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Metastability in open system dynamics describes the phenomena of initial relaxation to long-lived metastable
states before decaying to the asymptotic stable states. It has been found in continuous-time stochastic dynamics
of both classical and quantum systems. However, many cases of open quantum system dynamics are intrinsically
discrete, and the evolution within each discrete time interval is described by an arbitrary quantum channel,
which often cannot be generated by continuous-time master equations. Here we develop a general theory of
metastability in discrete-time open quantum dynamics, described by sequential repetitive quantum channels. We
apply the general metastability theory to a typical class of quantum channels on a target system, induced by
an ancilla qubit with a pure-dephasing coupling to the target system and under Ramsey sequences. Interesting
metastable behaviors are predicted and numerically demonstrated by decomposing the average dynamics of
sequential quantum channels into stochastic trajectories. We also present examples of applications in quantum
state and dynamics engineering of a target quantum system with an ancilla qubit.
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I. INTRODUCTION

Metastability, ubiquitous in interacting or open systems,
arises when the system dynamics settles into long-lived
states before ultimately decaying to true equilibria. Previ-
ous studies found metastability in various nonequilibrium
phenomena, such as phase transitions in finite-size systems
[1–4] and glassy dynamics of quantum many-body systems
[5–12]. Metastability also emerges in classical stochastic dy-
namics when there is a separation of relaxation timescales
due to a spectrum splitting in the generator of the master
equations [13–16].

By extending metastability from classical stochastic dy-
namics to the quantum domain, quantum metastability
theory has been formulated for continuous-time Markovian
dynamics [17–21], described mostly by Lindblad master
equations [22,23]. The manifold of metastable states is argued
to be composed of disjoint states, decoherence-free sub-
spaces, and noiseless subsystems [17]. With this theoretical
framework, quantum metastability has been found in various
settings, such as dissipative phase transitions of the quantum
Ising model [24], dynamics of quantum systems coupled to
dissipative bosonic modes [25], the driven-dissipative setting
of quantum spin model [26], Rabi model [27], Bose-Hubbard
model [28] and long-range interacting systems [29], and ex-
periments of Rydberg gases [30]. Other novel phenomena
include metastable discrete time-crystalline phases in Floquet
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open systems [31–33] and Majorana bosons in metastable
quadratic Markovian dynamics [34].

While current works on quantum metastability mainly
concern continuous-time open quantum dynamics, many
quantum processes have a discrete nature, such that the
whole process is composed of a chain of discrete evolu-
tions. Each discrete evolution can be induced by a general
quantum channel, which, in many cases, cannot be gener-
ated by continuous-time master equations. The discrete-time
open quantum dynamics appears in a broad range of scenar-
ios, such as quantum random walks [35], quantum collision
models [36], and quantum channel simulations [37–41]. Such
processes can be described by sequential quantum channels
[see Fig. 1(a)], also called discrete-time quantum Markov
chains [42–45]. It remains largely unexplored whether
metastability can occur for such discrete-time open quantum
dynamics.

In this paper, we formulate a general theory of metastabil-
ity in sequential repetitive quantum channels and derive the
conditions for observing metastability. The theory is based
on spectrally decomposing a quantum channel and classify-
ing its eigenvalues. The key finding is to predict interesting
metastability behaviors for sequential quantum channels on
a target system induced by sequential Ramsey interferome-
try measurements (RIMs) of an ancilla qubit system [46,47],
which is a common protocol in quantum information process-
ing [48]. We confirm the theoretical analysis by decomposing
the average dynamics of sequential channels into stochastic
trajectories with Monte Carlo simulations of practical exam-
ples. The findings provide a theoretical foundation for recent
experiments in polarizing a quantum environment with an
ancilla qubit in solid-state systems [49–52].
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FIG. 1. (a) Schematic of sequential quantum channels. For an
initial state |ρ〉〉 of a target system, its final state becomes �̂m|ρ〉〉
after applying the quantum channel for m times. (b) The eigenvectors
of a quantum channel can be divided into three categories: the fixed
points with eigenvalue λ = 1, rotating points with λ = eiϕ (ϕ �= 0),
and decaying points with |λ| < 1. The decaying points with |λ| ≈ 1
are also called metastable points. Note that the complex eigenvalues
of a quantum channel always come in conjugate pairs. The area
shaded in yellow labels a metastable region and quantum metasta-
bility emerges when the gap (represented by an arrow) between the
smallest eigenvalue in this region and the next smaller one outside
the region is relatively large. (c) Schematic of the quantum circuit
for sequential RIMs, where Rφ (θ ) = e−i(cos φσ x

q +sin φσ
y
q )θ/2 is the ancilla

rotation operator and Uα = e−i[(−1)αB+γC]t is a unitary operator of the
target system conditioned on the ancilla state |α〉q (α = 0, 1).

II. MODEL FOR METASTABILITY
IN SEQUENTIAL QUANTUM CHANNELS

We first present a general model for quantum metastability
in sequential quantum channels, which can be regarded as a
generalization of the continuous-time framework in [17] to the
discrete-time case. However, the extension is nontrivial since
the channel in each cycle is not necessarily the integration of
a Lindblad generator within a small time step (�̂ = eL̂t ) and
can be quite arbitrary (e.g., highly non-Markovian [53–55]).

The quantum channel is a completely positive and trace-
preserving (CPTP) map [56–59] (see Appendix A 1 for
details), which maps a density operator to another one by
�(ρ) = ρ ′. One can represent a quantum channel in the Kraus
representation as [56] (see Appendix A 2 a)

�(·) =
∑

α

Mα (·)M†
α =

∑
α

Mα (·), (1)

where {Mα} are a set of Kraus operators satisfying∑
α M†

αMα = I with (·)† denoting the Hermitian conjugation
and I being the identity operator, and Mα (·) = Mα (·)M†

α is a

superoperator. The set of operators {M†
αMα} form a positive

operator-valued measure (POVM) representing a generalized
measurement, which can also be simulated by projective mea-
surements and postselection [60–63].

The quantum channel also has a natural representation in
the Hilbert-Schmidt (HS) space [59,64] (see Appendix A 2 c).
A linear operator on a Hilbert space is transformed to a ket
in the HS space A = ∑

i j ai j |i〉〈 j| ↔ |A〉〉 = ∑
i j ai j |i j〉〉, and

the inner product in the HS space is defined as 〈〈A|B〉〉 =
Tr(A†B). Then a superoperator on the Hilbert space corre-
sponds to a linear operator on the HS space: X (·)Y → X ⊗
Y T |·〉〉, so that M̂α = Mα ⊗ M∗

α and �̂ = ∑
α M̂α , where (·)T

and (·)∗ denote the matrix transposition and matrix conjuga-
tion, respectively. Note that we add hats on operators acting
on the HS space.

Since the natural representation of a quantum channel is a
linear operator on the HS space, it can be spectrally decom-
posed as [58]

�̂ =
∑

i

λi|Ri〉〉〈〈Li|, (2)

where λi = |λi|eiϕi is the ith eigenvalue and |Ri〉〉(|Li〉〉)
is the corresponding right (left) eigenvector, satisfying
�̂|Ri〉〉 = λi|Ri〉〉, �̂†|Li〉〉 = λ∗

i |Li〉〉, and the biorthonormal-
ization condition 〈〈Li|Rj〉〉 = Tr(L†

i R j ) = δi j with δi j being
the Kronecker delta. Here we assume that the channel is
diagonalizable (see Appendix A 3 for a general Jordan decom-
position of a channel).

The eigenvalues {λi} of a quantum channel are all located
within a unit disk of the complex plane [56], and we order
them by decreasing modulus, |λi| � |λi+1| [Fig. 1(b)]. The
eigenvectors with eigenvalue 1 are called fixed points [65,66],
those with eigenvalue eiϕ (ϕ �= 0) are rotating points [67],
and those with |λi| < 1 are decaying points. The HS subspace
spanned by the fixed points and rotating points are called the
asymptotic subspace (also known as the peripheral or attractor
subspace). For the HS subspace spanned by the fixed points,
we can always find a basis {|ρ i

fix〉〉}, such that {ρ i
fix} are all

positive operators with unit trace [Tr(ρ i
fix) = 1 for any i] and

orthogonal supports (ρ i
fixρ

j
fix = 0 if i �= j) [66]. For this paper,

of particular interest are the decaying points with eigenvalue
|λi| ≈ 1 called metastable points.

For a channel �̂ with an asymptotic subspace spanned by
n fixed points, quantum metastability can emerge when there
is also a metastable HS subspace spanned by l − n metastable
points. After sequentially applying the quantum channel for m
times, we have [68]

�̂m |ρ〉〉 =
n∑

i=1

ci

∣∣ρ i
fix

〉〉+ l∑
j=n+1

c jλ
m
j |Rj〉〉 + · · ·

�
n∑

i=1

ci

∣∣ρ i
fix

〉〉+ l∑
j=n+1

c je
m(ln |λ j |+iϕ j )|Rj〉〉, (3)

with λ j = |λ j |eiϕ j and c j = 〈〈Lj |ρ〉〉 = Tr(L†
j ρ). The eigen-

values of a quantum channel can appear in conjugate pairs,
i.e., for an eigenvalue λ j = |λ j |eiϕ j with |Rj〉〉 and c j , we
have λ j+1 = |λ j |e−iϕ j with |Rj+1〉〉 = |R†

j〉〉 and c j+1 = c∗
j .
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Then we let c′
j = |c j | cos(mϕ j + δ j ), c′

j+1 = |c j+1| sin(mϕ j +
δ j ), |R′

j〉〉 = |Rj〉〉 + |Rj+1〉〉 and |R′
j+1〉〉 = i(|Rj〉〉 − |Rj+1〉〉)

with δ j = arg(c j ), so Eq. (3) becomes

�̂m|ρ〉〉 �
n∑

i=1

ci

∣∣ρ i
fix

〉〉+ l∑
j=n+1

c′
j (m)|R′

j〉〉. (4)

For real eigenvalues, c′
j = c j and |R′

j〉〉 = |Rj〉〉, then

�̂m|ρ〉〉 � ∑n
i=1 ci|ρ i

fix〉〉 +∑l
j=n+1 c j |Rj〉〉, which is inde-

pendent of m.
The contributions of the metastable points to the evolution

in Eq. (4) cannot be neglected when m � μ′ = 1/|ln |λl ||,
while the contribution of the other decaying points decays fast
as m grows and can be omitted when m  μ′′ = 1/|ln |λl+1||
[17]. So μ′ and μ′′ delimit a metastable region

1

|ln |λl+1|| � m � 1

|ln |λl || , (5)

where l denotes the total dimension of the asymptotic
subspace and metastable subspace. In such a region, the
metastable points with real eigenvalues act like fixed points,
and those with complex eigenvalues act like rotating points.

A metastable state can be fully determined by
(c2, . . . , cn, c′

n+1 . . . , c′
l ) [69], corresponding to a point in

a (l − 1)-dimensional HS subspace. However, |R′
j〉〉 is not a

physical state since the trace of decaying points is zero, i.e.,
Tr(R′

j ) = 0 (see Appendix A 3). So we should transform the
above HS subspace to a metastable state subspace, where an
arbitrary metastable state is a convex combination of l disjoint
extreme metastable states (EMSs) [16] (see Appendix C 1).
Suppose that {ρv} is the set of EMSs, then sequential
channels in the metastable region can be approximated as (see
Appendix C 2)

�̂m �
l∑

v=1

|ρv〉〉〈〈Pv|, (6)

where {Pv} is a set of positive operators satisfying 〈〈Pv|ρu〉〉 =
δvu and

∑
v Pv = I. Thus �̂m|ρ〉〉 � ∑l

v=1 pv|ρv〉〉 with pv =
Tr(Pvρ) satisfying

∑
v pv = 1.

When m � μ′, the contribution of the second term in
Eq. (4) decreases exponentially as m increases, so the system
gradually leaks from metastable states and relaxes toward the
stationary states corresponding to the fixed points.

III. METASTABILITY FOR SEQUENTIAL RIMS

Then we apply the general metastability theory in the last
section to a typical setting of sequential quantum channels,
where the channel on a target quantum system is induced
by an ancilla qubit under RIM sequences [Fig. 1(c)]. The
RIM of a qubit is a common protocol to measure the qubit
decoherence [70,71] or to detect a signal in quantum sensing
[48,72]. Recently, such a protocol was extended to engineer or
purify the state of a target system coupled to a qubit [49–52].
Suppose that the target system is coupled to an ancilla qubit
by a pure-dephasing Hamiltonian as

H = σ z
q ⊗ B + γ Iq ⊗ C, (7)

where σ i
q is the Pauli-i operator of the ancilla, B and C are both

operators on the target system, and γ controls the magnitude
of the second term [73].

In a single RIM, an ancilla qubit is initialized to |0〉q and
rotated to |ψ〉q = Rφ1 ( π

2 )|0〉q = (|0〉q − ieiφ1 |1〉q)/
√

2, with

the rotation operator being Rφ (θ ) = e−i(cos φσ x
q +sin φσ

y
q )θ/2, then

interacts with the target system under the Hamiltonian H for
time t , undergoes another rotation Rφ2 ( π

2 ) and is finally pro-
jectively measured in the basis {|0〉q, |1〉q}. The measurement
result is either 0 or 1 for a single RIM.

Such a process induces a quantum channel on the target
system, which can be written in Stinespring representation as
[74] (see Appendix A 2 b)

�(ρ) = Trq[U (ρq ⊗ ρ)U †], (8)

where ρq = |ψ〉q〈ψ | and U = e−iHt = ∑
α=0,1 |α〉q〈α| ⊗ Uα

with Uα = e−i[(−1)αB+γC]t . By tracing over the ancilla qubit,
we get the natural representation

�̂ = M̂0 + M̂1 = (Û0 + Û1)/2, (9)

where Ûα = Uα ⊗ U ∗
α , and M̂α = Mα ⊗ M∗

α with the Kraus
operator Mα = [U0 − (−1)αei�φU1]/2 and �φ = φ1 − φ2.
Note that the channel above depends on the initial state of
the ancilla and describes non-Markovian open quantum dy-
namics, which cannot be generated by continuous-time master
equations.

The channel induced by RIM [Eq. (9)] is a unital mixed-
unitary channel [59,75,76], satisfying �(I) = I. It has been
proven that ρ is a fixed point of a unital channel if and
only if it commutes with every Kraus operator [59], i.e.,
[ρ, Mα] = 0 for any α. When γ �= 0, the fixed points of the
channel [Eq. (9)] depend on the commutativity of B and C
(see Appendix B for the proof).

(i) If [B,C] = 0, then B and C can be diagonalized si-
multaneously, B = ∑d

j=1 b j | j〉〈 j| and C = ∑d
j=1 c j | j〉〈 j|, so

the fixed points must include the set of rank-1 projections
{| j〉〈 j|}d

j=1 and their linear combinations, with d denoting the
dimension of Hilbert space H of the target system.

(ii) If [B,C] �= 0, B and C can be reduced simultaneously
to a block-diagonal form by a unitary transformation W ,
B = W (

⊕r
j=1 Bj )W † and C = W (

⊕r
j=1 Cj )W †, where W is

chosen such that Bj and Cj for any j cannot be reduced further
to have more blocks. Such a block diagonalization partitions
the Hilbert space of the target system H into the direct sum of
r subspaces H = ⊕r

j=1 H j , and [Bj,Cj] �= 0 for at least one
subspace H j with dim(H j ) � 2. Then the fixed points must
include the set of projection operators {� j}r

j=1 (r < d) and
their linear combinations, where � j is the projection to the
subspace H j , satisfying

∑r
j=1 � j = I.

Sequential RIMs of the ancilla induce sequential quan-
tum channels on the target system. Thus, for [B,C] = 0, the
asymptotic operation of sequential such channels is a polariz-
ing channel (or a projective measurement) on the target system
[77–80], while for [B,C] �= 0 it can be a depolarizing channel
at least for the subspace H j with dim(H j ) � 2. Interestingly,
if we consider the ancilla dynamics, the target system causes
decoherence of the ancilla, and these two cases correspond ex-
actly to those where the target system produces static thermal
or dynamical quantum noise, respectively [81–84].
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FIG. 2. Metastability in sequential RIMs of an ancilla qubit coupled to a single target qubit. (a)–(d) Measurement statistics of sequential
RIMs from Monte Carlo simulations (with γ = 0.05), where we present four stages of evolutions of measurement polarization statistics.
(a) When m is relatively small, the width of peaks is large and the two peaks have overlaps. (b) For a larger m, quantum metastability emerges
and there appears two well-distinguished distribution peaks corresponding to two EMSs. (c) The two peaks gradually disappear as m increases
beyond the metastable region. (d) Finally, there appears a single peak corresponding to the maximally mixed state I/2 when m  μ′. (e) 〈σz〉
of the target qubit for three classes of trajectories in Monte Carlo simulations with different γ : the target qubit is either polarized to nearly |0〉
(upper lines) or |1〉 (lower lines), or depolarized to I/2 (black line in the middle). The metastable region of the case that γ = 0.05 is marked
with a gradient yellow shade. The boundaries of the region (μ′′ = 1/| ln |λ3|| and μ′ = 1/| ln |λ2||) are calculated by numerically diagonalizing
the channel [also see (f), the gap emerges between λ2 and λ3] and are labeled with maroon (dark gray) and green (light gray) dotted dash
vertical lines. Inset: Proportion of samples in polarized regions to total samples (also for γ = 0.05). (f) Spectrum of the channel on the target
system as a function of γ , where the spectra corresponding to γ in (e) are labeled. All the simulations contains 104 samples with �φ = π/2.

As the open system dynamics described by Lindblad mas-
ter equations can be unraveled with quantum trajectories
[85,86], the average dynamics of sequential quantum channels
can also be decomposed into stochastic trajectories

�̂m = (M̂0 + M̂1)m =
1∑

α1,α2...,αm=0

M̂αm . . . M̂α2M̂α1 ,

(10)

with the probability to obtain each trajectory being
p(α1, α2 . . . , αm) = 〈〈I|M̂αm . . . M̂α2M̂α1 |ρ〉〉 = Tr [Mαm

(· · · {Mα2 [Mα1 (ρ)]})].
So for m repetitive RIMs, the measurement results

of the ancilla will be a sequence of m binary num-
bers (α1, α2, . . . , αm) with αi ∈ {0, 1}, inducing an oper-
ation M̂αm . . .M̂α2M̂α1 on the target system (note that
[M̂0,M̂1] �= 0 if [B,C] �= 0). Denote the number of 0/1
as m0/m1 (m0 + m1 = m), one can get a measurement fre-
quency F = {m0/m, m1/m}. The measurement polarization
X = (m0 − m1)/(2m) denotes the different classes of stochas-
tic trajectories that the target system undergoes [79,80]. The
measurement distribution of X can show multiple distribu-
tion peaks, with each peak corresponding to a fixed point of
the channel. The measurement statistics of such trajectories
for commuting Kraus operators have been exactly derived in
[79,80], and the case for non-commuting Kraus operators is
rather complicated and will be studied in a future work [87].
In both cases, the measurement statistics can be efficiently
obtained by Monte Carlo simulations [79,88].

Metastability can occur when [B,C] �= 0 and γ is small.
When γ = 0, we show above that the fixed points {| j〉〈 j|}d

j=1
span a d-dimensional asymptotic subspace. When γ is small,
γC is a perturbation on B, and the d-dimensional asymptotic
state subspace breaks down into a r-dimensional asymptotic
subspace (spanned by the fixed points {� j}r

j=1) and another
(d − r)-dimensional metastable state subspace, which corre-
sponds to n = r and l = d in Eq. (4). The EMSs for this
case are {| j〉〈 j|}d

j=1 up to some corrections (see Appendix C).
Then, the metastable polarization of the target system occurs
when 1/|ln |λd+1|| � m � 1/|ln |λd ||, which can also be seen
in the measurement statistics of the ancilla qubit.

IV. EXAMPLES

We consider several examples of sequential RIMs with
different target systems. First, consider that the target system
is a single qubit with B = σz and C = σx, then obviously
[B,C] �= 0. With the target qubit initially in a maximally
mixed state I/2, we show the polarization statistics of se-
quential RIMs by Monte Carlo simulations in Fig. 2. For a
small γ , there appear two distinguishable peaks correspond-
ing to two EMSs as m increases to the metastable region
[Figs. 2(a) and 2(b)]. While beyond that region, the above
two peaks gradually vanish and there appears a single peak
corresponding to the stable state I/2 [Figs. 2(c) and 2(d)].
The polarization plateau in the evolution of 〈σz〉 clearly shows
the metastability [Fig. 2(e)], where the target qubit is polar-
ized to |0〉 or |1〉 (eigenstates of B = σz) apart from some
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corrections. The metastable regions [Fig. 2(e)] agree with
those predicted by the spectrum of the channel [Fig. 2(f)]. In
numerical simulations, we classify the Monte Carlo samples
into three categories by X ∈ [−0.5,−0.15), [−0.15, 0.15] or
(0.15,0.5], where [−0.5,−0.15) and (0.15,0.5] are polariza-
tion ranges and [−0.15, 0.15] is a depolarization range. For
each m, the data in Fig. 2(e) are obtained by averaging over
all the samples of single categories (note that the percentage
of polarized samples also shows metastable plateau). EMSs
here can be represented as ρ1,2 = I/2 + cM,m

2 R2/h, where cM
2

(cm
2 ) is the maximal (minimal) eigenvalue of L2, and h =√〈〈L2|L2〉〉〈〈R2|R2〉〉 is a normalization coefficient (see Ap-

pendix C for details).
Then we consider a target system composed of multiple

qubits, such as multiple 13C nuclear spins coupled to a nitro-
gen vacancy (NV) center electron spin (as an ancilla) [89,90].
In this system, the NV center interacts with K nuclear spins
through hyperfine interaction B = ∑K

k=1 Ak · Ik , where Ak =
(Ax

k, Ay
k, Az

k ) and Ik = (Ix
k , Iy

k , Iz
k ). The free Hamiltonian of the

target system is the dipolar interaction between nuclear spins
C = ∑

j<k Djk[I j · Ik − 3(I j ·r jk )(Ik ·r jk )
r2

jk
] (γ = 1), where Djk de-

notes the dipolar coupling strength, and r jk is the displacement
from the jth to the kth target spin. Typically [B,C] �= 0 [90],
and the only fixed point is the maximally mixed state I/2K .
Since the nuclear dipolar interaction is much smaller than
the hyperfine interaction, i.e., Djk � |Ak|, there will be 2K

EMSs, forming a (2K − 1)-dimensional metastable state sub-
space. For measurement statistics of sequential RIMs, there
will be 2K peaks if μ′′ � m � μ′, which collapse to a single
peak corresponding to I/2K as m � μ′ (see Appendix D 1 for
simulations).

Metastability theory still applies when the ancilla is under
sequential dynamical decoupling (DD) control [91,92]. For
periodic DD sequences and nearly independent nuclear spins,
we have B = ∑K

k=1 A⊥
k I⊥

k , C = �ω

∑K
k=1 Iz

k (γ = 1), where

A⊥
k =

√
(Ax

k )2 + (Ay
k )2 and I⊥

k = cos ξ Ix
k + sin ξ Iy

k with ξ =
arctan(Ay

k/Ax
k ), and �ω = ωL − ωT denotes the detuning of

DD frequency ωL relative to the nuclear Larmor frequency ωT .
When ωL resonates with ωT , C can be tuned to zero [93], lead-
ing to the polarization of the nuclear spins [51]. If ωL �= ωT ,
the nuclear spins are generally depolarized since [B,C] �= 0,
but if �ω is small (relative to A⊥

k ), the nuclear spins can still
be polarized for a metastable region of m (see Appendix D 2
for simulations). Moreover, in all the above examples, nu-
merical simulations show that quantum metastability is quite
robust even if the target systems suffers additional noise (see
Appendix E).

V. CONCLUSION AND OUTLOOK

We extend the quantum metastability theory from the
continuous-time open quantum dynamics described by Lind-
blad master equations to the discrete-time open quantum
dynamics described by sequential general quantum channels.
We consider the quantum channel induced by both RIM
and DD sequences of an ancilla qubit. Metastable polariza-
tion behaviors are demonstrated by numerical simulations
for a quantum system containing single or multiple qubits.
Our work provides theoretical support for quantum state and

dynamics engineering with sequential measurement and con-
trol of an ancilla system.

In this paper, we focus on the channels generated by RIMs
evolving with the Hamiltonian [Eq. (7)], where the metastable
state subspace includes only EMSs. It will be interesting
for future topics to consider more general channels, whose
fixed points as a kind of preserved information may include
decoherence-free subspaces or noiseless subsystems [94,95].
In the presence of control imperfection or environmental
noise, the channel should be slightly perturbed from the ideal
ones and the preserved information may become metastable,
and we expect that the metastability theory in this paper can
provide a useful guide to make full use of such metastablely
preserved information.
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APPENDIX A: FUNDAMENTALS
OF QUANTUM CHANNELS

1. Definition of quantum channels

Denote the linear operators acting on a Hilbert space H as
B(H), then a map � : B(H) → B(H) is a quantum channel if
it satisfies the following conditions [58].

(1) Linear map: For any A, B ∈ B(H) and complex num-
ber c, �(A + cB) = �(A) + c�(B).

(2) Completely positive (CP): For any positive operator
σ , (� ⊗ I)(σ ) is still a positive operator, with I being the
identity operator on an additional system with dimension
dim(H) and σ being a density matrix for the composite
system.

(3) Trace preserving (TP): For any A ∈ B(H), Tr[�(A)] =
Tr(A). This implies unitality of �†, i.e., �†(I) = I, where �†

is defined by Tr[B�(A)] = Tr[�†(B)A].
So a quantum channel is a CPTP map, which describes

the most general quantum evolution that a quantum system
undergoes.

2. Representations of quantum channels

Every quantum channel has four different representations
[59]: the Kraus representation, the Stinespring representation,
the natural representation, and the Choi representation. In
this paper, we use the first three representations of quantum
channels.

a. Kraus representation

Of the four representations, the Kraus representation is
the most commonly used one. In this representation, a quan-
tum channel is fully characterized by a collection of Kraus
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operators {Mα}r
α=1 satisfying

∑
α M†

αMα = I so that

�(·) =
r∑

α=1

Mα (·)M†
α =

r∑
α=1

Mα (·), (A1)

where Mα (·) = Mα (·)M†
α is a superoperator.

For a given quantum channel, the set of Kraus operators
can be chosen with some degree of freedom under unitary
transformations. For convenience, we define

M =

⎡
⎢⎣M1

...

Mr

⎤
⎥⎦, (A2)

then M†M = I. By inserting a r × r unitary operator T , we
have M†T †T M = M′M′ = I, with M′ = T M. Then M′ and
M are Kraus operators of the same quantum channel since

�′(·) =
r∑

α=1

M ′
α (·)M ′†

α

=
r∑

α,β,γ=1

TαβMβ (·)T ∗
αγ M†

γ

=
r∑

β,γ=1

δγβMβ (·)M†
γ

=
r∑

β=1

Mβ (·)M†
β = �(·).

(A3)

Note that Tαβ is the matrix element of the unitary matrix T , so∑r
α=1 T ∗

αγ Tαβ = δγβ .

b. Stinespring representation

The stinespring representation is a dilation of a quantum
channel. The dilation can be realized by coupling the target
system to an ancilla system, and letting the composite system
undergo a unitary evolution and then tracing over the ancilla
system

�(ρ) = Tra[U (ρa ⊗ ρ)U †], (A4)

where ρa is the initial state of the ancilla system and U is
a unitary of the composite system and Tra denotes the trace
over the ancilla system. For an r-dimensional ancilla sys-
tem with an orthonormal basis {|α〉a}r

α=1 and an initial state
ρa = |1〉a〈1|, the Kraus operator can be easily obtained as
Mα = 〈r|U |1〉a. The freedom in choosing the Kraus operators
corresponds to the freedom in choosing the orthonormal basis
of the ancilla when taking the partial trace in Eq. (A4). For
a new basis {T †|α〉a}r

α=1 with T being a unitary operator, the
Kraus operators are changed to a new set {M ′

α}r
α=1, with M ′

α =∑r
β=1 TαβMβ , but the quantum channel remains unchanged.

c. Natural representation

For sequential applications of the same channel, it is conve-
nient to use the natural representation of a quantum channel.
To understand this representation, we need to introduce the
HS space. In the HS space, an operator on a d-dimensional
Hilbert space (represented by a d × d matrix) is transformed

to a d2 × 1 vector

A =

⎡
⎢⎣a11 . . . a1d

...
. . .

...

ad1 . . . add

⎤
⎥⎦ =

⎡
⎢⎣a1

...

ad

⎤
⎥⎦ ⇒ |A〉〉 =

⎡
⎢⎣ aT

1
...

aT
d

⎤
⎥⎦, (A5)

where aT
i is the transpose of ai. Such a transformation can also

be represented by A = ∑
i j ai j |i〉〈 j| ⇒ |A〉〉 = ∑

i j ai j |i j〉〉
with |i j〉〉 = |i〉 ⊗ | j〉. The inner product in the HS space is
defined as

〈〈A|B〉〉 =
∑
i j pq

a∗
i jbpq〈〈i j|pq〉〉

=
∑

i j

a∗
i jbi j

=
∑

j

(A†B) j j

= Tr(A†B).

(A6)

Then a superoperator (defined by O(ρ) = AρB) becomes a
single matrix A ⊗ BT acting on a vector |ρ〉〉 in HS space

AρB =
∑
i j pq

ai jρ j pbpq|i〉〈q| ⇒ A ⊗ BT |ρ〉〉, (A7)

so the natural representation of the channel in Eq. (A1) in HS
space is

�̂ =
r∑

α=1

M̂α, (A8)

where M̂α = Mα ⊗ M∗
α . Note that we add hats on the oper-

ators acting on the HS space to distinguish them from the
corresponding superoperators acting on the operator space of
the quantum system.

3. Jordan decomposition of a quantum channel

The natural representation of a quantum channel on the HS
space is a d2 × d2 square operator. This operator may not
be diagonalizable, but can always be converted to a Jordan
normal form as

�̂ = S

(
κ⊕

k=1

Jdk (λk )

)
S−1

= S

⎛
⎜⎝ ∑

|λ j|=1

λ jP j +
∑

|λk |<1

(λkPk + Nk )

⎞
⎟⎠S−1, (A9)

where S is an invertible d2 × d2 matrix, κ is the total num-
ber of Jordan blocks, and Jdi (λi) represents a di-dimensional
Jordan block corresponding to the eigenvalue λi, P j is a
projection operator, and Nk is a nilpotent operator satisfying
N dk

k=1 = 0. Considering that
∑κ

k=1 dk = d , then the chan-
nel is diagonalizable iff κ = d . Note that the Jordan blocks
corresponding to the fixed points or rotating points (with
eigenvalues |λi| = 1) are all rank-1 projectors [96].

If the channel is diagonalizable, we have

�̂ =
∑

i

λi|Ri〉〉〈〈Li|, (A10)
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where {|Ri〉〉, |Li〉〉} is a complete biorthogonal basis satisfying
〈〈Li|Rj〉〉 = δi j . Since a quantum channel is a CPTP map, one
can prove that the spectral radius of the channel is 1, i.e., all
eigenvalues of that lie in the unit disk of the complex plane
[58]. The TP property of �̂ also implies the unitality of �̂†,
i.e., �̂†|I〉〉 = |I〉〉 or there exists a left eigenvector 〈〈I| for
eigenvalue 1, then for the right eigenvectors corresponding
to λ j �= 1 (including both the rotating points and decaying
points), we have

〈〈I|Rj〉〉 = Tr(Rj ) = 0. (A11)

Moreover, the complex eigenvalues always come in con-
jugate pairs of complex numbers since a quantum channel is
a Hermiticity-preserving map (due to its CP property), i.e.,
�(A†) = �(A)†. For an eigenmatrix A with eigenvalue λ, we
have �(A†) = �(A)† = λ∗A†. So A† is another eigenmatrix
with eigenvalue λ∗.

4. Sequential quantum channels with rotating points

If the channel has n0 fixed points, n − n0 rotating points,
and l − n metastable points, then after sequentially applying
the quantum channel for m times, we have

�̂m|ρ〉〉 =
n0∑

i=1

ci

∣∣ρ i
fix

〉〉+ n∑
j=n0+1

c jλ
m
j

∣∣R j
rot

〉〉

+
l∑

k=n+1

ckλ
m
k |Rk〉〉 + · · ·

�
n0∑

i=1

ci

∣∣ρ i
fix

〉〉+ n∑
j=n0+1

c je
imϕ j

∣∣R j
rot

〉〉

+
l∑

k=n+1

ckem(ln |λk |+iϕk ) |Rk〉〉, (A12)

where we truncate the equation as in Eq. (3) of the main text.
Then, in the metastable region, by considering conjugate

pairs of complex eigenvalues and absorbing the phase into c,
we have

�̂m|ρ〉〉 �
n0∑

i=1

ci

∣∣ρ i
fix

〉〉+ l∑
j=n0+1

c′
j (m)|R′

j〉〉, (A13)

where c′
j is similarly defined as in Eq. (4) of the main text.

Note that that the second term in Eq. (A13) includes both
rotating points and metastable points. Then in the construc-
tion of EMSs and metastable states, we may consider the
contributions of both fixed points and rotating points. For the
examples in this paper, the channels induced RIMs often have
no rotating points.

APPENDIX B: FIXED POINTS
OF THE CHANNEL INDUCED BY RIMs

Now we consider the fixed points of the quantum channel
on a target system induced by a RIM of an ancilla qubit. The
ancilla is coupled to the target system with a pure-dephasing
Hamiltonian

H = σ z
q ⊗ B + γ Iq ⊗ C, (B1)

where σ i
q is the Pauli-i operator of the ancilla, B and C are both

operators on the target system and γ controls the magnitude
of the second term. For a RIM, the Kraus representation of the
channel on the target system is

�̂ = M̂0 + M̂1 = (Û0 + Û1)/2, (B2)

where Ûα = Uα ⊗ U ∗
α with Uα = e−i[(−1)αB+γC], and

M̂α = Mα ⊗ M∗
α with the Kraus operator Mα = [U0 −

(−1)αei�φU1]/2 and �φ = φ1 − φ2. Then the fixed points
induced by such a unital channel is given by the following
proposition.

Proposition 1. The fixed points of the channel in Eq. (B2)
depends on the commutativity of B and C. If [B,C] = 0, the
fixed points must include the linear combinations of rank-1
projections {| j〉〈 j|}d

j=1; if [B,C] �= 0, the fixed points must in-
clude the linear combinations of projection operators {� j}r

j=1

(r < d), satisfying
∑r

j=1 � j = I.
Proof. It is proven that ρ is a fixed point of a unital channel

if and only if it commutes with every Kraus operator [59], i.e.,
[ρ, Mα] = 0 for any α. This implies that [ρ,U0] = [ρ,U1] =
0. If the above condition is always satisfied for any α, then
[ρ, B] = [ρ,C] = 0.

If [B,C] = 0, then B and C can be diagonalized simulta-
neously, B = ∑d

j=1 b j | j〉〈 j| and C = ∑d
j=1 c j | j〉〈 j|. So the

fixed points must include the rank-1 projections {| j〉〈 j|}d
j=1

and their linear combinations.
If [B,C] �= 0, we can simultaneously block diagonalize

them by a unitary transformation

B = W

⎛
⎝ r⊕

j=1

Bj

⎞
⎠W †, C = W

⎛
⎝ r⊕

j=1

Cj

⎞
⎠W †, (B3)

where r � d is the number of blocks (with equality occurring
only when [B,C] = 0 and all of blocks are one-dimensional),
W is a unitary matrix and should be chosen such that Bj and Cj

for any j cannot be reduced further to have more blocks. Such
a block diagonalization partitions the Hilbert space of the
target system into a direct sum of r subspaces H = ⊕r

j=1 H j ,
with W BjW † and WCjW † being operators acting on H j . Since
[B,C] �= 0, we have [Bj,Cj] �= 0 for at least one subspace
H j with dim(H j ) � 2. Thus the Kraus operator is also trans-
formed to a block-diagonal form as Mα = ⊕r

j=1 M j
α . Then

the fixed points must include the set of projections {� j}r
j=1

(r � d) and their linear combinations, where � j is the pro-
jector to H j .

Now we prove that there are no other fixed points for
the case [B,C] �= 0, where there is at least one block with
[Bj,Cj] �= 0 and [M j

0 , M j
1 ] �= 0. Suppose there is another

density matrix satisfying [ρ ′, M j
α] = 0. If rankρ ′ = d j , then

[ρ ′, M j
0 ] = [ρ ′, M j

1 ] = 0. Since the positive operator ρ ′ can
be diagonalized, this implies that [M j

0 , M j
1 ] = 0. If rank(ρ ′) <

d j , then we formulates another fixed point ρ ′′ = ρ ′ + ηI with
η being a positive number such that rank(ρ ′′) = d j , and the
proof is similar to the previous case.
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APPENDIX C: QUANTUM METASTABILITY IN
SEQUENTIAL RIMS FOR A TARGET QUBIT

1. Construction of EMSs

If target system is a single qubit with B = σz and C =
0, the fixed points are spanned by |00〉〉 and |11〉〉, where
{|0〉, |1〉} are eigenstates of σz. When there exists a small
perturbing Hamiltonian γC = γ σx, the channel has a single
fixed point |ρfix〉〉 = |I〉〉/2, and a metastable point |R2〉〉. So
the dimension of the metastable state subspace is 2 − 1 = 1.
Assume that λ2 is real, then R2 and L2 can be chosen to
be Hermitian [17]. Suppose that L2 = cM

2 |M〉〈M| + cm
2 |m〉〈m|

with cM
2 (cm

2 ) being the maximum (minimum) eigenvalue and
{|M〉, |m〉} forming a orthonormal basis, then the EMSs can
be constructed as

|ρ1〉〉 = |ρfix〉〉 + (cM
2 /h)|R2〉〉,

|ρ2〉〉 = |ρfix〉〉 + (cm
2 /h)|R2〉〉, (C1)

where h = √〈〈L2|L2〉〉〈〈R2|R2〉〉 is a normalization coefficient
that will be derived below.

We require that ρ1 and ρ2 are pure states, then Tr(ρ2
1 ) =

Tr(ρ2
2 ) = 1, so

1 = Tr(ρ2
1 ) = Tr

[
I2/4 + (

cM
2 /h

)
R2 + (

cM
2 /h

)2
R2

2

]
= 1/2 + (

cM
2 /h

)2
Tr
(
R2

2

)
⇓

1/2 = (
cM

2 /h
)2

Tr
(
R2

2

)
. (C2)

We can derive a similar expression from Tr(ρ2
2 ) = 1, i.e.,

1/2 = (cm
2 /h)2Tr(R2

2), so

h2 = [(
cM

2

)2 + (
cm

2

)2]
Tr
(
R2

2

)
= Tr

(
L2

2

)
Tr
(
R2

2

)
= 〈〈L2|L2〉〉〈〈R2|R2〉〉. (C3)

We illustrate the above analysis with a simple example.
Consider a fixed point |ρfix〉〉 = |I〉〉/2 = (|00〉〉 + |11〉〉)/2,
and a metastable point with |R2〉〉 = (|00〉〉 − |11〉〉)/2, then
|L2〉〉 = |00〉〉 − |11〉〉, where cM

2 = 1, cm
2 = −1, and h = 1.

Thus the EMSs are

|ρ1〉〉 = |ρfix〉〉 + |R2〉〉 = |00〉〉,
|ρ2〉〉 = |ρfix〉〉 − |R2〉〉 = |11〉〉. (C4)

For general cases, the EMSs are the eigenstates of B up to
some corrections.

2. Construction of arbitrary metastable states

Any metastable state can be represented by a convex com-
bination of EMSs,

|ρMS〉〉 = p1 |ρ1〉〉 + p2 |ρ2〉〉, (C5)

where p1,2 = 〈〈P1|ρ〉〉 = Tr(P1,2ρ) with P1,2 being observ-
ables satisfying 〈〈Pv|ρu〉〉 = δvu, P1 + P2 = I, and P1,2 � 0.
Below we show how to construct such observables.

(a) (b)
(c) (d)

(e) (f)

FIG. 3. Metastability in sequential RIMs of an ancilla qubit coupled to two target spins with zero magnetic field. (a)–(d) Measurement
statistics of sequential RIMs from Monte Carlo simulation for two target qubits, in which we present four stages of the system evolution.
(a) When the time of measurements m is small, the different peaks are not fully distinguishable due to the large distribution width. (b) For
larger m, the four peaks corresponding to four EMSs can be well distinguished. (c) The peaks corresponding to the two EMSs (|22〉〉 and
|33〉〉) disappear, while those relevant to |11〉〉 and |44〉〉 still remain. (d) All the peaks are merged into a single one corresponding to the only
fixed point. (e) The trajectory of evolution of fidelity. Upper lines are F1 and F4, decreasing more slowly than the lower lines showing F2 and
F3, which indicates faster vanishing of EMSs relevant to |22〉〉 and |33〉〉. Inset: The proportion of samples corresponding to each trajectory
and the green (uppermost) dot represents the proportion of samples except for four trajectories. (f) Spectra of the quantum channel. In all
Monte Carlo simulations, we use 104 samples and the parameters are �φ = π/2, |A1| = 0.585 kHz, |A2| = 0.890 kHz, |D12| = 11.6 Hz, and
||C||/||B|| = 0.0316.
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Since |ρMS〉〉 = �m|ρ〉〉 in the metastable region μ′′ �
m � μ′, so we have

�m � |ρ1〉〉〈〈P1| + |ρ2〉〉〈〈P2|. (C6)

Comparing the above equation with �m � 1
2 |I〉〉〈〈I| +

|R2〉〉〈〈L2| in the metastable region, we have

1

2
|I〉〉〈〈I| + |R2〉〉〈〈L2| =

(
1

2
|I〉〉 + cM

2

h
|R2〉〉

)
〈〈P1|

+
(

1

2
|I〉〉 + cm

2

h
|R2〉〉

)
〈〈P2|

⇓

|R2〉〉〈〈L2| = cM
2

h
|R2〉〉〈〈P1|

+ cm
2

h
|R2〉〉(〈〈I| − 〈〈P1|)

= |R2〉〉
[
cM

2

h
〈〈P1| + cm

2

h
(〈〈I| − 〈〈P1|)

]
,

(C7)

so we have

P1 = hL2 − cm
2 I

�c2
, P2 = −hL2 + cM

2 I

�c2
, (C8)

with �c2 = cM
2 − cm

2 .

APPENDIX D: QUANTUM METASTABILITY IN
SEQUENTIAL QUANTUM CHANNELS

FOR MULTIPLE TARGET QUBITS

In this section, we consider a practical example to show
quantum metastability in sequential quantum channels, that
is, an NV center electron spin (ancilla qubit) in a 13C nuclear
spins bath (target system). The coupling Hamiltonian is the
same as Eq. (6) in the main text by taking γ = 1,

H = σ z
q ⊗ B + C, (D1)

with

B = f (t )
K∑

k=1

Ak · Ik,

C = ωL

K∑
k=1

Iz
k +

∑
j<k

Djk

[
I j · Ik − 3(I j · r jk )(Ik · r jk )

r2
jk

]
,

(D2)

where f (t ) is a modulation function accounting for possi-
ble DD control of the ancilla qubit, Ak = (Ax

k, Ay
k, Az

k ) is the
hyperfine interaction vector of the kth nuclear spin, Ik =
(Ix

k , Iy
k , Iz

k ) is the nuclear spin operator vector, d = 2K is the
dimension of the Hilbert space of the target system, ωL =
γnBz is the Larmor precession frequency of nuclear spins,

Djk = μ0γ
2
n

4πr3
jk

with γn being the gyromagnetic ratio of the tar-

get spins and μ0 being vacuum permeability, and r jk is the
displacement from the jth target spin to the kth target spin. In
the simulations below we use practical parameters.

FIG. 4. Monte Carlo simulations for sequential RIMs and two
target spins with a weak magnetic field. The evolution of mea-
surement statistics can be seen from (a) to (d), which shows that
the metastability theory still applies to the system with a Zeeman
term. All the Monte Carlo simulations contain 104 samples, and the
parameters are �φ = π/2, |A1| = 0.138 MHz, |A2| = 0.517 MHz,
|D12| = 60.5 Hz, ωL = 13.5 KHz, and ||C||/||B|| = 0.0412.

1. RIM sequences

For RIM sequences, we assume that the external magnetic
field is zero, so that

B =
K∑

k=1

Ak · Ik,

C =
∑
j<k

Djk

[
I j · Ik − 3(I j · r jk )(Ik · r jk )

r2
jk

]
. (D3)

To show metastable polarization of nuclear spins, we cal-
culate the following fidelity:

Fi(ρ) = Tr
√√

ρiρ
√

ρi, (D4)

where ρi = |i〉〈i| is the ith EMS with |i〉 being the eigen-
state of B (i ∈ {1, 2, 3, 4}), and ρ is the state obtained by
averaging over the Monte Carlo samples within a specific
interval of X . Here the four intervals of X are chosen as

FIG. 5. Schematic of an N-pulse CPMG sequence with N
π−flips at t = τ, 3τ, . . . , (2N − 1)τ .
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FIG. 6. Monte Carlo simulations for sequential DD sequences
and two target spins. As m grows, the peaks emerge and become
apparent (a), (b) since they are corresponding to the four EMSs,
then they (c) vanish gradually as m approaching the boundary of
metastable region, which (d) finally collapse to the maximally mixed
state. All the Monte Carlo simulations contain 104 samples, and
the parameters are �φ = π/2, |A1| = 5 kHz, |A2| = 6 kHz, ωL =
135 kHz, �ω = 10−3ωL , N = 32.

[−0.5, 0.4), [−0.3, 0.1), [0.1, 0.3], (0.4, 0.5]. The measure-
ment statistics and the fidelity plateaus clearly show the
metastability behaviors (Fig. 3). Metastability still remains
when there is a weak external magnetic field (ωL � |Ak|)
(Fig. 4).

2. DD sequences

DD sequences are a generalization of RIM sequences, with
additional N π -flips of the ancilla spin during each cycle
(Fig. 5). Then we have

B = f (t )
K∑

k=1

Ak · Ik, C = ωL

K∑
k=1

Iz
k , (D5)

where f (t ) is the DD modulation function jumping between
+1 and −1 every time the sensor is flipped by a DD pulse.
Here for simplicity, we neglect the dipolar interaction term in
C, which means these target spins are spatially far away from
each other.

For N-pulse Carr-Purcell-Meiboom-Gill (CPMG) con-
trol, f (t ) = f (t + T ) with T = 4τ . Specifically, f (t ) = −1
when τ + βT � t < 3τ + βT with β = 0, 1, . . . , N

2 − 1 and
f (t ) = 1 otherwise. Then f (t ) can be expanded into a Fourier
series as f (t ) = ∑∞

n=1 cn cos(nωT t ), where cn is nth Fourier
expansion coefficient and ωT = π/(2τ ) is the angular fre-
quency. For the weak coupling condition, i.e., |Ak| � ωL,
we can approximate f (t ) by keeping only the first term in
the Fourier series, f (t ) ≈ c1 cos(ωT t ) = 4

π
cos(ωT t ). Then B

becomes

B = 4

π
cos(ωT t )

K∑
k=1

Ak · Ik ≈ 4

π
cos(ωT t )

K∑
k=1

A⊥
k I⊥

k , (D6)

where A⊥
k =

√
(Ax

k )2 + (Ay
k )2 and I⊥

k = cos αIx
k + sin αIy

k , and
the longitude component AzIz can be neglected in the weak
coupling region [93].

FIG. 7. Monte Carlo simulations for sequential RIMs and a single target qubit with (a) dephasing noise and (b) relaxation noise. The noise
rates are shown in the figure, and the other parameters are the same as those in Fig. 2 of the main text.
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Now we move to the rotating frame with respect to ωT Iz, by
using rotating wave approximation, the effective Hamiltonian
becomes time-independent,

B = 2

π

K∑
k=1

A⊥
k I⊥

k , C = �ω

K∑
k=1

Iz
k , (D7)

where �ω = ωL − ωT is the detuning away from the Larmor
precession frequency. Then if we choose ωT = ωL, also called
the resonance condition, then C = 0 and the target qubits can
be polarized. However, practically speaking, the adjustment
of the frequency may not be precise. With a small detuning,
quantum metastability theory shows that the target can still
be polarized with appropriate rounds of DD, as numerically
verified in Fig. 6.

APPENDIX E: QUANTUM METASTABILITY
FOR A NOISY TARGET SYSTEM

In this section, we show that quantum metastability is
robust even when the target system suffers additional noise.

Suppose that the target system (a single qubit) suffers de-
phasing and relaxation noise, the evolution of the composite
systems can be described by the following Lindblad master
equation:

dρtot

dt
= −i[H, ρtot] +

∑
k

�k

(
LkρtotL

†
k − 1

2

{
L†

k Lk, ρtot
})

,

(E1)
where ρtot is the density matrix of the composite system,
H = σz ⊗ B + γ Iq ⊗ C, L1 = σz denotes the target dephas-
ing, L2 = σ− = |1〉〈0| denotes the target relaxation, and �k is
the noise rate.

We perform Monte Carlo simulations for each kind of dis-
sipation separately. The results show that the dephasing noise
of the target system does not influence the measurement statis-
tics and metastability behaviors [see Fig. 7(a)]. However, with
the relaxation of the target system, the peak corresponding to
the fixed point |00〉〉 (when γ = 0) or the EMS perturbed from
|00〉〉 (when γ �= 0) is gradually transferred to the other peak
as m increases. Nevertheless, metastability still occurs if the
relaxation rate is very small or when m is relatively small [see
Fig. 7(b)].
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