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Identifying all-optical high-order harmonic observables as reliable signatures to probe the topology of matter
has triggered intense interest. Recently, extensive ab initio simulations challenged the previously explored
approaches and proposed a new potential feature, i.e., angular dependence of harmonic yield, as a possible
fingerprint of material topology [O. Neufeld et al., Phys. Rev. X 13, 031011 (2023)]. However, nontopological
contributions from the band structure, spin-orbit coupling (SOC), and Berry curvature have not been ruled out.
Here, we clarify this point by studying the elaborately chosen sample system of monolayer black phosphorus,
which exhibits similar band structures and are free from SOC as well as Berry curvature effects for both the
trivial and topological phases induced by strain. We find the previously proposed angle-dependent harmonic
difference to vanish, suggesting it to be an unreliable observable to probe material topology.
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I. INTRODUCTION

Nonperturbative high-order harmonic generation (HHG) in
condensed matter systems has been extensively investigated
over the past decade [1–3]. This extreme nonlinear optical
phenomenon not only offers opportunities to achieve a new
generation of solid-state compact coherent light sources
and attosecond photonics in the extreme ultraviolet short-
wavelength range, but also enables fascinating all-optical
exploration of electronic structures and ultrafast dynamics
in interested materials in the strong-field and nonequilibrium
regime. Representative demonstrations include the obser-
vation of sub-laser-cycle Bloch oscillation dynamics [4,5],
retrieval of electronic band structures [6–8], picometer-scale
real-space imaging of valence electron structures [9], and
reconstruction of Berry curvatures in crystalline solids [10].

In addition to conventional semiconductors and insula-
tors, HHG spectroscopy in solids has been extended to
study other novel and complex materials, such as Dirac
semimetals [11–17], Weyl semimetals [18], Mott insula-
tors [19,20], topological insulators [21–30], topological semi-
conductors [31], and topological semimetals [32,33]. Among
these material systems, topological materials have attracted
considerable interest because of their intriguing physics linked
to the mathematical concept of topology and also their po-
tential applications associated with the robustness against
nonmagnetic perturbations. Various works, taking both the-
oretical and experimental approaches, have been carried out,
attempting to find marks of topological effects on the HHG
characteristics. However, it is very challenging to extract exact
information distinguishing topologically trivial and nontrivial
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phases of matter. Whether the reported observables are truly
HHG signatures for probing topology remains a controversial
topic. One of the major difficulties is that most theoretical
studies employ simplified models neglecting various physical
effects and the interpretations for experimental measurements
largely rely on the approximated model results.

In comparison to a simplified model analysis, ab initio
simulations allow many properties of real materials to be
considered, such as the complete electronic band structures
rather than just a few active bands, electron-electron in-
teractions, and electron-ion interactions. Recently, Neufeld
et al. [34] report a thorough ab initio time-dependent density
functional theory (TDDFT) simulation study of HHG from
exemplary topological insulators to clarify the link between
previously studied HHG signatures and material topology. As
they find, the previously proposed topological observables,
including HHG helicity, anomalous HHG ellipticity, HHG
elliptical dichroism, and temporal delays in HHG emission,
can all be excluded from reliable and general fingerprints
identifying topological characters of materials. Nevertheless,
they discover one potentially promising feature of HHG spec-
troscopy that might drop a hint on topological signatures,
which is the angular dependence of the parallel HHG yield
driven by linearly polarized lasers varying strikingly between
topologically trivial and nontrivial phases of two-dimensional
bismuthumane (BiH). BiH monolayer is a topologically trivial
semimetal in the absence of spin-orbit coupling (SOC), while
it is turned into a topological insulator with SOC considered.
Yet, the authors also point out that their studies cannot lead
to a decisive conclusion that the angle-dependent HHG yield
can be viewed as a fingerprint of material topology. This
is because some other possible contributions, independent
of topology, cannot be excluded from their studied systems.
These major issues include the band structure, SOC, and
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Berry curvature, which can all significantly affect the electron
dynamics and hence HHG processes. In their simulated mate-
rial systems, however, the topologically trivial and nontrivial
BiH have markedly different band structures. In addition, the
topologically trivial BiH is obtained without SOC, in contrast
to the topologically nontrivial phase with SOC.

In this paper, we perform ab initio TDDFT simulations
to elucidate the question of angle-dependent parallel HHG
yield as a possible signature of topology. To rule out the
nontopology contributions to the HHG difference between
trivial and topological phases from different band structures,
SOC, or Berry curvature, we meticulously choose monolayer
black phosphorus (BP) as the sample system, in which the
topological phase transition is induced by a strain effect rather
than SOC. The SOC effect is absent for both phases. The
Berry curvature also remains zero during the transition due
to the symmetry. The electronic state is altered under strain to
form band inversion accompanied by the Z2 number changing
from 0 to 1, while the band structures before and after the
phase transition are very similar. Under such circumstances,
our simulation results show that the previously reported evi-
dent deviation of angular dependence for parallel HHG yield
between the two phases disappears, suggesting that the feature
of angle-dependent parallel HHG is also an unreliable signa-
ture of a topological phase.

II. MATERIALS AND METHODS

Monolayer BP is studied by using a periodic supercell
model. The lattice constant along the direction perpendic-
ular to the BP layer (z direction) is taken to be 15 Å to
eliminate the interactions between adjacent monolayer BP
images. The atomic structure of monolayer BP is optimized
within the density functional theory framework using the
QUANTUM ESPRESSO package [35,36]. The generalized gra-
dient approximation (GGA) of the Perdew-Burke-Ernzerhof
(PBE) form [37] is employed for the exchange-correlation
functional, and the van der Waals interaction correction
is considered by the Grimme-D2 semiempirical correc-
tion [38]. A plane-wave cutoff energy of 48 Ry, the
norm-conserving PSEUDODOJO pseudopotential [39], and an
8 × 10 × 1 Monkhorst-Pack k-point mesh [40] for Brillouin
zone sampling are used in the calculations. The atomic po-
sitions are relaxed until all components of the force on each
atom is less than 0.001 eV/Å.

The time evolution of the wave functions and the time-
dependent total electronic current are studied by propagating
the time-dependent Kohn-Sham equations in real time and
real space within the framework of TDDFT with the adiabatic
GGA of the PBE form using the OCTOPUS code [41,42] which
uses the real-space grid representation. For the study of the
time evolution properties, the lattice constant along the direc-
tion perpendicular to the layer is taken to be 30 bohrs, which
includes 3 bohrs of absorbing regions on each side of the layer
to avoid a reflection error in the spectral region of interest.
The grid spacing of the real-space box is 0.46 bohrs, and the
time step for temporal propagation is 6.05 attosecond (as). A
36 × 48 × 1 Monkhorst-Pack k-point mesh for Brillouin zone
sampling and the PSEUDODOJO pseudopotential are used in the
calculations.

FIG. 1. Crystal structures and Brillouin zone of monolayer black
phosphorus (BP). (a) Side view and (b) top view of the crystal
structure of monolayer BP, and (c) Brillouin zone and high-symmetry
k points of monolayer BP.

The driving laser field is described in the velocity gauge.
The laser wavelength is 1600 nm. The laser field is linearly po-
larized in the plane of the two-dimensional (2D) structure. The
laser pulse has a sine-square envelope f (t ) = sin2(πt/2τ )
with τ = 20 fs and the carrier-envelope phase is set to be zero.
The peak laser intensity is 2 × 1011 W/cm2.

The HHG spectrum is calculated from the time-dependent
electronic current j(r, t ) as

HHG(ω) =
∣∣∣∣FT

(
∂

∂t

∫
j(r, t )d3r

)∣∣∣∣
2

, (1)

where FT denotes the Fourier transform.

III. RESULTS AND DISCUSSION

A. Crystal and electronic structures

The crystal structure of monolayer BP is shown in
Figs. 1(a) and 1(b). It is a puckered structure containing two
layers of phosphorus atoms, and each phosphorus atom is
covalently bonded to three adjacent phosphorus atoms. The
coordinate system used in this work is denoted in Fig. 1, with
Fig. 1(c) displaying the Brillouin zone and high-symmetry
k points. For monolayer BP without strain, the optimized
in-plane lattice constants along the x (armchair) and y (zigzag)
directions are a = 4.57 Å and b = 3.31 Å, respectively, which
are in good agreement with previous theoretical results [43].
The separation between the two layers of phosphorus atoms
is 2.11 Å. A vertical tensile strain is then gradually applied
to trigger a topological transition in monolayer BP. In our
calculations, strain ε is defined as ε = (c − c0)/c0, where
c and c0 are the layer separation with and without strain,
respectively. For each strain, the in-plane lattice constants and
atom positions are fully relaxed.

We first investigate the electronic structures of monolayer
BP under strain. As previous theoretical results [43,44], a
highly asymmetric band dispersion around the � point is seen.
Both the valence and conduction bands are relatively flat along
the �-X direction, while they are significantly dispersive
along the �-Y direction. The direct band gap at the � point
for monolayer BP without strain is calculated to be 0.87 eV,
which is lower than the experimental result (1.45 eV) [45]
due to the well-known underestimated band-gap problem of
the GGA exchange-correlation functional. Yet this only has
little effect on the HHG [44]. When tensile strain increases,
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FIG. 2. Band structures of the (a) trivial and (b) topological
phases of monolayer BP at strains of 7.8% and 8.8%, respectively.

the direct band gap decreases, and the band dispersion remains
highly asymmetric around the � point [Fig. 2(a)]. The va-
lence band maximum (VBM) and conduction band minimum
(CBM) will finally touch at the � point, and the band gap
closes at a critical tensile strain of 8.3%, which agrees with
previous theoretical calculations [46]. For strains larger than
the critical strain, the lowest conduction band and highest
valence band begin to overlap and intersect at the �-X line
near the � point [Fig. 2(b)]. Thus monolayer BP undergoes a
semiconductor-metal transition when vertical tensile strain is
applied.

In addition to the band gap closing, the topological proper-
ties of the electronic structures of monolayer BP also change
under strain. Due to the symmetry of the crystal structure, the
bands of monolayer BP have well-defined parities. It has been
shown that the VBM and CBM have opposite parities [47,48].
After critical strain, the lowest conduction band and highest
valence band begin to cross. Thus the band order and parities
are inverted at the � point, and the so-called band inversion
occurs. Since the parities of the bands far from the � point are
unchanged and only inverted when approaching the � point,
the top valence band and bottom conduction band should
remain contacted to ensure a continuous symmetry evolution.

Previously, bilayer BP under strain [49] and few-layer BP
applied with electric field [47] are found to undergo a normal-
to-topological phase transition. However, whether monolayer
BP can be switched into a topological phase by strain is un-
known. To confirm our studied monolayer BP under strain is
truly a topological phase, we further calculate the topological
invariant number Z2 by using Soluyanov’s method [50] imple-
mented in the WANNIERTOOLS package [51]. The calculated Z2

numbers are found to be 0 and 1 before and after the critical
strains, respectively. Therefore, monolayer BP indeed under-
goes a topological transition along with the band gap closing
under the strain. We note the band structures change only
slightly during the transition, while the topological properties
change significantly. In addition, the topological transition in
this work is totally unrelated to the spin-orbital interaction.
Moreover, the topological and trivial phases both exhibit zero
Berry curvatures, since the monolayer BP samples keep in-
version symmetry before and after the topological transition.
Therefore, the topological phase transition by means of strain
in monolayer BP can serve as a clean and desirable platform
to clarify the topological effect on the HHG response.

FIG. 3. HHG spectra from both trivial and topological phases of
monolayer BP for different harmonic components and laser polar-
ization angle θ . (a) x component with θ = 0◦; (b) y component with
θ = 90◦; (c) x and (d) y components with θ = 50◦. θ is defined as the
angle between the x axis and the driving laser polarization direction.

B. HHG

We then investigate the high-order harmonic spectral prop-
erties in the topological transition. We focus on the angular
dependence of the HHG yield driven by linearly polarized
lasers, which is suggested as a likely candidate of topological
signature by the previous work of Neufeld et al. [34]. A
linearly polarized laser is applied to monolayer BP at strain
values of 7.8% and 8.8%, which characterize trivial and topo-
logical phases, respectively.

Before addressing the angular dependence of HHG be-
tween the trivial and topological phases, we take a look at the
general properties of high-order harmonic spectra of mono-
layer BP driven by a linearly polarized laser with various
polarization angles θ , which is defined as the angle between
the x axis and the driving laser polarization direction. The re-
sults are shown in Fig. 3. When the laser is polarized along the
x (θ = 0◦) and y (θ = 90◦) directions, there are no transverse
components for the electric current and thus high-order har-
monics due to the high symmetry of the system Hamiltonians.
For θ = 0◦, the high-order harmonic spectra of both trivial
and topological phases are nearly the same with a cutoff order
of 15, and only the amplitude of the high-order harmonics of
the topological phase is slightly larger than that of the trivial
phase [Fig. 3(a)]. For θ = 90◦, the high-order harmonic spec-
tra are quite different from those of the θ = 0◦ case due to the
anisotropy of monolayer BP. However, the difference between
high-order harmonic spectra of trivial and topological phases
is also quite small, except the high-order harmonic spectrum
of the topological phase being cleaner than that of the trivial
phase for high-order harmonic orders [Fig. 3(b)]. When the
laser is polarized in asymmetrical directions, the transverse
component of HHG is observed due to the broken symmetry.
As shown in Figs. 3(c) and 3(d), the x and y components
of HHG are out of proportion and have large differences in
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FIG. 4. HHG yield of components parallel to the laser polarization direction vs laser polarization angle θ for different harmonic orders
from both trivial and topological phases of monolayer BP driven by a linearly polarized laser.

spectral shape and cutoff order. Nevertheless, there is still little
difference between the high-order harmonic spectra of trivial
and topological phases.

Figure 4 shows the HHG yield of the harmonic component
parallel to the laser polarization direction as a function of
angle θ for various harmonic orders from the third order to
the 13th order. The HHG yield shows a mirror symmetry
around θ = 90◦ due to the crystal symmetry. Thus we only
plot the HHG yield for θ between 0◦ and 90◦. For each har-
monic order, an important and striking feature can be clearly
observed that the variation trends of HHG yield versus laser
polarization direction are generally very similar between the
topological and trivial phases. Although there are very few
exceptions, e.g., θ � 20◦ for the fifth harmonic, they do not
show a clear and regular pattern across all harmonics. This
similar variation is in sharp contrast to the result obtained

by Neufeld et al. [34], which display marked differences of
angular dependence between the two phases. Note that the
sample systems studied in Ref. [34] exhibit very different
band structures and SOC between the two phases, which
are generically independent of the topology. However, when
these nontopological contributions are all eliminated in our
sample systems, the difference in angular dependence be-
tween the two phases disappears. This result strongly suggests
that the previously proposed deviation of angular dependence
for the parallel HHG yield between the two phases is most
probably attributed to the aforementioned nontopological ef-
fects and should not be viewed as a robust and reliable
topological signature in HHG as well.

As for the transverse harmonic components, the angular
dependence of HHG yield between the two phases also dis-
plays very similar features for all harmonic orders from the

FIG. 5. HHG yield of components transverse to the laser polarization direction vs laser polarization angle θ for different harmonic orders
from both trivial and topological phases of monolayer BP driven by the linearly polarized laser.
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third to the 13th, as can be seen in Fig. 5. The differences are
even smaller than that of the parallel harmonic components.
This result is in agreement with that presented by Neufeld
et al. [34], which can be explained by the transverse com-
ponent being more sensitive to the crystal symmetries rather
than the topological nature or band structures.

IV. CONCLUSIONS

In conclusion, we have performed an ab initio study of
HHG from topological and trivial phases of monolayer BP
under strain driven by linearly polarized lasers along various
crystal orientations. The angular dependence of the HHG
yield for both parallel and transverse components shows very
similar variation behaviors between the two phases. As our
chosen sample system exhibits similar band structures, SOC,

and Berry curvatures for both phases, the result may rule out
the previously proposed observable of angular dependence de-
viation as a high-order harmonic signature of topology, which
was based on the ab initio calculations of a 2D BiH system
exhibiting very different band structures and SOC for topo-
logical and trivial phases. Our results thus clarify the origin
of angle-dependent features in linearly polarized laser-driven
HHG and advance the understanding of high-order harmonic
spectroscopy as possible tools to probe the topology of matter.
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