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Determining the molecular Huang-Rhys factor via scanning-tunneling-
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Scanning-tunneling-microscopy–induced luminescence can be used to probe the optical and electronic prop-
erties of molecules. Concerning the vibronic coupling, we model the molecule as a two-level system with
vibrational degrees of freedom. Based on Bardeen’s theory, we express the inelastic tunneling current in terms
of the Huang-Rhys factor within the inelastic electron scattering mechanism. We find that the differential
conductance, varying with the bias voltage, exhibits a distinct step structure with various vibronic coupling
strengths. The second derivative of the inelastic tunneling current with respect to the bias voltage shows the
characteristics of a vibrational-level structure with the Franck-Condon factor. Consequently, we propose a
method to determine the Huang-Rhys factor of molecules, holding promising potential within the realm of
solid-state physics.
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I. INTRODUCTION

Scanning-tunneling-microscopy–induced luminescence
(STML) serves as a powerful tool for detecting various
molecular properties, including molecular conformation
[1,2] and spectral characteristics [1–6]. Researchers
have made substantial progress in understanding the
fine structures of molecular energy by combining the
current-voltage characteristics of molecular junctions with
optical spectroscopy [7–12]. Intramolecular transitions with
vibronic features have also been successfully detected in the
differential conductance spectra at the threshold of vibrational
mode energy [2,13–18].

In 1950, Huang and co-workers derived the expression for
the Huang-Rhys factor (denoted as S) which characterizes
the strength of the vibronic coupling [19]. The critical im-
portance of the Huang-Rhys factor was confirmed in both
theory and experiments [20–23]. Although a simple model
which assumes that all vibration modes have the same fre-
quency under the Born-Oppenheimer approximation is used,
in many practical applications, the results derived from this
single-mode model using the equal-mode approximation [24]
have been proven to be the most useful. There are several ways
to determine the Huang-Rhys factor in experiments, such as
fitting the spectrum and extracting S from the Stokes shift.
However, these methods often require accurate spectral shapes
and higher resolution, which can be challenging to achieve
in practice [25]. Taking advantage of the low temperature
and excellent accuracy of STML, measuring the Huang-Rhys
factor becomes a more accessible task.

*Corresponding author: 20210076@sicnu.edu.cn

In general, the luminescence is induced by STM with
three mechanisms: the inelastic electron scattering (IES)
mechanism [26,27], the charge injection (CI) mechanism
[2,9,28–31], and the plasmon mechanism [10,32–35]. Here,
we specifically focus on the IES mechanism, where electrons
tunnel inelastically from one electrode to another, exciting
the molecule in the gap between the tip and the substrate.
Taking the vibronic coupling into account, we calculate the
inelastic tunneling current based on the perturbation theory
[36]. The inelastic tunneling current is expressed in terms of
the Franck-Condon factor which describes the square of the
overlap integral between the vibrational wave functions of
the two states that are involved in the transition. The Franck-
Condon factor is written in the form of the Huang-Rhys factor
[37,38], which is determined through the second derivative of
the inelastic tunneling current with respect to the bias voltage.

The rest of the paper is organized as follows. In Sec. II, we
describe the Hamiltonian of our model in which the molecule
is treated as a two-level system with the vibrational degrees
of freedom. Then, we derive the inelastic tunneling current in
terms of the Huang-Rhys factor. Section III shows the inelastic
tunneling current, the differential conductance, and the second
derivative of the inelastic tunneling current with respect to
the bias voltage as a function of the bias voltage. Finally, we
summarize the main contributions in Sec. IV.

II. MODEL AND METHOD

A. Hamiltonian

The STML system comprises a metallic tip, a molecular
sample, a decoupling layer, and a metallic substrate. The
decoupling layer serves to separate the molecule from the
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substrate, blocking the quenching process and enabling the
molecular luminescence. In the IES mechanism, when a bias
voltage is applied between the tip and substrate, electrons
tunnel from one electrode to another, thereby exciting the
molecule.

The total Hamiltonian is divided into three components: the
electronic Hamiltonian, the molecular Hamiltonian, and the
interaction Hamiltonian. The electronic component is solved
using Bardeen’s theory. The molecular aspect is simplified
as a two-level system with vibrational degrees of freedom.
The interaction between the electron and the molecule is the
Coulomb interaction.

Based on Bardeen’s theory, it is assumed that the tip and
the substrate are separated from each other. The stationary
Schrödinger equations are

Ĥt |φk〉 = ξ̃k|φk〉, (1)

Ĥs|ϕn〉 = Ẽn|ϕn〉, (2)

where Ĥt and Ĥs represent the Hamiltonians of electrons in
the tip and the substrate, respectively. φk and ϕn are the elec-
tronic wave functions of the corresponding regions. ξ̃k and Ẽn

are the energies of the tunneling electrons located at the tip
and the substrate region when the bias voltage Vb is applied
between the electrodes. ξ̃k and Ẽn are expressed in terms of
the electronic energy in the absence of the bias voltage,

ξ̃k = ξk + eVb, (3)

Ẽn = En, (4)

where ξk (En) is the energy of the tunneling electron at the
tip (substrate) region when the bias is zero. e represents
the elementary charge of an electron. Selecting the center
of the molecule as the origin of the coordinates, the wave
functions in Eqs. (1) and (2) are explicitly written as

φk (�r) = Ak
e−κk (|�r−�a|−R)

κk|�r − �a| , (5)

ϕn(�r) = Bne−κn|z|, (6)

in which Ak and Bn are the normalized coefficients. �r repre-
sents the position of the tunneling electron. |z| denotes the
distance between the tunneling electron and the substrate. The
apex of the tip is assumed to be a sphere. The coordinates of
the center and the radius of curvature are denoted as �a and R.
κk and κn are the decay constants and can be expressed as

κk =
√−2meξk

h̄
, (7)

κn =
√−2meEn

h̄
, (8)

in which me represents the mass of the electron and h̄ is the
reduced Planck constant.

The molecule is modeled as a two-level system with the
vibrational degrees of freedom. The molecular Hamiltonian is

Ĥm = (Eg + ν h̄ω)|g, ν〉〈g, ν| + (Ee + ν ′h̄ω)|e, ν ′〉〈e, ν ′|,
(9)

where ω is the frequency of the vibration. Eg and ν h̄ω

(Ee and ν ′h̄ω) represent the electronic energy and the

vibrational energy associated with the ground (excited) state
of the molecule. |g〉 represents the ground state of the molec-
ular electron, while |e〉 corresponds to the excited state. |ν〉
(|ν ′〉) is the vibrational state with the ground (excited) state of
the molecule.

The interaction between the tunneling electron and the
molecule is approximated as the electron-dipole interaction
[26],

Ĥel-m = −e
�r · �μ
|�r|3

, (10)

where �μ is the molecular dipole.

B. The Franck-Condon factor

Within the Born-Oppenheimer approximation, the total
wave function of the molecule is expressed as the product of
the electronic wave function and the vibrational wave func-
tion. For the treatment of molecular vibrations, the harmonic
approximation is often employed. The Hamiltonian of the
nuclear vibration takes the form of a harmonic oscillator [19]
with the characteristic frequency ω. The ground states of
vibrational states |ν〉 and |ν ′〉 can be expressed as |0g〉 and
|0e〉, respectively. The subscript g and e indicate the electronic
ground state and excited state that couple with vibrational
states. In the molecular excited state, the harmonic oscillation
is viewed as a translation of the harmonic oscillator when the
molecule is in the ground state, thus we establish the following
relationship,

|0e〉 = D̂(α)|0g〉, (11)

in which D̂(α) is the translation operator, capable of translat-
ing the harmonic oscillator by a distance of q in real space.

q = α

√
2h̄

mnω
, (12)

where mn is the mass of the harmonic oscillator. The Franck-
Condon factor describes the overlap of the vibrational wave
functions in the molecular ground state and the molecular
excited state. It is expressed as follows:

Fνν ′ = |〈ν|ν ′〉|2. (13)

Due to the low temperature of the experiment, the vibrational
state associated with the electronic ground state is assumed
to be in its ground state, i.e., |ν〉 = |0g〉. Then, the Franck-
Condon factor is simplified as

|〈0g|ν ′〉|2 = e−S Sν ′

ν ′!
, (14)

where S is the Huang-Rhys factor and it can be expressed as

S = |α|2 = q2 mnω

2h̄
. (15)

C. The inelastic tunneling current

At the initial time, we assume that the tunneling electron is
located in the substrate region and the molecule is in the elec-
tronic and vibrational ground state due to the low temperature
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in experiments. We express the state of the system at time t as

|	(t )〉 = e−i(Ẽn+Eg+ν h̄ω)t/h̄|g, ν〉|ϕn〉
+

∑
k,ν

cgνk (t )|g, ν〉|φk〉

+
∑
k,ν ′

ceν ′k (t )|e, ν ′〉|φk〉, (16)

where |ν〉 = |0g〉. cgνk represents the elastic tunneling ampli-
tude, while ceν ′k signifies the inelastic tunneling amplitude.
Since the molecular vibration does not contribute to the elastic
current, we research the inelastic tunneling process only. By
solving the time-dependent Schrödinger equation, we derive
the inelastic tunneling current as follows,

Is,t = 2πe

h̄

∑
ν,ν ′

∫ μ0

−∞
dEn

∫ 0

μ0

dξkρs(En)ρt (ξk )N 2
s,t |En→ξk

× 〈ν|ν ′〉2δ[Eeg + (ν ′ − ν)h̄ω + ξk + eVb − En], (17)

where μ0 is the Fermi level of electrodes, with the assumption
that the tip and the substrate are composed of the same metal.
ρs and ρt denote the energy density of the state of the electron
in the substrate and in the tip, respectively, which can be found
in Ref. [39]. Eeg is the energy gap of the molecule. Ns,t |En→ξk

represents the inelastic tunneling matrix element describing
the process of the electrons tunneling from the substrate to the
tip. It is written as follows,

Ns,t |En→ξk = −e�μ · 〈φk| �r
|�r|3

|ϕn〉, (18)

where |φk〉 and |ϕn〉 are the electronic wave functions in the
tip and substrate regions, with their expressions shown as
Eqs. (5) and (6), respectively. �r is the position of the tunneling
electron relative to the center of the molecule. By substituting
the expression of the Franck-Condon factor into Eq. (17), we
derive the expression of the inelastic current

Is,t = 2πe

h̄

∑
ν ′

e−S Sν ′

ν ′!

∫ μ0

−∞
dEn

∫ 0

μ0

dξkρs(En)ρt (ξk )

× N 2
s,t |En→ξk δ(Eeg + ν ′h̄ω + ξk + eVb − En). (19)

This expression can be simplified due to the δ function. For
convenience, we introduce the following definition:

 = Eeg + ν ′h̄ω + eVb. (20)

Thus, the range of the integral alters with the value of .
When μ0 <  < 0, the current is written as

Is,t = 2πe

h̄

∑
ν ′

e−S Sν ′

ν ′!

∫ μ0−

μ0

dξk

× ρs(ξk + )ρt (ξk )N 2
s,t |ξk+→ξk . (21)

When  < μ0, the current becomes

Is,t = 2πe

h̄

∑
ν ′

e−S Sν ′

ν ′!

∫ 0

μ0

dξk

× ρs(ξk + )ρt (ξk )N 2
s,t |ξk+→ξk . (22)

FIG. 1. (a) The inelastic tunneling current and (b) the differential
conductance as a function of the bias voltage. The red (upper) curve,
the yellow (middle) curve, and the blue (lower) curve correspond
to vibronic coupling strengths with S = 0.5, S = 5, and S = 10, re-
spectively. We have chosen parameters as R = 0.5 nm, d = 0.5 nm,
�a = (0, 0, d + R), Eeg = 2 eV, and μ0 = −4.64 eV. The character-
istic frequency of the molecular vibration is fixed at 0.1 eV.

In experiments, both the elastic and the inelastic mech-
anisms contribute to the current spectrum. We can obtain
the inelastic component via luminescence from the molecule.
Once the molecule is excited to its excited state, it then decays
back through the spontaneous emission process. We denote
the molecular excitation probability as pe(t ). The photon-
counting rate is proportional to the probability in the excited
state. The master equation of the excitation probability reads
[26]

d pe(t )

dt
= −γ pe(t ) + Is,t

e
, (23)

in which γ is the spontaneous decay rate. In the steady state,
the photon-counting rate becomes

� = Is,t

e
. (24)

Thus the inelastic tunneling current can be obtained from the
photon-counting rate spectrum.

III. RESULTS

A. The inelastic tunneling current
and the differential conductance

For numerical calculations of the inelastic tunneling cur-
rent, we select silver (Ag) as the material for both the tip
and the substrate. The Fermi level of silver is −4.64 eV. The
characteristic frequency of the molecular vibration is assumed
to be 0.1 eV. The distance between the tip and the substrate
is set to d = 0.5 nm, and the radius of the apex atom of the
tip is 0.5 nm. The tip is placed above the molecule. Taking
the symmetry of the system into account, we express the
position of the tip’s apex as �a = (0, 0, d + R). Furthermore,
we choose different vibrational quantum numbers for the elec-
tronic excited state, ranging from 0 to 10. We also consider
various cases with S, indicating different strengths of coupling
between the vibration and electrons.

Figure 1 illustrates the behavior of the inelastic tunneling
current (left figure) and the differential conductance (right
figure) as a function of the bias voltage with various S equal to
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FIG. 2. The second derivative of the inelastic tunneling current
with respect to the bias voltage (solid red line) and the Frank-Condon
factor (blue asterisks) as a function of the bias voltage. (a)–(d) cor-
respond to cases of S = 0.5, S = 1, S = 5, and S = 10, respectively.
Parameters are the same as before.

0.5 (the upper red curve), 5 (the middle yellow curve), and 10
(the lower blue curve), respectively. In Fig. 1(a), the inelastic
tunneling current increases as the bias voltage increases. The
onset bias voltage differs among cases with different S be-
cause the vibronic coupling alters the molecular energy gap.
Due to the Franck-Condon principle, a transition from one
vibrational energy level to another is more likely to occur
if the two vibrational wave functions overlap significantly.
When the bias voltage reaches −Eeg − [S]h̄ω, where [S] is
the floor function and expressed as [S] = max{n ∈ Z|n � S},
the inelastic tunneling current and its differential conductance
will exhibit a significant increase. In fact, [S]h̄ω is associated
with the Stokes shift in the emission spectra and the absorp-
tion spectra [25]. The stronger-coupling strength has a greater
influence on the electronic transition process, leading to the
smaller inelastic tunneling current. The curves of the differ-
ential conductance in Fig. 1(b) exhibit step structures. The
spacing between these steps corresponds to the characteristic
frequency h̄ω of the molecular vibration.

B. Determining the Huang-Rhys factor

The solid red lines and the axes on the left and bottom
sides of Fig. 2 illustrate the normalized second derivative of
the inelastic tunneling current (denoted as ∂2

Vb
Is,t ) with respect

to the bias voltage. Figures 2(a)–2(d) correspond to param-
eters with S = 0.5, S = 1, S = 5, and S = 10, respectively.
These peaks in the graph represent the contribution of the
vibration to the inelastic tunneling current. The width of these
peaks is related to the numerical precision. It represents the
broadening in energy level of molecules. From experimentally
observed spectra, the order of magnitude of the width may be
in the range of several tens of meV in metal-phthalocyanine
molecules [3]. The blue asterisks and the axes on the right

and top sides represent the normalized values of the Franck-
Condon factor for integer values of ν ′ varying from 0 to 10
and ν = 0. The dashed blue line connects these asterisks in
sequence. For small values of ν ′, such as ν ′ = 0 and ν ′ = 1,
the intensity of these peaks matches with blue asterisks, and
the envelope of these peaks is consistent with the dashed
blue line very well. Thus, for a given Huang-Rhys factor, the
Franck-Condon factor effectively presents the character of the
intensity of the second derivative of the inelastic tunneling
current concerning the bias voltage.

From the expression of the inelastic tunneling current in
Eq. (19), we can decompose d2Is,t/dV 2

b spectra with the vi-
bronic quantum number ν ′, and define (d2Is,t/dV 2

b )ν ′ of the
ν ′th order as

(
d2Is,t/dV 2

b

)
ν ′ = e−S Sν ′

ν ′!
Dν ′ . (25)

Here, the expression of the factor Dν ′ is

Dν ′ = 2πe

h̄

d2

dV 2
b

∫ μ0

−∞
dEn

∫ 0

μ0

dξkρs(En)ρt (ξk )

× N 2
s,t |En→ξk δ(Eeg + ν ′h̄ω + ξk + eVb − En). (26)

When the factor Dν ′ changes with ν ′ as a slowly varying
function, we get an approximate result about the ν ′th order
and the (ν ′ − 1)th order of d2Is,t/dV 2

b as(
d2Is,t/dV 2

b

)
ν ′(

d2Is,t/dV 2
b

)
ν ′−1

≈ S

ν ′ , (27)

especially [40,41] (
d2Is,t/dV 2

b

)
1(

d2Is,t/dV 2
b

)
0

≈ S. (28)

The ratio of the intensity of the first order of d2Is,t/dV 2
b to

the zeroth order of d2Is,t/dV 2
b is approximately equal to the

Huang-Rhys factor. This conclusion provides a theoretical
foundation for experimental determination of the Huang-Rhys
factor. Once the inelastic tunneling current is obtained, we
can analyze its second derivative with respect to the bias
voltage, from which the oscillation quantum number ν ′ can
be obtained. Also, the interval between peaks gives the value
of the vibronic frequency ω. Through the intensity of these
peaks with the first order and the zeroth order, we calculate
the Huang-Rhys factor. When dealing with cases where elec-
tronic excitation is coupled with various vibrational degrees of
freedom, this method may give the Huang-Rhys factors with
the corresponding vibrational modes.

The method we propose involves decomposing the
d2Is,t/dV 2

b spectra and approximating the Huang-Rhys factor
with the value of (d2Is,t/dV 2

b )1/(d2Is,t/dV 2
b )0. To verify the

validity of the method, Fig. 3 illustrates results estimated
from Eq. (28) as a function of the true value of S. The red
line is linear and represents the true value of S in the ideal
situation without any approximation. Blue circles represent
the estimated results from the left-hand side of Eq. (28) with
different vibronic coupling strengths, corresponding to cases
of S = 0.1, S = 0.5, S = 1, S = 5, and S = 10, respectively.
The coincidence between blue circles and the red line proves
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FIG. 3. The comparison of the estimated value of S from Eq. (28)
with the true value of S. The red line is linear and represents the true
value of S. The blue circles are the estimated values from the left-
hand side of Eq. (28), corresponding to cases of S = 0.1, S = 0.5,
S = 1, S = 5, and S = 10, respectively.

the validity of the approximate results obtained from Eq. (28).
There is a slight deviation between the estimated values and
the true values in the case of weak vibronic coupling. How-
ever, in cases of the strong vibronic coupling, the estimated
value matches the true S very well. This figure shows that Dν ′

is a slowly varying function, and Eq. (28) can be effectively
used to determine the Huang-Rhys factor of the molecule.

IV. CONCLUSION

We have studied the STML system, where the molecule
is modeled as a two-level system with a molecular vibration
degree of freedom. Based on Bardeen’s theory, the inelastic
tunneling current is expressed in terms of the Huang-Rhys
factor S. Information regarding vibronic coupling is obtained
from the differential conductance, which exhibits steps as a
function of the bias voltage. The Huang-Rhys factor is deter-
mined from the second derivative of the inelastic tunneling
current with respect to the bias voltage. Our study focuses on
the IES mechanism in STML, where the Huang-Rhys factor
of a single molecule is approximated by d2Is,t/dV 2

b spectra.
The method involving the analysis of the inelastic tunneling
current in STML will provide an alternative approach for
determining the Huang-Rhys factor.
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