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Achieving precise preparation of quantum many-body states is crucial for the practical implementation
of quantum computation and quantum simulation. However, the inherent challenges posed by unavoidable
excitations at critical points during quench processes necessitate careful design of control fields. In this work,
we introduce a promising and versatile dynamic control neural network tailored to optimize control fields. We
address the problem of suppressing defect density and enhancing cat-state fidelity during the passage across
the critical point in the quantum Ising model. Our method facilitates seamless transitions between different
objective functions by adjusting the optimization strategy. In comparison to gradient-based power-law quench
methods, our approach demonstrates significant advantages for both small system sizes and long-term evolutions.
We provide a detailed analysis of the specific forms of control fields and summarize common features for
experimental implementation. Furthermore, numerical simulations demonstrate the robustness of our proposal
against random noise and spin number fluctuations. The optimized defect density and cat-state fidelity exhibit a
transition at a critical ratio of the quench duration to the system size, coinciding with the quantum speed limit

for quantum evolution.
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I. INTRODUCTION

Nowadays it is imperative to achieve precise preparation
of quantum many-body states due to the urgent demand for
applications in various fields, including quantum computation
[1,2] and quantum simulation [3-5]. In particular, quantum
metrology, a rapidly advancing field of quantum information
science, is currently experiencing a surge of theoretical de-
velopments [6—8] and experimental breakthroughs [9-12]. A
pivotal focus of a quantum metrology scheme involves the
preparation of optimal nonclassical states [13,14]. Through
the utilization of inherent quantum properties, such as en-
tanglement [15-17], coherence [18], and discord [19,20],
quantum metrology can achieve the sensitivity for estimating
unknown parameters that surpasses the constraints imposed
by the standard quantum limit of classical strategies [21]. In
fact, the enhanced sensitivity may even approach the limits
set by the Heisenberg uncertainty principle [22]. To this end,
various forms of entangled states have been generated in
engineered many-body systems to increase the phase sensitiv-
ity [23,24]. However, a comprehensive understanding of the
relationship between quantum features and ultimate scaling
sensitivity beyond the standard quantum limit remains elusive.
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A widely employed method for the theoretical [25-29]
and experimental [30-34] preparation of quantum many-body
states involves utilizing unitary evolution. This process trans-
forms the initial state, typically the ground state of some
simple Hamiltonian H;, into the ground state of the target
Hamiltonian H r. According to the adiabatic theorem, the
unitary transformation can be implemented with arbitrary
accuracy by changing the Hamiltonian sufficiently slowly
[35,36]. Nevertheless, the strict requirement of the adia-
batic limit dictates infinitely long evolution time, inevitably
resulting in system decoherence and the disappearance of
entanglement [37]. In particular, crossing a quantum critical
point (QCP) in finite time challenges the adiabatic condition
due to the closing of the energy gap, which ultimately results
in the formation of excitations [38]. Consequently, a trade-off
must be considered between the evolution time and the exci-
tations generated by the system. In this context, tremendous
efforts have recently been dedicated to achieving an opti-
mal passage through the nonadiabatic evolution, particularly
across the QCP, aiming to minimize unwanted excitations
[39,40] or to maximize fidelity [41,42]. The shortcut to adi-
abaticity (STA) provides a way of finding fast trajectories
that connect the initial and final states by manipulating the
system’s parameters in a nonadiabatic fashion while still ob-
taining results akin to those of an adiabatic process [43—47].
Given the flexibility in selecting intermediate trajectories, the
time-dependent control parameters of a system can be ad-
justed in various STA protocols [48]. One common method
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of STA involves introducing counterdiabatic driving to the
reference Hamiltonian that effectively compensates for the
nonadiabatic behavior. However, implementing this technique
in quantum many-body systems remains a challenging task for
experimental execution.

Alternatively, a prevalent approach is quantum optimal
control [49-53], where time-dependent control parameters of
a system are fine-tuned using optimal control theory. Gov-
erned by time-energy uncertainty relations, the characteristic
timescales during nonadiabatic evolution are encapsulated by
the quantum speed limit [54-56], which delves into the min-
imum time required for quantum states to achieve specific
predetermined objectives. This is particularly crucial in the
field of quantum information, where rapid dynamics are often
advantageous [56-58]. While the quantum optimal control
finds widespread applications in various systems, it is of fun-
damental interest to formulate the control theory in a general
framework. Over the past few years, machine-learning tech-
nology has become an integral part of the optimization theory
and has been proved to be applicable to optimizing the param-
eters of variational states in a variety of interacting quantum
many-body systems [59-64]. In this work, we propose a
promising and generalizable dynamic control neural network
(DCNN) to optimize the control field passing through two
fixed points of the quantum critical systems that holds poten-
tial for testing and comparing approximate methods, as well as
bearing implications for condensed matter physics. To demon-
strate the power of our method, we focus on suppressing the
defect density and improving the cat-state fidelity during the
passage across the critical point in the quantum Ising model.
Compared to the gradient-based power-law quench [65],
the method offers significant advantages over small system
size and long-term evolution. We also numerically demon-
strate that our proposal is robust against the random noise
and the spin number fluctuations. The optimized defect den-
sity and cat-state fidelity are uncovered to coincide with the
quantum speed limit for quantum evolution.

The rest of the paper is organized as follows. In Sec. II we
present the gradients of specific observables with respect to
the time-dependent control parameter in the many-body sys-
tems that can be transformed into free fermions. Additionally,
we introduce the DCNN method in this section. Section III
is devoted to the application of the DCNN to the suppression
of the defect density in the quantum Ising model. A thorough
analysis of achieving the optimized control fields is also dis-
cussed. The effectiveness of the protocol, particularly under
varying conditions such as random noise and fluctuations in
the number of spins, is evaluated through comprehensive nu-
merical simulations. Section IV delves into the improvement
of the cat-state fidelity in the quantum Ising model. Finally,
the conclusion and outlook are given in Sec. V.

II. DYNAMICAL PROTOCOL IN INTEGRABLE
MANY-BODY MODELS

A. Quantum Ising-like models

The quantum Ising model has emerged as a prototypical
model of quantum many-body systems due to its analytical
solvability. It thus serves as a valuable tool for exploring

emerging quantum phenomena [66—72] and as a benchmark
for evaluating the effectiveness of state-of-the-art approaches
and algorithms [73-75]. Furthermore, it is an especially com-
pelling option as a versatile platform for quantum simulation
[76-79]. The exact simulation of the Ising model has been im-
plemented on quantum computers [80,81]. Actually, the steps
to build quantum circuits at a scale that could provide an ad-
vantage for simulating the Ising Hamiltonian follow the same
strategy as the analytical solution of the models. Therefore,
the method can be extended to other integrable models. To this
end, we focus on a class of integrable many-body spin systems
that can be mapped into free fermion models. A variety of
systems holding quantum phase transitions can be mapped
into such kinds of models, including the one-dimensional
(1D) quantum Ising model and XY model, which is regarded
as one of two canonical quantum critical systems [82], as well
as the 1D and two-dimensional (2D) Kitaev models [83,84],
etc. These cover a variety of spin models that are of interest
in both quantum information science and condensed matter
physics.

Consider a closed quantum system which depends on time
explicitly through a control field g(¢) that can be varied ar-
bitrarily with certain constraints. The control field g(¢) is
assumed to enter H [g(z)] via a term g(t)l? with ¥ some
time-independent operator. We consider a quench starting
from some fixed initial value g; = g(—7') and ending up with
a fixed final value gy = g(T') within the time interval ¢ €
[-T, T1]. In this work, we mainly focus on quantum systems
that themselves belong to, or can be mapped to, d-dimensional
free-fermion models. In general, this family of arbitrary-
dimensional time-dependent free-fermion Hamiltonians can
be written as

H(t) =) ¥ildi(s®)) - 5]y, (1)
k

where 6} = (ag, a];y , GI;Z ) are the Pauli matrices acting on the
mode k and Y = (ag, b,;)T are certain fermionic operators.
The function le(g) = (dg(g), d]%'(g), dg(g)) is determined by
specific models, and the corresponding norm &; = |d;(g)| =
\/d]i(‘(g)z + d% (g)?* + dlg(g)2 gives the single-particle disper-
iion. Equation A(l) can be iiiagonalized directly within each
k subspace as H(t) = Y ; Hy(t) with

Hy(t) = ep(W) W — 1), @

where W = (A, B];)T is associated with v by certain
lz—dependent unitary transformation. Note that both the disper-
sion ¢; and the quasifermion operators W; are generally time
dependent through the control field g(7). The subground state
|G [g(1)]) of mode k satisfies

AplGrlg®)]) = BilGrlg(®)]) = 0. 3)

The subexcited state with the same fermion number parity as
Gilg(®)] is obviously

|Gelg®)]) = ALOBL(0)IGylg(1)]). “)

We assume that the ground state is always nondegenerate
in the process of the quench, and the energy gap is closed
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only at the QCP in the thermodynamic limit. Here both the
global instantaneous ground state |G[g(¢)]) and time evolution
operator U (t, —T) are separable,

IGlg®)]) = l_[ |Grlg()D), ®)
P

U, -T) =[]z -1). (6)
P

where Up(t, —T) = T expli fir dtHy(t)] with T the time-
ordered operator. The time-evolved state is given by |¢(¢)) =
U(t,—T)|G(g;)), which is also separable, i.e., |p(t)) =
[T Ug(e. —T)IGy(g0)-

B. Controlling observables and their gradients

Our aim is to minimize or maximize the final expectation
value O(T) = (¢(T)|0|¢(T)) of a general observable O. As
will be discussed below, a key quantity utilized in the DCNN
is the gradient of O(T) with respect to the control field g(¢)
[85] (see Appendix A),

80(T)
5g(1)
where A(t) = UT(t, —=T)AU (t, —T) is the Heisenberg-picture
operator for any operator A.

We further assume that the control term ¥ can be expressed
as a summation over even operators of independent modes

P =37 ®)

k

= 23(G(g)IO(T)Y (t)|G(g)), (7)

Here we are interested in the following two types of observ-
ables, ie., Oy =) ; 0,7 and O, = [z 0, ;- The gradient of
O1(T) has been calculated as (see Appendix A for detail)

80(T A - N
8;((0) =2Im Y (¢(D)IO, (g (TG Fldp(1)), (9
k

where |<]3,;(t)) = Ui (t, —T)|Gz(g,-)> is the evolved subexcited
state of mode k. The gradient of O,(T') can be calculated in a
similar way,

80,(T) AL g
a0 = 21;[<¢p<T>|02,p|¢p(T>>

.3 Im(¢(T)10, £163(T)) (G (1) | (1))

- (dp(T)10, £1¢3(T)) '

k
(10)

C. Dynamic control neural network

We then introduce the DCNN method to optimize the ob-
servables in many-body dynamics. As an extension of the
control neural network [86], the DCNN is a neural network
with an adaptive dynamic structure and the flexible optimiza-
tion strategy. This methodology not only allows us to design
more diverse control fields but also facilitates the further mini-
mization of specific observables, a capability not fully realized
by other methods, e.g., the direct gradient algorithm based
on the power-law quench [65]. To be concrete, the DCNN

possesses a similar architecture to the conventional neural net-
work, which is composed of input, hidden, and output layers.
Two adjacent layers are connected by the weights, biases, and
activation function. The distinguishing features of the DCNN
lie in its dynamic structure of the network and the learning
optimization strategy. The dynamic structure of the network
can be effectively executed by increasing the number of units
in each hidden layer. We opt for two hidden layers and tanh(x)
as the activation function.

The workflow of the DCNN is illustrated in Fig. 1. The
neural network has two hidden layers with n; units in the
first layer and n; in the second. The parameters of the neu-
ral network can be randomly initialized. For simplicity, the
parameters can be initialized by training the neural network
based on the empirical form of the control field. We then
add d6n; neurons to the first hidden layers and add n, to
the second. The corresponding parameters of the newly added
neurons should be randomly initialized based on the average
distribution. The input of the DCNN is ¢ and the output is the
following specific function:

f(t) =W, tanh [Wy tanh (Wit + B)) + B,], (11

where W; (i =1,2,3) are weight matrices, B; (i =1,2)
are bias matrices, and tanh.(x) is the function acting on
each elements of the matrix. The output f(#) undergoes
a linear transformation to produce the control fields g(z).
Interestingly, increasing the number of neurons within the
neural-network-based approach exhibits a conceptual parallel
in model space expansion, akin to the methods employed
in traditional optimal control that augment the number of
optimization parameters [87,88]. Nevertheless, the DCNN
adaptively and flexibly explores model space, unlike the tradi-
tional optimal control method that enhances it by requiring
prior knowledge and specific basis functions. The DCNN
employs a pareto-optimization-based strategy, adeptly balanc-
ing multiple objectives without compromising any particular
target. Due to the flexible optimization strategy of the DCNN,
we can impose desired constraints on the form of the control
field. In our work, the control field g(z) has fixed values for
initial moment ¢t = —7 and final moment ¢+ = T, which can
be evaluated using the loss function

L= (g(=T)—r)+ (gT)—s), (12)

where r and s are the fixed points of g(t) fort = —T and T,
respectively. The other constraint involves the extremum of
the final expectation value of a specific observable O(T).

The DCNN is capable of conducting the optimization for
multiple objectives, aligning with approaches in quantum op-
timal control [89]. To be specific, the classical approach to
solve a multi-objective optimization problem is to assign a
weight g; to each normalized objective function so that the
problem is converted to a single objective problem with a
scalar objective function Q [90]. In our approach, the objec-
tive function is not necessarily normalized. We set Q to be
0 =q10+ ¢ L, where g, and ¢, are two arbitrary real num-
bers. Notably, the normalization of the individual objective
functions is not imperative, given the adaptability provided by
the adjustable coefficients g; (i = 1, 2). In order to obtain the
minimum value of Q, we adopt the gradient descent algorithm
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FIG. 1. Workflow of the DCNN and the visualization of the optimization landscape. (a) The structure of the DCNN. We choose two hidden
layers with n; units in the first layer and n, in the second. ¢ is the input of the neural network, and f(z) is the output. Each neuron in the
hidden and output layers has a corresponding weight and bias. The blue dots are the original units in the neural network, the yellow dots are the
newly increased units, and the dashed lines represent the corresponding increased connection. (b) The optimization of the combined objective
function Q for the observable O and the loss £. An initial trial form of the control field is used as a starting point (blue triangle). O moves
downhill (darker red triangles) until the convergence is reached. To be noticed, the downhill movement signifies a simultaneous decline in both
O and L. (c) The initial and final forms of the control field g(¢) with two fixed points (black crosses).

to update all parameters,
1 00(T) oL )
v — |, =123,
lN oW, +q oW, i
1 00(T) oL

B; < B; + 12| ¢, — — ), i=1,2, 13
<~ +1<q1N 8Bl +q28Bl> l ( )

W; <—Wi+liw<q

for the next variation. Here the learning rates /)" and I? are
adjustable parameters depending on the impact of the corre-
sponding parameters on Q.

The gradients of the O(T') and £ with respect to all the
parameters are given by

T
a0(T) =/‘ dtSO(T)m

oW, o 8gt) oW’
T
20(T) _ / 4,20 ds). (14)
8B,’ -T 3g(t) aBi

and

oW 2(g(=T)—r) oW |,—_p =0 Wi |,
7 NG 08

9B, 2(g(=T)—r) 0B; |,__r =0 0B |,_r

The gradients of g(¢) with respect to its parameters are calcu-
lated using the chain rule and are then normalized to mitigate
the risk of gradient explosion.

We update only the corresponding parameters of the newly
increased neurons according to Eq. (13) while keep the other
parameters unchanged. Next, if both the observable O and
the loss L, calculated using the updated parameters, are
comparatively smaller than those obtained from the original
parameters, we will accept the new neurons as part of the
neural network, namely, n; <— n; 4+ én; and ny < ny + n,.

Otherwise, the newly introduced units are reinitialized ran-
domly. We can iterate through the aforementioned steps to
obtain the desired control field. Adding more neurons into
neural network architectures involves directly with the effi-
ciency and scalability of the model, presenting numerical cost
as an interesting aspect that warrants further study [91].

While it is challenging to provide a comprehensive
overview due to the complicate interplay between model
complexity and computational resources, the current insights
suggest that computational time and memory requirements
tend to scale nearly linearly with the number of parameters
(see more details in Appendix B). It is also important to
note that, in order to prevent the neural network from getting
trapped in potential local minima, we can establish a criterion
for the neural network to adjust its architecture after an ex-
tended period. Furthermore, we may approve the update even
if the observable O or the loss L, calculated using the updated
parameters, is slightly higher than those computed with the
original parameters.

III. OPTIMAL SUPPRESSION OF DEFECT GENERATION
IN THE QUANTUM ISING MODEL

A. Quantum Ising chain and gradient of the observable

In this following, we will concretely apply the DCNN
method to physical scenarios, specifically focusing on
enhancing the suppression of defect generation and improving
the preparation of cat states during the passage across the QCP
of the 1D quantum Ising model. For the sake of numerical
simplicity, we employ periodic boundary conditions for the
spin chain [40,43]. While certain local observables, i.e., local
longitudinal magnetization, may differ between periodic and
open boundary conditions [92], it is expected that the global
observables, such as defect density and cat-state fidelity, will
demonstrate analogous behavior irrespective of the boundary
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conditions. The Hamiltonian of a periodic quantum Ising
chain with 64| = 71, is given by

N
HQIM = — Z [O’;O‘;:Ll + g(t)aj?], (15)

j=1

where g(7) is a global transverse magnetic field that we aim
to control, and for simplicity, we assume N to be even. This
model exhibits a quantum phase transition at g, = 1 between
the ferromagnetic phase for 0 < g < 1 and the paramagnetic
phase for g > 1.

The Hamiltonian I-7Q1M can be diagonalized through a stan-
dard procedure, which involves applying the Jordan-Wigner
transformation followed by the Fourier transformation on the
fermionic operators. In this study, we are interested in dy-
namical protocols starting from the paramagnetic phase with
gi > 1, ensuring that only the subspace with an even fermion
number parity is pertinent [93], yielding

NORER o
Hoiwy = Y Hl
keK

sink Ck
—g — cos k) (c%k>’ (16)

where K = {7 /N,3n/N,...,7m —x/N} and the ¢;’s are
fermionic operators satisfying {cx, cp} =0 and {c, cz/} =
Srw. Note that for open boundary conditions, the necessary
adjustment to the momentum set K involves solving the
corresponding transcendental equation [94]. The ground and
excitation states of the mode Hamiltonian Hy are given by

g+ cosk

ﬂk = 2(0}:, Ck)( sin k

) 0
|Gy) = cos Ek|vac)k + sin 3k|k, —k),

_ 0, 6
1Gy) = sin —|vac); — cos — |k, —k), (17)

2 2
where |vac), is the vacuum state of cy and
|k, —k) = c,fcik|vac)k. The angle 6, is determined
by tan Gy = —sink/(g + cosk), where Ar(t) =

2\/ g*(t) +2g(t)cosk + 1 is the single-particle dispersion
with which one has H|Gy) = —Ay|Gy) and Hi|Gy) =
A¢|Gy). In the present problem, the operator ¥ = — > j ojz
gives

Y =2 Z(c,fck +cl e =1 (18)
kekK

Defects or domain walls will be inevitably produced during
the transition from the paramagnetic phase to the ferro-
magnetic phase. The number of defects is measured by the
operator

N

N | A
D=3 Z (1-ojo},) = ZDk,

j=1 k>0

19)

where Dy is represented by the corresponding matrix form

cosk —sink
Di=1+ < —cos k) (20

—sink

in the 2D space spanned by {|vac), |k, —k)}. According to
Eq. (9), the gradient of D(T") with respect to g(¢) is

SD(T)
sg(t)

4Im > ($(T)| cos kay — sin ko |¢i(T))
k>0,keK

x (B ()]of i (D). 21)

B. DCNN guided by the final defect density

We consider a quench from g(—7) = 2 to g(T') = 0 within
the time interval [—7, T]. We focus on a power-law quench
characterized by the function g(r) = 1 — |¢t/T|"sgn(t), which
has been demonstrated to effectively reduce the final defect
density, defined as p(T') = D(T)/N [65]. Notably, this power-
law quench strategy surpasses the conventional linear quench
[40], the assisted adiabatic passage [43], and the local adi-
abatic evolution approach [95] in minimizing p(7). To test
the DCNN method, we first consider the case of 7 = 50 and
N = 50. In the initial neural network, there are two hidden
layers with n; = 10 neurons in the first layer and n, = 25
neurons in the second layer. To improve the learning efficiency
of the neural network, we employ pretraining based on a
gradient-oriented power-law quench to establish the initial
parameters. We then set én; = 5 and 6n, = 10. These values
are adaptable and can be increased throughout the learning
process. The parameters for the newly added neurons in these
layers are randomly initialized, following a uniform distri-
bution ranging from —0.1 to 0.1. We set the learning rates
tobe IV =18 =0.05 for i =1,2and [} =0.5. Due to the
significant impact of W5 on the Q, the learning rate of Ws is
set at a value tenfold higher than that of the other parameters.
The weights assigned to Q are g; =5 and g, = 1, and we
ensure the normalization of gradients throughout the learning
process.

The learning results of the DCNN for T = 0.5, N = 50
and T = 50, N = 50 are shown in Fig. 2. The number of
neurons in the first layer n; exhibits a stepwise increase during
the learning process. Each step signifies a transformation in
the neural network’s scale, leading to an enlargement of the
model’s representational space. During these steps, new nodes
are introduced with different initializations. The primary ob-
jective of this process is to incrementally decrease the value
of p(T) through successive modifications of g(¢) facilitated
by these additional nodes. The interplay between reducing the
final defect density and the system’s evolution through two
fixed points presents an intriguing scenario. In certain cases,
reducing o(7) may result in the control field g(¢) diverging
more substantially from these fixed points. To accelerate the
convergence rate of the neural networks, we will selectively
abandon the optimized form of the control field, although
the trade-off could potentially become less pronounced as the
neural network’s learning process advances. In this context,
the DCNN exhibits a pronounced ability to navigate multiple
objectives and thereby effectively mitigates oscillatory behav-
iors between competing objectives, fostering a more rapid
convergence. In Fig. 2 we observe an oscillatory decrease in
p(T) with increasing learning iteration number A, indicating
significant modifications to the neural network due to the
introduction of additional modes. Note that outliers resulting
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FIG. 2. Learning results of the DCNN for (a) 7 = 0.5, N = 50
and (b) T = 50, N = 50. The number of neurons in the first hid-
den layer n, (orange dash-dot line) illustrates the change of the
structure of the neural network with the learning iterations A/. The
blue line shows the specific optimization process of the final defect
density p(T').

from significant modifications in the learning process should
not be a concern, as the optimization strategy automatically
discards these values. As the learning process progresses in
both scenarios, p(T) eventually exhibits convergence with
minimal fluctuations. Specifically, o(T) converges to a finite
value for T = 0.5, while for 7 = 50 it stabilizes around a
minimal value.

C. Numerical results and discussions

In Fig. 3 we present the optimized control field g(¢)
obtained by both the DCNN method and the gradient-based
power-law quench. In contrast to the power-law control,
the resulting g(¢#) lacks symmetric structure and passes
through the QCP at a specific time t*(< 0). Interestingly,
we observe that t* tends to increase as 7T increases. For
the long-term evolution, it remains imperative to navigate
through the QCP as slowly as feasible. Nevertheless, in both
instances, the slowest rate of change in g(¢) occurs at t = 0.
These characteristics of g(#) could provide insights into
the optimal timing and approach for traversing the critical

2.01 \ (a) T=0.5, N=50 —— DCNN

—-— power-law

2

-0.50 025  0.00 0.25 0.50
t
2.01 N\_(b) T=50, N=50 —— DCNN
\. —-— power-law
1.5
S1.0f---mmm T .
0.5 :
0.0{_ ' i' | .
—50 95 0 25 50
t

FIG. 3. The comparison between the optimized forms of the
control field g(¢) based on the DCNN (red solid line) and the
gradient-based power-law quench (purple dash-dot line) for (a) 7 =
0.5,N =50 and (b) T = 50, N = 50. In both panels, the horizontal
gray dashed lines indicate QCPs, while the gray dashed vertical lines
identify r*.

point, thereby minimizing defect generation in practical pulse
design applications. Furthermore, such insights may hold
the potential for generalization to state preparation protocols
across various quantum critical systems.

The optimized final defect density o(7") using the DCNN
is plotted in Fig. 4(a) for various system sizes with 7 /N
ranging from 0.01 to 1. To assess the relative effectiveness
of different optimization methods, we plot in Fig. 4(b) the
ratio R, of the defect density optimized by the DCNN to
that achieved through the gradient-based power-law quench.
We see that the DCNN outperforms the optimal power-law
quench across a broad range of parameters, particularly for
small-sized systems and in the long-duration limit. Similar
to the case of the optimal power-law profile, we observe a
crossover in the scaled time 7' /N beyond which the optimized
defect density undergoes a sharp decline. The simultaneous
occurrence of this crossover for different values of 7 and
N suggests that the crossover time 7; is proportional to N,
contrasting with the Kibble-Zurek scale for the linear quench,
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FIG. 4. (a) The final defect density p(7") with respect to different
T and N under the optimization by the DCNN. (b) The ratio R,, of the
final defect density optimized by the DCNN relative to that obtained
by the gradient-based power-law quench method.

where Tz scales as N? [40]. This occurrence can be ascribed
to the implications of the quantum speed limit, which estab-
lishes a connection between the maximum speed of evolution
and the system’s energy uncertainty and mean energy. Prior
studies suggest that the quantum evolution in a many-body
model primarily involves two lowest states in the scenario of
small excitations [96-98]. This enables effective mapping into
two-level Hamiltonians [99-102]. In the even subspace of k
mode in the 1D transverse Ising model, the mode Hamiltonian
H, in Eq. (16) can be reformulated in a Landau-Zener-type
form as H, = vk + wop with y = 2(g + cosk) and wy =
—2cos k. There exists an intrinsic quantum speed limit Tgsy,
to drive a general initial state to a final desired state [51],
expressed by

1
tan ZwkTQSL X —.
Wy

For the quench with # € [T, T] in the present scenario,
the lowest mode ky specified by wi, ~ —27x /N yields
2wi, Tost, & —m /2 or Tgsr./N ~ 1/8 for sufficiently large N,

t
20
16
12
N
<
8
4
1 | , | _to
0 2 0 25 50
t

FIG. 5. (a) The optimized control fields g(z) obtained by the
DCNN protocol with different initial values g; for T = 50, N = 50.
Inset magnifies the control fields around 7*. (b) The absolute value of
the relative offset of g(¢) to g. (dashed lines) and the energy gap
AE (solid lines with markers) with respect to ¢. Inset shows the
corresponding final defect density p(7") for different g;.

serving as a lower bound for Tgg; for the entire system,
considering all modes k.

The gradient-based power-law quench method, which de-
pends on a specific power-law scheme to pass through fixed
points, faces limitations in adaptability across varied initial
and final state scenarios. This limitation is particularly pro-
nounced when these states do not exhibit symmetry relative to
the critical point, thereby complicating the determination of
a suitable power-law function. In contrast, the DCNN offers
a more adaptable framework, enabling more straightforward
modifications to its optimization strategy. This adaptability
suggests that the DCNN approach may provide more nuanced
and flexible solutions compared to the gradient-based power-
law quench method, especially regarding its application across
diverse quenching scenarios. We plot the optimized control
fields with different initial values of g; in Fig. 5(a) for T = 50
and N = 50. It is evident that g(¢ ) smoothly passes through the
QCP at some ¢* around # = O at a relatively slow pace. As g;
increases while keeping g, constant, mitigating nonadiabatic
effects within a finite duration becomes challenging. The op-
timized control fields strikes a balance between a deliberate
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traversal of the QCP and avoiding excessive speed in other
regions [39]. To investigate the role of the lowest mode in
the optimization process, we plot the absolute value of the
relative offset of g(¢) to g. and the energy gap AE in Fig. 5(b).
One finds a discernible correlation between the deviation of
g(t) from g. and the energy gap associated with the lowest
mode, encapsulated by the approximate relation |g(t) — g.| =
0.25AE.

To explore potential applications, we assess the robustness
of our protocol to spin number fluctuations [50], considering
cases with T =50, N =50 and T = 0.5, N = 50 as exam-
ples. In experimental implementations, it is inevitable to en-
counter discrepancies in the actual number of spins present in
the system. We thus introduce a number fluctuation parameter,
SN = +4. The final defect density remains below 9.13x 107>
for T =50,N =50 and below 0.1798 for T =0.5,
N =50, indicating the robustness of our proposal against
spin number fluctuations. To delve deeper into the effects of
random noise, we examine the additive white Gaussian noise
model, denoted as Ag[g(7), SNR]. We incorporate it into the
control field using the relation

8q(1) = (1) + Aglg(r), SNR], (22)

where ¢ represents each random generator Ag[g(t), SNR],
with SNR = 101log,,(Ps/P,), where P; and P, are the power of
signal and noise, respectively. We evaluate our protocol’s ro-
bustness against white Gaussian noise by analyzing the mean
relative offsets, §p, from the ideal defect densities, conduct-
ing R numerical simulations with SNR = 10 for 7 = 0.5,
N =50 and T =50, N = 50. Figure 6 depicts 6p versus
R = 50p, where p is the simulation index, showing conver-
gence of defect densities to 3.57x 107> and 0.1798 for the
respective cases. These results highlight our scheme exhibits
a high degree of robustness against random noise.

IV. OPTIMAL CAT-STATE PREPARATION
IN THE QUANTUM ISING MODEL

In this section, we employ the DCNN to tackle a more com-
plex task: optimally preparing a cat state in the quantum Ising
chain. The Schrodinger cat states have attracted much atten-
tion from researchers due to their fundamental implications.
The quantum superpositions of two macroscopically distinct
states are not only interesting for testing the fundamentals
of quantum mechanics such as the quantum-to-classical tran-
sition [103,104], but also a valuable resource for quantum
information processing [105-107]. Noteworthy examples of
maximally entangled cat states include the NOON state [108]
and Greenberger-Horne-Zeilinger (GHZ) state [109], which
can push the estimation precision to the Heisenberg limit
[110-112]. Of particular interest are spin cat states for use
in atomic clocks [113] and magnetometers [114] due to the
potential applications in diverse fields from materials sci-
ence to medical diagnostics [115]. However, the realization
of cat states in practical experiments faces challenges due to
their sensitivity to decoherence and the delicate entanglement
properties [116].

. (a) T=0.5, N=50
2.0-
Q
. 15
=
1.0
0.5
0 2 4 6 8
103 R
2.58-
38 (b) T=50, N=50
2.56-
S 2.54
S
2.52-
2.50-
0 5 10 15 20
103 R

FIG. 6. Mean relative offsets §p of the final defect density from
the ideal value subjected to white Gaussian noise, as a function of
the total number of numerical simulations R, with SNR = 10. (a)
T =0.5, N =50, and (b) T = 50, N = 50. Here we define R =
50p, where p = 155 for (a) and p = 438 for (b). Dashed lines in
both panels indicate the convergent values.

The target state we aim to achieve is

1
cat) = —=(| = -+ =)+ [« -+ <)), (23)
V2
which is an equally weighted superposition of the two degen-
erate fully polarized states | — --- —) and | < - -+ <). Our

goal is to identify an optimized function g(¢) that maximizes
the final fidelity, defined as

F(T) = [(¢(T)|cat)|*. (24)

It is important to note that maximizing this fidelity poses a
more stringent requirement than simply minimizing the final
defect density. This is because any linear combination of
| > ---—) and | < --- <) would result in vanishing
defects.

It is shown in Ref. [93] that |cat) can be written in the
momentum space as a product state

jeat) = [ T ) (25)

keK
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FIG. 7. The fidelity F(T) of the cat state is evaluated under
various values of 7" and N, optimized by the DCNN.

with |x;) = sin §|Vac)k + cos §|k, —k). Therefore, F(T)
is actually the expectation value of the operator F =
[Tiek Ixk) (xx| in the final state |¢(T)). From Eq. (10), the
dependence of F(T") with respect to g(¢) is delineated as

SF(T)
3g(t)

= 2Im [ [ (D)) P
k

y Z (X br (D) (B ()Y [ (1))
(xxlw (T)) '

(26)
o

Within the DCNN framework, we also examine the quench
from g(—T) = 2 to g(T) = 0 over the time interval [—T, T].
The objective function is Q = ¢ F(T) + ¢> L. The update of
all parameters given by Eq. (13) will undergo corresponding
adjustments to reflect changes in Q. The optimized fidelity
results F(T) obtained through the DCNN for sizes N =
24,50, 100 and the ratio T'/N ranging from 0.01 to 1 are pre-
sented in Fig. 7. As expected, the achieved fidelity increases as
the duration T increases and approaches unity for larger T /N.
In the intermediate quench time range, specifically between
0.14 < T/N < 0.18, a notable surge in F(T) is observed,
which is accompanied by a marked decrease in final defect
density, as illustrated in Fig. 4. It is noteworthy that this
rise in F(T) becomes more pronounced with the increase in
system size. For shorter durations, the fidelity always remains
extremely low, a consequence of the inherent constraints im-
posed by the quantum speed limit.

Figure 8 displays the optimized control fields g(¢), obtained
either by maximizing cat-state fidelity ' (7') or by minimizing
final defect density p(7T'). In Fig. 8(a) a notable difference
is observed between the two control fields for short dura-
tions. Specifically, the g(¢) that minimizes final defect density
leads to considerably lower fidelity. Conversely, for longer
durations, the two profiles are nearly identical in Fig. 8(b),
with each leading to either very low final defect density or
significantly high fidelity. This observation implies a complex
relationship between final defect density and state fidelity,
indicating that they are not straightforwardly correlated.

2.01 \ (a) T=0.5, N=50 — p(D)
1.51

10

0.5

0.0{_ | | | .
00 0 0 0 00

t
2.01 \_(b) T=50, N=50 — (D)

—25 0 25 50
t

—50

FIG. 8. Comparison of the control fields g(¢) optimized for the
cat-state fidelity F'(T') (purple dash-dot line) and the final defect
density p(T') (red solid lines) with (a) 7 = 0.5, N =50 and (b)
T =50,N = 50. In both panels, the horizontal gray dashed lines
indicate QCPs, and the gray dashed vertical lines identify #* of g(¢)
guided by the cat-state fidelity.

V. CONCLUSION AND OUTLOOK

In this study, we introduce a dynamic control neural net-
work (DCNN) approach to suppress the final defect density
during a passage across a quantum critical point (QCP).
Utilizing the dynamic architecture of the neural network
combined with a strategic control mechanism, we success-
fully generate control fields that navigate through two fixed
points while optimizing the desired objective. By considering
various evolution time 7 and system sizes N, our method
achieves a lower final defect density compared to traditional
gradient-based power-law quench methods. Meanwhile, our
study reveals that the optimized final defect density undergoes
a crossover at a specific critical ratio of quench duration to
system size. This transition closely aligns with the quantum
speed limit for evolution, which is profoundly influenced by
the lowest mode. We numerically demonstrate that our proto-
col is robust against the random noise and the spin number
fluctuations. Additionally, we demonstrate the effectiveness
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of our method using control fields that are optimized across
arange of initial values. By analyzing variational control field
forms and comparing them to power-law quench methods, we
offer insights for experimental pulse design. The versatility of
the DCNN is further highlighted by its application to enhanc-
ing cat-state fidelity, providing similar optimized solutions
indicative of the quantum speed limit. Our findings reveal a
non-one-to-one correspondence between final defect density
and fidelity. To attain high-quality quantum many-body states,
it is crucial to exceed the critical ratio of quench duration to
system size.

Noting that the DCNN method introduced in this study
extends beyond the preparation of spin cat states, hold-
ing promise for a broad range of applications in quantum
technologies. With the rapid advancements in quantum com-
putation [117-120] and quantum metrology [121-124], the
DCNN’s capability for optimizing complex quantum systems
positions it as a valuable tool for enhancing precision in
quantum information science. The application of the DCNN
method to multi-objective optimization in quantum control
demonstrates its potential applicability, especially in com-
plex scenarios such as quantum many-body systems and open
quantum systems.
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APPENDIX A: THE GRADIENTS OF O(T)
WITH RESPECT TO G(T)

The gradients of the final expectation value O(T) with
respect to the control field g(¢) can be written as

50(T) = 2Re(G(g)|\U(T —T)OMIG( )

8g(t) ¢ 7 %) ) (;%1)
where

SUT, =T) . s OH@®

ks iU(T, =TYU'(t,—T) 520) ui,-T)

= —iU(T,-T)U'(t,-T)YU(@t, -T). (A2)

Combining Eq. (A1) with Eq. (A2), we derive the following
expression:

8O(T)
dg(t)

For simplicity, the |G(g;)) is abbreviated as |G;). We have
assumed that the control term ¥ can be expressed as a sum-
mation over even operators of independent mode ¥ = > Y,;.
If O(T) can be represented as a sum of even operators
over independent modes, such that o) = Z,; (A),—S(T), then it
follows that

= 2Im(G(g)|O(T)Y (t)|G(g:))- (A3)
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FIG. 9. (a) Computational time and (b) memory requirement for
varying neural network scales with spin lengths of N = 24, N = 50,
and N = 100. The notation n; x n, denotes a network configura-
tion with n; and n, neurons in the first and second hidden layers,
respectively. Each point represents the average computational time
or memory usage derived from ten iterations of neuron additions to
networks of identical scale. The dashed lines indicate linear fits to
the data points.

(Gi|O(T)Y (1)|G;)
= ) (G ;|0 ()G, )

==
Ean)

= > (G, 110D (OIG, )+ D (G, 10T G, )
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tand
=

1
L
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In deriving the penultimate line of Eq. (A4), we have used the
identity

I = 1G; (G, 7l +1G; 1) (G 7. (AS5)

Then, we can obtain Eq. (9). If O(T) can be expressed as a
product over even operators of independent modes O(T) =
[1; Oz(T), it can be calculated as

805(T)
og(t)
=2Im Y (G, 110, ¢ (T ()G, 1) | (G, 110, 2(T)IG, 1)
¥ kR

N (G.;,|02,;/(T)YA,;,(I)|G.,;/>
=2Im| [(G,;10, :(T)IG, ;) L =2
1;[ Z (G, 110, (DG, )

=2Im [ [(G,10, :(T)IG, )
P
(G, 110, £ (DG, 2 )G, 1V (DIG, 1)

X =~
2 (G, 210, (DG, 1)

k'

= 2Im [ [(¢x(T)10, £1(T))
k

. (8 (110, 118 (1)) (G (O1F |y (1))
- (8 (T)10, |6 (T)) '

k'

(AO6)

We also use the identity in Eq. (AS) in the above derivation.

APPENDIX B: THE NUMERICAL COST IN NEURAL
NETWORK EXPANSION

The parameter scale of expanding a DCNN can be quan-
tified as O((ny + Mdn;)(ny + Mdn,)), where M represents
the number of expanding the neural network as the network
approaches convergence. For an intuitive understanding, when
the initial network size is substantially smaller than M, the
parameter growth simplifies to O(M?). Conversely, for an
initially larger network relative to M, the complexity remains
closer to O(n;n,). For simplicity, we only consider the compu-
tational time and the memory consumption of increasing the
neurons one time, transitioning the network from ann; x n, to
an (n; + 6ny) x (ny 4+ ény) structure, where n; x n, denotes
a network with n; neurons in the first and n, in the second
hidden layers, respectively. The overall impact on compu-
tational time and memory can be approximated by > . x;y;,
with x; representing the number of iterations until successful
neuron integration, and y; capturing the associated time or
memory costs. It is noteworthy that computational duration
is subject to a variety of external factors, including CPU
performance and specific elements of the matrix. Assuming
a constant spin length, the variation in numerical costs linked
to different network sizes is illustrated in Fig. 9. As the pa-
rameter scale increases, we observe an almost linear surge in
computational time, indicative of the added complexity and
data processing requirements. Memory usage similarly rises,
though its growth trajectory is shallower compared to com-
putational time, which suggests a higher data throughput and
computational complexity for larger networks. An extension
in spin length further accentuates these resource demands.
However, a quantifiable relationship between network size
expansion and computational resource consumption requires
further investigation.
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