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An approximate quantum state preparation method is introduced, called the Walsh series loader (WSL).
The WSL approximates quantum states defined by real-value functions of single real variables with a depth
independent of the number n of qubits. Two approaches are presented. The first one approximates the target
quantum state by a Walsh series truncated at O(1/

√
ε), where ε is the precision of the approximation in terms

of infidelity. The circuit depth is also O(1/
√

ε), the size is O(n + 1/
√

ε), and only one ancilla qubit is needed.
The second method accurately represents quantum states with sparse Walsh series. The WSL loads s-sparse
Walsh series into n qubits with a depth doubly sparse in s and k, the maximum number of bits with value 1
in the binary decomposition of the Walsh function indices. The associated quantum circuit approximates the
sparse Walsh series up to an error ε with a depth O(sk), a size O(n + sk), and one ancilla qubit. In both cases,
the protocol is a repeat-until-success procedure with a probability of success P = �(ε), giving an averaged
total time of O(1/ε3/2) for the WSL and O(sk/ε) for the sparse WSL. Amplitude amplification can be used
to reach a probability of success P = �(1), modifying the quantum circuit size to Õ((n + 1/

√
ε)/

√
ε) and

Õ((n + sk)/
√

ε) and the depth to O([log(n)3 + 1/
√

ε]/
√

ε) and O([log(n)3 + sk]/
√

ε), respectively. Amplitude
amplification reduces by a factor O(1/

√
ε) the total time dependence on ε but increases the size and depth of

the associated quantum circuits, making them linearly dependent on n. These protocols give overall efficient
algorithms with no exponential scaling in any parameter. They can be generalized to any complex-value,
multivariate, almost-everywhere-differentiable function. The repeat-until-success Walsh series loader is so far
the only method that prepares a quantum state with a circuit depth and an averaged total time independent of the
number of qubits.
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I. INTRODUCTION

The second quantum revolution relies on the manipulation
of individual quantum systems. One of the key technologies
promised by this revolution is quantum computing, which is
made possible by the manipulation of individual quantum bits
(qubits). Because they can use quantum superposition and
entanglement, quantum computers (QCs) will perform some
computations faster than classical computers and mapping
computationally demanding problems into a form tractable by
a QC has become an active area of research.

Loading classical data into an n-qubit state is called quan-
tum state preparation (QSP) and is a fundamental subroutine
in many prevalent quantum algorithms. For instance, quantum
machine learning uses classical training data sets as input
[1–3] and the quantum Monte Carlo method uses QSP to
achieve a quadratic speedup in reaching hitting time and com-
puting expectation values of functions [4–8]. Also, addressing
the electronic structure problem on a quantum computer in-
volves initializing the qubits to a well-chosen state, typically
an approximation of the system’s ground state [9], Hamil-
tonian simulation using qubitization has its computational
cost estimated in the number of calls to a QSP oracle [10],
and solving linear system of equations Ax = b using quan-
tum computers relies on preparing a qubit state |b〉 encoding
the vector b [11,12]. In particular, the problem of solving
partial differential equations (PDEs) on QCs has recently at-
tracted a great deal of attention, with publications discussing

digital quantum algorithms [13–26], hybrid and variational
quantum-classical methods [26–33], and adiabatic and an-
nealing quantum algorithms [34–40]. To solve the Cauchy
problems for differential equations on any digital computer,
be it classical or quantum, one needs to (i) discretize space
and time and (ii) load the initial condition onto the computer.
For these different problems, the set of classical data can
always be represented by a function f of a certain variable x,
where both x and f are possibly multidimensional with some
smoothness properties.

Encoding classical data into an n-qubit state may cost an
exponential number of primitive operations because the space
of all n-qubit states has dimension 2n. Thus, exact methods for
QSP have an exponential scaling with n in size, i.e., the total
number of primitive quantum gates, in depth, i.e., the number
of layers of primitive quantum gates, or in the number of
ancilla qubits [41–47]. It has been suggested that these issues
can be overcome by using quantum generative adversarial
networks and variational methods with low depth and size
trained quantum circuits [48,49]. However, these methods suf-
fer from usual optimization problems such as barren plateaus,
local minima, and scalability [50,51]. This has prompted the
introduction of new schemes exploiting the structure of the
classical data (sparsity, smoothness, etc.) to achieve efficient
complexities scaling at most as O(poly(n, 1/ε)), avoiding in
particular exponential scalings [52–54].

In this article we present a simple quantum algorithm
for QSP based on Walsh functions: the Walsh series loader
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TABLE I. Scaling laws of the depth, size, probability of success, and averaged total time for the WSL and for the sparse WSL with
repeat-until-success and amplitude amplification protocols. The number of qubits is n, the sparsity of the Walsh series is s, and k � n is the
maximum Hamming weight of the indices of the Walsh functions appearing in the sparse Walsh series. For the WSL (sparse WSL), ε is the
error in terms of infidelity between the implemented state and a target quantum state | f 〉 (| fs〉) associated with a differentiable function f (a
sparse Walsh series fs). The notation Õ is defined as O notation up to a polylogarithmic factor log(n)4.

Method Depth Size Probability of success Averaged total time

repeat until success WSL O(1/
√

ε) O(n + 1/
√

ε) �(ε) O(1/ε3/2)

repeat until success sparse WSL O(sk) O(n + sk) �(ε) O(sk/ε)

amplitude amplification WSL O([log(n)3 + 1/
√

ε]/
√

ε) Õ((n + 1/
√

ε)/
√

ε) �(1) O([log(n)3 + 1/
√

ε]/
√

ε)

amplitude amplification sparse WSL O([log(n)3 + sk]/
√

ε) Õ((n + sk)/
√

ε) �(1) O([log(n)3 + sk]/
√

ε)

(WSL). The set of Walsh functions was first introduced by
Walsh [55], who showed that every continuous function of
bounded variations defined on [0,1] can be expanded into a
series of Walsh functions. Consider, for example, a set of
classical data corresponding to a real-value function f of
a single real variable. Starting from the Walsh series of f ,
also called the Walsh-Hadamard series, one can implement
a quantum state ε-close to the target quantum state using only
one ancilla qubit, with a quantum circuit of depth O(1/

√
ε) in-

dependent of the number of qubits n and of size O(n + 1/
√

ε).
The efficiency of the algorithm is guaranteed for any function
with a bounded first derivative. The algorithm also applies to
complex-value functions and/or functions of d real variables
loaded into nd qubits. More generally, the WSL can load any
Walsh series of s terms up to an error ε > 0 with a quantum
circuit of depth O(sk) and size O(n + sk), where k is the max-
imum number of bits with value 1 in the binary decomposition
of the Walsh function indices (maximum Hamming weight of
the Walsh function indices). The protocol is presented as a
repeat-until-success procedure with a probability of success
P = �(ε) and an averaged time for success given by T =
D/P, where D denotes depth. Amplitude amplification can be
performed to increase the probability of success to P = �(1)
and decrease the averaged total time by a factor O(1/

√
ε), all

at the cost of increasing the quantum circuit size and depth.
All complexity scalings are summarized in Table I.

This article is organized as follows. Section II defines
Walsh functions, Walsh series, and their associated operators.
Section III introduces the Walsh series loader, its features, and
complexities. Section IV illustrates the efficiency of the WSL
with numerical examples. Section V discusses and compares
the WSL with other QSP algorithms for smooth functions. We
briefly summarize in Sec. VI.

II. PRELIMINARIES ON WALSH FUNCTIONS
AND WALSH OPERATORS

Walsh functions form a set of orthogonal functions defined
on [0,1] by

w j (x) = (−1)
∑n

i=1 jixi−1 , (1)

where j is the order of the Walsh function, ji is the ith bit
in the binary expansion j = ∑n

i=1 ji2i−1, and xi is the ith
bit in the dyadic expansion x = ∑∞

i=0 xi/2i+1. Walsh func-
tions are ideal in the general context of binary logic and
binary arithmetic and in particular in quantum information.

Indeed, the operator ŵ j associated with the Walsh function
w j can be written as a tensor product of Pauli Z gates ŵ j =
(Z1) j1 ⊗ · · · ⊗ (Zn) jn , where ji is the ith coefficient in the
binary expansion of j = ∑n

i=1 ji2i−1. Given a function f of
the variable x ∈ [0, 1], one can expand it in terms of Walsh
functions f = ∑∞

j=0 a jw j .1 On a finite set of M points, one
can exactly expand the restricted function f as a series of M
Walsh functions. On [0,1], the M Walsh series approximate
the function f up to an error ε1. More precisely, choosing
M = 2m with m = �log2(1/ε1)� gives an error ‖ f ′‖∞ε1 be-
tween f and its M Walsh series

f ε1 =
M(ε1 )−1∑

j=0

a f
j w j (2)

such that ‖ f − f ε1‖∞ � ‖ f ′‖∞ε1 (see Lemma 2 in Ap-
pendix B). The jth Walsh coefficient a f

j associated with the
function f is defined by

a f
j = 1

M

M−1∑
k=0

f (k/M )w j (k/M ). (3)

Walsh series play a crucial role in the efficient implemen-
tation of diagonal unitaries on a set of n qubits. Bullock and
Markov [56] proved that implementing an exponential of the
Walsh operator Ŵj = eaj ŵ j is optimal by considering the set
of Walsh coefficients a j associated with the phases {θ j} of a
diagonal unitary eiθ̂ = ∑

j eiθ j | j〉〈 j|. Each operator Ŵj is then
implemented using two controlled-NOT (CNOT) stairs and one
R̂Z = eia j Ẑ gate (more details in Appendix A 1). Then Welsh
et al. [57] introduced the first efficient quantum circuit for
diagonal unitaries based on M Walsh series. The Walsh se-
ries loader exploits these constructions and introduces sparse
Walsh series to achieve quantum state preparation.

III. WALSH SERIES LOADER

Assume for the time being that f is a real-value function of
the single real variable x ∈ [0, 1]. The QSP algorithm consists

1In other words, Walsh functions can be used to perform harmonic
analysis.
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in preparing the qubit state

| f 〉 = 1

‖ f ‖2,N

∑
x∈Xn

f (x)|x〉 , (4)

where the kets |x〉 are eigenstates of the operator representing
the classical variable x. Also, Xn = {0, 1/N, . . . , (N − 1)/N},
‖ f ‖2,N =

√∑N−1
j=0 f ( j/N )2, and N = 2n, with n the number

of qubits.
The quantum algorithm for QSP that we propose is based

on two key ingredients. The first one is an efficient implemen-
tation of diagonal unitary operators through Walsh operators:
Consider, for any given f , the operator f̂ = ∑

x∈Xn
f (x)|x〉〈x|

and the unitary operator Ûf ,ε0 = e−i f̂ ε0 , where ε0 is an arbi-
trary strictly positive real number. Both operators are diagonal
in the x basis. At a given ε0, the operator Ûf ,ε0 contains all the
information present in the state f̂ . So encoding Ûf ,ε0 in an effi-
cient way is tantamount to encoding the information present in
| f 〉 in an efficient way. This is possible by first approximating
f with an M Walsh series (or a sparse Walsh series with only
a number s of Walsh functions) and then implementing the
corresponding exponential of Walsh operators.

The second ingredient in the algorithm is a repeat-until-
success method which transforms the unitary Ûf ,ε0 = e−i f̂ ε0

into an operator proportional to f̂ and ultimately into the
desired quantum state | f 〉. This is achieved by an interference
scheme where an ancilla qubit is manipulated to generate
the operator Î − e−i f̂ ε0 , which, for small enough ε0, coincides
with i f̂ ε0. It turns out that measuring the ancilla qubit delivers,
at leading order in ε0, the desired state | f 〉. This is so because
measurement introduces an extra normalization factor N ∝
ε0 which, at leading order in ε0, cancels the ε0 dependence
present in Î − e−i f̂ ε0 .

Let us now give some details about the way the ancilla
qubit is used. Suppose that the n-qubit register for the po-
sition x is initially in the state |0, . . . , 0〉. We apply to the
register a Hadamard tower to get from that state the uniform
superposition

|s〉 = Ĥ⊗n |0, . . . , 0〉 = 1√
N

∑
x∈Xn

|x〉 , (5)

with N = 2n and n the number of qubits. We then add an
ancillary qubit in state |qA〉 = Ĥ |0〉 = 1√

2
(|0〉 + |1〉), so the

state of the total system is |ψ1〉 = 1√
2
(|s〉|0〉 + |s〉|1〉). We now

let the ancilla control the action of Ûf ,ε0 by introducing a new
controlled-Ûf ,ε0 operator whose action on |ψ1〉 gives

|ψ2〉 = 1√
2

(|s〉|0〉 + e−i f̂ ε0 |s〉|1〉). (6)

Technically, a quantum circuit for controlled–Ûf ,ε0 opera-
tion can be obtained from a quantum circuit for Ûf ,ε0 by
letting every gate be controlled by the ancilla qubit, chang-
ing CNOT gates into Toffoli gates and single-qubit rotations
into controlled rotations. The Hadamard gate Ĥ and the gate
P̂ = (1 0

0 −i) can then be used to mix components and get the

FIG. 1. Quantum circuit for the preparation of an initial quantum
state | f 〉 = 1

‖ f ‖2

∑
x f (x)|x〉 associated with a real-value function f .

At each red dashed line, the quantum state corresponds to Eqs. (5),
(2), (3), and (4), respectively.

state

|ψ3〉 = Î + e−i f̂ ε0

2
|s〉|0〉 − i

Î − e−i f̂ ε0

2
|s〉|1〉 . (7)

We then measure the ancilla qubit (in the computational ba-
sis). If |qA〉 = |0〉, the protocol starts again. If |qA〉 = |1〉, the
output state is

|ψ4〉 = −i
Î − e−i f̂ ε0

2‖ Î−e−i f̂ ε0

2 |s〉‖2,N

|s〉  | f 〉 + O(ε0), (8)

which, at leading order in ε0, is identical to the desired state.
Note that the very act of measuring the ancilla introduces
the correct renormalization, which makes it possible to obtain
the desired state. The part of the algorithm that we have just
described, which involves the ancilla qubit, is represented in
Fig. 1.

The probability of success of the protocol, i.e., the proba-
bility P(1) to measure |qA〉 = |1〉, scales as

P(1) =
∥∥∥∥∥ Î − e−i f̂ ε0

2
|s〉

∥∥∥∥∥
2

2,N

 ε2
0

4N
‖ f ‖2

2,N  ε2
0

4
‖ f ‖2

2,[0,1].

(9)

In the case of interest where f is a continuous function
on [0,1], f is also in L2([0, 1]), so the quantity 1

N ‖ f ‖2
2,N =∑N−1

j=0 f ( j/N )2/N is bounded and tends to ‖ f ‖2
2,[0,1] =∫ 1

0 f (x)2dx, giving a probability of success asymptotically
independent of N . In some other particular cases, for instance,
with a Dirac distribution f (x) = δ(x − 0.5), the probability
of success is exponentially small with N , leading to an inef-
ficient method.2 Note that the probability P(1) is controlled
by the L2-norm of f , not by the derivative f ′. The derivative,
however, controls how well the Walsh series represent f .

The repeat-until-success procedure does not increase the
size or the depth of the quantum circuit. On average, the time
T required to achieve success equals the depth of the quantum
circuit D divided by the probability of success T = D/P(1).
Once success is reached, the QSP has been performed. Fur-
thermore, one could perform amplitude amplification to reach

2For sparse functions defined as the sum of Dirac functions, effi-
cient QSP exists [9].

042401-3



JULIEN ZYLBERMAN AND FABRICE DEBBASCH PHYSICAL REVIEW A 109, 042401 (2024)

P(1) = �(1). Amplitude amplification reduces quadratically
the total time T with respect to the number of trials in the
repeat-until-success procedure, i.e., T = D′/

√
P(1), with D′

the depth of the quantum circuit performing one reflection
of the amplitude amplification (more details in Appendix C).
Therefore, the total time is reduced by a factor 1/ε0 (or 1/

√
ε

in Table I) but at the cost of increasing the size and the depth of
the WSL, making them dependent of n with a polylogarithmic
factor. This quadratic improvement with respect to P(1) is
similar to the quadratic advantage of the Grover algorithm.

This procedures works for real-value functions f , but it ob-
viously fails if f is complex valued, because a complex-value
f makes the operator Ûf ,ε0 nonunitary. The way to handle
complex-value functions is to add a layer to the algorithm.
One introduces the modulus | f | and the phase φ f . One carries
out the above procedure for | f | (instead of f ) and then im-
plements efficiently the unitary operator exp(iφ f ) separately
using again Walsh functions as developed in [57], adding an
additional O(1/

√
ε) in terms of size and depth (more details

in Appendix A 2).
Error analysis. The discrepancy between the target quan-

tum state and the implemented quantum state has two distinct
origins. The first one is the error ε1 introduced by computing
the finite Walsh series of f on a set of M(ε1) points. The sec-
ond one is the error ε0 introduced by the interference scheme.

Let us be a bit more specific about the first source of error.
The diagonal unitary operator Ûf is implemented efficiently
using the scheme introduced by Welsh et al. in [57]. The
differentiable real function f defined on [0,1] is expanded
into a Walsh series f ε1 . The Walsh series of f corresponds
to a piecewise constant function which coincides with f on
a finite number of points and the error associated with the
Walsh series can be bounded by the maximum value of the
first derivative of f on [0,1]: ‖ f (x) − f ε1 (x)‖∞ � ε1‖ f ′‖∞,
where ‖ f ‖∞ = supx∈[0,1] | f (x)|. These two errors result in an
infidelity 1 − F = O((ε0 + ε1‖ f ′‖∞)2), emphasizing the fact
that the method is efficient for slowly varying functions, i.e.,
when the space step of the discretization of the continuous
problem is small compared to the characteristic length of
variations of the PDE problem.

The results of this article can be summarized in two theo-
rems. First, consider a state defined by a real-value function
f defined on [0, 1]d and suppose one wants to load that state
to n = ∑d

i=1 ni qubits with errors �ε = (ε1, . . . , εd ). Then we
have the following theorem.

Theorem1. There is an efficient quantum circuit of size
O(n1 + · · · + nd + 1/(ε1 × . . . × εd )) and depth O(1/(ε1 ×
· · · × εd )), which, using one ancillary qubit, implements the
quantum state | f 〉 with a probability of success P(1) = �(ε2

0 )
and infidelity 1 − F = O((ε0 + ∑d

i=1 εi‖∂i f ‖∞,[0,1]d )2).
The proof of this theorem can be found in Appendix B.

If one wants to quantify the infidelity by a single small pa-
rameter ε > 0, one can choose ε0 ∝ √

ε and ε1 ∝ √
ε. In

the particular one-dimensional case, Theorem 1 ensures that
there is a quantum circuit of size O(n + 1/

√
ε) and depth

O(1/
√

ε), which uses only one ancillary qubit and imple-
ments the quantum state | f 〉 with a probability of success
P(1) = �(ε) and infidelity 1 − F � ε. Also, note that the size

is affine in n1 + · · · + nd (or n) because of the Hadamard gates
applied on each qubit at the first step of the QSP algorithm.

Additionally, real-value functions which are accurately
represented by a sparse Walsh series of s terms can be
efficiently loaded to n qubits. Let us consider f  fs :=∑

j∈S a jw j with S ⊂ {0, 1, . . . , 2n − 1}, where the a′
js can be

chosen to minimize the difference between fs and f . The
problem of finding the best set S and the best coefficients
{a j, j ∈ S} to approximate a function f is called the minimax
series problem [58]. A simple but efficient way to find a sparse
Walsh series approximating a given function f is to keep in
the Walsh series of f the terms with the largest |a j |. The
complexity of implementing a given s-sparse Walsh series
depends directly on s and k, the maximum Hamming weight
of the binary decomposition of the Walsh coefficient indices:
k = max j∈S (

∑l j

i=0 ji ), with j = ∑l j

i=0 ji2i.
Theorem 2. For a given set S ⊂ {0, 1, . . . , 2n − 1} and real

Walsh coefficients {aj, j ∈ S} there is an efficient quantum
circuit of size O(n + sk) and depth O(sk) which, using one
ancillary qubit, implements the quantum state | fs〉 with a
probability of success P(1) = �(ε) and infidelity 1 − F � ε.

A corollary of Theorem 2 concerns the case of a func-
tion f approximated by a sparse Walsh series fs such that
‖ f − fs‖∞ � √

ε. Then there is an efficient quantum circuit
of size O(n + sk) and depth O(sk) which, using one ancillary
qubit, implements the quantum state | f 〉 with a probability of
success P(1) = �(ε) and infidelity 1 − F � ε. On n qubits,
the parameter k is necessarily smaller than or equal to n. So
in the worst-case scenario the sparse WSL method has depth
O(sn) and size O(sn). The proof of this theorem and corollary
can be found in Appendix B.

IV. NUMERICAL RESULTS

The scaling laws stated in Theorem 1 can be illustrated by
numerical examples. Figure 2 displays, for various functions,
how the infidelity 1 − F scales with ε = ε2

0 = ε2
1 [Fig. 2(a)]

and with n [Fig. 2(b)]. Figure 2(a) confirms the linear scaling
with ε while Fig. 2(b) clearly illustrates the fact that, for a
given target state, the infidelity admits an n-independent (but
ε-dependent) upper bound. Note that the optimal infidelity is
given for M = N and ε0 = ε1 = 1/N , but this case needs an
exponential amount of resources to be implemented.

Furthermore, the WSL offers two ways of arranging the
Walsh operators. The first one is to use a Gray code which
cancels a maximum number of CNOT gates: Out of two CNOT

stairs, only one CNOT remains, reaching optimality in terms
of size [56,57]. The second method consists in implementing
a sparse Walsh series by listing the M Walsh coefficients of
f in decreasing order, keeping then only the first, dominant
coefficients. One can thus obtain surprisingly accurate ap-
proximations of the targeted state with a very small number
of Walsh operators. Numerical results show that, at a given
infidelity, the second method has a depth smaller than the first
method (see Fig. 3). The dominant Walsh coefficients actually
do not depend on the total number of qubits n. The procedure
thus delivers another QSP method with depth independent of
n. The number of classical computations needed to implement
the Gray code or the decreasing order method depends only
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FIG. 2. Infidelity 1 − F (a) as a function of ε with ε0 = √
ε

and ε1 = √
ε for n = 20 qubits and (b) as a function of n for ε0 =

ε1 = 1/27 for different probability distributions: Gaussian gμ,σ (x) =
exp[−(x − μ)2/2σ 2]/σ with μ = 0.5 and σ = 1; bimodal Gaus-
sian gμ1,σ1,μ2,σ2,s(x) = sgμ1,σ1 (x) + (1 − s)gμ2,σ2 (x) with μ1 = 0.25,
μ2 = 0.75, σ1 = 0.3, σ2 = 0.04, and s = 0.1; Lorentzian Lμ,
 (x) =
[
 + 4(x − μ)2/
]−1 with μ = 0.5 and 
 = 1; and sinc(x) =
sin(6πx)/6πx.

on M and not n. More details on the WSL for complex and
nondifferentiable functions can be found in Appendix A.

V. DISCUSSION AND COMPARISON
WITH OTHER METHODS

Our method needs n + 1 Hadamard gates to initialize the
state into a full superposition of all possible ket vectors.
The control diagonal unitary which is applied afterward can
be implemented with M controlled-Z rotations (ĈRZ) and
M − 1 Toffoli gates, where M depends on ε1, which is the
error made in representing the function f by its Walsh se-
ries f ε1 . To be precise, M = 2m with m = �log2(1/ε1)� + 1.
Now each Toffoli gate can be decomposed into six CNOT

gates, two Hadamard gates, and seven T̂ and T̂ † gates,
without using ancilla qubits [59], and each two-qubit gate
ĈRZ(θ ) can be decomposed into two CNOT gates and three
R̂Z gates with the formula ĈRZ(θ ) = [Î2 ⊗ R̂Z(θ )]CNOT[Î2 ⊗

FIG. 3. Infidelity 1 − F as a function of the depth of the quantum
circuits associated with the Gray code order (solid lines) and the
decreasing order (dashed lines) for the functions defined in Fig. 2
and the parameters n = 16 and ε0 = 10−3. Each symbol corresponds
to a number of Walsh operators 2m going from 21 to 210. For the Gray
code order, the 2m Walsh series is computed for each point. For the
decreasing order method, 210 Walsh coefficients are computed and
only the 2m largest are implemented.

R̂Z(−θ/2)]CNOT[Î2 ⊗ R̂Z(−θ/2)] [60]. Finally, a Hadamard
gate and an optional phase gate P̂ = (1 0

0 −i) = ŜẐ , with Ŝ =
(1 0
0 i ), are performed on the ancilla qubit, giving a total count

of 8M − 6 CNOT gates, n + 2M Hadamard gates, 3M R̂Z gates,
7M − 7 T̂ and T̂ † gates, and optional Ẑ and Ŝ gates. This
leads to a size scaling as O(n + 1/ε1) and a depth O(1/ε1).
Note that the complexity scalings are given as a function of
ε1 because ε1 is linked to the target error, which is an input
parameter of the problem, while M is not an input parameter
of the problem. Nevertheless, the scalings with m or M are
equivalent to the one stated here.

In the case of loading an s-sparse Walsh series of the
parameter k, the controlled-Ŵj,ε0 operator is implementable
for each of the s Walsh operators with a quantum circuit com-
posed of two Toffoli stairs of H ( j) Toffoli gates, with H ( j)
the Hamming weight of the binary decomposition of j such
that k = max j∈S H ( j) � n, and one ĈRZ rotation. The number
of Toffoli gates is bounded by 2ks and the number of ĈRZ is s.
In the worst-case scenario, this gives a total of 12k + 2s CNOT

gates, 4ks + n + 2 Hadamard gates, 14ks T̂ and T̂ † gates, 3s
R̂Z gates, and optional Ŝ and Ẑ gates. In many particular cases,
the number of Toffoli gates can be reduced by choosing the
order of implementation of the Walsh operators which cancel
a maximum number of Toffoli gates in two successive Toffoli
stairs. Several algorithms minimize the number of gates in
a quantum circuit composed only of CNOT, Toffoli, and RZ

gates using phase polynomial synthesis for fully connected
hardware and hardware with constrained connectivity [61].
As expected, the Gray code ordering appears as the optimal
solution in the case of a dense Walsh series with s = 2m and
k = m and it reduces the gate complexity up to a factor 2m.
These results can be compared to other approximate QSP
algorithms preparing quantum states associated with contin-
uous functions.
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The recent Fourier series loader [53] makes it possible
to prepare continuous functions with a depth linear in the
number of Fourier components and in the number of qubits.
The idea behind this method is to first load the 2m Fourier
components of the target f on the quantum computer and
then apply an inverse quantum Fourier transform to get the
function f in real space. This result can be compared to ours
since the number of Fourier components in the Fourier series
of a function can be directly related to the error one makes
in the truncation, leading to a gate complexity scaling at most
as O(1/ε1/p) for p-differentiable functions. Nevertheless, the
inverse QFT leads to a final quantum circuit of size O(n2 +
2m) and depth O(n + 2m), while the Walsh series loader has
only size O(n + 2m) and depth O(2m) [and a probability of
success P(1) = �(ε2

0 )]. This difference mainly comes from
the fact that Walsh series can be loaded directly in real
space.

In [54], quantum state preparation for continuous real func-
tions f1 is achieved going adiabatically from the Hamiltonian
H0 = | f 〉〈 f |, with | f 〉 = H⊗n |0〉, to the target Hamiltonian
H1 = | f1〉〈 f1|. The adiabatic evolution is implemented via
small Trotterization steps. To thus prepare the target quantum
state with error ε, the query complexity is O(F p/ε2), where
F is a constant depending on f1, and the number of necessary
ancilla qubits scales as O(n + d ), where d is the number of
digits used in the discretized encoding of f1. Even if the
WSL is a repeat-until-success procedure, it offers a quadratic
advantage in terms of size and depth due to the fact that the
complexity scales with the L2 error ε ( 1

ε
instead of 1

ε2 ) and
necessitates only one ancilla qubit.

Another method [62] suggests the approximation of
quantum states associated with smooth, differentiable, and
real-value (SDR) functions using matrix product state (MPS)
methods. Approximating SDR functions as polynomials
admitting the MPS representation, one can use MPS compres-
sions and mappings from MPS representations to quantum
circuits. The presented quantum circuits are linear in n (depth
and size) and are obtained with a linear number of classi-
cal computations. However, Ref. [62] offers only empirical
arguments in favor of the method’s efficiency and does
not produce analytically proven scaling laws involving the
error ε.

Another approximate QSP method [52] makes use of a
modified version of the Grover-Rudolph algorithm [41]. To
load a real-value, positive, and twice-differentiable function
on n qubits with infidelity less than ε, Marin-Sanchez et al.
implement only 2k(ε,n) − 1 multicontrolled rotations (instead
of 2n) with k(ε, n) asymptotically independent of n. For other
functions, Marin-Sanchez et al. use a variational general-
ization of the original algorithm. Even if the Walsh series
loader presented above is a repeat-until-success procedure, it
does not involve variational steps and it can be used for any
once- (as opposed to twice-) differentiable functions, includ-
ing real-value but nonpositive functions, complex functions,
or even multivariate ones. Also, the depth of the WSL is not
only asymptotically but exactly independent of the number of
qubits n.

VI. CONCLUSION

The WSL algorithms approximate quantum states effi-
ciently with a depth independent of the number of qubits.
This remarkable property brings us one step closer to quantum
supremacy for all algorithms needing a QSP step. This work
should be extended by investigating other alternative meth-
ods to compute finite Walsh series approximations. Possible
candidates include threshold sampling, data compression [58],
or efficient estimation of the number M of best Walsh coeffi-
cients [63].

ACKNOWLEDGMENTS

The authors thank N. F. Loureiro, A. B. Grilo, T. Fredon,
U. Remond, and U. Nzongani for useful feedback on our
research. The quantum circuit diagrams in this paper were
prepared using QUANTIKZ package [64] and the plots were
prepared using the MATPLOTLIB library [65].

APPENDIX A: TECHNICAL DETAILS ABOUT THE
IMPLEMENTATION OF THE WALSH SERIES LOADER

1. Loading of real-value functions

Following the scheme of Welsh et al. [57], loading a
real-value function f defined on [0,1] to an n-qubit state
starts with the discretization of the interval [0,1] into N =
2n discrete points Xn = {0, 1/N, 2/N, 3/N, . . . , (N − 1)/N}.
The second step consists in computing classically the Walsh
coefficients of the function f . The Walsh function of order
j ∈ {0, 1, . . . , N − 1} is defined by

w j (x) = (−1)
∑n

i=1 jixi−1 , (A1)

where ji is the ith bit in the binary expansion j = ∑n
i=1 ji2i−1

and xi is the ith bit in the dyadic expansion x = ∑∞
i=0 xi/2i+1.

The M Walsh series f ε1 approximating a function f up to
an error ε1 is

f ε1 =
M(ε1 )−1∑

j=0

a f
j w j, (A2)

where m(ε1) = �log2(1/ε1)� + 1 and M(ε1) = 2m(ε1 ) with
1

M(ε1 ) < ε1. The jth Walsh coefficient a f
j associated with the

function f is defined by

a f
j = 1

M

M−1∑
x∈Xm

f (x)w j (x), (A3)

where Xm = {0, 1/M, 2/M, 3/M, . . . , (M − 1)/M}.
The last step consists in performing the WSL quantum

circuit by implementing the controlled diagonal unitary Ûf ε1 ,ε0

associated with the computed a f
j coefficients. Note that the

decomposition into one-qubit gates and two-qubit gates of
the controlled-Ûf ,ε0 operator is given by controlling all the
gates coming from the decomposition of Ûf ,ε0 . Thus, in the
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...
≡ . . . . .

.

q0 Ẑ

q1 Ẑ

qp−2 Ẑ

qp−1 Ẑ Ẑ

FIG. 4. Equivalent quantum circuit for a tower of p Pauli Z
quantum gates.

following we focus only on the decomposition of Ûf ε1 ,ε0 ,

Ûf ε1 ,ε0 = e−i f̂ ε1 ε0 = exp

⎛⎝−i
M−1∑
j=0

a f
j ŵ jε0

⎞⎠
=

M−1∏
j=0

e−ia f
j ŵ jε0

=
M−1∏
j=0

Ŵj,ε0 , (A4)

where Ŵj,ε0 = e−ia f
j ŵ jε0 and the Walsh operators are defined as

ŵ j = (Z1) j1 ⊗ · · · ⊗ (Zn) jn , where ji is the ith coefficient in
the binary expansion of j = ∑n

i=1 ji2i−1. Using the fact that
a tensor product of Pauli Z gates can be rewritten using CNOT

staircases as (see Fig. 4)

Ẑ0 ⊗ · · · ⊗ Ẑp−1 = Âp(Î0:p−2 ⊗ Ẑp−1)Â−1
p , (A5)

where Ẑi is the Pauli Z gate acting on qubit i, Î0:p−2 is the
identity operator acting on qubits 0, . . . , p − 2, and Âp =
ĈNOT

p−1
0 ĈNOT

p−1
1 · · · ĈNOT

p−1
p−2, with ĈNOT

j
i the CNOT quantum

gate controlled by qubit i and applied on qubit j. Therefore,
the operator Ŵj,ε0 acting on p qubits can be simply written in
term of quantum gates as (see Fig. 5)

Ŵj,ε0 = Âp
(
Î0:p−2 ⊗ e−ia f

j ε0Ẑ)Â−1
p . (A6)

Then the Ŵj,ε0 commute with each other, allowing us to
optimize the order of implementation of the Ŵj,ε0 . The first
method consists in canceling a maximum number of CNOT

gates coming from the operators Âq of two consecutive Ŵj,ε0

and Ŵj′,ε0 . This is done using a Gray code [66]: Only one bit
changes in the binary decomposition of the indices j and j′
of two consecutive operators. The second method consists in

FIG. 5. Quantum circuit for the operator Ŵj (a) acting on p dif-
ferent qubits using CNOT and RZ quantum gates.

FIG. 6. (a) Quantum state preparation on n = 20 qubits of
a bimodal Gaussian gμ1,σ1,μ2,σ2,s(x) = (1 − s)gμ1,σ1 (x) + sgμ2,σ2 (x),
with gμ,σ (x) = exp[−(x − μ)2/2σ 2]/σ , μ1 = 0.25, μ2 = 0.75,
σ1 = 0.3, σ2 = 0.04, and s = 0.1 with infidelity 1 − F = 1.5 × 10−4

using the parameters ε0 = 0.01 and ε1 = 1/27 and (b) quantum
state preparation of sinc(x) = sin(6πx)/6πx with infidelity 1 − F =
6.0 × 10−3 using the parameters ε0 = 0.1 and ε1 = 1/27.

sorting the M Walsh coefficients a f
j in order to implement

only a finite number M ′ < M of operators Ŵj,ε0 associated
with the largest |a f

j |. The two methods are compared not in
terms of infidelity scaling with the number of Walsh opera-
tors but in terms of infidelity scaling with the depth of the
associated quantum circuits (Fig. 3). While the first method
has theoretical guarantees, the second one seems numerically
more efficient since it does not implement all the smallest
coefficients of the M Walsh series of f . Other methods exist to
compute finite Walsh series approximating a given function f
using threshold sampling, data compression [58], or efficient
estimation of a number M ′ of the best Walsh coefficients [63],
which could be used for quantum state preparation.

Figure 6 illustrates the Gray ordered WSL method on a
bimodal Gaussian function and a sinc function on n = 20
qubits, with fidelity larger than 0.999 and 0.99, respectively.

2. Loading of complex-value functions

Complex-value functions are especially useful in contexts
involving wave propagation. Associated PDEs include the
Maxwell equations and the Klein-Gordon, the Dirac, and
the Schrödinger equations. Note that complex-value functions
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FIG. 7. Quantum circuit for the preparation of an initial quantum
state | f 〉 = 1

‖ f ‖2,N

∑
x∈Xn

f (x)|x〉 associated with a complex-value

function f = | f |eiφ f .

are also useful in studying hydrodynamical potential flows
[26,67]. The WSL is an efficient method to load the complex-
value initial condition for PDEs. Loading of a complex-value
function f defined in [0,1] is carried out by first loading
the modulus | f | of f and then loading the phase φ f of f .
The modulus is loaded with the scheme presented in Fig. 1.
The phase φ f is implemented as a diagonal unitary through
a Walsh series of φ f using the scheme proposed by Welch
et al. [57]. The resulting quantum circuit is illustrated Fig. 7.
In terms of accuracy, the error one makes in the implementa-
tion of f is bounded by the sum of errors one makes in the
implementation of | f | and eiφ̂ f .

3. Loading of non-differentiable functions

Applying the WSL on nondifferentiable functions is pos-
sible with significant results even if no theoretical guarantees
have been proven. In the particular case of real-value functions
defined on [0,1] and differentiable almost everywhere but on
a finite set of points with a bounded first derivative, Theorem
1 generalizes using the fact that in the proof of Lemma 2
the difference between the function and its Walsh series can
be bounded by the maximum of | f ′| on each interval where
f ′ is well defined. The WSL is performed for the real-value
functions defined on [0,1],

f1(x) = sin[2π (x − 1
3 )]w4(x),

f2(x) = |x − 0.25| − |x − 0.5| + |x − 0.75|,
f3(x) =

√
|x − 0.5|,

f4(x) = 1

1 − x
,

(A7)

where w4 is the Walsh function of order 4.
Numerical results in Fig. 8 show scaling laws 1 − F ∝ ε

for continuous nondifferentiable functions such as f2 and
also for noncontinuous functions such as f1. The scalings are
similar to the ones of differentiable functions in Fig. 3. The
case of f3 is particularly interesting since its first derivative
is unbounded but the WSL method still provides an accurate
QSP method. It could be explained by the fact that f3 itself
is bounded, suggesting that the WSL could converge also
for some bounded functions almost everywhere differentiable
with an unbounded first derivative. However, in the particular
case of a diverging function with a singularity point such as f4,
the WSL fails to accurately prepare the target state due to the
diverging values taken by the function in the neighborhood
of the singularity. The quantum state preparation of f1 is
presented in Fig. 9 with fidelity larger than 0.99.

FIG. 8. Scaling laws of the infidelity 1 − F with ε = ε2
0 = ε2

1 for
n = 20 qubits for some nondifferentiable functions f1, f2, f3, and f4

defined in Eq. (A7).

APPENDIX B: THEOREMS AND PROOFS

In this Appendix the theorems are stated and proven for
the one-dimensional case (Appendixes B 1–B 3), the multi-
dimensional case (Appendixes B 4–B 6), and the sparse case
(Appendix B 7).

1. Definitions: One-dimensional case

In the following, working on n qubits with an M Walsh
series defined on M points associated with a continuous func-
tion f defined on [0,1], we must take into account the discrete
space Xn = {0, 1/N, . . . , (N − 1)/N}, with N = 2n, and the
continuous space [0,1] with the following norms. For any
vector |ψ〉 = ∑

x∈Xn
ψ (x)|x〉 ∈ H⊗n

2 ,

‖|ψ〉‖2,N =
√∑

x∈Xn

|ψ (x)|2, (B1)

‖|ψ〉‖∞,N = max
x∈Xn

|ψ (x)|. (B2)

FIG. 9. Quantum state preparation of the nondifferentiable func-
tion f1 defined in Eq. (A7) on n = 22 qubits with infidelity 1 − F =
2.1 × 10−3 with the parameters ε0 = 0.1 and ε1 = 1/27.
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For m < n and M = 2m,

‖|ψ〉‖2,M =
√∑

x∈Xm

|ψ (x)|2. (B3)

The fidelity between two states |ψ1〉 ∈ H⊗n
2 and |ψ2〉

∈ H⊗n
2 is

F = |〈ψ1|ψ2〉|2 =
∣∣∣∣∣∣
∑
x∈Xn

ψ∗
1 (x)ψ2(x)

∣∣∣∣∣∣
2

(B4)

and the infidelity is defined as 1 − F . For any function f
defined on [0,1],

‖ f ‖∞,[0,1] = max
x∈[0,1]

| f (x)|, (B5)

‖ f ‖∞,N = max
x∈Xn

| f (x)|, (B6)

‖ f ‖2,N =
√∑

x∈Xn

| f (x)|2, (B7)

‖ f ‖2,[0,1] =
√∫ 1

0
| f (x)|2dx. (B8)

We note the following properties:

‖|ψ〉‖∞,N � ‖|ψ〉‖2,N �
√

N‖|ψ〉‖∞,N , (B9)

‖ f ‖∞,N � ‖ f ‖2,N �
√

N‖ f ‖∞,N , (B10)

‖ f ‖∞,N � ‖ f ‖∞,[0,1], (B11)

1√
N

‖ f ‖2,N
N→+∞−−−−→ ‖ f ‖2,[0,1] ∀ f ∈ C0([0, 1]), (B12)

‖|ψ1〉 − |ψ2〉‖2,N � ε ⇒ 1 − F � ε2. (B13)

2. Theorems: One-dimensional case

Let us consider n qubits, a differentiable function f defined
on [0,1] such that ‖ f ‖∞,[0,1] �= 0, ε0 ∈]0, π/‖ f ‖∞,[0,1]], and
ε1 > 0 such that ‖ f ε1‖∞,[0,1] �= 0, where f ε1 is the Walsh
series of f defined in Eq. (A2).

Theorem 3. There is an efficient quantum circuit of size
O(n + 1/ε1) and depth O(1/ε1), using one ancillary qubit, to
implement a quantum state approximating the target state | f 〉
up to an infidelity 1 − F = O((ε0 + ε1‖ f ′‖∞)2) and with a
probability of success P(1) = �(ε2

0 ).
In the particular case of ε1 = ε0, we can show the follow-

ing.
Corollary 1. There is an efficient quantum circuit of size

O(n + 1/
√

ε) and depth O(1/
√

ε), using one ancillary qubit,
to implement a quantum state approximating the target state
| f 〉 up to an infidelity 1 − F � ε with a probability of success
P(1) = �(ε).

For any function f with values f (x) calculable in time
Tf , the number of classical computations needed to find
the quantum circuit is O(Tf /ε

2
1 ) (Theorem 3) or O(Tf /ε)

(Corollary 1).

3. Proofs: One-dimensional case

The proof is based on the six following lemmas.

a. Lemmas

Lemma 1. For any function f continuously defined on [0,1]
such that ‖ f ‖∞,[0,1] �= 0, there exists an n0 such that for all

n � n0 and for all ε0 ∈]0, 2π
‖ f ‖∞,[0,1]

[, ‖ Î−e−i f̂ ε0

2 |s〉‖2,N �= 0 with
N = 2n.

Proof. First, ‖ f ‖∞,[0,1] �= 0 implies that there exists an x0 ∈
[0, 1] such that f (x) = ‖ f ‖∞,[0,1] �= 0. The continuity of f
implies that there exists a neighborhood V of x0 such that for
all x ∈ V , f (x) �= 0. We note the following equality:∥∥∥∥∥ Î − e−i f̂ ε0

2
|s〉

∥∥∥∥∥
2,N

=
√√√√∑

x∈Xn

sin2[ f (x)ε0/2]

N
. (B14)

The ensemble Xn = {0, 1
N , . . . , N−1

N }, with N = 2n, is a set of
dyadic rationals, i.e., numbers with a denominator that can
be expressed as a power of 2. Using the fact that dyadic
numbers restricted to [0,1] are dense in [0,1], there exist
two integers p and q such that p < 2q and p/2q ∈ V . Fur-
thermore, p/2q ∈ Xq = {0, . . . , 2q−1

2q } and p/2q ∈ Xq′ ∀ q′ �
q. Note that Xq ⊆ Xq′ ∀ q′ � q. Noting n0 = q, we have that
there exists an x1 ∈ V such that for all n � n0, x1 ∈ Xn and
f (x1) �= 0. Furthermore, 0 < ε0 < 2π

‖ f ‖∞,[0,1]
implies that 0 <

| f (x1)|ε0/2 < π and therefore sin2[ f (x1)ε0/2] �= 0. Finally,
as a sum of positive numbers with at least one nonvanish-

ing number, ‖ Î−e−i f̂ ε0

2 |s〉‖2,N �= 0 ∀ n � n0, which achieves the
proof of Lemma 1. �

Lemma 2. For any differentiable function f ∈ C1([0, 1])
and ε1 > 0, the M Walsh series f ε1 defined in Eq. (A2) ap-
proximates the function f up to an error O(ε1):

‖ f − f ε1‖∞,[0,1] � ε1‖ f ′‖∞,[0,1]. (B15)

Proof. The function f ε1 is a sum of M Walsh functions
of order j ∈ {0, . . . , M − 1}. The Walsh function of order
j is a piecewise function taking values +1 and −1 on at
most 2p different intervals I p

k = [k/2p, (k + 1)/2p[ with k ∈
{0, . . . , 2p − 1}. The p first terms of the dyadic expansion of
all x ∈ I p

k are equal. Therefore, the function f ε1 is a piece-
wise function which is constant on each of the M = 2m

intervals Im
k :

f ε1 (x) = f ε1 (k/M ) ∀ k ∈ {0, . . . , M − 1}, ∀x ∈ Im
k . (B16)

Then, from the definitions of f ε1 and the Walsh coefficients
a f

j and using the orthonormality of the Walsh functions
1
M

∑M−1
p=0 w j (p/M )wl (p/M ) = δ jl , we have

f ε1 (k/M ) = f (k/M ). (B17)

If we let x be a real number in Im
k , then f (x) − f ε1 (x) =

f (x) − f (k/M ). The mean value theorem implies that there
exists a y ∈ Im

k such that f (x) − f (k/M ) = f ′(y)(x − k/M ).
Using |x − k/M| � 1/M < ε1 and | f ′(y)| � ‖ f ′‖∞,[0,1], we
have

| f (x) − f ε1 (x)| � ‖ f ′‖∞,[0,1]ε1 ∀ x ∈ [0, 1]. (B18)

�
Lemma 3. For any function f continuous on [0,1] such that

‖ f ‖∞,[0,1] �= 0 there exist n0 � 0 and a constant C1 > 0 such
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that

‖ f ‖2,N � C1

√
N ∀ n � n0, (B19)

with N = 2n.
Proof. The function f is continuous on [0,1] with a

nonzero value. The continuity of f and the fact that the
dyadic rational numbers are dense in [0,1] imply that there
exists an n0 such that there exists an x ∈ [0, 1] ∩ Xn0 such
that f (x) �= 0, i.e., for all n � n0, x ∈ Xn and therefore
for all n � n0, ‖ f ‖2,N �= 0 with N = 2n. The sequence
( 1√

N
‖ f ‖2,N )N can be rewritten using the Riemann sum of

| f |2, ( 1√
N
‖ f ‖2,N )2 = SN (| f |2) = ∑N

k=1( k
N − k−1

N )| f (xk )|2 =∑N
k=1

| f (xk )|2
N , which converges toward ‖ f ‖2

2,[0,1]. Therefore,
( 1√

N
‖ f ‖2,N )N converges toward l = ‖ f ‖2,[0,1] > 0 and there

exists an n1 such that for all n � n1, 1√
2n ‖ f ‖2,2n > l/2. By

defining C1 = min ( minn0�k�n1 ( 1√
2k

‖ f ‖2,2k ), l/2), we have

‖ f ‖2,N � C1

√
N ∀ n � n0. �

Lemma 4. For any function f defined and continuous on
[0,1] with ‖ f ‖∞,[0,1] �= 0, there exists an n0 such that for
all n � n0 and for all ε0 ∈]0, π/‖ f ‖∞,[0,1]] the normalization
factor 1

‖ Î−e−i f̂ ε0
2 |s〉‖2,N

can be bounded as

2
√

N

ε0‖ f ‖2,N
� 1

‖ Î−e−i f̂ ε0

2 |s〉‖2,N

� C0
2
√

N

ε0‖ f ‖2,N
, (B20)

which is equivalent to

1 � ε0‖ f ‖2,N

2‖ sin( f ε0/2)‖2,N
� C0, (B21)

with N = 2n and C0 = π/2.
Proof. Lemma 1 implies that there exists an n0 such

that for all n > n0 and for all ε0 ∈]0, 2π/‖ f ‖∞,[0,1][,

‖ Î−e−i f̂ ε0

2 |s〉‖2,N �= 0, with N = 2n, ensuring that the quantity

1/‖ Î−e−i f̂ ε0

2 |s〉‖2,N is well defined. The left inequality is trivial
using the fact that for all x � 0, sin(x) � x. For the right
inequality, consider α ∈]0, π ] and ε0 ∈]0, 2(π−α)

‖ f ‖∞,[0,1]
]. Then, due

to the fact that the function x �→ sin (x)/x is decreasing on
[0, π ],

ε0‖ f ‖2,N

2‖sin( f ε0/2)‖2,N

� ‖ f ‖2,N√∑
x∈Xn

f (x)2 sin2[ f (x)(π−α)/‖ f ‖∞,[0,1]]
[ f (x)(π−α)/‖ f ‖∞,[0,1]]2

� π − α

sin(π − α)
.

(B22)

Therefore, for α = π/2, Lemma 4 is proved. �

Lemma 5. For any function f differentiable on [0,1] with
‖ f ‖∞,[0,1] �= 0 and ε1 > 0 such that ‖ f ε1‖∞,[0,1] �= 0, where
f ε1 is the Walsh series defined by Eq. (A2), there exists an n0

such that for all n � n0 and for all ε0 ∈]0, π/‖ f ‖∞,[0,1]],

∣∣∣∣∣∣ 1∥∥ Î−e−i f̂ ε1 ε0

2 |s〉 ∥∥2,N

− 1∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2,N

∣∣∣∣∣∣
� C2

0
2Nε1

ε0

‖ f ′‖∞,[0,1]

‖ f ‖2,N‖ f ε1‖2,N
, (B23)

with N = 2n and C0 = π/2.
Proof. First, Lemma 1 implies that there exists an n1

such that for all n � n1, ‖ Î−e−i f̂ ε0

2 |s〉‖2,N �= 0, with N = 2n.
Then f ε1 is a function defined on [0,1] taking 2m different
values of f on the interval Im

k = [k/2m, (k + 1)/2m[ for k ∈
{0, . . . , 2m − 1}, with m = �log2(1/ε1)� + 1. Therefore, the
fact that ‖ f ε1‖∞,[0,1] �= 0 implies that there exists an x ∈ Xm

such that f ε1 (x) �= 0 and by setting n0 = max(n1, m), one has,

for all n � n0, ‖ Î−e−i f̂ ε1 ε0

2 |s〉‖2,N �= 0 and ‖ Î−e−i f̂ ε0

2 |s〉‖2,N �= 0.
Using the subadditivity of the ‖ · ‖2,N -norm, we can show

that

∣∣∣∣∣∣ 1∥∥ Î−e−i f̂ ε1 ε0

2 |s〉 ∥∥2,N

− 1∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2,N

∣∣∣∣∣∣
� ‖(e−i f̂ ε0 − e−i f̂ ε1 ε0 )|s〉‖2,N

2
∥∥ Î−e−i f̂ ε1 ε0

2 |s〉 ∥∥2,N

∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2,N

�
√

N
‖sin[( f − f ε1 )ε0/2]‖2,N

‖ sin( f ε0/2)‖2,N‖ sin( f ε1ε0/2)‖2,N

� N
‖ f − f ε1‖∞,[0,1]

‖ f ‖2,N‖ f ε1‖2,N

ε0

2

(
2C0

ε0

)2

, (B24)

where ‖ f ‖2,N �
√

N‖ f ‖∞,N �
√

N‖ f ‖∞,[0,1] and Lemma 4
have been used for the last inequality. Lemma 2 achieves the
proof:

N
‖ f − f ε1‖∞,[0,1]

‖ f ‖2,N‖ f ε1‖2,N

2C2
0

ε0
� C2

0
2Nε1

ε0

‖ f ′‖∞,[0,1]

‖ f ‖2,N‖ f ε1‖2,N
. (B25)

�
Lemma 6. For any function f defined and continuous on

[0,1] with ‖ f ‖∞ �= 0 there exists an integer n0 such that for
all n � n0 and for all ε0 ∈ [0, π/‖ f ‖∞,[0,1]],

∣∣∣∣∣∣ ε0

2
√

N
∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2,N

− 1

‖ f ‖2,N

∣∣∣∣∣∣ � C0ε
3
0

24

‖ f 3‖2,N

‖ f ‖2
2,N

, (B26)

with N = 2n and C0 = π/2.

042401-10



EFFICIENT QUANTUM STATE PREPARATION WITH … PHYSICAL REVIEW A 109, 042401 (2024)

Proof. Using the subadditivity of the ‖ · ‖2,N -norm, the
inequality for all x real, x − sin(x) � x3

6 , and Lemma 3,∣∣∣∣∣∣ ε0

2
√

N
∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2,N

− 1

‖ f ‖2,N

∣∣∣∣∣∣
=

∣∣∣∣ ε0

2‖ sin( f ε0/2)‖2,N
− 1

‖ f ‖2,N

∣∣∣∣
� ‖ε0 f /2 − sin(ε0 f /2)‖2,N

‖ sin( f ε0/2)‖2,N‖ f ‖2,N

� ε3
0

48

‖ f 3‖2,N

‖ sin( f ε0/2)‖2,N‖ f ‖2,N

� C0ε
2
0

24

‖ f 3‖2,N

‖ f ‖2
2,N

. (B27)

�
Lemma 7. For any function f continuous on [0,1] such that

‖ f ‖∞,[0,1] �= 0 and for any ε1 > 0 such that ‖ f ε1‖∞,[0,1] �= 0,
where f ε1 is the Walsh series defined by Eq. (A2), there exists
a C1 > 0 and there exists an n0 such that for all n � n0,

‖ f ε1‖2,N � C1

√
N, (B28)

where N = 2n and f ε1 is the Walsh series of f defined in
Eq. (A2).

Proof. Let us define m = �log2(1/ε1)� + 1 and M = 2m. In
addition, ‖ f ε1‖∞,[0,1] �= 0 implies that there exists an x ∈ Xm

such that f ε1 (x) = f (x) �= 0. Then ‖ f ε1‖2,M = ‖ f ‖2,M �= 0.
Note that n0 = min({n, ‖ f ‖2,2n �= 0}) � m. Lemma 3 on f
states that there exists a C1 > 0 such that for all n � n0,
‖ f ‖2,N �

√
NC1. Letting n be an integer larger than n0, if

m � n, ‖ f ε1‖2,N = ‖ f ‖2,N � C1

√
N , and if m � n, f ε1 takes

only M different values of f , implying that 1√
N
‖ f ε1‖2,N =

1√
M

‖ f ‖2,M � C1 since m � n0. We conclude that there exists
a C1 > 0 and there exists an n0 such that for all n � n0,
‖ f ε1‖2,N � C1

√
N . �

b. Proof of Theorem 3

Let us consider a differentiable function f defined on [0,1]
such that ‖ f ‖∞,[0,1] �= 0, ε0 ∈]0, π/‖ f ‖∞,[0,1]], and ε1 > 0
such that ‖ f ε1‖∞,[0,1] �= 0, where f ε1 is the Walsh series of
f defined in Eq. (A2). The implemented quantum state after
measuring |1〉 for the ancillary qubit |qA〉 is

|ψ f ε1 〉ε0
= −i

Î − e−i f̂ ε1 ε0

2
∥∥ Î−e−i f̂ ε1 ε0

2 |s〉 ∥∥2,N

|s〉 , (B29)

where f ε1 is the Walsh series approximating f up to an error
ε1‖ f ′‖∞ (Lemma 2).

(i) Distance between the target state and the implemented
state. Let us bound the infinite norm of the difference between
the implemented quantum state |ψ f ε1 〉ε0

and the target quan-

tum state | f 〉 = 1
‖ f ‖2,N

∑
x∈Xn

f (x)|x〉,

‖|ψ f ε1 〉ε0
− | f 〉‖∞,N � ‖|ψ f ε1 〉ε0

− |ψ f 〉ε0
‖∞,N

+ ‖|ψ f 〉ε0
− | f 〉‖∞,N . (B30)

Let us start to bound the first term by making the difference of
the normalization factors appear,

‖|ψ f ε1 〉ε0
− |ψ f 〉ε0

‖∞,N

=
∥∥∥∥∥∥
⎛⎝ Î − e−i f̂ ε1 ε0

2
∥∥ Î−e−i f̂ ε1 ε0

2 |s〉 ∥∥2,N

− Î − e−i f̂ ε0

2‖ Î−e−i f̂ ε0

2 |s〉‖2,N

⎞⎠ |s〉
∥∥∥∥∥∥

∞,N

�

∣∣∣∣∣∣ 1∥∥ Î−e−i f̂ ε1 ε0

2 |s〉 ∥∥2,N

− 1∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2,N

∣∣∣∣∣∣
×

∥∥∥∥∥ Î − e−i f̂ ε1 ε0

2
|s〉

∥∥∥∥∥
∞,N

+
∥∥∥∥∥∥ e−i f̂ ε1 ε0 − e−i f̂ ε0

2
∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2,N

|s〉
∥∥∥∥∥∥

∞,N

�

∣∣∣∣∣∣ 1∥∥ Î−e−i f̂ ε1 ε0

2 |s〉 ∥∥2,N

− 1∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2,N

∣∣∣∣∣∣
× 1√

N
max
x∈Xn

|sin[ f ε1 (x)ε0/2]|

+ 1∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2,N

1√
N

max
x∈Xn

∣∣∣∣sin

(
[ f ε1 (x) − f (x)]ε0

2

)∣∣∣∣
� C2

0

√
N

‖ f ′
0‖∞,[0,1]‖ f ‖∞,[0,1]

‖ f ‖2,N‖ f ε1‖2,N
ε1 + C0

‖ f ′‖∞,[0,1]

‖ f ‖2,N
ε1,

(B31)

where in the last inequality we use |sin(x)| � |x|, ‖ f ε1‖∞,N �
‖ f ε1‖∞,[0,1] � ‖ f ‖∞,N , and Lemmas 2, 4, and 5. Lemma 3
and 7 imply that there is a constant B depending only on f
such that

C2
0

√
N

‖ f ‖∞,[0,1]

‖ f ‖2,N‖ f ε1‖2,N
+ C0

1

‖ f ‖2,N
� B√

N
, (B32)

leading to the following bound on the first term:

‖|ψ f ε1 〉ε0
− |ψ f 〉ε0

‖∞,N � B√
N

‖ f ′‖∞,[0,1]ε1. (B33)

The second term in inequality (B30) can also be bounded
by using the Taylor expansion of the exponential term
e−i f̂ ε0 = Î − i f̂ ε0 + R1(−i f̂ ε0), with R1(x) = ∑+∞

k=2
xk

k! , and
by making the difference of the norms appear:

‖|ψ f 〉ε0
− | f 〉‖∞,N

=
∥∥∥∥∥∥
⎛⎝−i

Î − [Î − i f̂ ε0 + R1(−i f̂ ε0)]

2
∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2,N

−
√

N

‖ f ‖2,N
f̂

⎞⎠ |s〉
∥∥∥∥∥∥

∞,N

�

∣∣∣∣∣∣ ε0

2
∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2,N

−
√

N

‖ f ‖2,N

∣∣∣∣∣∣‖ f̂ |s〉‖∞,N

+ ‖R1(−i f̂ ε0) |s〉‖∞,N

2
∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2,N

.

(B34)
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The Taylor inequality applied on the remainders of the
cosinus and sinus functions implies ‖R1(−i f̂ ε0) |s〉‖∞,N �

ε2
0

2
√

N
‖ f 2‖∞,[0,1] + ε3

0

6
√

N
‖ f 3‖∞,[0,1] and using Lemmas 3 and 6,

‖|ψ f 〉ε0
− | f 〉‖∞,N

� ε0
C0‖ f 2‖∞,[0,1]

2‖ f ‖2,N

+ ε2
0

(
C0

48

‖ f 3‖2,N

‖ f ‖2
2,N

‖ f ‖∞,[0,1] + C0‖ f 3‖∞,[0,1]

6‖ f ‖2,N

)
.

(B35)

Using Lemma 3 and the fact that ε0 � π/‖ f ‖∞,[0,1], there is
a constant A, depending only f , such that

‖|ψ f 〉ε0
− | f 〉‖∞,N � A

ε0√
N

. (B36)

We can rewrite the inequality in terms of the L2-norm, using
‖ · ‖2,N �

√
N‖ · ‖∞,N , to obtain

‖|ψ f ε1 〉ε0
− | f 〉‖2,N � Aε0 + B‖ f ′‖∞,[0,1]ε1. (B37)

Let us define the fidelity between the target state and the
implemented state F = |〈 f |ψ f ε1 〉ε0

|2 and the infidelity 1 − F .
We can show that Eq. (B37) implies

1 − F � (Aε0 + B‖ f ′‖∞,[0,1]ε1)2, (B38)

which concludes that 1 − F = O((ε0 + ‖ f ′‖∞,[0,1]ε1)2).
(ii) Bounds on the probability of success. The probability

of measuring the ancilla qubit |qA〉 in state |1〉 with ε0 ∈
]0, π/‖ f ‖∞,[0,1]] and ε1 � 0 is

P(1) =
∥∥∥∥∥ Î − e−i f̂ ε1 ε0

2
|s〉

∥∥∥∥∥
2

2,N

= 1

N

∥∥∥∥sin

(
f ε1ε0

2

)∥∥∥∥2

2,N

. (B39)

The upper bound is trivial and comes from the inequality
sin(x) � x ∀ x � 0,

P(1) �
‖ f ε1‖2

2,Nε2
0

4N
�

‖ f ‖2
∞,[0,1]ε

2
0

4
, (B40)

where one has to use ‖ f ε1‖2,N �
√

N‖ f ε1‖∞,N �√
N‖ f ‖∞,N �

√
N‖ f ‖∞,[0,1]. The lower bound comes

from the fact the function x �→ sinc(x) = sin(x)/x decreases
on [0, π/2]:

P(1) = 1

N

∑
x∈Xn

sin2

(
f ε1 (x)ε0

2

)

= 1

N

∑
x∈Xn

(
f ε1 (x)ε0

2

)2

sinc2

(
f ε1 (x)ε0

2

)

� 1

N

∑
x∈Xn

(
f ε1 (x)ε0

2

)2

sinc2
(π

2

)

� ε2
0

π2N
‖ f ε1‖2

2,N . (B41)

FIG. 10. Two-dimensional quantum state preparation of a two-
dimensional Gaussian function f2(x, y) = e−10[(x−0.5)2+(y−0.5)2] on
n = 20 qubits (nx = ny = 10) and infidelity 1 − F = 6.2 × 10−3

with the parameters ε0 = 0.1 and ε1,x = ε1,y = 1/25.

Finally, using Lemma 7, there exists a constant D′, indepen-
dent of ε1, such that ‖ f ε

1 ‖2
2,N � ND′. Therefore, there exists

a constant D, independent of ε0, ε1, and N , such that P(1) �
Dε2

0 , concluding on P(1) = �(ε2
0 ).

(iii) Complexities. The protocol starts with n + 1
Hadamard gates to prepare the state |s〉 = 1√

N

∑
x∈Xn

|x〉.
Then the controlled-Ûf ε1 ,ε0 operator has asymptotically the
same size and depth as the unitary Ûf ε1 ,ε0 since the controlled
operation only changes CNOT gates into Toffoli gates and
single-qubit rotations into controlled rotations. The number
of single-qubit gates and CNOT gates is O(M ), which is also
O(1/ε1). The depth for Ûf ε1 ,ε0 is also O(1/ε1) [57]. Finally, a
Hadamard gate and phase gate are applied on |qA〉 to perform
the right interference giving an approximation of the target
state up to an infidelity O((ε0 + ‖ f ′‖ε1)2). Therefore, the
total size is O(n + 1/ε1) while the depth is O(1/ε1). For any
function f with values f (x) calculable in time Tf , the number
of classical computations to compute the M Walsh coefficients
associated with the Walsh series of f is O(Tf M2), which is
also O(Tf /ε

2
1 ).

4. Multidimensional quantum state preparation

Multidimensional QSP is crucial for many PDEs mod-
eling phenomena appearing in several dimensions. For
instance, magnetic fields exists only in spaces with more than
two dimensions or kinetic plasma simulations consider the
Vlasov-Maxwell equations in two, four, or six dimensions
and are particularly challenging to solve even on supercom-
puters [68]. Quantum algorithms could play a crucial role in
overcoming the large computational cost of solving multidi-
mensional PDE problems [24]. In Fig. 10, a bivariate Gaussian
is implemented on 20 qubits with a fidelity larger than 0.99.
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Definitions. Let us consider the problem of preparing a d-
dimensional initial state on n = n1 + · · · + nd qubits, where ni

is the number of qubits associated with the ith axis. We denote
by Xni the ensemble of Ni = 2ni positions in [0,1] represented
by ni qubits Xni = {∑ni−1

j=0 q j/2 j+1 s.t. q j ∈ {0, 1} ∀ j} =
{0, 1/Ni, 2/Ni, 3/Ni, . . . , (Ni − 1)/Ni}. Let us define �n =
(n1, . . . , nd ) and X�n = {(r1, . . . , rd ) ∈ Xn1 × · · · × Xnd }. We
denote by |�r 〉 the state |�r 〉 = |r1〉 · · · |rd〉 = |r1〉 ⊗ · · · ⊗
|rd〉 ∈ H⊗n

2 .
Let us consider a differentiable real-value function f on

[0, 1]d and f̂ the associated diagonal operator in the position
basis {|�r 〉} such that f̂ |�r 〉 = f (�r )|�r 〉. Here f̂ encodes the
amplitude of the target state | f 〉 = ∑

�r∈X�n
f (�r )|r〉. In the mul-

tidimensional case, the function f is developed into a Walsh
series with respect to each axis i, which gives the equality on
the discrete position space for all �r ∈ X�n,

f (�r ) =
N1−1∑
j1=0

· · ·
Nd −1∑
jd =0

a f
j1,..., jd ,N1,...,Nd

w j1,..., jd (�r )

=
�N−1∑
�j=�0

a f
�j, �Nw�j (�r ), (B42)

with w j1,..., jd (�r ) = w�j (�r ) = w j1 (r1) × · · · × w jd (rd ) and a f
�j, �N

the multidimensional Walsh coefficient

a f
�j, �N = 1

N

∑
�r∈X�n

f (�r )w�j (�r ), (B43)

with N = N1 × · · · × Nd = 2n1 × · · · × 2nd . We denote
by f �ε the approximation of f up to an error ε =∑d

i=1 ‖∂i f ‖∞,[0,1]d εi, with εi > 0 the error associated with
each spatial axis i ∈ {0, . . . , d}, defined by

f �ε =
�M−1∑
�j=�0

a f
�j, �Mw�j, (B44)

where mi = �log2(1/εi )� + 1 ∀ i and Mi = 2mi such that 1
Mi

<

εi. The implemented quantum state after measuring the ancilla
qubit |qA〉 = |1〉 is

|ψ f �ε 〉
ε0

= −i
Î − e−i f̂ �εε0

2‖ Î−e−i f̂ �ε ε0

2 |s〉‖2, �N
|s〉 , (B45)

where ε0 > 0 and |s〉 = Ĥ⊗n |0, . . . , 0〉 = 1√
N

∑
�r∈X�n

|�r 〉,
with N = N1 × · · · × Nd .

Let us define the different multidimensional norms used in
this paper. For any vector |ψ〉 = ∑

�r∈X�n
ψ (�r ) |�r 〉 ∈ H⊗n

2 ,

‖|ψ〉‖2, �N =
√∑

�r∈X�n

|ψ (�r )|2, (B46)

‖|ψ〉‖∞, �N = max
�r∈X�n

|ψ (�r )|, (B47)

with �N = (N1, . . . , Nd ) = (2n1 , . . . , 2nd ). For mi < ni ∀ i and
Mi = 2mi ,

‖|ψ〉‖2, �M =
√∑

�r∈X �m

|ψ (�r )|2. (B48)

For any function f defined on [0, 1]d ,

‖ f ‖∞,[0,1]d = max
�r∈[0,1]d

| f (�r )|, (B49)

‖ f ‖∞, �N = max
�r∈X�n

| f (�r )|, (B50)

‖ f ‖2, �N =
√∑

�r∈X�n

| f (�r )|2, (B51)

‖ f ‖2,[0,1]d =
√∫

[0,1]d

| f (�r )|2dV . (B52)

Note the following properties:

‖|ψ〉‖∞, �N � ‖|ψ〉‖2, �N �
√

N1 + · · · + Nd‖|ψ〉‖∞, �N , (B53)

‖ f ‖∞, �N � ‖ f ‖2, �N �
√

N1 + · · · + Nd‖ f ‖∞, �N , (B54)

‖ f ‖∞, �N � ‖ f ‖∞,[0,1]d , (B55)

× 1√
N1 × · · · × Nd

‖ f ‖2, �N

Ni→+∞∀ i−−−−−−→ ‖ f ‖2,[0,1]d ∀ f ∈ C0([0, 1]d ). (B56)

5. Theorem: Multidimensional case

Let us consider n1 + · · · + nd qubits, a differentiable
function f defined on [0, 1]d such that ‖ f ‖∞,[0,1]d �= 0,
ε0 ∈]0, π/‖ f ‖∞,[0,1]d ], and ε1 > 0, . . . , εd > 0 such that
‖ f �ε‖∞,[0,1]d �= 0, where f �ε is the Walsh series of f defined
in Eq. (B44).

Theorem 4. There is an efficient quantum circuit of size
O(n1 + · · · + nd + 1/(ε1 × . . . × εd )) and depth O(1/(ε1 ×
· · · × εd )), which, using one ancillary qubit, implements the
quantum state | f 〉 with a probability of success P(1) = �(ε2

0 )
and infidelity 1 − F = O((ε0 + ∑d

i=1 εi‖∂i f ‖∞,[0,1]d )2).
In the particular case of n1 = · · · = nd = n and ε0 = ε1 =

· · · = εd , we can show the following corollary.
Corollary 2. There is an efficient quantum circuit of size

O(nd + 1/εd/2) and depth O(1/εd/2), using one ancillary
qubit, to implement a quantum state approximating the target
state | f 〉 up to an infidelity 1 − F � ε with a probability of
success P(1) = �(ε).

For any function f with values f (�r ) calculable in time
Tf , the number of classical computations needed to find the
quantum circuit is O(Tf /(ε1 × · · · × εd )2) (Theorem 2) or
O(Tf /ε

d ) (Corollary 2).

6. Proof: Multidimensional case

The proof of Theorem 4 is similar to the proof of Theorem
3. It starts with the following six lemmas.

a. Lemmas

Lemma 8. For any function f continuously defined
on [0, 1]d such that ‖ f ‖∞,[0,1]d �= 0, there exists an �n0 =
(n0,1, . . . , n0,d ) such that for all n1 � n0,1, . . . , nd � n0,d

and for all ε0 ∈]0, 2π
‖ f ‖∞,[0,1]d

[, ‖ Î−e−i f̂ ε0

2 |s〉‖2, �N �= 0, with �N =
(N1, . . . , Nd ) = (2n1 , . . . , 2nd ).

Proof. The proof of Lemma 8 is very similar to the proof
of Lemma 1. First, the fact that ‖ f ‖∞,[0,1]d �= 0 implies that
there exists an �r0 ∈ [0, 1]d such that f (�r ) = ‖ f ‖∞,[0,1]d �= 0.
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The continuity of f implies that there exists a neighborhood
V of �r0 such that for all �r ∈ V , f (�r ) �= 0. Note the equality∥∥∥∥∥ Î − e−i f̂ ε0

2
|s〉

∥∥∥∥∥
2, �N

=
√√√√∑

�r∈X�n

sin2[ f (�r )ε0/2]

N
, (B57)

with N = N1 × · · · × Nd .
The ensemble X�n = Xn1 × · · · × Xnd is a set of vectors of

dyadic rationals. Using the same argument as in the proof of
Lemma 1 for each axis, that dyadic rationals are dense in [0,1],
there exists a vector �n0 = (n0,1, . . . , n0,d ) and there exists an
�r1 ∈ V such that for all n1 � n1,0, . . . , nd � nd,0, �r ∈ X�n, with
�n = (n1, . . . , nd ), and f (�r1) �= 0.

Furthermore, 0 < ε0 < 2π
‖ f ‖∞,[0,1]d

implies that 0 <

| f (�r1)|ε0/2 < π and therefore sin2[ f (�r1)ε0/2] �= 0. Finally,
as a sum of positive numbers with at least one nonvanishing

number, for all n1 � n0,1, . . . , nd � n0,d , ‖ Î−e−i f̂ ε0

2 |s〉‖2, �N �=
0, with �N = (N1, . . . , Nd ) = (2n1 , . . . , 2nd ), which achieves
the proof of Lemma 8. �

Lemma 9. For any differentiable function f ∈ C1([0, 1]d )
and ε1 > 0, . . . , εd > 0, the truncated Walsh series f �ε defined
in Eq. (B44) approximates the function f up to an error
O(ε1 + · · · + εd ),

‖ f − f �ε‖∞,[0,1]d �
d∑

i=1

εi‖∂i f ‖∞,[0,1]d . (B58)

Proof. The proof is similar to the one of Lemma 2. The
function f �ε is a sum of M = M1 × · · · × Md products of
Walsh functions w�j (�r ) = w j1 (r1) × · · · × w jd (rd ), with ji ∈
{0, . . . , Mi − 1}.

Each Walsh function of order ji � Mi is a piecewise func-
tion taking values +1 and −1 on at most Mi different intervals
Imi
ki

= [ki/Mi, (ki + 1)/Mi[ for ki ∈ {0, . . . , Mi}, related to the
ith axis. Therefore, w�j = w j1 × · · · × w jd and the function f �ε
are piecewise functions constant on the M different volumes
I �m
�k = Im1

k1
× · · · × Imd

kd
with ki ∈ {0, . . . , Mi} ∀ i:

f �ε (�r ) = f �ε (k1/M1, . . . , kd/Md ) ∀ �k, ∀ �r ∈ I �m
�k . (B59)

Note that �r�k, �m = (k1/M1, . . . , kd/Md ). Then, from the defini-

tions of f �ε and a f
�j, �M we have

f �ε (�r�k, �m) = f (�r�k, �m). (B60)

Now let us consider �r ∈ I �m
�k and then f (�r ) −

f ε1 (�r ) = f (�r ) − f (�r�k, �m). Let us consider the curve

γ : ([0, 1] → [0, 1]d

t �→ t�r + (1 − t )�r�k, �m
). The mean value theorem

on the function g(t ) = f (γ (t )) implies that there exists
a t1 ∈ [0, 1] such that g(1) − g(0) = g′(t1)(1 − 0), with
g′(t ) = ∂i f (γ (t ))γ ′(t ) = ∑d

i=1 ∂i f (γ (t ))(ri − ki/Mi ) ∀ t ∈
[0, 1]. Finally, noting that |ri − ki/Mi| � 1/Mi < εi ∀ i and
|∂i f (γ (t ))| � ‖∂i f ‖∞,[0,1]d , we have

| f (�r ) − f �ε (�r )| �
d∑

i=1

εi‖∂i f ‖∞,[0,1]d ∀ �r ∈ [0, 1]d . (B61)

In particular, ‖ f − f �ε‖∞,[0,1]d � ∑d
i=1 εi‖∂i f ‖∞,[0,1]d . �

Lemma 10. For any function f continuously defined
on [0, 1]d such that ‖ f ‖∞,[0,1]d �= 0 there exists an �n0 =
(n0,1, . . . , n0,d ) such that for all n1 � n0,1, . . . , nd � n0,d ,

‖ f ‖2, �N � C1

√
N, (B62)

with N = N1 × · · · × Nd = 2n1 × · · · × 2nd and �N =
(N1, . . . , Nd ).

Proof. The function f is continuous on [0, 1]d with a
nonzero value. The continuity of f and the fact that the dyadic
rational numbers are dense in [0,1] imply that there exists an
�n0 = (n0,1, . . . , n0,d ) such that there exists an �r ∈ [0, 1]d ∩
X�n0 such that f (�r ) �= �0, i.e., for all n1 � n0,1, . . . , nd �
n0,d , �r ∈ X�n, with �n = (n1, . . . , nd ), implying that ‖ f ‖2, �N �=
0 with �N = (2n0 , . . . , 2nd ) and ‖ f ‖2,[0,1]d �= 0. The quantity

1√
N
‖ f ‖2, �N can be seen as a Riemann sum over a partition of

[0, 1]d composed of subrectangles of volume 1/N . Therefore,
1√
N
‖ f ‖2, �N

Ni→+∞∀ i−−−−−−→ ‖ f ‖2,[0,1]d = l �= 0, meaning that for all
ε > 0 there exists an �n1 = (n1,1, . . . , n1,d ) such that for all
n1 � n1,1, . . . , nd � n1,d , −ε � 1√

N
‖ f ‖2, �N − l � ε. We con-

clude the proof by setting ε = l
2 such that there exists an

�n2 = (n2,1, . . . , n2,d ) such that for all n1 � n2,1, . . . , nd �
n2,d , ‖ f ‖2, �N � l

2

√
N with C1 = l/2. �

Lemma 11. For any function f defined and continu-
ous on [0, 1]d with ‖ f ‖∞,[0,1]d �= 0, there exists an �n0 =
(n0,1, . . . , n0,d ) such that for all n1 � n0,1, . . . , nd � n0,d

and for all ε0 ∈]0, π/‖ f ‖∞,[0,1]d ] the normalization factor
1

‖ Î−e−i f̂ ε0
2 |s〉‖2, �N

can be bounded as

2
√

N

ε0‖ f ‖2, �N
� 1

‖ Î−e−i f̂ ε0

2 |s〉‖2, �N
� C0

2
√

N

ε0‖ f ‖2, �N
, (B63)

which is equivalent to

1 �
ε0‖ f ‖2, �N

2‖ sin( f ε0/2)‖2, �N
� C0, (B64)

with N = N1 × · · · × Nd = 2n1 × · · · × 2nd , �N = (N0, . . . ,

Nd ), and C0 = π/2.
Proof. Lemma 8 implies that there exists an �n0 =

(n0,1, . . . , n0,d ) such that for all n1 � n0,1, . . . , nd � n0,d

and for all ε0 ∈]0, 2π/‖ f ‖∞,[0,1]d [, ‖ Î−e−i f̂ ε0

2 |s〉‖2, �N �= 0, with
�N = (N0, . . . , Nd ) = (2n0 , . . . , 2nd ), ensuring that the quan-

tity 1/‖ Î−e−i f̂ ε0

2 |s〉‖2, �N is well defined. The left inequality is
trivial using the fact that for all x � 0, sin(x) � x. For the right
inequality, consider α ∈]0, π ] and ε0 ∈]0, 2(π−α)

‖ f ‖∞,[0,1]d
]. Then,

due to the fact that the function sinc : x �→ sin(x)/x decreases
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on [0, π ],

ε0‖ f ‖2, �N
2‖sin( f ε0/2)‖2, �N

�
‖ f ‖2, �N√∑

�r∈X�n
f (�r)2 sin2[ f (�r )(π−α)/‖ f ‖∞,[0,1]d ]

[ f (�r )(π−α)/‖ f ‖∞,[0,1]d ]2

� π − α

sin(π − α)
. (B65)

Therefore, for α = π/2, Lemma 11 is proved. �
Lemma 12. For any function f differentiable on

[0, 1]d with ‖ f ‖∞,[0,1]d �= 0 and ε1 � 0, . . . , εd � 0 such
that ‖ f �ε‖∞,[0,1]d �= 0, where f �ε is the Walsh series de-
fined by Eq. (B44), there exists an �n0 = (n0,1, . . . , n0,d )
such that for all n1 � n0,1, . . . , nd � n0,d and for all ε0 ∈
]0, π/‖ f ‖∞,[0,1]d ],∣∣∣∣∣∣ 1∥∥ Î−e−i f̂ �ε ε0

2 |s〉 ∥∥2, �N
− 1∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2, �N

∣∣∣∣∣∣
� C2

0
2N

ε0‖ f ‖2, �N‖ f �ε‖2, �N

d∑
i=1

εi‖∂i f ‖∞,[0,1]d , (B66)

with N = N1 × · · · × Nd = 2n1 × · · · × 2nd and C0 = π/2.
Proof. First, Lemma 8 implies that there exists an �n1 =

(n1,1, . . . , n1,d ) such that for all n1 � n1,1, . . . , nd � n1,d and

for all ε0 ∈]0, 2π/‖ f ‖∞,[0,1]d [, ‖ Î−e−i f̂ ε0

2 |s〉‖2, �N �= 0, with
�N = (N1, . . . , Nd ) = (2n1 , . . . , 2nd ). Then f �ε is a function
defined on [0, 1]d taking M = M1 × · · · × Md = 2m1 × · · · ×
2md different values of f on the interval I �m

�k = Im1
k1

× · · · ×
Imd
kd

= [k1/2m1 , (k1 + 1)/2m1 [× · · · × [kd/2md , (kd + 1)/2md [,
with ki ∈ {0, . . . , 2mi − 1} ∀ i and mi = �log2(1/εi )� + 1.
Therefore, the fact that ‖ f �ε‖∞,[0,1]d �= 0 implies that there
exists an �r ∈ X �m such that f �ε (�r ) �= 0 and by setting �n0 =
(n0,1, . . . , n0,d ) = ( max(n1,1, m1), . . . , max(n1,d , md )), we

have that for all n1 � n0,1, . . . , nd � n0,d , ‖ Î−e−i f̂ �ε ε0

2 |s〉‖2, �N �=
0 and ‖ Î−e−i f̂ ε0

2 |s〉‖2, �N �= 0, with �N = (N0, . . . , Nd ) =
(2n1 , . . . , 2nd ).

Using the subadditivity of the ‖ · ‖2, �N -norm, we can show
that ∣∣∣∣∣∣ 1∥∥ Î−e−i f̂ �ε ε0

2 |s〉 ∥∥2, �N
− 1∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2, �N

∣∣∣∣∣∣
�

‖(e−i f̂ ε0 − e−i f̂ �εε0 |s〉)‖2, �N

2
∥∥ Î−e−i f̂ �ε ε0

2 |s〉 ∥∥2, �N
∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2, �N

�
√

N
‖sin[( f − f �ε )ε0/2]‖2, �N

‖sin( f ε0/2)‖2, �N‖sin( f �εε0/2)‖2, �N

� N
‖ f − f �ε‖∞,[0,1]d

‖ f ‖2, �N‖ f �ε‖2, �N

ε0

2

(
2C0

ε0

)2

, (B67)

where, for the last inequality, ‖ f ‖2, �N �
√

N‖ f ‖∞, �N �√
N‖ f ‖∞,[0,1]d and Lemma 11 have been used. Lemma 9

achieves the proof,

N
‖ f − f ε1‖∞,[0,1]d

‖ f ‖2, �N‖ f �ε‖2, �N

2C2
0

ε0

� C2
0

2N

ε0‖ f ‖2, �N‖ f �ε‖2, �N

d∑
i=1

εi‖∂i f ‖∞,[0,1]d , (B68)

with N = N1 × · · · × Nd = 2n1 × · · · × 2nd and C0 = π/2. �
Lemma 13. For any function f defined and continu-

ous on [0, 1]d with ‖ f ‖∞,[0,1]d �= 0 there exists an �n0 =
(n0,1, . . . , n0,d ) such that for all n1 � n0,1, . . . , nd � n0,d and
for all ε0 ∈]0, π/‖ f ‖∞,[0,1]d ],∣∣∣∣∣∣ ε0

2
√

N
∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2, �N
− 1

‖ f ‖2, �N

∣∣∣∣∣∣ � C0ε
2
0

24

‖ f 3‖2, �N
‖ f ‖2

2, �N
, (B69)

with N = N1 × · · · × Nd = 2n1 × · · · × 2nd and C0 = π/2.
Proof. First, Lemma 8 implies that there exists an �n0 =

(n0,1, . . . , n0,d ) such that for all n1 � n0,1, . . . , nd � n0,d

and for all ε0 ∈]0, π/‖ f ‖∞,[0,1]d ], ‖ Î−e−i f̂ ε0

2 |s〉‖2, �N �= 0 and

‖ f ‖2, �N , with �N = (N0, . . . , Nd ) = (2n0 , . . . , 2nd ), ensuring

that the quantities 1/‖ Î−e−i f̂ ε0

2 |s〉‖2, �N and 1/‖ f ‖2, �N are well
defined. Using the subadditivity of the ‖ · ‖2, �N -norm, the in-

equality for all x real, x − sin(x) � x3

6 , and Lemma 11,∣∣∣∣∣∣ ε0

2
√

N
∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2, �N
− 1

‖ f ‖2, �N

∣∣∣∣∣∣
=

∣∣∣∣∣ ε0

2‖sin( f ε0/2)‖2, �N
− 1

‖ f ‖2, �N

∣∣∣∣∣
�

‖ε0 f /2 − sin(ε0 f /2)‖2, �N
‖sin( f ε0/2)‖2, �N‖ f ‖2, �N

� ε3
0

48

‖ f 3‖2, �N
‖sin( f ε0/2)‖2, �N‖ f ‖2, �N

� C0ε
2
0

24

‖ f 3‖2, �N
‖ f ‖2

2, �N
. (B70)

�
Lemma 14. For any function f continuous on [0, 1]d

such that ‖ f ‖∞,[0,1]d �= 0 and ε1 > 0, . . . , εd > 0 such that
‖ f �ε‖∞,[0,1]d �= 0 there exists a C1 > 0 and there exists an �n0 =
(n0,1, . . . , n0,d ) such that for all n1 � n0,1, . . . , nd � n0,d ,

‖ f �ε‖2, �N � C1

√
N, (B71)

where �N = (2n1 , . . . , 2nd ), N = N1 × · · · × Nd , �ε =
(ε1, . . . , εd ), and f �ε is the Walsh series of f defined in
Eq. (B44).

Proof. Let us define, for all i ∈ {1, . . . , d}, mi =
�log2(1/εi )� + 1 and Mi = 2mi . In addition, ‖ f �ε‖∞,[0,1]d �=
0 implies that there exists an �r ∈ X �m such that f �ε (�r ) =
f (�r ) �= 0. Then ‖ f �ε‖2, �M = ‖ f ‖2, �M �= 0. As shown in the
proof of Lemma 8, there exists an �n0 = (n0,1, . . . , n0,d ) such
that for all n1 � n0,1, . . . , nd � n0,d , ‖ f ‖2, �N �= 0 with �N =
(2n1 , . . . , 2nd ). Lemma 10 on f states that there exists a C1 > 0
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such that for all n1 � n0,1, . . . , nd � n0,d , ‖ f ‖2, �N �
√

NC1,
with N = N1 × · · · × Nd . Let �n = (n1, . . . , nd ) be a vector
such that ni � n0,i ∀ i. Note that if mi � ni ∀ i, ‖ f ε1‖2, �N =
‖ f ‖2, �N � C1

√
N . Otherwise, we have

∏d
i=1

1√
Ni

‖ f �ε‖2, �N =∏d
i=1

1√
N ′

i

‖ f ‖2, �N ′ � C1, where �N ′ = (N ′
0, . . . , N ′

d ) is defined,

for all i, as N ′
i = Ni if mi � ni and N ′

i = Mi if mi � ni. We
conclude that there exists a C1 > 0 and there exists an �n0 such
that for all n1 � n0,1, . . . , nd � n0,d , ‖ f �ε‖2, �N � C1

√
N . �

b. Proof of Theorem 4

Let us consider n1 + · · · + nd qubits, a differentiable
function f defined on [0, 1]d such that ‖ f ‖∞,[0,1]d �= 0,
ε0 ∈]0, π/‖ f ‖∞,[0,1]d ], and ε1 > 0, . . . , εd > 0 such that
‖ f �ε‖∞,[0,1]d �= 0, where f �ε is the Walsh series of f defined
in Eq. (B44). The implemented quantum state after measuring
|1〉 for the ancillary qubit |qA〉 is

|ψ f �ε
0
〉
ε0

= −i
Î − e−i f̂ �ε

0 ε0

2
∥∥ Î−e−i f̂ �ε

0 ε0

2 |s〉 ∥∥2, �N

|s〉 , (B72)

where f �ε
0 is the Walsh series approximating f up to an error∑d

i=1 εi‖∂i f ‖∞,[0,1]d (Lemma 9).
(i) Distance between the target state and the implemented

state. Let us bound the infinite norm of the difference between
the implemented quantum state |ψ f �ε 〉

ε0
and the target quantum

state | f 〉 = 1
‖ f ‖2, �N

∑
�r∈X�n

f (�r ) |�r 〉:

‖|ψ f �ε
0
〉
ε0

− | f 〉‖∞, �N � ‖|ψ f �ε
0
〉
ε0

− |ψ f 〉ε0
‖∞, �N + ‖|ψ f 〉ε0

− | f 〉‖∞, �N . (B73)

Let us start to bound the first term by making the difference of
the normalization factors appear,

‖|ψ f �ε
0
〉
ε0

− |ψ f 〉ε0
‖∞, �N

=

∥∥∥∥∥∥∥
Î − e−i f̂ �ε

0 ε0

2
∥∥ Î−e−i f̂ �ε

0 ε0

2 |s〉 ∥∥2, �N

|s〉 − Î − e−i f̂ ε0

2
∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2, �N
|s〉

∥∥∥∥∥∥∥
∞, �N

�

∣∣∣∣∣∣ 1∥∥ Î−e−i f̂ �ε ε0

2 |s〉 ∥∥2, �N
− 1∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2, �N

∣∣∣∣∣∣
×

∥∥∥∥∥ Î − e−i f̂ �ε
0 ε0

2
|s〉

∥∥∥∥∥
∞, �N

+
∥∥∥∥∥∥ e−i f̂ �εε0 − e−i f̂ ε0

2
∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2, �N
|s〉

∥∥∥∥∥∥
∞, �N

�

∣∣∣∣∣∣ 1∥∥ Î−e−i f̂ �ε ε0

2 |s〉 ∥∥2, �N
− 1∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2, �N

∣∣∣∣∣∣
× 1√

N
max
�r∈X�n

∣∣sin
[

f �ε
0 (�r )ε0/2

]∣∣

+ 1∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2, �N

1√
N

max
�r∈X�n

|sin{[ f �ε
0 (�r ) − f (�r )]ε0/2}|

�
(
C2

0

√
N

‖ f ‖∞,[0,1]d

‖ f ‖2, �N‖ f �ε
0 ‖2, �N

+ C0

‖ f ‖2, �N

)
d∑

i=1

εi‖∂i f ‖∞,[0,1]d ,

(B74)

where in the last inequality we use |sin(x)| � |x|, ‖ f �ε‖∞, �N �
‖ f �ε‖∞,[0,1]d � ‖ f ‖∞, �N , and Lemmas 9, 11, and 12. Lemmas
10 and 14 imply there is a constant B > 0 depending only on
f such that

C2
0

√
N

‖ f ‖∞,[0,1]d

‖ f ‖2, �N‖ f �ε
0 ‖2, �N

+ C0
1

‖ f ‖2, �N
� B√

N
, (B75)

leading to the bound on the first term

‖|ψ f �ε
0
〉
ε0

− |ψ f 〉ε0
‖∞, �N � B√

N

d∑
i=1

εi‖∂i f ‖∞,[0,1]d . (B76)

The second term in the inequality (B73) is bounded by us-
ing the Taylor expansion of the exponential term e−i f̂ ε0 =
Î − i f̂ ε0 + R1(−i f̂ ε0), with R1(x) = ∑+∞

k=2
xk

k! , and by making
the difference of the norms appear:

‖|ψ f 〉ε0
− | f 〉‖∞, �N =

∥∥∥∥∥ − i
Î − [Î − i f̂ ε0 + R1(−i f̂ ε0)]

2
∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2, �N
|s〉

−
√

N

‖ f ‖2, �N
f̂ |s〉

∥∥∥∥∥
∞, �N

�

∣∣∣∣∣∣ ε0

2
∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2, �N
−

√
N

‖ f ‖2, �N

∣∣∣∣∣∣‖ f̂ |s〉‖∞, �N

+ ‖R1(−i f̂ ε0) |s〉‖∞, �N
2
∥∥ Î−e−i f̂ ε0

2 |s〉 ∥∥2, �N
. (B77)

The Taylor inequality applied on the remainders of the
cosinus and sinus functions implies ‖R1(−i f̂ ε0)|s〉‖∞, �N �

ε2
0

2
√

N
‖ f 2‖∞,[0,1]d + ε3

0

6
√

N
‖ f 3‖∞,[0,1]d and using Lemmas

11 and 13,

‖|ψ f 〉ε0
− | f 〉‖∞, �N

� ε0
C0‖ f 2‖∞,[0,1]d

2‖ f ‖2, �N

+ ε2
0

(
C0

24

‖ f 3‖2, �N
‖ f ‖2

2, �N
‖ f ‖∞,[0,1]d + C0‖ f 3‖∞,[0,1]d

6‖ f ‖2, �N

)
.

(B78)

Using Lemma 10 and the fact that ε2
0 � πε0/‖ f ‖∞,[0,1]d , there

is a constant A > 0 depending only on f such that

‖|ψ f 〉ε0
− | f 〉‖∞, �N � A

ε0√
N

. (B79)
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Finally, using the norm inequality ‖ · ‖2, �N �
√

N‖ · ‖∞, �N , we
get

‖|ψ f �ε 〉
ε0

− | f 〉‖2, �N � Aε0 + B
d∑

i=1

εi‖∂i f ‖∞,[0,1]d . (B80)

This result implies, in terms of the infidelity 1 − F = 1 −
|〈 f |ψ f �ε 〉

ε0
|2,

1 − F �
(

Aε0 + B
d∑

i=1

εi‖∂i f ‖∞,[0,1]d

)2

, (B81)

which concludes that 1 − F = O((ε0 + ∑d
i=1 εi‖∂i f

‖∞,[0,1]d )2).
(ii) Bounds on the probability of success. The probability

of measuring the ancilla qubit |qA〉 in state |1〉 with ε0 ∈
]0, π/‖ f ‖∞,[0,1]d ] is

P(1) =
∥∥∥∥∥ Î − e−i f̂ �εε0

2
|s〉

∥∥∥∥∥
2

2, �N

= 1

N

∥∥∥∥∥sin

(
f �εε0

2

)∥∥∥∥∥
2

2, �N
. (B82)

The upper bound comes from the inequality sin(x) � x ∀ x �
0,

P(1) �
‖ f �ε‖2

2, �Nε2
0

4N
�

‖ f ‖2
∞,[0,1]d ε

2
0

4
, (B83)

where we use ‖ f �ε‖2, �N �
√

N‖ f �ε‖∞, �N �
√

N‖ f ‖∞, �N �√
N‖ f ‖∞,[0,1]d . The lower bound comes from the fact the

function x �→ sinc(x) = sin(x)/x decreases on [0, π/2]:

P(1) = 1

N

∑
x∈Xn

sin2

(
f �ε (x)ε0

2

)

= 1

N

∑
x∈Xn

(
f �ε (x)ε0

2

)2

sinc2

(
f �ε (x)ε0

2

)

� 1

N

∑
x∈Xn

(
f �ε (x)ε0

2

)2

sinc2
(π

2

)

� ε2
0

π2N
‖ f �ε‖2

2, �N . (B84)

Lemma 14 implies that there exists a constant D′, indepen-
dent of �ε, such that ‖ f �ε‖2

2, �N � ND′. Therefore, there exists
a constant D, independent of ε0, �ε, and N , such that P(1) �
Dε2

0 . This concludes that P(1) = �(ε2
0 ).

(iii) Complexities. The protocol starts with n1 + · · · + nd +
1 Hadamard gates to prepare the state |s〉 = 1√

N

∑
�r∈X�n|r〉.

The number of single-qubit gates and CNOT gates to im-
plement the diagonal unitary operator Ûf �ε ,ε0

, and thus the
controlled-Ûf �ε ,ε0

operator, is O( 1
ε1×···×εd

). Finally, a Hadamard
gate and phase gate are applied on |qA〉 to perform the
right interference giving the target state up to an infi-
delity 1 − F = O((ε0 + ∑d

i=1 εi‖∂i f ‖∞,[0,1]d )2). The size is

O(n1 + · · · + nd + 1
ε1×···×εd

) while the depth is 1
ε1×···×εd

, in-
dependent of the number of qubits. In the particular case of
n1 = · · · = nd = n and ε1 = · · · = εd = ε, the size becomes
O(nd + 1

εd ) and the depth O( 1
εd ).

For any function f with values f (�r ) calculable in time
Tf , the number of classical computations to compute the
Walsh coefficients of the �M Walsh series of f , with �M =
(M1, . . . , Md ), is O(Tf (M1 × · · · × Md )2), which is also
O( Tf

(ε1×···×εd )2 ).

7. Sparse Walsh series loader

The sparse Walsh series is an efficient tool to design quan-
tum circuits for quantum state preparation with particularly
small depth and size. For some real-value functions of par-
ticular interests, Fig. 3 shows that one can obtain quantum
circuits with smaller depth than the dense Walsh series loader
(Theorem 1) in order to reach the same accuracy. The problem
of finding the best sparse Walsh series which approximates
the target real-value function is called the minimax series
problem [58]. One efficient way to get a sparse Walsh series
approximating a function f is to compute the Walsh series
of f on M points as written in Eq. (A2). Then one can sort
the absolute value of the M coefficients in decreasing order
and implement the largest ones once a target infidelity is
reached. Other possible methods include threshold sampling,
data compression [58], or efficient estimation of the number
M of best Walsh coefficients [63].

Definitions. Let us consider the problem of loading to n
qubits a sparse Walsh series

fs =
∑
j∈S

a jw j (B85)

with real coefficients a j , where S ⊆ {0, . . . , 2n0 − 1}, with
n0 an integer such that n � n0. The sparsity of the Walsh
series is defined as the number of terms in the series, i.e.,
the cardinal of S: s = |S|. The complexity of the quantum
circuit implementing a sparse Walsh series depends directly
on a parameter k defined as the maximum Hamming weight
of the binary decomposition of the Walsh coefficient indices:
k = max j∈S (

∑l j

i=0 ji ) with j = ∑l j

i=0 ji2i and ji ∈ {0, 1}. The
parameter k is also the maximum number of qubits on which
one Walsh operator is implemented, implying that k � n0.

Theorem 5. Let fs be a sparse Walsh series with
sparsity s and parameters n0 and k as defined in
Eq. (B85) such that ‖ fs‖∞,[0,1] �= 0. Then for all n �
n0 and ε0 ∈]0, π/‖ fs‖∞,[0,1]] there is a quantum cir-
cuit of size O(n + sk) and depth O(sk) which, us-
ing one ancillary qubit, implements the quantum state
| fs〉 = 1

‖ fs‖2,N

∑
x∈Xn

fs(x)|x〉 with a probability of success

P(1) = �(ε2
0 ) and infidelity 1 − F � ε2

0 .
We now consider a function f approximated by a sparse

Walsh series fs.
Corollary 3. Let f be a real-value function defined on

[0,1] such that ‖ f ‖∞,[0,1] �= 0 and let fs be a sparse Walsh
series of sparsity s and parameters n0 and k as defined in
Eq. (B85) such that ‖ fs‖∞,[0,1] �= 0 and ‖ f − fs‖∞,[0,1] � ε1.
Then for all n � n0 and for all ε0 ∈]0, π/‖ fs‖∞] there is a
quantum circuit of size O(n + sk) and depth O(sk) which,
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using one ancillary qubit, implements the quantum state | f 〉 =
1

‖ f ‖2,N

∑
x∈Xn

f (x)|x〉 with a probability of success P(1) =
�(ε2

0 ) and infidelity 1 − F � (ε0 + ε1)2.
The proof of this theorem and corollary is very similar to

the proof of Theorem 3. It is based on the following lemmas.
Lemma 15. For any sparse Walsh series fs of parameter n0

as defined in Eq. (B85) such that ‖ fs‖∞,[0,1] �= 0 for all n �
n0 and for all ε0 ∈]0, 2π

‖ fs‖∞,[0,1]
[, ‖ Î−e−i f̂sε0

2 |s〉‖2,N �= 0, with
N = 2n.

Proof. The function fs is a sum of s Walsh functions of
order j ∈ {0, . . . , 2n0 − 1}. The Walsh function of order j is
a piecewise function taking values +1 and −1 on at most 2p

different intervals I p
k = [k/2p, (k + 1)/2p[, with p � n0 and

k ∈ {0, . . . , 2p − 1}. Therefore, the function fs is a piece-
wise function which is constant on each of the N0 = 2n0

intervals In0
k :

fs(x) = fs(k/N0) ∀ k ∈ {0, . . . , N0 − 1}, ∀ x ∈ In0
k . (B86)

The fact that ‖ fs‖∞,[0,1] �= 0 implies that there exists a
k0 ∈ {0, . . . , 2n0 − 1} such that for all x ∈ In0

k0
, fs(x) =

‖ fs‖∞,[0,1] �= 0. Note that for all n � n0, Xn0 ⊆ Xn and In0
k0

∩
Xn0 �= 0. Therefore,∥∥∥∥∥ Î − e−i f̂sε0

2
|s〉

∥∥∥∥∥
2,N

=
√√√√∑

x∈Xn

sin2[ fs(x)ε0/2]

N

�

√√√√√ ∑
x∈I

n0
k0

∩Xn0

sin2[ fs(x)ε0/2]

N

� sin(‖ fs‖∞,[0,1]ε0/2)√
N

. (B87)

Then 0 < ε0 < 2π
‖ fs‖∞,[0,1]

implies that 0 < ‖ fs‖∞,[0,1]ε0/2 < π

and therefore sin(‖ fs‖∞,[0,1]ε0/2) > 0. Finally, for all ε0 ∈
]0, 2π

‖ fs‖∞,[0,1]
[, and for all n � n0, ‖ Î−e−i f̂sε0

2 |s〉‖2,N �= 0, which
achieves the proof of Lemma 15. �

Lemma 16. For any sparse Walsh series fs of the parameter
n0 as defined in Eq. (B85) such that ‖ fs‖∞,[0,1] �= 0, there
exists a constant C1 > 0 depending only on fs and n0 such
that, for all n � n0,

‖ fs‖2,N = C1

√
N, (B88)

with N = 2n.
Proof. Note that In0

k = [k/N0, (k + 1)/N0[, with k ∈
{0, . . . , N0 − 1} and N0 = 2n0 such that

⋃N0−1
k=0 In0

k = [0, 1[,
and for all n � n0, |In0

k ∩ Xn| = N/N0, with N = 2n. Then

‖ fs‖2,N =
√∑

x∈Xn

| fs(x)|2

=

√√√√√N0−1∑
k=0

∑
x∈I

n0
k ∩Xn

| fs(x)|2

=

√√√√√N0−1∑
k=0

| fs(k/N0)|2
∑

x∈I
n0
k ∩Xn

1

=
√√√√N0−1∑

k=0

| fs(k/N0)|2(N/N0)

= C1

√
N, (B89)

with C1 =
√

1
N0

∑N0−1
k=0 | fs(k/N0)|2 = ‖ fs‖2,N0/

√
N0 > 1√

N0‖ fs‖∞,[0,1] > 0. �
Lemma 17. For any sparse Walsh series fs of parameter n0

as defined in Eq. (B85) such that ‖ fs‖∞,[0,1] �= 0, for all n �
n0 and for all ε0 ∈]0, π/‖ fs‖∞,[0,1]] the normalization factor

1

‖ Î−e−i f̂sε0
2 |s〉‖2,N

can be bounded as

2

ε0C1
� 1∥∥ Î−e−i f̂sε0

2 |s〉 ∥∥2,N

� π

ε0C1
, (B90)

which is equivalent to

1 � ε0C1

√
N

2‖sin( fsε0/2)‖2,N
� C0, (B91)

with N = 2n, C0 = π/2, and C1 = ‖ fs‖2,N0/
√

N0.
Proof. Lemma 15 implies that for all n > n0 and for all

ε0 ∈]0, 2π/‖ fs‖∞,[0,1][, ‖ Î−e−i f̂sε0

2 |s〉‖2,N �= 0, with N = 2n,

ensuring the quantity 1/‖ Î−e−i f̂sε0

2 |s〉‖2,N is well defined. The
left inequality is trivial using the fact that sin(x) � x ∀ x � 0
and Lemma 16. For the right inequality, consider α ∈]0, π ]
and ε0 ∈]0, 2(π−α)

‖ fs‖∞,[0,1]
]. Then, due to the fact that the function

x �→ sin(x)/x is decreasing on [0, π ],

ε0‖ fs‖2,N

2‖sin( fsε0/2)‖2,N
� ‖ fs‖2,N√∑

x∈Xn
fs(x)2 sin2[ fs (x)(π−α)/‖ fs‖∞,[0,1]]

[ fs (x)(π−α)/‖ fs‖∞,[0,1]]2

� π − α

sin(π − α)
. (B92)

Therefore, for α = π/2 and using Lemma 16, Lemma 17 is
proved. �

Lemma 18. For any sparse Walsh series fs of the parameter
n0 as defined in Eq. (B85) such that ‖ fs‖∞,[0,1] �= 0, for all
n � n0 and for all ε0 ∈ [0, π/‖ fs‖∞,[0,1]],

∣∣∣∣∣∣ ε0

2
√

N
∥∥ Î−e−i f̂sε0

2 |s〉 ∥∥2,N

− 1

‖ fs‖2,N

∣∣∣∣∣∣ � C2ε
2
0/

√
N, (B93)

with N = 2n and C2 = π
48

‖ f 3
s ‖2,N0

‖ fs‖2
2,N0

.
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Proof. Using the subadditivity of the ‖ · ‖2,N -norm, the
inequality for all x real, x − sin(x) � x3

6 , and Lemma 16,∣∣∣∣∣∣ ε0

2
√

N
∥∥ Î−e−i f̂sε0

2 |s〉 ∥∥2,N

− 1

‖ fs‖2,N

∣∣∣∣∣∣
=

∣∣∣∣ ε0

2‖sin( fsε0/2)‖2,N
− 1

‖ fs‖2,N

∣∣∣∣
� ‖ε0 fs/2 − sin(ε0 fs/2)‖2,N

‖sin( fsε0/2)‖2,N‖ fs‖2,N

� ε3
0

48

‖ f 3
s ‖2,N

‖sin( fsε0/2)‖2,N‖ fs‖2,N

� C0ε
2
0

24

‖ f 3
s ‖2,N

‖ fs‖2
2,N

= C2ε
2
0/

√
N, (B94)

with C2 = C0
24

‖ f 3
s ‖2,N0

‖ fs‖2
2,N0

and C0 = π/2. �

a. Proof of Theorem 5

Let us consider fs = ∑
j∈S a jw j a sparse Walsh series of

the parameters s, n0, and k. The quantum state implemented
by the sparse WSL is

|ψ fs〉 = −i
Î − e−i f̂sε0

2
∥∥ Î−e−i f̂sε0

2 |s〉 ∥∥2

|s〉 , (B95)

with f̂s = ∑
x∈Xn

fs(x)|x〉〈x| and | fs〉 = 1
‖ fs ‖2,N

∑
x∈Xn

fs(x)|x〉.
First, we can expand the term e−i f̂sε0 = Î − i f̂sε0 +

R1(−i f̂sε0), where R1 is the remainder of the Taylor series of
the exponential function. Then

‖|ψ fs〉ε0
− | fs〉‖∞,N

� ‖R1(−i f̂sε0) |s〉‖∞,[0,1]

2
∥∥ Î−e−i f̂sε0

2 |s〉 ∥∥2

+
∣∣∣∣∣∣ ε0

2
∥∥ Î−e−i f̂sε0

2 |s〉 ∥∥2

−
√

N

‖ fs‖2,N

∣∣∣∣∣∣‖ f̂s|s〉‖∞,N . (B96)

The first term can be bounded using the remainders of
the cosinus and sinus functions ‖R1(−i f̂sε0)|s〉‖∞,[0,1]ε0)‖ �
‖Rcos( f̂sε0)|s〉‖∞,[0,1] + ‖Rsin( f̂sε0)|s〉‖∞,[0,1], and using the
Taylor inequality, we have

‖Rcos( f̂sε0)|s〉‖∞,[0,1] �
ε2

0

∥∥ f 2
s

∥∥
∞,[0,1]

2
√

N
(B97)

and

‖Rsin( f̂sε0)|s〉‖∞,[0,1] �
ε3

0

∥∥ f 3
s

∥∥
∞,[0,1]

6
√

N
. (B98)

Therefore, using Lemma 17, there exists a C > 0 such that

‖R1(−i f̂sε0) |s〉‖∞,[0,1]

2
∥∥ Î−e−i f̂sε0

2 |s〉 ∥∥2

� C
ε0√
N

. (B99)

Then, using Lemma 18, the second term is bounded as∣∣∣∣∣∣ ε0

2
∥∥ Î−e−i f̂sε0

2 |s〉 ∥∥2

−
√

N

‖ fs‖2,N

∣∣∣∣∣∣‖ f̂s|s〉‖∞,N

� C2ε
2
0‖ fs‖∞,[0,1]/

√
N � C′ ε0√

N
, (B100)

with C′ > 0. Therefore, there exists a C′′ > 0 such that for all
n � n0 and for all ε0 ∈ [0, π/‖ fs‖∞,[0,1]],

‖|ψ fs〉ε0
− | fs〉‖2,N � C′′ε0. (B101)

Finally, we have 1 − F = O(ε2
0 ).

In the case where the sparse Walsh series fs approximates
a given function f up to an accuracy ε1 such that

‖ f − fs‖∞,[0,1] � ε1, (B102)

the quantum state |ψ fs〉ε0
approximates the target quantum

state | f 〉 up to an error O((ε0 + ε1)2) in terms of infidelity,

‖| fs〉 − | f 〉‖∞,N = max
x∈Xn

∣∣∣∣ fs(x)

‖ fs‖2,N
− f (x)

‖ f ‖2,N

∣∣∣∣
� ‖ fs − f ‖∞,[0,1]

‖ fs‖2,N
+

∣∣∣∣ 1

‖ f ‖2,N
− 1

‖ fs‖2,N

∣∣∣∣‖ f ‖∞,[0,1]

� ε1

‖ fs‖2,N
+ ‖ f − fs‖2,N

‖ f ‖2,N‖ fs‖2,N
‖ f ‖∞,[0,1]

� C3ε1/
√

N, (B103)

with C3 > 0. Therefore, ‖|ψ fs〉ε0
− | f 〉‖2,N = O(ε0 + ε1) and

the infidelity between |ψ fs〉ε0
and | f 〉 is 1 − F = O((ε0 +

ε1)2). The probability of success is bounded as in Theorem
4: P(1) = �(ε2

0 ). The complexity to load an (s, k, n0)-sparse
Walsh series is given by the implementation of s controlled
Walsh operators. Each of them is composed of at worst 2k
Toffoli gates and one controlled-RZ gates making the depth
O(sk) and the size O(n + sk) with the n dependence due to
the n + 1 initial Hadamard gates.

APPENDIX C: AMPLITUDE AMPLIFICATION

The Walsh series loader is based on a repeat-until-success
scheme with a probability of success P(1) = �(ε2

0 ). It is
possible to reach P(1) = O(1) by performing an ampli-
tude amplification scheme [69] at the cost of modifying
the size to O(n log(n)4 log(1/ε0)/ε0 + 1/ε0ε1) and the depth
to O( log(n)3 log(1/ε0)/ε0 + 1/ε0ε1) or, using one additional
ancilla qubit (borrowed or zeroed), to a size O(n log(n)4/ε0 +
1/ε0ε1) and a depth O( log(n)3/ε0 + 1/ε0ε1). The total time is
reduced by a quadratic factor with respect to the parameter ε0,
but the size and depth of the associated quantum circuits are
larger. In particular, it makes the depth of the WSL dependent
on the number of qubits n.

The amplitude amplification scheme on n + 1 qubits con-
sists of implementing k times the operator Ûtot = −ÛψÛP with
the two unitaries

Ûψ = Î − 2 |ψ3〉〈ψ3| , (C1)

ÛP = Î − 2P̂, (C2)
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where |ψ3〉 = Î+e−i f̂ ε1 ε0

2 |s〉|0〉 − i Î−e−i f̂ ε1 ε0

2 |s〉|1〉, P̂ =
Îposition ⊗ |qA = 1〉〈qA = 1| is the projector on the
target subspace, and Î = Îposition ⊗ ÎA is the identity
on the n + 1 qubits. The operator Ûψ can be simply
rewritten as a product of the operator Û3 defined as
Û3 = (P̂1Ĥ ⊗ Î⊗n

2 )(controlled-Ûf ε1 ,ε0 )(Ĥ⊗(n+1)), with P̂1 =
(1 0
0 −i) such that Û3 |0〉 = |ψ3〉, and an n anticontrolled Pauli

Z gate �n(−Z ) which applies a phase −1 only if all qubits
are in state |0〉:

Ûψ = Û3�n(−Z )Û †
3 . (C3)

The operator Û3 is composed of n + 1 Hadamard gates,
a phase gate, and the diagonal unitary controlled-Ûf ε1 ,ε0

operator, which is implemented with a quantum circuit of size
and depth O(1/ε1). The �n(−Z ) unitary can be implemented
using a quantum circuit of size O(n log(n)4) and polylogarith-
mic depth O( log(n)3) using one zeroed or borrowed ancilla
[70]. The second unitary ÛP simply corresponds to a Pauli Z
gate applied on the ancilla qubit |qA〉.

Let us define the positive parameter θ such that sin(θ ) =
‖ Î−e−i f̂ ε1 ε0

2 |s〉‖2,N = �(ε0) (Appendix B 3 b). We need to ap-
ply the operator Û k

tot with k = �π/4θ� in order to get P(1) =
O(1) [69]. Finally, we can show θ = �(ε0) from sin(θ ) =
�(ε0), implying that k = �(1/ε0). Therefore, the WSL
scheme using amplitude amplification has an overall size
O([n log(n)4 + 1/ε1]/ε0) and depth O([log(n)3 + 1/ε1]/ε0)
using one additional ancilla qubit.
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