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Geometric characterization for cyclic heat engines far from equilibrium
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Considerable attention has been devoted to microscopic heat engines in both theoretical and experimental
aspects. Notably, the fundamental limits pertaining to power and efficiency, as well as the trade-off relations
between these two quantities, have been intensively studied. This study aims to shed further light on the ultimate
limits of heat engines by exploring the relationship between the geometric length along the path of cyclic heat
engines operating at arbitrary speeds and their power and efficiency. We establish a trade-off relation between
power and efficiency using the geometric length and the timescale of the heat engine. Remarkably, because the
geometric quantity comprises experimentally accessible terms in classical cases, this relation is useful for the
inference of thermodynamic efficiency. Moreover, we reveal that the power of a heat engine is always upper
bounded by the product of its geometric length and the statistics of energy. Our results provide a geometric
characterization of the performance of cyclic heat engines, which is universally applicable to both classical and
quantum heat engines operating far from equilibrium.

DOI: 10.1103/PhysRevA.109.042209

I. INTRODUCTION

Since the advent of macroscopic heat engines in industry,
the theoretical investigation of thermodynamic heat engines
has been a fundamental area of study within the realm of
physics. One well-known result is the Carnot bound, which
imposes an upper bound on the efficiency of heat engines
according to the second law of thermodynamics. Beyond the
macroscopic regime, our understanding of small heat en-
gines has been significantly augmented, thanks to the recent
progress in stochastic and quantum thermodynamics for mi-
croscopic systems [1–4]. Additionally, owing to technological
advancements, it is now feasible to experimentally demon-
strate the theoretical results of nanoscale heat engines on
various platforms [5–17].

The primary focus of research in the field of heat en-
gines pertains to power, efficiency, and the inherent trade-offs
between these incompatible quantities [18–34]. The investi-
gation of whether a heat engine can operate at maximum
efficiency while still delivering finite power has been of par-
ticular interest. Regarding this incompatibility between power
and efficiency, several trade-off relations have been uncovered
for both cyclic and steady-state heat engines [25,33,35]. It
has been demonstrated that the Carnot efficiency can only be
achieved at finite power under extreme circumstances, such as
diverging power fluctuations [33,36,37] and vanishing relax-
ation times [38,39].

Recently, novel insights into the performance of heat en-
gines have been obtained through the lens of information
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geometry [40–46]. It is noteworthy that several geometric
quantities provide us useful physical interpretations that are
commonly seen in various models. For example, the thermo-
dynamic length is interpreted as the minimum dissipation for a
given path [47–52]. In the context of such a physical interpre-
tation, the utilization of geometry in heat engines operating
in the slow-driving regime results in a constraint between
power and efficiency [42,53], which further provides design
principles for optimal parametrization of a given protocol
[42,43,54]. Despite the importance of geometric characteriza-
tion for heat engines, previous studies on engine cycles have
been limited to the near-equilibrium regime. Therefore, it is
reasonable to ask whether geometric characterizations exist in
the nonequilibrium regime and, if so, how heat engines can be
physically characterized.

In the present work, we address this open question by
imposing three criteria on geometric quantities. (1) Geomet-
ric quantities should depend only on a predetermined path,
denoted as C, of a heat-engine cycle, (2) they should possess
physical interpretations, and (3) they should be experimentally
computable at least in classical cases. Concerning the path
dependency, a schematic illustration extending from the quasi-
static case to a nonequilibrium scenario is shown in Fig. 1(b).
As for the second criterion, we consider the geometric length
defined on the space of state probabilities (density matrices
in quantum cases) of the heat engine, effectively quantifying
the degree of state change [cf. Eq. (7)]. In the stationary state,
the geometric length is solely dependent on the path. We im-
pose the third criterion, as estimable geometric quantities can
facilitate thermodynamic inference of efficiency, especially in
classical cases, without requiring detailed knowledge of the
system. It is important to note that in experiments, state proba-
bilities and jump statistics are measurable, whereas accurately
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Power and efficiency(a)

Path and geometric length(b)

FIG. 1. (a) Schematic of cyclic heat engines. The working
medium is constantly coupled to a heat bath. The system Hamiltonian
Ht = H (λt ) and the bath temperature Tt are periodically controlled in
order to extract work. (b) For a given control path C, the correspond-
ing curve of engine states {�t }0�t�τ is depicted by the solid line, and
its geometric length with respect to a metric d (·, ·) is denoted by �.
Our aim is to elucidate the relationship between the geometric length
� and power and efficiency of heat engines.

measuring heat flow via calorimetry and determining precise
dissipative dynamics are generally challenging tasks.

Considering heat engines that obey Markovian dissipative
dynamics, we first derive a geometric trade-off between power
and efficiency [cf. Eq. (9)]. This relation means that the prod-
uct of power and the difference between efficiency and Carnot
efficiency cannot be arbitrarily small if the geometric length
and timescale of heat engines are predetermined. This also
provides a useful tool for inferring efficiency, as the geometric
bound is written solely in terms of experimentally accessi-
ble quantities in classical cases. Subsequently, we prove that
power is always upper bounded by the geometric length, en-
ergy fluctuation, and energy gap [cf. Eq. (14)]. These findings
are fundamental and can be applied to both classical and
quantum heat engines.

II. SETUP

A. Cyclic heat engines

We consider a heat engine using a finite-dimensional dis-
crete system as the working medium. The heat engine is
coupled to a heat bath and is driven by a periodic control
protocol. To study both classical and quantum dissipative heat
engines in a unified manner, we employ the Lindblad master
equation [55,56]. This equation describes the time evolution
of the density matrix of the system as follows:

�̇t = −ih̄−1[Ht , �t ] +
∑

k

D[Lk (t )]�t , (1)

where Ht is the controllable Hamiltonian, D[L]� := L�L† −
{L†L, �}/2 is the dissipator, and {Lk (t )} are the Lindblad
jump operators. To guarantee the thermodynamic consis-
tency, we assume the local detailed balance condition; that
is, the jump operators come in pairs (k, k′) such that Lk (t ) =
eβt ωk (t )/2Lk′ (t )†, where βt = 1/(kBTt ) is the inverse tem-
perature and ωk (t ) = −ωk′ (t ) denotes the energy change
associated with the kth jump. Hereafter, we set both h̄ and
kB to unity for simplicity. The temperature of the heat bath
can be generically modulated as Tt = TcTh/[Th + αt (Tc − Th)]

[26,57], where Tc and Th are the minimum and maximum
temperatures reached by the heat bath, respectively, and αt is a
periodic function satisfying mint αt = 0 and maxt αt = 1. The
work power extractable from the heat engine can be calculated
as

Pw := −τ−1
∫ τ

0
tr{Ḣt�t }dt . (2)

The irreversible entropy production of the heat engine can be
defined as the sum of changes in the system and environmental
entropy, given by

	τ := 
S −
∫ τ

0
βt Qt dt, (3)

where 
S := tr{�0 ln �0} − tr{�τ ln �τ } is the production of
the von Neumann entropy and Qt := tr{Ht �̇t } is the rate of
heat absorbed by the engine. By exploiting the periodicity,
we obtain 
S = 0 and arrive at the following expression of
entropy production:

	τ = τ

Tc
(−Pw + ηCJq) � 0, (4)

where ηC := 1 − Tc/Th is the Carnot efficiency and Jq :=
τ−1

∫ τ

0 αt Qt dt is the time-average heat supplied to the engine.
Expression (4) naturally leads to the following definition of
the efficiency of cyclic heat engines [26,58]:

η := Pw

Jq
� ηC . (5)

In the case where αt is the step function, the conventional
setup, wherein the system is coupled to two distinct heat
baths with respectively constant temperatures Tc and Th, is
recovered. Another quantity of interest is the timescale of
heat engines, which can be characterized by the time-average
number of jumps:

aτ := τ−1
∫ τ

0

∑
k

tr{Lk (t )�t Lk (t )†}dt . (6)

This quantity is also known as dynamical activity in the
literature [59] and plays an important role in constraining
speed and fluctuation of nonequilibrium systems [60–62]. In
quantum cases, dynamical activity is the average number of
quantum jumps [63–66]. In classical cases, dynamical activity
can be easily calculated by taking the ensemble average of the
number of jumps between different states over the stochastic
trajectories in experiments.

B. Relevant metrics

Next, we discuss several distance measures that will be
used in this study. Given a curve of density matrices {�t }0�t�τ

on a control path C, its geometric length with respect to an
arbitrary metric d (·, ·) can be defined as

�(C) := lim
δt→0

K−1∑
k=0

d (�kδt , �(k+1)δt ), (7)

where δt := τ/K is the discretized time interval. Relevant
metrics that will be used for d (�, σ ) are a Wasserstein distance
W (�, σ ) := ∑

n |an − bn|/2 [67], where {an} and {bn} are in-
creasing eigenvalues of � and σ , respectively, and the trace
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distance T (�, σ ) := tr{|� − σ |}/2. The classical versions of
these measures are used for classical cases. When d is a
Riemannian metric defined via an inner product g�, the curve
length can also be calculated as � = ∫ τ

0

√
g�t (�̇t , �̇t )dt . Other

commonly used metrics are the contractive Riemannian met-
rics defined on the space of density matrices, which can be
completely characterized by Morozova-Chentsov (MC) func-
tions [68,69] and are defined in the following form:

g�(X,Y ) := tr{X [R� f (L�R
−1
� )]−1Y }. (8)

Here, X and Y are self-adjoint traceless matrices; L�

and R� are two superoperators, defined as L�(X ) := �X
and R�(X ) := X�; and f (t ) is a MC function satisfying
three conditions: (1) f (X ) � f (Y ) for any semipositive-
definite operators X � Y , (2) f (t )=t f (t−1), and (3) f (1)=1.
It has been shown that a MC function always fulfills
fmin(t ) � f (t ) � fmax(t ) [70], where fmin(t ) = 2t/(1 + t )
and fmax(t ) = (1 + t )/2 are the minimum and maximum MC
functions, respectively. Hereafter, we exclusively use the right
logarithmic derivative Fisher information, which is induced
by the minimum MC function fmin(t ). This quantum Fisher
information metric can be explicitly expressed as g�(�̇, �̇) =
tr{�̇2�−1}. We emphasize that these metrics provide us the
physical interpretations, i.e., the degree of state change along
the path C.

III. RESULTS

We are now ready to explain two main results, whose
proofs are postponed to the end of the section. Our first main
result is a fundamental trade-off between power and efficiency
of cyclic heat engines. We prove that

Pw

(
ηC

η
− 1

)
� g(C), (9)

g(C) := 2Tc
�W (C)

τ
arctanh

[
�W (C)

τaτ

]
, (10)

where �W denotes the geometric length with respect to the
quantum Wasserstein distance. For classical cases, �W is re-
placed by the geometric length with the classical version of
the Wasserstein distance (see Appendix A for more details).
Note that the classical Wasserstein metric W can be easily
calculated using the linear programming method [71]. There-
fore, the geometric length �W is experimentally computable
because d�W = W (�t , �t+dt ) and state probabilities can be
accurately obtained in experiments.

Some remarks on inequality (9) are given in order. First,
g(C) comprises experimentally accessible quantities, espe-
cially in classical cases, regardless of the model’s specific
details. As such, it satisfies all the criteria (1)–(3) in the
Introduction. In classical cases, measuring both the state prob-
ability and dynamical activity is considerably easier compared
to the calorimetric measurement of heat flow. Therefore, in-
equality (9) can be utilized for thermodynamic inference.
Second, it indicates a novel trade-off between power and
efficiency; that is, both Pw and ηC/η − 1 cannot be simul-
taneously small, given that the geometric length, dynamical
activity, and time duration are fixed. Third, it provides a com-
prehensive characterization about the attainability of Carnot
efficiency at finite power. By rearranging Eq. (9), an upper

bound on efficiency can be obtained as

η � ηC

B + 1
, (11)

where B := 2Tc�W arctanh(�W /τaτ )/(τPw ). Evidently, η →
ηC only if B → 0. This essentially provides a condition for
attaining Carnot efficiency at finite power and finite time:
τaτ � �W [72]. In other words, the dynamical activity must
diverge relative to the curve length. Since dynamical activity
is related to the inverse of the relaxation time of heat en-
gines, the divergence of dynamical activity is connected to
the vanishing of the relaxation time, which is consistent with
results reported previously for Langevin dynamics [39]. In the
quantum regime, the divergence of dynamical activity can be
achieved by exploiting coherence between degenerate energy
eigenstates; as a result, power can be scaled as O(N ) while
ηC/η − 1 = O(1/N ), where N is the number of degeneracy in
the system Hamiltonian [73]. Fourth, in the adiabatic regime,
the trade-off relation leads to the following geometric bound
on efficiency (refer to Appendix B for more details):

η � ηC

(
1 − 2Tc

a∞
τ

(�∞
W )2

Wτ

)
. (12)

Here, W , �∞
W , and a∞

τ are the quasistatic work, geometric
length, and dynamical activity, respectively [74]. It is note-
worthy that upper bound (12) is in terms of only quantities
at equilibriums, whereas the extant bound [42] involves a
response quantity from equilibriums.

Last, we notice that Eq. (9) provides a lower bound on the
power, and combining that with an extant relation yields

g(C)

(
ηC

η
− 1

)−1

� Pw � �T −1
c η(ηC − η), (13)

where the upper bound was given in the previous study [25].
Here, � is a system-dependent quantity for cyclic engines.
Most studies thus far have provided the upper bounds for the
power [25,33]. Therefore, our relation can be considered a
complementary trade-off relation for heat engines.

Next, we present our second main result, which addresses
the ultimate limit on the extractable power of cyclic heat
engines, given a fixed geometric length of the curve of density
matrices. Using the quantum Fisher information metric and
the trace distance to quantify the geometric length, we prove
that the power is always upper bounded by the geometric
length and the energy statistics as

Pw � min

{
�F (C)

τ
max

t

Ht ,

�T (C)

τ
max

t
‖Ht‖∗

}
. (14)

Here, �F and �T denote the geometric length associated with
the quantum Fisher information metric and the trace distance,
respectively, (
Ht )2 := tr{H2

t �t } − tr{Ht�t }2 is the energy
fluctuation, and ‖Ht‖∗ := maxm,n |εm(t ) − εn(t )| is the energy
gap, where {εn(t )} are eigenvalues of Ht . Since inferring the
energy gap and energy fluctuation through experiments can be
challenging, it is appropriate to argue that Eq. (14) fulfills only
criteria (1) and (2) outlined in the Introduction. Nevertheless,
it provides a physically essential implication: to achieve a high
power output in cyclic heat engines for a given geometric
length, it is necessary to increase both the energy fluctuation
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FIG. 2. Numerical illustration for the qubit heat engine. The top
panels show contour plots of (a) the geometric length �W and (b) the
lower bound in Eq. (9) on the �-γ plane. The bottom panels describe
upper bounds of (c) efficiency [Eq. (11)] and (d) power [Eq. (14)].
Parameter � is varied while other parameters are fixed as Tc = 1,
Th = 10, γ = 0.1, and τ = 10.

and the energy gap. This implication is somewhat reminiscent
of speed limits in closed quantum systems, in which fast state
transformations analogously require large energy fluctuation
and energy gap [75,76]. If these energy statistics are finite, the
geometric length limits the power.

A. Numerical demonstration

We exemplify our results using a superconducting
qubit heat engine, which is a simple model of the recent
experimental realization [13]. The heat engine is described by
the tunable Hamiltonian Ht = εt [sin(θt )σx + cos(θt )σz]/2
and jump operators L1(t ) = √

γ εt (nt + 1)|0t 〉〈1t | and
L2(t ) = √

γ εt nt |1t 〉〈0t |. Here, γ is the coupling strength,
εt and θt characterize the instantaneous energy gap and
the relative strength of coherent tunneling to energy bias,
respectively, nt := 1/(eβt εt − 1), and {|0t 〉, |1t 〉} denote the
instantaneous eigenstates of the Hamiltonian. The control
protocol is given by {αt , εt , θt }, where αt = sin(πt/τ )2,
εt = �[1 + 0.5 sin(2πt/τ ) + 0.1 sin(6πt/τ )], and θt =
π [1 + 0.1 sin(πt/τ )2]/2.

To help clarify the behavior of the geometric length �W and
the lower bound in Eq. (9), contour plots of these quantities on
the �-γ plane are shown in Figs. 2(a) and 2(b), respectively.
As seen in Fig. 2(a), the geometric length �W monotoni-
cally increases with respect to the coupling strength γ , which
agrees with our intuition. By contrast, �W is nonmonotonic
with respect to �. That is, there always exists an optimal �

that yields the maximum value of �W , provided that γ is fixed.
Figure 2(b) shows the landscape of the lower bound in Eq. (9),
where the product Pw(ηC/η − 1) cannot be below. It turns out
that there is only one extreme point of (�, γ ) that achieves
the maximum of the lower bound. We next numerically
verify the derived bounds [Eqs. (11) and (14)]. Parame-
ter γ is fixed, whereas � is varied, and numerical results
are plotted in Figs. 2(c) and 2(d). As shown in Fig. 2(c), the
bound (11) yields a tighter restriction for efficiency η than the

conventional Carnot bound. Figure 2(d) illustrates that power
Pw grows monotonically as parameter � (which characterizes
the energy gap) is increased from 0.1 to 10, which is consistent
with the qualitative statement deduced from Eq. (14). The
validity of the bounds can thus be confirmed from the figures.

B. Proof of Eqs. (9) and (14)

First, we prove Eq. (9). Let �t = ∑
n pn(t )|nt 〉〈nt | be the

spectral decomposition of the density matrix �t . We then
define transition rates between the eigenbasis as rk

mn(t ) :=
|〈mt |Lk (t )|nt 〉|2 � 0. Notice that rk

mn(t ) = eβt ωk (t )rk′
nm(t ). Tak-

ing the time derivative of pn(t ) = 〈nt |�t |nt 〉, we can derive
the following master equation for the distribution {pn(t )} from
Eq. (1):

ṗn(t ) =
∑

k

∑
m( �=n)

[
rk

nm(t )pm(t ) − rk′
mn(t )pn(t )

]
. (15)

For convenience, we define ak
mn(t ) := rk

mn(t )pn(t ) and
jk
mn(t ) := rk

mn(t )pn(t ) − rk′
nm(t )pm(t ). Using these probability

currents, we can express the master equation (15) as ṗn(t ) =∑
k

∑
m( �=n) jk

nm(t ). The entropy production rate σt := 	̇t

and dynamical activity rate at := ∂t [tat ] can be analytically
expressed as

σt = 1

2

∑
k

∑
m,n

jk
mn(t ) ln

ak
mn(t )

ak′
nm(t )

=:
1

2

∑
k

∑
m,n

σ k
mn(t ), (16)

at = 1

2

∑
k

∑
m,n

[
ak

mn(t ) + ak′
nm(t )

]
. (17)

By noting that x�(x/y)−1 is a concave function, where �(x)
is the inverse function of x tanh(x), and applying Jensen’s
inequality and the triangle inequality, we can prove that [67]

σt

2
�

(
σt

2at

)−1

�
∑
k,m,n

σ k
mn(t )

4
�

(
σ k

mn(t )

2
[
ak

mn(t ) + ak′
nm(t )

]
)−1

= 1

2

∑
k,m,n

∣∣ jk
mn(t )

∣∣ � 1

2

∑
n

| ṗn(t )|. (18)

Taking the time integration of Eq. (18) from t to t + δt and
noting that (1/2)

∫ t+δt
t

∑
n | ṗn(s)|ds � W (�t , �t+δt ), we im-

mediately obtain∫ t+δt

t

σs

2
�

(
σs

2as

)−1

ds � W (�t , �t+δt ). (19)

Here, δt > 0 is an arbitrary constant. By summing both sides
of Eq. (19) for t = kδt (k = 0, . . . , K − 1), where K = τ/δt ,
and exploiting again the concavity of x�(x/y)−1, we arrive at
the following inequality:

K−1∑
k=0

W (�kδt , �(k+1)δt ) �
	τ

2
�

(
	τ

2τaτ

)−1

. (20)

Taking the δt → 0 limit, using the monotonicity of functions
x tanh(x) and arctanh(x), and rearranging the inequality �W �
(	τ/2)�(	τ/2τaτ )−1 immediately yields Eq. (9).

Next, we prove Eq. (14). By applying the Cauchy-Schwarz
inequality tr{AB} � tr{A†A}1/2tr{B†B}1/2 for arbitrary matri-
ces A and B, the first argument of Eq. (14) can be proved as

042209-4



GEOMETRIC CHARACTERIZATION FOR CYCLIC HEAT … PHYSICAL REVIEW A 109, 042209 (2024)

follows:

τPw =
∫ τ

0
tr{(Ht − 〈Ht 〉)�̇t }dt

�
∫ τ

0
tr{(Ht − 〈Ht 〉)2�t }1/2tr

{
�̇2

t �
−1
t

}1/2
dt

=
∫ τ

0

Ht

√
g�t (�̇t , �̇t )dt � �F (C) max

t

Ht . (21)

Next, we prove the second argument of Eq. (14). Note that the
trace distance can be expressed in the following variational
form:

T (�, σ ) = max
0�X�1

tr{X (� − σ )}, (22)

where the maximum is over all self-adjoint matrices X satisfy-
ing the condition. Noticing ‖Ht‖∗ = maxn εn(t ) − minn εn(t )
and defining εt := minn εn(t ) and Xt := ‖Ht‖−1

∗ (Ht − εt1), we
can easily show that 0 � Xt � 1. By applying the variational
formula (22), we can prove as follows:

τPw =
∫ τ

0
tr{(Ht − εt1)�̇t }dt =

∫ τ

0
‖Ht‖∗tr{Xt �̇t }dt

�
∫ τ

0
‖Ht‖∗

T (�t , �t+dt )

dt
dt � �T (C) max

t
‖Ht‖∗. (23)

IV. CONCLUSION

We derived geometric bounds for the power and efficiency
of cyclic heat engines driven at arbitrary speeds. Specifically,
we revealed a geometric trade-off relation between power Pw

and efficiency term ηC/η − 1, indicating that these quantities
cannot be simultaneously small, provided that the geometric
length and timescale of heat engines are predetermined. This
trade-off relation not only provides insight into the perfor-
mance of heat engines but also offers a useful method for
estimating their efficiency. In addition, we presented qual-
itative and quantitative constraints on power in terms of
geometric length and energy statistics, showing that attaining
high power output requires large energy gaps and energy
fluctuations.
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APPENDIX A: CLASSICAL TRADE-OFF RELATION
BETWEEN POWER AND EFFICIENCY

Here, we provide the classical analog of the quantum trade-
off relation (9) presented in the main text. Note that in the
classical case, the dynamics of the heat engine is described by
the master equation:

| ṗt 〉 = Rt |pt 〉, (A1)

where |pt 〉 := [p1(t ), . . . , pN (t )]
 is the probability distribu-
tion of the system and Rt = [rmn(t )] ∈ RN×N is the transition

rate matrix with rnn(t ) = −∑
m( �=n) rmn(t ). The jump pro-

cess is assumed to be microscopically reversible, that is,
rmn(t ) > 0 whenever rnm(t ) > 0. For the sake of thermo-
dynamic consistency, we also assume the detailed balance
condition rmn(t )e−βt εn(t ) = rnm(t )e−βt εm (t ), where εn(t ) denotes
the instantaneous energy level of state n and βt := 1/(kBTt ) is
the inverse temperature.

In the classical case, we consider the discrete L1-
Wasserstein distance, which is defined based on the connectiv-
ity of the Markov jump process. Consider a graph consisting
of N vertices. An edge between vertices m and n is present
in the graph whenever there exists a transition between states
m and n [i.e., rmn(t ) > 0]. Let D = [dmn] be the matrix of the
shortest-path distances between vertices of the graph. Here,
the length of a path is quantified by the number of edges
contained in the path. Then, the L1-Wasserstein distance can
be defined in the following variational form [67,77]:

W (p, q) := min
π

tr{D
π}, (A2)

where the minimum is over all joint probability distributions
{π} of which marginal distributions coincide with p and q.
In the case of complete connectivity (i.e., when dmn = 1 for
any m �= n), the Wasserstein distance reduces to the total
variation distance T (p, q) := ∑

n |pn − qn|/2. In general, we
have W (p, q) � T (p, q).

For convenience, we define the jump frequency, the proba-
bility current, and the entropy production rate associated with
the transition between m and n as

amn(t ) := rmn(t )pn(t ), (A3)

jmn(t ) := amn(t ) − anm(t ), (A4)

σmn(t ) := jmn(t ) ln[amn(t )/anm(t )]. (A5)

By these definitions, the dynamical activity and irreversible
entropy production can be expressed as

aτ = τ−1
∫ τ

0

∑
m �=n

amn(t )dt, (A6)

	τ =
∫ τ

0

∑
m>n

σmn(t )dt . (A7)

It was shown that the classical Wasserstein distance can be
upper bounded by the probability currents as [67]

W (pt , pt+δt ) �
∫ t+δt

t

∑
m>n

| jmn(s)|ds. (A8)

Summing both sides of Eq. (A8) for all t = kδt (0�k�K − 1)
and taking the δt → 0 limit yields

�W �
∫ τ

0

∑
m>n

| jmn(t )|dt . (A9)

By simple algebraic calculations, we can show that [67]

| jmn(t )| = σmn(t )

2
�

(
σmn(t )

2[amn(t ) + anm(t )]

)−1

, (A10)

where �(x) is the inverse function of x tanh(x). Since
x�(x/y)−1 is a concave function over (0,+∞) × (0,+∞),

042209-5



TAN VAN VU AND KEIJI SAITO PHYSICAL REVIEW A 109, 042209 (2024)

applying Jensen’s inequality yields∫ τ

0

∑
m>n

| jmn(t )|dt � 	τ

2
�

(
	τ

2τaτ

)−1

. (A11)

Combining Eqs. (A9) and (A11), using the monotonicity of
functions x tanh(x) and arctanh(x), and performing expression
transformation results in the following inequality:

	τ � 2�W arctanh

(
�W

τaτ

)
. (A12)

Using Eq. (A12) and the expression of irreversible entropy
production, we readily obtain the following trade-off relation:

Pw

(
ηC

η
− 1

)
� 2Tc

�W

τ
arctanh

(
�W

τaτ

)
. (A13)

APPENDIX B: TRADE-OFF RELATION OF HEAT
ENGINES IN THE ADIABATIC REGIME

We consider the case that the heat engine is operating in
the adiabatic regime (i.e., τ � 1). Let {�̂t = [T̂t , ε̂t , θ̂t ]}0�t�1

be a fixed reference protocol. The finite-time protocol is
described by Ht = H (�t ), Tt = T (�t ), and Lk (t ) = Lk (�t ),
where �t = �̂t/τ . For convenience, we denote by v∞ the
scalar quantity v associated with the heat engine at the
τ → ∞ limit. It is convenient to define time-rescaled
quantities

�̂t = �τ t , L̂t = Lτ t . (B1)

The Lindblad master equation can be rewritten as ˙̂�t =
τ L̂t (�̂t ) (0 � t � 1). It should be noted that the superoperator
L̂t is independent of τ , while the time-rescaled solution �̂t

is not. As τ → ∞, the density matrix of the system remains
close to the instantaneous equilibrium state. Therefore, �̂t can
be expanded in terms of 1/τ as [78]

�̂t = �̂0,t + 1

τ
�̂1,t + 1

τ 2
�̂2,t + · · · = π�̂t

+ O(τ−1). (B2)

Here, π� := e−H (�)/T (�)/tr{e−H (�)/T (�)} is the Gibbs thermal
state and {�̂n,t }n�1 are traceless operators. The operators {�̂n,t }
satisfy the following equation:

˙̂�n,t = L̂t [�̂n+1,t ] ∀n � 0. (B3)

It is thus evident that �̂t = �̂0,t + O(τ−1). We assume that
both { p̂n(t )} and {|n̂t 〉} (eigenvalues and eigenvectors of �̂t )
can be expressed in perturbative forms as p̂n(t ) = p̂0,n(t ) +∑∞

k=1 τ−k p̂k,n(t ) and |n̂t 〉 = |n̂0,t 〉 +∑∞
k=1 τ−k|n̂k,t 〉, where

{ p̂0,n(t )} and {|n̂0,t 〉} are eigenvalues and eigenvectors of π�̂t
,

respectively. The first-order terms of these perturbative ex-
pressions can be explicitly calculated using �̂n,t . For example,
by collecting the terms of order O(τ−1) in relation �̂t |n̂t 〉 =
p̂n(t )|n̂t 〉, we obtain

�̂0,t |n̂1,t 〉 + �̂1,t |n̂0,t 〉 = p̂0,n(t )|n̂1,t 〉 + p̂1,n(t )|n̂0,t 〉. (B4)

Multiplying 〈n̂0,t | to both sides of Eq. (B4) and noticing that
�̂0,t |n̂0,t 〉 = p̂0,n(t )|n̂0,t 〉 yields an explicit form for the first-
order term of eigenvalues:

p̂1,n(t ) = 〈n̂0,t |�̂1,t |n̂0,t 〉. (B5)

We next prove the following arguments: �W = �∞
W + O(τ−1)

and aτ = a∞
τ + O(τ−1). We now verify the first argument.

As proved in Proposition 1, the geometric length �W can be
expressed as

�W = 1

2

∫ τ

0

∑
n

| ṗn(t )|dt = 1

2

∫ 1

0

∑
n

| ˙̂pn(t )|dt . (B6)

Noting that �∞
W = (1/2)

∫ 1
0

∑
n | ˙̂p0,n(t )|dt , we can prove as

follows:

|�W − �∞
W | = 1

2

∣∣∣∣∣
∫ 1

0

∑
n

[| ˙̂pn(t )| − ∣∣ ˙̂p0,n(t )
∣∣]dt

∣∣∣∣∣
� 1

2

∫ 1

0

∑
n

∣∣ ˙̂pn(t ) − ˙̂p0,n(t )
∣∣dt = O(τ−1). (B7)

Thus, �W = �∞
W + O(τ−1). The argument for dynamical activ-

ity can be shown as follows:

aτ = τ−1
∫ τ

0

∑
k

tr{Lk (t )�t Lk (t )†}dt

=
∫ 1

0

∑
k

tr{Lk (�̂t )[π�̂t
+ O(τ−1)]Lk (�̂t )

†}dt

=
∫ 1

0

∑
k

tr{Lk (�̂t )π�̂t
Lk (�̂t )

†}dt + O(τ−1)

= a∞
τ + O(τ−1). (B8)

Using these asymptotic expressions and the trade-off re-
lation (9) in the main text, we readily obtain the fol-
lowing geometric bound on efficiency in the adiabatic
regime:

η � ηC

(
1 − 2Tc

a∞
τ

(
�∞

W

)2

Wτ

)
, (B9)

where W := ∫ 1
0 tr{H (�̂t )π̇�̂t

}dt is the quasistatic work. Once
the control protocol is given, the upper bound in Eq. (B9) can
be evaluated without solving the dynamics.

In Ref. [42], a geometric bound on efficiency was derived
for cyclic heat engines in the adiabatic regime, given by

η � ηC

(
1 − L2

Wτ

)
, (B10)

where L denotes the thermodynamic length. Although
both Eqs. (B9) and (B10) are geometric bounds, a
qualitative difference between them is that our bound
is in terms of only quantities at equilibriums (i.e., �∞

W
and a∞

τ ), whereas the extant bound contains a response
quantity from equilibriums (i.e., L). In general, there is no
magnitude relationship between our bound and the extant
bound. To verify this, we calculate the two bounds for
the heat engine model considered in the main text. Note
that Ht = εt [sin(θt )σx + cos(θt )σz]/2 = (εt/2)[|1t 〉〈1t | −
|0t 〉〈0t |], where |1t 〉 = [cos(θt/2), sin(θt/2)]
 and
|0t 〉 = [sin(θt/2),− cos(θt/2)]
 are instantaneous energy
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eigenstates. The quasistatic geometric length and dynamical
activity can be calculated as follows:

�∞
W = 1

2

∫ 1

0

∑
n

∣∣ ˙̂p0,n(t )
∣∣dt =

∫ 1

0

∣∣∣∣ d

dt

1

eβ̂t ε̂t + 1

∣∣∣∣dt

=
∫ 1

0

|β̂t ˙̂εt + ˙̂βt ε̂t |eβ̂t ε̂t

(eβ̂t ε̂t + 1)2
dt, (B11)

a∞
τ =

∫ 1

0

∑
k

tr{Lk (�̂t )π�̂t
Lk (�̂t )

†}dt

=
∫ 1

0
[γ ε̂t (n̂t + 1)〈1̂t |π�̂t

|1̂t 〉 + γ ε̂t n̂t 〈0̂t |π�̂t
|0̂t 〉]dt

= 2
∫ 1

0

γ ε̂t eβ̂t ε̂t

e2β̂t ε̂t − 1
dt . (B12)

Following Ref. [42], the thermodynamic length L can be
calculated as

L =
∫ √

gμν

� d�μd�ν, (B13)

where the metric tensor components gμν

� are given by

gμν

� = −Rμν

� + Rνμ

�

2
. (B14)

Here, the adiabatic response coefficients Rμν

� as in Eq. (B14)
can be expressed as

Rμν

� = − 1

T

∫ ∞

0

〈
exp(K�u)δFμ

�

∣∣δF ν
�

〉
du, (B15)

where 〈X |Y 〉 := ∫ 1
0 tr{π1−s

� X †π s
�Y }ds is a scalar product and

K� denotes the adjoint Lindblad generator, defined as

K�� := i[H (�), �] +
∑

k

D‡[Lk (�)]�. (B16)

Here, Fμ

� = −∂μH (�) for μ ∈ {ε, θ}, Fμ

� = − ln π� for μ =
T , δFμ

� = Fμ

� − 〈1|Fμ

� 〉, and D‡[L]� := L†�L − {L†L, �}/2.
The generator K� has normalized eigenvectors {Mi,�} and
eigenvalues {κi,�} as

K�Mi,� = κi,�Mi,�, 〈Mi,�|Mj,�〉 = δi j . (B17)

Specifically, {Mi,�} and {κi,�} are given by

M0,� = 1, κ0,� = 0, (B18)

M1,� = eβε/2|1〉〈1| − e−βε/2|0〉〈0|, κ1,� = −γ ε coth(βε/2),

(B19)

M2,� =
√

βε coth(βε/2)|1〉〈0|, κ2,� = iε − γ ε coth(βε/2)

2
,

(B20)

M3,� =
√

βε coth(βε/2)|0〉〈1|, κ3,� =−iε− γ ε coth(βε/2)

2
.

(B21)

Note also that δFμ

� can be expanded in terms of {Mi,�} as
δFμ

� = ∑
i〈Mi,�|δFμ

� 〉Mi,�. By simple algebraic calculations,
we can show that

δF ε
� = −1

2 cosh(βε/2)
M1,�, (B22)

δF T
� = βε

2 cosh(βε/2)
M1,�, (B23)

δF θ
� = 1

2

√
ε tanh(βε/2)

β
(M2,� + M3,�). (B24)

Plugging Eqs. (B17)–(B24) into Eq. (B15), the adiabatic
response coefficients can be explicitly obtained as

⎛
⎜⎜⎝

Rεε
� Rεθ

� RεT
�

Rθε
� Rθθ

� RθT
�

RT ε
� RT θ

� RT T
�

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

−β tanh(βε/2)
4γ ε cosh(βε/2)2 0 β2 tanh(βε/2)

4γ cosh(βε/2)2

0 −γ

[γ coth(βε/2)]2+4 0
β2 tanh(βε/2)

4γ cosh(βε/2)2 0 −β3ε tanh(βε/2)
4γ cosh(βε/2)2

⎞
⎟⎟⎠. (B25)

Consequently, the thermodynamic length can be calculated as

L =
∫ 1

0

√
tanh(β̂t ε̂t/2)

4γ β̂t ε̂t cosh(β̂t ε̂t/2)2
(β̂t ˙̂εt + ε̂t

˙̂βt )2 + γ

[γ coth(β̂t ε̂t/2)]2 + 4
˙̂θ2
t dt . (B26)

We plot the quantities (2Tc/a∞
τ )(�∞

W )2 and L2 for a specific
protocol in Fig. 3. As seen, (2Tc/a∞

τ )(�∞
W )2 can be larger or

smaller than L2, depending on the parameter region.
Proposition 1. For the generic case that the number of

changing the magnitude order of the lines {pn(t )}0�t�τ
n is

finite, the geometric length associated with the quantum
Wasserstein distance can be expressed as

�W = 1

2

∫ τ

0

∑
n

| ṗn(t )|dt . (B27)

Proof. Define K = τ/δt , where δt is an infinitesimal time
step. Let SK ⊆ {0, 1, . . . , K − 1} be the set of indices such

that there exist changes in the magnitude order of the lines
{pn(t )}n during the time interval [kδt, (k + 1)δt] for any k ∈
SK . Then, for any k /∈ SK , the magnitude order of {pn(t )}n is
invariant for all t ∈ [kδt, (k + 1)δt]. In this case, the quantum
Wasserstein distance W (�kδt , �(k+1)δt ) can be expressed as

W (�kδt , �(k+1)δt ) = 1

2

∑
n

|an[(k + 1)δt] − bn(kδt )|

= 1

2

∑
n

|pn[(k + 1)δt] − pn(kδt )| ∀k /∈ SK .

(B28)
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Ω

2Tc

a∞τ
(�∞W )2

L2

10−1

1

5

10

0151

FIG. 3. Numerical illustration of the geometric quantities
(2Tc/a∞

τ )(�∞
W )2 and L2 for the qubit heat engine in the adi-

abatic regime. The protocol is specified as β̂t = [Th + (Tc −
Th ) sin(πt )2]/(ThTc ), ε̂t = �[1 + 0.5 sin(2πt ) + 0.1 sin(6πt )], and
θ̂t = 0. Parameter � is varied while other parameters are fixed as
Tc = 1, Th = 1.1, and γ = 0.1.

Here, {an[(k + 1)δt]} and {bn(kδt )} are increasing eigenval-
ues of �(k+1)δt and �kδt , respectively. Since the number of
changing the magnitude order is finite, there exists a constant
C < ∞ such that |SK | < C for any K . Therefore, we can show
that

0 � δ� := lim
δt→0

1

2

∑
k∈SK

∑
n

|pn[(k + 1)δt] − pn(kδt )|

� 1

2
lim
δt→0

Cδt max
k

∑
n

|pn[(k + 1)δt] − pn(kδt )|
δt

= 0. (B29)

In other words, we have δ� = 0. From the definition of the
quantum Wasserstein distance, we can upper bound �W as

follows:

�W = lim
δt→0

1

2

K−1∑
k=0

∑
n

|an[(k + 1)δt] − bn(kδt )|

� lim
δt→0

1

2

K−1∑
k=0

∑
n

|pn[(k + 1)δt] − pn(kδt )|

= 1

2

∫ τ

0

∑
n

| ṗn(t )|dt . (B30)

On the other hand, using Eq. (B28) and the equality δ� = 0,
we also obtain a lower bound for �W as

�W = lim
δt→0

1

2

K−1∑
k=0

∑
n

|an[(k + 1)δt] − bn(kδt )|

� lim
δt→0

1

2

∑
k /∈SK

∑
n

|an[(k + 1)δt] − bn(kδt )|

= lim
δt→0

1

2

∑
k /∈SK

∑
n

|pn[(k + 1)δt] − pn(kδt )|

= lim
δt→0

[
1

2

K−1∑
k=0

∑
n

|pn[(k + 1)δt] − pn(kδt )|

− 1

2

∑
k∈SK

∑
n

|pn[(k + 1)δt] − pn(kδt )|
]

= 1

2

∫ τ

0

∑
n

| ṗn(t )|dt − δ�

= 1

2

∫ τ

0

∑
n

| ṗn(t )|dt . (B31)

From Eqs. (B30) and (B31), we immediately obtain �W =
(1/2)

∫ τ

0

∑
n | ṗn(t )|dt , which completes the proof.
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