bloch func-
tions are fully encoded by the quantum geometric tensor
(QGT) [12-14]. Its imaginary part is the Berry curvature
[4,5], which is closely related to many interesting effects
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[15-24]. The integral of the Berry curvature over a closed
two-dimensional (2D) manifold defines the first Chern num-
ber. The real part of QGT is the so-called quantum metric,
characterizing the distance between two nearby quantum
states for both degenerate (non-Abelian) and nondegener-
ate (Abelian) systems [13]. The QGT is related to various
physical observables [25-42] and has been experimentally
measured in engineered quantum systems [43-57]. However,
most of these studies are limited to the Abelian QGT in non-
degenerate systems.

In recent years, the non-Abelian QGT in degenerate
quantum systems has been investigated, and some detection
schemes based on dynamical responses have been proposed
[53,58,59]. If a system’s Hamiltonian changes very slowly and
the system is prepared in one of the eigenstates of the system’s
Hamiltonian, then at time ¢, it will remain in the instanta-
neous eigenstate. This is known as the adiabatic theorem [60].
However, for the case in which the Hamiltonian is not varied
slowly enough, researchers have presented the adiabatic per-
turbation theory, i.e., perturbation theory in the instantaneous
basis [61-64], to describe the evolution of the quantum state.
For degenerate systems, when slowly ramping the system’s
parameters, in some cases, response coefficients of the time-
dependent quantum states can be related to the non-Abelian
QGT [13,26,65,66]. For example, the non-Abelian Berry cur-
vature related to the so-called generalized force and the corre-
sponding second Chern number have been measured [65,66].

©2024 American Physical Society
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The aim of present work is twofold. On the one hand,
we propose a general Dirac Hamiltonian with globally
degenerate bands and establish relations between the non-
Abelian quantum metric and Berry curvature therein. On the
other hand, we show that the non-Abelian quantum metric
corresponds to the energy fluctuation, acting as a nonadia-
batic effect and providing an alternative method to extract all
the components of non-Abelian QGT. Concretely, we study
two three-dimensional (3D) lattice Hamiltonians with CP and
C,T symmetries [11,67]. Within certain parameter ranges, the
topological semimetal phases are exhibited with the monopole
charges characterized by the Chern number and Euler class
[67-72], respectively. We find that these two topological in-
variants can be calculated from the non-Abelian quantum
metric. When one of the momenta is fixed as a constant, the
3D models are reduced to 2D models with topological insula-
tor phases and symbolic gapless boundary modes, which are
characterized by corresponding topological invariants and the
Wilson loops. We reveal the intrinsic relations between the
non-Abelian quantum metric and Berry or Euler curvature.
These relations provide alternative methods to calculate the
Chern number and Euler class. We also numerically demon-
strate the measurements of the non-Abelian QGT with the
nonadiabatic effect in the two models of degenerate topo-
logical semimetals. Furthermore, we discuss the quantum
simulation of the model Hamiltonians in controlled ultracold
atomic platforms [73-86].

This paper is organized as follows. In Sec. II, we briefly re-
view the QGT and propose a generic Dirac Hamiltonian with
globally degenerate bands and intrinsic relations between the
real and imaginary parts of its non-Abelian QGT. In Secs. III
and IV, we apply the relations to the concrete CP-symmetric
and G, T-symmetric Hamiltonians, respectively, and study the
exotic properties of the degenerate topological semimetals.
In Sec. V, we derive the relation between the non-Abelian
quantum metric and the energy fluctuation from adiabatic
perturbation theory and numerically demonstrate the dynamic
scheme to extract the non-Abelian QGT. The experimental
schemes to simulate the two model Hamiltonians with ultra-
cold atoms are proposed in Sec. VI. Finally in Sec. VII, a short
conclusion is given.

II. NON-ABELIAN QUANTUM GEOMETRIC TENSOR

We consider a generic Hamiltonian H(A) parame-
terized by A = (A, Ay,...) with N degenerate ground
states [¥;(A)) (j=1,2,...,N). One of the ground states
can be expanded as |Wo(A)) = ZIJY:I Ci(Al¥j(A)), where
Z?]:I |Cj()~)|2 = 1. Then the distance between two nearby
quantum states [13,87] |Wo(X)) and |Wo(A + dA)) is defined
as

ds* =1 — [(Wo(h) | Wo(k +dA))[?

Ci
=> | Ci)Ou dh,d,
224 CN
- :
=) | Ci)8um dhydhy, (1)
Hv CN

where Q,,, is an N x N matrix, with the matrix element

QY = (3, ¥ (MI[1 — PA)I|3,¥;(M)). 2)

Here all derivatives are taken with respect to the parameters,
i.e., d, = dy,, and P(X) is a projection operator of ground
states,

N
PO =Y 19, 00) (). 3)

j=1

The corresponding non-Abelian quantum metric g,, and
Berry curvature F),, are

g =(Qu+0/)/2. Fu=iQu—-0) &

respectively. These two quantities are also N x N matrices,
with g,, = gLU =g, and F,, = FJV = —F,,. The compo-
nents of g, and F,,, are written as

giv = (Qh +Q)/2. Fi=i(Q), - Q). ©)
For the case of N = 1, there is no degeneracy for the ground
state, and the corresponding non-Abelian QGT is simplified
to the Abelian QGT. In the rest of this paper, we focus on the
case of N = 2.

To meet the symmetry requirement discussed later, we
consider a Dirac Hamiltonian with the following form:

HM\) =d 'y +do'y 4+ dsTs, (6)

where d; (i = 1, 2, 3) are the components of Bloch vectord =
(d1, d, d3) and real functions parameterized by A = (A, A,,)
and I'; (i=1,2,3) are 4 x 4 Clifford matrices that satisfy
the anticommutation relations {I';, I';} = 2§;;. Under proper
conditions, as given in Appendix A, the two valence bands of
the Hamiltonian in Eq. (6) are globally degenerate across all
parameter space, with the energy dispersion given by EL =
+|d| = £V d? + d? + d?. We consider the subspace spanned
by two degenerate ground states {|y1 (X)), |[¥2(X))},

Tr(gu) = 8, + 8oy = 3(3,d - 3,d), (7)

where the unit Bloch vector d = d/|d| = (c?], c?z, dA3). Using
the method outlined in Ref. [88] and in Appendix B, we derive
the following general relation:

Vet G, = |eup, dyd,dsd,d, |, (8)

where €,5, is the Levi-Civita symbol, with {a, 8, y} =
{1, 2, 3}, and the matrix G, has the form

% — (Tr(gMM) Tr(gu.v )) (9)
2 Tr(gvu) Tr(gw) )"

The relation in Eq. (8) can be easily extended to Hamiltoni-
ans composed of 2V x 2V Clifford matrices. In a two-band
model, the Abelian Berry curvature is given by F,, =
€upydad,dsd,d, . In contrast, for the 4 x 4 Dirac Hamiltonian,
eaﬂyﬁ(, Bﬂc?ﬂ 8,,3}, can always be related to some components
of the non-Abelian Berry or Euler curvature. This relation
establishes a connection between the non-Abelian quantum
metric and the non-Abelian Berry or Euler curvature. Thus,
it provides an alternative approach to calculate topological
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invariants, the Chern number for the CP-symmetric Hamilto-
nian and the Euler class for the C,T-symmetric Hamiltonian,
as discussed in the following sections.

III. TOPOLOGICAL SEMIMETAL WITH CP SYMMETRY

Symmetries, such as time reversal (7'), particle-hole (C),
twofold rotation (C;), and inversion (P), play a fundamen-
tal role in topological physics. The combined symmetries of
CP and G,T are of particular importance. In Ref. [11], the
researchers developed a unified theory to describe the topo-
logical properties of nodal structures protected by CP and
C,T symmetries. Let us first focus on a Hamiltonian that is
symmetric under CP:

PH(X)P~' = H(—k),
CH(k)*C™' = —H(—k),
(CP)H(K)*(CP)™" = —H(Kk), (10)

where P and C are unitary operators. We consider a concrete

lattice Hamiltonian
n Ox n Oy n
HS/hQ = 5 (@2 +dT + zé(d_ —d)Ty +a.d.T.,
(1)

where d} = (d, £id,)", a.,.= %1, d. =2tsink,, d, =
2t sinky, and d, = 2t(M, — cosk, — cosk, — cosk;). M is a
dimensionless and tunable parameter, ¢ is the hopping energy,
and unless specifically mentioned, we simply set r = 1/2
for following calculations. I'y = 0, ® sy, I'y = 09 ® s,, and
I'; = o, ® s.. Here /iy is the irrelevant energy unit, the time
unit is given by 27w /€2, and we set i = ¢ = | hereafter.
This model Hamiltonian belongs to the 2Z classification [11]
with CP = o, ® 59K and (CP)> = 1, where K is the conjugate
operator. The energy spectrum is obtained as

Ei==%/(d?+d2)" +d2. (12)

This Hamiltonian exhibits multiple-Weyl monopoles at
fourfold-degenerate points EL =0, and their topological
charges are characterized by the first Chern number. The dis-
tribution and separation of these multiple-Weyl points within
the first Brillouin zone (FBZ) are controlled by the parameter
M_. When M, = 0, there are four multiple-Weyl points located
at (w,0,+£m/2) and (0, w, £m/2). As M, increases, these
monopoles start to move within the FBZ. For M, = 1, three
monopoles exist at (i, 0, 0), (0,7, 0), and (0,0, 7) with a
monopole charge O = 0. When M, = 2, only two monopoles
remain at (0, 0, =77 /2) with opposite topological charges. The
two monopoles move toward (0,0,0) and eventually combine
when M, = 3, opening a gap. After that, the system becomes
a topologically trivial insulator.

Considering M, = 2, there are two multi-Weyl points lo-
cated at Ki = (0,0, £%). The topological charges Q are
defined in terms of the Chern number on a sphere S? enclosing
the multi-Weyl points, as shown in Fig. 1(a). The low-energy
effective Hamiltonian near the multi-Weyl points is given by

n Oy Oy
Hepe = (@ + e +i5(q" = ¢y aq:T,
(13)

(b) 4 »

_ (1)
= Hep

k /m k
X

FIG. 1. (a) The multi-Weyl monopoles of Hamiltonian Hé'}g) in
the FBZ for M, = 2; the ellipses stand for monopoles, and +Q
indicate their topological charges. Q = 2 for Hé},), and Q =4 for
ng). (b) The first Chern number C for Hamiltonians Héif and ng)
against the parameter M, for k, = 0. The bulk state and surface state
for Hamiltonians H')) and H'y. The energy spectra (c) for H'}) for
M. =2 and k, =0 and (d) for H.}) for M. =2 and k, = 0. The
bulk state and surface state (¢) for Hamiltonian Hg.) for M, =2 and
k. = 0 and (f) for Hamiltonian HC(? forM, =2 and k, = 0. (g) 0(k,),
the phases of the eigenvalues of the Wilson loops. 8; and 6, are for
Hamiltonian Hélp) in Eq. (19) with M, = 2 (topological phase) and
M, = 4 (trivial phase); k;, = 0. (h) 03 and 6, are for Hamiltonian
HE) in Eq. (24) with M, = 2 (topological phase) and M, = 4 (trivial
phase); k; = 0. o, = a, = a, = 1 for all panels.

where ¢, = (g. £ ig,)" and q+ = k — K. The correspond-

ing energy spectrum is &£ = v (g*> + qg)" +¢%. We can
parametrize the momentum space as

q» = (q sin@)% sing, ¢q, = (qsin@)']? cos¢, g, =qcosb,
(14)

where ¢ = &, =V(q; +¢;)' +¢> and 6 € (0, 7] and ¢ €
(0, 27r] are two spheral angles of an S? sphere. For the multi-
Weyl points, the topological charge is

1
0= /8 Tr(Fyy)d6dg. (15)
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In Eq. (8), we found that there is a deep connec-
tion between the non-Abelian quantum metric and the
unit Bloch vector. For the effective Hamiltonian in
Eq. (13), Tr(Fye)+ = £€upyGadndpdsd, [with § =q/lq| =
(41, 42, ¢3)], and sgn[(TrFyg)+] = F1. Then Eq. (8) can be
rewritten as

Vdet(Gog)x = FIr(Fpg)+; (16)

the corresponding topological charges are given by

1
0= / &Gy )2dbdg. (17)

The non-Abelian Berry curvature Fpy is a 2 x 2 matrix;
Tr(Fpg)+ = F/det(Gog )+ = Fnsin Osgn(oay;). We have

Q1 = F2nsgn(a,oya;), (18)

which characterizes the 2Z nature of this Hamiltonian. With-
out loss of generality, we consider n = 1,2 and o, =y =
o, = 1 for the Hamiltonian in Eq. (11). Forn = 1,

HY =d.T,+d,T, +d.rT.,. (19)

When M, = 2, there are two multi-Weyl points located at
Ki = (0,0, £ /2), with topological charges QO+ = F2, as
shown in Fig. 1(a). The effective Hamiltonian near K. is
given by

H(lezi =q.I'x + ¢,y £q. T, (20)

where q+ = k — K. We plot the energy spectrum with an
open boundary along the y direction for Hamiltonian Héi,)
in Fig. 1(c). There Fermi arcs connect the monopoles, and
the dispersion & 1 near them is linear in the k., ky, and k;
directions,

2
Eise = i\/kg +i2+ (k — %) . @1)
If we take a slice of this 3D model, e.g., fix k, = 0, it reduces
to a 2D model. For the reduced 2D Hamiltonian in Eq. (11),
the general relation in Eq. (8) transforms to

Jdet Gy = [Tr(Fy)|. (22)

The topological nature of this 2D four-band Hamiltonian is
captured by the Chern number

1
C=— Tr(Fyy)dk.dk,
2 /I;Z r( y) Y

= L sgn[Tr(Fy,)l /det Gy, dk.dk,, (23)
2 BZ
which can be calculated by the non-Abelian QGT. Notably, a
similar relation between the Chern number and the Abelian
QGT for 2D two-band Chern insulators was obtained with the
same method in Refs. [36,88].

We plot the Chern number against M, in Fig. 1(b); the
topological phase transitions occur at M, = %1, 3, where
there is only one fourfold-degenerate point in the FBZ. For
M, € (—1, 1)U (1, 3), the Chern number is nonzero, indicat-
ing Chern insulator phases. The energy spectra and boundary
states with an open boundary along the y direction for Hamil-
tonian Hélp) are shown in Fig. 1(d). In this case, there are

gapless edge states that connect the conduction and valence
bands.
For n = 2 in Eq. (11), the Hamiltonian reads

HE) = (df — d)Tx +2d.d,Ty + d.T".. (24)

Like for ng), the emergence and locations of multi-Weyl
points for ng) are controlled by the parameter M,. For
M, = 2, two monopoles locate at (0, 0, & /2), and the cor-
responding topological charges are Q1 = F4, as illustrated in
Fig. 1(a). The effective Hamiltonian near Ky = (0, 0, £ /2)
reads

Hy = (a3 — )T+ 20Ty £ q.T., (29

where q+ =k — K4. The energy spectrum with an open
boundary along the y direction for Hamiltonian Hg.? is shown
in Fig. 1(e). Fermi arcs connecting the multi-Weyl points also
emerge, but the dispersions &, 4 near them are quadratic along
ky y and linear along k_, that is,

2 7T\ 2

Ers = i\/ (K +8)"+ (k. — 5) . (26)
For fixed k, = 0, areduced 2D model can be derived. We show
the first Chern number of this 2D Hamiltonian in Fig. 1(b),
and it can also be calculated from Eq. (23). The Chern num-
ber of Hg,) is twice that of Hé},). In Fig. 1(f), we show the
bulk and edge states for the topological insulator phase with
symbolic gapless boundary modes crossing the energy gap.
Alternatively, we can work out the transition function in terms
of the Wilson loop for 2D gapped subsystems:

T

W (k,) = Pexp / dky Ay (ks k), 27)

where P indicates the path order. In Figs. 1(g) and 1(h), we
numerically plot the phases of the eigenvalues of the Wilson
loop. The results show that the winding numbers equal half of
the corresponding Chern numbers.

IV. TOPOLOGICAL SEMIMETAL
WITH COMBINED C,T SYMMETRY

The 3D topological Euler semimetals and 2D Euler insu-
lators are novel kinds of topological phases. Euler insulators
host multigap topological phases, which are quantified by
a quantized Euler class in their bulk and were recently ex-
perimentally realized in synthetic systems [89-91]. The C,T
symmetry implies the existence of a basis in which the C,T -
symmetric Bloch Hamiltonian is a real matrix. We consider a
concrete C, T -symmetric Hamiltonian

n Oy n nyT Ly n "T [
HElp /10 = —-(d" + dDT + i (d" = dDTy + e T,

(28)

where [, = 0y ® s, I'y =0,®s,, and l:Z =09 ®s,. The
energy spectrum Ey = =+ /(d} + d})" + d2. Without loss of

generality, we choose C,T = K. Under C,T symmetry, the
Hamiltonian and the Bloch wave functions can always be
constrained to real values by a unitary transformation, which
makes the first Chern number equal to zero. For the C,T-
symmetric Hamiltonian, the Euler class has been defined
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to characterize topological phase transitions. If |¢;(1)) and
|2 (X)) are real Bloch states of a pair of globally degenerate
energy bands, their Euler curvature (also called the Euler
form) [67-69] is given by

Eu(d) = (VY (V)] x [V (R)). (29)

When the base manifold is 2D and parameterized by A =
{A, Ay}, the Euler curvature is

Eu(d) = (9,91 (A) | 9,¥2(R)) — (01 (Q) | 8, 92(R)). (30)

The integral of the Euler curvature over a 2D manifold defines
the integer topological invariant, which is called the Euler
class,

1
X = E/Eu(x)dxudxv. (31

Consider the corresponding dimensionless parameter m, =
—2; it is a topological Euler semimetal phase with the
monopole charges characterized by the Euler class. There are
two monopoles located at K. = (7, 7, £ /2). The topolog-
ical charges g are defined in terms of the Euler class y on
a sphere S? enclosing the monopoles, as shown in Fig. 2(a).
The low-energy effective Hamiltonians near the monopoles
are given by

n - ST e 740 7l
HE = —5 @+ DT =i @ = FDT, + gl
(32)

where ¢} = (g, £iG,)" and @+ =k — K. The energy spec-
trum &y = £V(§ + g;)" +@:. By parametrizing the mo-
mentum space with spherical coordinates as in Eq. (14), with
A = {6, ¢} in Eq. (31), the monopole charge is described by
the Euler class,

q= i/ Eu(d, ¢)dod¢. (33)
2 S2

Here Eu(8, ¢) is the Euler curvature in spherical coordinates,

Eu(@, ¢) = (01 | 0g¥2) — (0p¥1 | Bp¥2),  (34)

where |1/;) and |y,) are the degenerate ground states of the

Hamiltonian. The Euler curvature for HgT L is

i

5 (Fog — Fry). (39

1 2 2 2
Euy = :eraﬁyqa(%q/ﬁaqbqy ==+

where q = q/1d| = (41, §2. §3). From Eq. (8), we obtain the
relation between the non-Abelian quantum metric and Euler
curvature as

VAet(Gopg)x = |€ap,dudodsdyd,| = +2EBus.  (36)

Thus, the topological charges can also be extracted from the
non-Abelian quantum metric as

1
g =+ — f Vdet(Gyy)+d0d . (37)

From the Euler curvature Euy = +,/det(Ggy)+/2 =
+nsinf/2, we have

g+ = Ensgn(a oya;), (33)

() am
2y | \
ey T
> O¢eoe Zc‘ ’l. A
1 |“\‘. wa .-.'7
L L
-2 0 2 4
(T1,11,-11/2) m,
(©) s @ s

-2,k =1
X

E/2t

0127

ae | 0 1
k [m k Im
X X

FIG. 2. (a) The monopoles of Hamiltonian Hé’z”T in the FBZ for
m, = —2. The ellipses stand for monopoles, and +¢ indicate their

Z

topological charges; here ¢ = n for Hé’z’)T (b) The Euler class for
Hamiltonians Hé:)T and HC(?T for k; = 0. (c) The energy spectra for
Hamiltonian Hé;)T with m, = —2 and k, = s; this is a topological
Euler semimetal. (d) The energy spectra for Hamiltonian Hé; )T with
m, = —2 and k, = m; this is a Euler insulator. The bulk state and
surface state () for Hamiltonian Hé?, withm, = —2 and k, = 7 and
(f) for Hamiltonian Hg)T withm, = —2 and k, = 7. (g) 65 and 6 are
transition functions for Hamiltonian Hé;)T in Eq. (39) with m, =2
(topological phase) and m, = 4 (trivial phase); k, = 0. (h) 6; and 0
are for Hamiltonian Hc(?r in Eq. (39) with m, = 2 (topological phase)
and m, = 4 (trivial phase); k, = 0. oy = a, = o, = 1 for all panels.

as shown in Fig. 2(a). Considern = 1,2 and oy = oy = @; =
1; we have the Hamiltonians
HY) =d.T. +d,ly +d.T.,
HZ) = (d? — d})T + 2dd,Ty + d.T. (39)
The effective Hamiltonians near K. are given by
HYy = .0y — g1y £ 6.1,
Wy =—(3 - @) — 24,1y £4.0..  (40)
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where §+ =k — K.. In Figs. 2(c) and 2(d), we plot the
energy spectrum of Hé]T and Héz)T, with the open boundary
condition along the y direction. The Fermi arcs connect the
energy-degenerate points. They both are topological Euler
semimetal phases. Taking a slice with fixed k, = O for a re-
duced 2D model, we have the Euler curvature

! 12
Eu(an k ) - eaﬂyd a dﬂa d}/ == ——(F

2
where ,/det G, =

|€ap, dud:dsd,d, |. The corresponding Eu-
ler class reads

~F2). @

Budkdk, = — | (F2
4 y

— F2Ndk,dk,
7 Jpy xy) Y

1
X=5-

= / sgn[Im (F7 — F')]y/det Gydk.dk,.  (42)

Figure 2(b) shows the relation between the parameter m, and
Euler class x;, for Hé;’Tz) with y» = 2x;. The topological
phase transitions occur when the energy band gap closes, e.g.,
m, = %=1, 3. For m; € (—1, 1)U (1, 3), Euler classes x; and
X2 are nonzero; they are topological Euler insulator phases.
Figures 2(e) and 2(f) show the numerical results for Héi)T

and H;) with fixed m, = 2 and k; = 0. We exhibit the bulk
states and boundary states of the two Hamiltonians, and the
corresponding topologically metallic edge states emerge. We
can also calculate the transition function of the real bundles
for a 2D Euler insulator through the Wilson loops,

W (k,) = Pexp / dky AL (ky, ky), (43)

where A;f is a real Berry connection and the component
(ARY;; = (i | 9,;), with |;) and |y;) being the degenerate
ground states. The transition function 6(k,) as a function of
k. can be extracted from the Wilson loops e~®20%) = W (k).
The numerical results of the transition functions are illustrated
in Figs. 2(g) and 2(h). It can be observed that the winding
numbers of the transition functions are equal to the corre-
sponding Euler classes.

V. SCHEME TO EXTRACT A NON-ABELIAN QUANTUM
GEOMETRIC TENSOR

We first consider the nonadiabatic response related to the
non-Abelian QGT. It has been shown that its imaginary part is
linked to the so-called generalized force [65,66]. Below we
show that the real part of the non-Abelian QGT is related
to the energy fluctuation. Thus, these nonadiabatic responses
provide a new method to extract all the components of the
non-Abelian QGT.

Consider a Hamiltonian H(A) parameterized by A. The
adiabatic perturbation theory regards the quantum adiabatic
approximation as the zeroth-order case and describes a pertur-
bation expansion in terms of the small changing velocity of the
parameter A. This theory has been generalized to the case of
degenerate ground states [65,66]. If we start at one of the de-
generate ground states and ramp the parameter A slowly with
time, A & 0. Consider a path such that an adiabatic traversal
would yield a particular ground state |y;(A(0))) [66]. Tracing
the same path at a finite rate, the ground-state component of

the wave function remains unchanged up to order A. At time
t, A = A(t), and the quantum state can be written as [66]

(Ua(XQ) | 09 ())
E,—E, ’

W) & i) + ik Y [Ya(V)
n#i

(44)

We can always represent observables as generalized force op-
erators conjugate to some other coupling A,: M, = d,H(}L).
At time 7, the expectation value of M, [66] is

= (YMIMIYQ) ~ M) + 4, Fo,  (45)
with M) = (¥ (M) M, |¢:(1)) and

; Z (Wil 0 H ) (Yul H i) — (< v)

(E, — Eo)’ o

Fy, =
neunocc
This relation shows that the leading nonadiabatic correc-
tion to the generalized force comes from the product of the
non-Abelian Berry curvature and the rate of change of the
parameter A [13].
For the non-Abelian quantum metric, we find a related
observable as the energy fluctuation

E? = (Y WIHA) [ () — (Y WIHM)|Y L))

~ ¢i|aaH|wn) (¢n|aﬂH|WI>
Z)\ )\.ﬂ|: Z (En _EO)2 i|

neunocc
= Zg’;ﬂxaiﬁ. (47)
o

Namely, the non-Abelian quantum metric defines the lead-
ing nonadiabatic correction to the energy fluctuation. In the
adiabatic evolution, the energy fluctuation is zero when the
system has a well-defined energy. This result is not limited to
degenerate ground states and applies to any initial eigenstate
[13,26,65,66,92,93].

The measurement of QGT can be observed experimentally
in optical lattices using ultracold atoms through Bloch-state
tomography [47]. We note that ramps are routinely achieved
in ultracold-atom systems, allowing us to set the parameter
A =k = (ky, k) in the following numerical calculations. For
51m§)hcity, we consider the CP-symmetric lattice Hamiltonian
HY) and the C;T symmetric Hamiltonian Hél)T with M, =
mZ =2 and k, = 0 for 2D topological insulator phases. We
first consider the non-Abelian Berry curvature. By definition,
the non-Abelian Berry curvature is a 4 x 4 matrix,

Fi F? R} FP?
b (F F;y) _|E R R R : )
By By F;ﬁcl Fy < F,v;l Ey 12
F,21 F22 F2.1 F22

yx

E(x = F;y = 0242, ny = yx, and Flz
non-Abelian Berry curvature 51mp11ﬁes to

(F2')*. Then the

2
0 0 E\' F}
0 0 (E2) F2
xy xy
F= _Fll _Fl2 0 o | (49)
xy xy
12)* 2
_(F;cv ) _ny 0 0
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(@ 1 gl (b) 1 g1
xy xy
0.5 0 0.5 0
& -0.1 " -0.1
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05 0:3 05 .
’ -0.4 ’ -0.4
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-1 -05 0 05 1 -1 05 0 05 1
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FIG. 3. (a) The analytical result of F!! for Hamiltonian H},
with Im(F,') = 0. (b) The numerical result of F,)! for Hamiltonian
HY). (c) The analytical result of Im(F,\?) for Hamiltonian Héi)r
(d) The numerical result of Im(F,*) for Hamiltonian Hé;)T The
numerical results are obtained from full-time-dynamics simulations;
M, = m; = 2, and k, = O for all panels.

Now we briefly show how to measure the non-Abelian
Berry curvature. We assume the initial state at |v;(k(0)))
and ramp the parameter k along the k, direction as follows:
k(1) = K, (0) + 5; the ramping velocity is k,, (t) = “*. The
initial state will evolve with the time-dependent Hamiltonian
until the final time #; = % (in units of 277 /€2¢), with the final
velocity fcu (ty) = v. From Eq. (45), we can directly get

Fl = (M, = M)/v. (50)

The component F,i{, has following relation [66]:

2iF + 2F — (1 + ) (Fi, + Fil)

Fil = 6D
with [, () = [[100) + [$2(0)1/v2  and [y, (K)) =

[|w1(k))+i|1/f2(k))]/«/§. F" and FJ7' can be extracted
from Eq. (50); we should prepare only the initial states
at ¥, (k(0))) and [y, (k(0))), respectively. So F,5 can
be extracted. That is to say, all the components of the
non-Abelian Berry curvature can be detected from the
nonadiabatic effects. In Fig. 3, we show some numerical
results compared to analytical results. Here we set
ke(t) = ke(0) + %2, v=0.1, and r; = Z. This kind of
ramp can make the initial ramping velocity vanish, and initial
evolution is adiabatic, which will lift the oscillation caused
by the initial state, as discussed in Refs. [94,95]. For Hé;,),
Fxly1 #0, ng # 0, and Fxl)2 = szyl = 0. However, for Hé;)T,
F?#0, F}' #0, and F)' = F3> =0. So we show the
numerical result of F\' for the Hamiltonian ng) and the

numerical result of F,* for Hé;)T in Fig. 3. For comparison,
we also show analytical results. These two results agree well
with each other.

We further dynamically extract the non-Abelian quantum
metric

11 12 11 12
8xx 8xx gxy gxy

8xx  8xy X)lc x)2c x; xg
8= =l o2 o 2| (52)
gyx gyy gyx gyx gyy gyy
1 2 1 2
yx yx yy yy

From the definition of the non-Abelian quantum metric, g, =
8y« First, the initial state is prepared at |;(k(0))), and the
parameter k is driven along the A, direction as follows:
k(1) = k,, (0) + 5, and at the final time ¢; = Z, the ramp-
ing velocity equals v. From the relation in Eq. (47)

gh, = AE* /v, (53)

The energy fluctuation in the final instantaneous state can
be measured through fluorescence detection during optical
excitation [94]. For example, in order to measure the energy
fluctuation, we can determine the population of the instanta-
neous Hamiltonian in repeated experiments; then the energy
fluctuation can be measured, and so can the non-Abelian
quantum metric. To extract giiv, the initial state is prepared
at |;(k(0))), and the parameter ramps along the k, and k,
directions simultaneously until #; = %,

v2t?
k() =k, (0) + p

2.2

vt
ky(1) = ky(0) + ——. (54)
2
Then g%, is obtained as
g, = (AE* — g} v* — gl v?) /20" (55)

From the definition, we derive the following relation:

2i u'ﬁ +2 ;nu — (1 + i)(giiu +gitjﬂ)

le - 2i (56)
Using the above scheme, we can extract gi{u from ,j'l’j, M”M,
"> and gl For g,
s mm n . i jj
g e g -l +0)(ghy + 8 &7
ald 2i ’

If we have already extracted gﬁiv, g{[v, s and g by us-

ing the method mentioned above, then we can extract g’,{v.
So all the components of the non-Abelian quantum metric
can be extracted in experiments using this method. Some
numerical results are also presented in Fig. 4. Here we con-

sider quadratic ramps [96] with k,(¢t) = k,(0) + v ky(t) =

27
ky(0) + Y2, v = 0.1,and r; = Z. For HY}) and Hy., gt} #0,
and g!2 = 0; here we show only g!! for H(,) and g'2 for H!}..

The numerical results coincide with the analytical results.
The discussions above can naturally be extended to low-

energy effective Hamiltonians, and we take H(Cl ,; + in Eq. (20)

and H(CIZ)T 4 in Eq. (40) as examples. In these cases, parameter
L =(0,¢). We set v=0.1 and final time 7; = T. With the
numerically extracted non-Abelian Berry curvature, we ob-
tain the Chern number C; = —1.9952 ~ —2 and the Euler
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FIG. 4. (a) The analytical result of g}, for Hamiltonian H; 0.
(b) The numerical result of g ! for Hamiltonian Héi,) (c) The ana-
lytical result of g 12 for Hamiltonian Hé )T, it approaches zero over the
entire BZ. (d) The numerical result of gxy for Hamiltonian Hél)T The

numerical results are obtained from full-time-dynamics 31mu1at10ns
withM, =m, =2 and k, = 0.

class x4+ = 1.0364 ~ 1. Alternatively, these two topological
invariants can also be extracted from the non-Abelian quan-
tum metric through the measurement of energy fluctuation. In

these two cases, we set 0(t) = 0(0) + 5~ and o) = ¢p(0) +

”2’ with v = 0.01. By extracting the non-Abelian quantum
metric from full-time-dynamics simulations, we obtain the
numerical results for the Chern number and Euler class as

C+ = —1.9988 and x+ = 0.9994.

VI. SCHEMES FOR SIMULATING
MODEL HAMILTONIANS

In this section, we first propose concrete experimental plat-
forms for simulating the CP-symmetric and C,T-symmetric
Hamiltonians H' and H' { )T with ultracold atoms in the pa-
rameter space, following the manipulation of four-level 3’Rb
atoms in Ref. [97]. These Hamiltonians can be realized using
a four-level atomic system as shown in Fig. 5. In a 8’Rb
atomic system, we can choose the following four atomic
levels: |a) =|F =2,mp =—1), |b)=I|F =1,mp = —1),
lc) =|F =2,mr =0), and |d) = |F = 1,mp =0). Usmg
the bare-state basis {|a), |b), |c), |d)}, the Hamiltonian H P is

FIG. 5. Diagrammatic sketch of a four-level atomic system for
simulating the Hamiltonians H,j and Hc(l)r

given by
Hep = wgla){al + op|b) (b] + wclc)(c| + wald)(d|
+(Qie" e |a) (b] + e e |a) (c]
+ Q3 ) (d| + Qe e b)Y (]

+ Qs5e™5 5 |b) (d| + Qe s |c) (d| + H.c.),
(58)

where w; (i=a,b,c,d) are the energy frequencies of
[i) and €, w;, and ¢; (I =1,2,3,4) correspond to
the Rabi frequencies and frequencies and phases of the
controlling microwaves, respectively. We can tune the
Hamiltonian to the reference frame to obtain the effec-
tive Hamiltonian H;p = UTH'U +i(3,U")U, where U =
|a)(al + e~ |b)(b] + e~ |c) (c| + e~ |d)(d]|:

A i Q0 9
—i2 Ay Qy Qs

Hip = , 59
cr QL QA % (59)
Q3 Qs —iQs Ay
where Al = Wy, Az = wp — w1, A3 = W, — Wy, A4 =
wg— w3, @1 =@¢s=m/2, and @ = @3 =@s=¢5=0.

The Hamiltonian is time independent. The Hamil-
tonian in Eq. (19) can be derived if we set A =

Ay=A3=A4=0 and {Q, 2, N3, U, N5, R} =
{dy,d.,d,,d,,—d;, d,}. On the other hand, the cor-
responding  parameterized Hamiltonian in spherical

coordinates can be constructed if the parameters become
A] = Ag = A3 = A4 =0 and {Ql, 92, 93, Q4, 95, 96} =
{sin @ cos ¢, cos 9, sin O sin ¢, sin O sin ¢, —cos O, sin O cos ¢p}.

Using the same scheme, here we present a concrete exper-
imental platform to simulate a Hamiltonian with the form of
Eq. (39). As shown in Fig. 5, this Hamiltonian can be realized
with the same four-level atomic system and Qs = Q¢ = 0,
which is given by

He

2

r =gla)(al + o, b) (bl + ocle) (el + wgld) (d]
+ (Qie e a)(b] + Qe e ) (d]

+ 236" |b) (c| + Qe e |c)(d| + H.c.).
(60)

Under the reference frame, we obtain the effective Hamil-
tonian He, = UTH'U 4+ i(3,UU, where U = |a)(al +
e—iwll|b) (b| + e—i(w1+w3)t|c) (C| + e—i(w1+w3+w4)t|d)<d|’ as
A R 0 @
, Ql Az Q3 0
T lo Q@ Ay |
Q2 0 Q4 A4

(61)

where A1 = Wy, Az = wp — Wi, A3 = W, — W] — W3,
Ay =wy — o) — w3 — wy, and g1 = g2 = @3 = ¢4 = 0. The
Hamiltonian is time independent. The Hamiltonian in Eq. (39)
is achieved by setting {A, Ay, Az, Ay} = {dy, —d,, dy, —d,}
and {Q, Q, Q3, Qu} = {d;, —d,, dy, d.}. The parameterized
Hamiltonian can be constructed for {Aq, Ay, A3, Ay} =
{sin @ sin ¢, — sin @ sin ¢, sin O sin ¢, — sin O sin ¢} and {2,
5, Q3, 4} = {cosh, —sin b cos ¢, sin O cos ¢, cos 6}.
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Last, we briefly discuss an experimental scheme for realiz-
ing the four-band Dirac Hamiltonians with ultracold atoms in
optical lattices based on the recent advances in the synthetic
gauge field and spin-orbit coupling for engineering topolog-
ical phases [5]. We take the Hamiltonian Hég in Eq. (19) as
an example (the other Hamiltonian can also be realized in a
similar way). To realize the Hamiltonian Hé}v), one can use
noninteracting fermionic atoms loaded in a three-dimensional
optical lattice and choose four atomic internal states in the
ground-state manifold. Like what was proposed in Ref. [98],
one can choose four Zeeman-split ground hyperfine levels
in the ground-state manifold Sy,: |ey ) = [F + 1, mp = £1)
and |g4,,) = |F, mg = £1). In real space, the corresponding
tight-binding Hamiltonian is given by

H = Z(rﬁx +tAy 4+ tH, + Hy) + He,
r

A

At A o A A
Hy = “e,T,r(’ag,L,r—ex —ilg | r+e, —dg 1 r+e, —dgtr—e,)

AF A A N N
+a, | (g s r—e, —ilgt rie, +ag | rve, Tdg | r—e)s

At N ~ N ~
Hy = ae,T,r(a&i,l‘—ey — de,|,r+e, — dgtrte, — ag,?,r—ey)

JER N N N
+ ag,¢,r(ag,T,r+ey — Qg tr—e, T e\ rre, T Qe r—e, )

A

Hz = a;l’r(&e,%r—ez+&e,¢,r+ez) - &Z,T,r(ag,T,H—ez +&g,T.r—ez)»

Hy = M(a) , agrp— ) | g 0). (62)
Here &I’G’r (Gr,0.r) 1s the fermionic creation (annihilation)

operator at lattice site r, with T = {e, g} and 0 = {4, |}, and
€x(y,z) 1s the unit vector along the x (y, z) direction. ﬁrx(y,z)
represents the hopping along the x (y, z) direction, and Hy,
denotes an effective on-site Zeeman term. The hopping terms
with synthetic gauge potentials and spin-orbit couplings can
be realized by applying two-photon Raman coupling with
the laser beams in the proper configurations, similar to the
configurations proposed in Refs. [98,99]. The term H,; can be
achieved by applying a radio-frequency field or Raman beams
for coupling proper atomic internal states [98]. Furthermore,
the band structures of topological semimetals can be detected
by the Bragg spectroscopy or Bloch-Zener oscillations of ul-
tracold atoms in optical lattices [5]. The QGT and the related
topological invariants can be measured and extracted from the
tomography of Bloch bands, as experimentally demonstrated
in Ref. [47].

VII. CONCLUSION

In summary, we derived a general relation between the
non-Abelian quantum metric and the unit Bloch vector in
a generic Dirac Hamiltonian with degenerate bands. Addi-
tionally, we established a relation between the non-Abelian
quantum metric and the Berry (Euler) curvature, providing
alternative methods for calculating the topological Chern
number (Euler class). We presented and investigated two
specific classes of Hamiltonians with the CP and C,T sym-
metries. The topological invariants characterizing the phase
transitions are the Chern number and Euler class, which were
obtained through integration of the QGT over the parameter
space. For the reduced 2D insulator phases, we computed the

corresponding Wilson loop. Through adiabatic perturbation
theory, we demonstrated the connection between the non-
Abelian quantum metric and the energy fluctuation, as well as
the connection between the Berry curvature and generalized
force. These nonadiabatic effects can be used to extract all
components of the QGT, as numerically demonstrated for
the CP and C,T symmetric Hamiltonians. We also proposed
experimentally feasible schemes for quantum simulation of
the model Hamiltonians in ultracold atomic platforms.
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APPENDIX A: CONSTRUCTION OF THE GLOBALLY
DEGENERATE HAMILTONIAN

In this paper, we denote 16 Clifford matrices

{00, oy, Oy, 0.} ® {10, Tx, Ty, 7.} (A1)
and set

o =070, It =o0;7, T2=o001, TI3=o001,

Iy =0y, I's= Oy Ty, Fp=o01, Ti= —0;:Ty,
[y =021, Dis=o0xt0, 'z =007, T2 =—0,7,
[y = —oy1;, Ty = —ox1y, '35 =0y7, Tss =0;70,

(A2)
where
1
Cop = Z[Fav [p]. (A3)

The matrices I'; (i =1,2,3,4,5) are the generators of the
Clifford algebra. I'; satisfy the anticommutation relations

{Ta, T} = 28ap, (A4)

where a, b = {1, 2, 3,4, 5}. There are also some other anti-
commutation relations,

{Fab’ Fc} = €abedel des

{Fabv ch} = 2eabcdere + 28a08bd - 25ad8b(7~ (AS)

Here we show how to build a general four-band Hamiltonian
with global twofold degeneracy with five Dirac matrices I';
and 10 commutators I';;. The total Hamiltonian can be written
as

5
H(k) =Y Bi(k)[;+ Y By(k)Ty;. (A6)
i=1

i<j
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B;(k) and B;;(k) are real functions. If this system is twofold

degenerate, H (k) satisfies
H(k)* = f(k)a, (A7)

where f (k) is a function of parameter k and I, is 4 x 4 identity
matrix. The eigenenergies of the Hamiltonian H (k) are Ey =

+./f (k). From Eq. (A6), H (k) is

Hk)* = ZBLZ + ZB,ZJ Iy + ZBinzéklimnan
i i<j i
k<l

+ Z BijBkleiijmFm~

i<j
k<l,ik, j#l

(A8)

To satisfy Eq. (A7), the last two terms on the right-hand side
should equal to zero:

Z BBy €timnl'mn = 0,
ki
Z B;jBu€ijkimI'm = 0.

i<j
k<l,i#k, j#l

(A9)

This restricts the general Hamiltonian, so that it can take only
the following two forms:

5
H(k) =) B,
i=1

H(k) = BT+ Y ByTi. (A10)

J
APPENDIX B: DERIVATION OF EQUATION (8)

For two globally degenerate eigenstates |¢;) (i = 1, 2), the
non-Abelian quantum geometric tensor is

QL = (Wil m) (Ym0 ). (B1)

m

|) are excited states. The trace of matrix Q,,, is

Tr(Qun) = Y Ok,

1
= =3 2 2 Wil H ) Wl HIY). - (B2)
+ m

Here we use the relation (V| 0,Y)(Ey —E) =
(¥il0, H|,). The trace of g,,, equals

Tr(guv) = [Tr(Qpuv) + Tr(Qup)1/2, (B3)

where
Tr(guw) = ) _ &b,
i

S 0,d,(K)d,d, (k) — 8,dd,d
2d2

1 A
=5 > 0,d,d,d,. (B4)

Here d, = d,())/d. For the Hamiltonian in Eq. (6), we define
the matrix G, as

o - 2Tr(guy,)  2Tr(gu)
=\ 2Tr(gy,)  2Tr(gww)
3,d,9,d,  8,d,d,d,
= ). (BS)
d,d,d,d,  9,d,d,d,

where the Einstein summation convention is used for the
index r. The determinant of G,, equals the determinant of
the following matrix, say, G;w:

1 0 0
G,=|0 2Tr(gu) 2Tr(gw) |- (B6)
0 2Tr(g,,) 2Tr(g)

det(G) = det(G’W), and G/, can be decomposed into the

nv
product of a matrix, say, A, and its transpose matrix, AT:

G = AAT
o b AN\ [(d s ad
=|0.d1 0dudr Ouds||dr 0udr 9ydr|. (B7)
ody  dydy 0vd3) \ds 9,d3 0,d3
The determinant of the matrix A is
detA = detA” = e,5,d,8,dd,d,. (B8)
Thus, we have
VAet G, = l€upy dadudpdydy |, (B9)
which is just Eq. (8).
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