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Nondispersive evolution of the pump mode in down-conversion processes
and in the presence of Kerr nonlinearity
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We show that the dynamics of appropriately designed initially uncorrelated states of a two-mode electromag-
netic field exhibits a nondispersive long-time propagation of the strongly excited mode in the down-conversion
regime and in the presence of a Kerr nonlinearity. The decoherence processes do not significantly affect the
stability of the evolution of the excited mode. The structure of the initial states leading to a nonspreading
evolution depends only on the parameters of the Hamiltonian and can be experimentally prepared and tested.
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I. INTRODUCTION

The self-interaction effect in Kerr media [1], (χ (3) nonlin-
earity), and second harmonic generation or down conversion
[2] (related to the χ (2) nonlinearities) are probably the most
emblematic quantum processes where the entire spectrum
of nonclassical features have been predicted and observed
[3]. The possibility of enhancing nonclassical effects such as
squeezing, antibunching, entanglement, and so on in the prop-
agation of electromagnetic fields in media where both χ (2)

and χ (3) nonlinearities are present [4], has attracted significant
attention due to the feasibility of experimental realizations
in different physical systems [5–9]. Recent research in this
area has largely focused on studying the superconducting
traveling-wave parametric amplifiers [10–15], the analysis of
signal propagation in metamaterials [16] and applications to
quantum metrology and quantum synchronization [17,18].
These effects occur on relatively short times and can be ex-
plained from a semiclassical point of view [2,19–23]. The
analysis of the long-time evolution requires, however, exten-
sive numerical calculations in the case of large intensities of
(effectively) interacting fields. Usually, the resonant second
harmonic generation (SHG) in the presence of Kerr-like non-
linearity is scrutinized, especially in relation to the enhanced
quantum noise suppression [3,24–26].

In this paper, we show there is an interesting quantum
dynamic effect in the opposite regime of down-conversion
with an added self-interaction. In particular, the evolution of
certain factorized initial states exhibits a nondispersive behav-
ior of the strongly excited mode, reflected in long-time shape
preservation of the corresponding Husimi distribution. From
the experimental perspective, one may observe that both the
average photon number and the phase fluctuation of an initial
strong coherent state, interacting with a specifically chosen
state of a weak mode in a nonlinear medium, are maintained
approximately constant for sufficiently long time in the pres-
ence of moderate losses. Such an unexpected result may help
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to design nonspreading wave packets propagating in a highly
nonlinear environment.

II. EFFECTIVE HAMILTONIAN

The effective interaction Hamiltonian that describes the
propagation of the two-mode field in the presence of χ (2) and
χ (3) nonlinearities is

Ĥ = ζ (â†b̂2 + âb̂†2) + χ̃ (â†â)2, (1)

where â (b̂) and â† (b̂†) are the boson annihilation (cre-
ation) operators, ζ and χ̃ are effective strengths of nonlinear
intermode interaction and self-phase modulation, which are
proportional to the χ (2) and χ (3) susceptibilities, respectively
[26–29]. The dimensionless form of the Hamiltonian (1)

ĥ = Ĥ/ζ = â†b̂2 + âb̂†2 + χ (â†â)2, (2)

includes a term representing the Kerr-type interaction
∼(â†â)2, entering with a small parameter χ = χ̃/ζ � 1.
In the regime of the initially highly excited a mode, na =
〈�(0)|n̂a|�(0)〉 � 1, n̂a = â†â and low-excited b mode, na �
nb = 〈�(0)|n̂b|�(0)〉, n̂b = b̂†b̂, the effect produced by the
down-conversion process and the nonlinear self-modulation is
comparable if χn3/2

a ∼ 1. In this regime [26,27] the evolution
of the coupled modes significantly differs from the evolution
in the absence of self-interaction. In particular, the relation be-
tween the photon numbers in the a and b modes is preserved in
the course of the evolution na(t ) � nb(t ) since the depletion
of the a mode is suppressed by the intensity-dependent Stark
shift generated by the Kerr nonlinearity. Yet a pump a-mode
field rapidly becomes correlated with the signal b-mode field.
This is reflected in a rapid deformation of the a-mode Husimi
Q function

Qa(α|τ ) =a 〈α|ρ̂a(τ )|α〉a/π, (3)

where ρ̂a(τ ) = Trb(|�(τ )〉〈�(τ )|), |�(t )〉 is the evolved state
of the entire system, and τ = ζ t is the dimensionless time.
The Qa(α|τ ) function becomes significantly delocalized al-
ready for χτdef ∼n−1−ε

a , for an initially strong coherent state
|√na〉a, where the parameter ε > 0 depends on the initial

2469-9926/2024/109(3)/033714(7) 033714-1 ©2024 American Physical Society

https://orcid.org/0000-0002-3251-0721
https://orcid.org/0000-0001-8493-721X
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.109.033714&domain=pdf&date_stamp=2024-03-18
https://doi.org/10.1103/PhysRevA.109.033714


VALTIERRA, GAETA, AND KLIMOV PHYSICAL REVIEW A 109, 033714 (2024)

(weakly excited) b-mode state (see discussion below). For
longer times, χτ ∼ 1 the a-mode distribution function splits
into several pieces. Such phase-space evolution is typical for
nonlinear systems [3]. We note that both nonlinear effects con-
tribute to the distortion of the initial strong a-mode coherent
state. However, the down-conversion and the self-modulation
processes lead to the opposite signs of the intensity-dependent
phase shift. Loosely speaking, these two nonlinear effects
“bend” the phase-space distribution in opposite directions.
This allows for a choice of specific initial states of the signal
and pump fields to cancel the effect of competing nonlinear-
ities, leading to a strong suppression of deformation of the
wave packet for long times.

To determine the set of states evolving nondispersively we
proceed with an approximate diagonalization of the Hamil-
tonian (2) in the a mode. Let us consider the following
transformation [30]:

Q̂ = exp(−iφ̂an̂b/2), [Q̂†, Q̂] = |0〉a〈0| ⊗ Îb, (4)

where eiφ̂a is the phase operator of the a mode. The operator
(4) is almost unitary on the states where the contribution of the
vacuum is negligible as, e.g., strong coherent states. Applying
the transformation (4) to the Hamiltonian (2) ĥQ = Q̂ĥQ̂†

and expanding the transformed Hamiltonian ĥQ in inverse
powers of the average photon number in the a mode we
arrive at the following approximate expression, which is diag-
onal in the photon-number a-mode basis, n̂a|n〉a = n|n〉a (see
Appendix A)

ĥQ ≈
√

n̂a + 1/2(b̂2 + b̂†2) + χ n̂2
a − χ n̂an̂b, (5)

where the term ∼χn2
b � 1 was neglected. The Hamiltonian

(5) is quadratic on the signal-field operators and after applica-
tion of a squeezing transformation in the b mode

ĥd ≈ Ŝ†(η)ĥQŜ(η), (6)

Ŝ(η) = eη(b̂2−b̂†2 )/2, η ≈ χ
√

na/4, (7)

it is reduced to the following form:

ĥd = 2
√

2 + 4n̂a − (χ n̂a)2K̂1 + χ n̂a

2
+ χ n̂2

a, (8)

where

K̂1 = (b̂2 + b̂†2)/4. (9)

Formally, the Hamiltonian (8) can be expanded in the
eigenbasis {|k〉b} of the operator (9)

K̂1|k〉b = k|k〉b, (10)

in powers of the a-mode “fluctuation operator” �n̂a = n̂a − na,
according to

ĥd |k〉b ≈ (h0 + h1�n̂a + h2(�n̂a)2)|k〉b, (11)

where, for experimentally feasible values of the parameters of
the system

√
naχ � 1 [26,27],

h0 ≈ χna

2
+ χn2

a + 4
√

nak, (12)

h1 ≈ 2χna + 2n−1/2
a k, (13)

h2 ≈ χ − n−3/2
a k/2 (14)

FIG. 1. Q functions of the b-mode states: (a) eigenstate of the K̂1

operator, |k ≈ 0.225〉 (density plot) in comparison with the squeezed
vacuum state (15) |0; r = 0.406〉b (contour plot); (b) eigenstate of
the K̂1 operator, |k ≈ 0.957〉 (density plot) in comparison with the
squeezed cat state (17) ∼|1.956i; r = −0.275〉b + | − 1.956i; r =
−0.275〉b (contour plot). Dark tones indicate low values of the
Husimi Q function; the range of the dimensionless variables x and
p is from −10 to 10.

(exact expressions are given in Appendix A). Each component
in the expansion (11) generates a specific type of evolution of
an initial a-mode coherent state: the first term in (11) gives
just to a global phase; the linear term ∼� n̂a, leads to a
rotation of the initial distribution around the origin in the
field phase-space; the quadratic term ∼(�n̂a)2, produces an
intensity-dependent phase shift and thus, a phase dispersion.
One can observe from (14), that the down-conversion and
Kerr processes give rise to the opposite dependence of phase
shifts on the field intensity. This leads to a possibility of
compensating the phase spreading.

It is worth noting that the elements of the basis {|k〉b} (10)
are not normalizable, b〈k′|k〉b = δ(k − k′). However, some of
the states |k〉b can be satisfactorily approximated by physical
states of the quantum field. In particular, the scattering states
|k〉b, with 0 < k � 1, are well approximated by squeezed vac-
uum states in the x direction with nb � 1 (see Appendix B for
a more precise estimation)

|k〉b ≈ |0; r〉b = Ŝ(r)|0〉b, (15)

r ≈ 2k, (16)

while for k � 1, they can be fitted by squeezed cat-like states
in the p direction with nb � 1,

|k〉b ∼ Ŝ(−r)(|iγ 〉b + |−iγ 〉b), (17)

2k ≈ γ 2e−2r . (18)

In Figs. 1(a) and 1(b) we plot the Qb function for the b-
mode states, where the density plots correspond to the exact
eigenstates of K̂1, and the contour plots were obtained using
the following approximations: Fig. 1(a) |k ≈ 0.225〉 and the
corresponding squeezed vacuum state (15) with r ≈ 0.406,
nb = 0.174; Fig. 1(b) |k = 1.914〉 and the squeezed cat state
(17) with r ≈ 0.275, γ ≈ 1.956, nb ≈ 2.32.

III. FACTORIZED EVOLUTION

It follows from (14) and (16) that the coefficient h2 of
the nonlinear term ∼(�n̂a)2 in (11), which is responsible for
the deformation of the wave packet, tends to zero in case of
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low-excited b mode, nb � 1 [corresponding to the Fig. 1(a)]
if the following relation between the parameters of the system
(χ, na) and the squeezing coefficient r (15) is fulfilled

r ∼ 4χn3/2
a . (19)

Thus, the Hamiltonian (11) being applied to the squeezed b-
mode states |0; r = 4χn3/2

a 〉b acquires the form

ĥd |0; r〉b ≈ (
9χn2

a + ω�n̂a
)|0; r〉b, ω = 6χna. (20)

Let us consider an initially strong a-mode coherent state
|√na〉a, na � 1, and an appropriately squeezed b-mode vac-
uum state

|�(0)〉 = Q̂†Ŝ†(η)|√na〉a ⊗ |0; r〉b (21)

≈ |√na〉a ⊗ Ŝ
(
4χn3/2

a

)|0〉b, (22)

where we use the property

Q̂|√naeiϕ〉a ≈ e−iϕn̂a/2|√naeiϕ〉a + O
(
n−1/2

a

)
, (23)

and the relation η � r � 1. Observe that the initial state for
the signal field is determined by the pump mode state and the
parameters of the Hamiltonian.

The evolution operator generated by the original Hamilto-
nian (2) has the following approximate form:

Û (τ ) = e−iĥτ

≈ Q̂†Ŝ†(η)e−iτ ĥd Ŝ(η)Q̂, τ = ζ t . (24)

Then, taking into account (20), we notice that the evolved state
(22) is kept approximately factorized, in the sense that one has
(up to a global phase)

|�(τ )〉 = Û (τ )|�(0)〉
≈ |e−iωτ√na〉a ⊗ |ψ (τ )〉b + O

(
n−1/2

a

)
,

|ψ (τ )〉b = e−iωn̂bτ/2
∣∣0; 4χn3/2

a

〉
b
. (25)

In other words, the a and b modes are approximately disen-
tangled for a long time, up to χτ ∼ n−1/2

a in the course of the
nonlinear evolution generated by (2), and both fields remain
in nearly pure states during the interaction rather than in the
mixed ones [see Fig. 4 in Appendix A where the evolution
of the purity Pa(τ ) = Trρ̂2

a (τ ) is plotted]. Then, the initial
a-mode coherent state evolves nondispersively, just acquiring
a time-dependent phase shift exp(−iωτ ). The corresponding
Qa distribution rotates in the phase-space with basically no
deformation

Qa(α|τ ) ≈ Qa(αe−iωτ |0), (26)

during several (∼√
na) periods of T = 2π/ω. The timescale

of the validity of the approximation (25),
√

naχτ � 1 is re-
stricted by the contribution of the terms ∼(�n̂a)3 in (11). The
average number of photons in both modes remains constant
in this approximation. It is worth noting that, in terms of the
parameters of the b-mode field, the rotating frequency of the
a-mode has the form ω ≈ 3

4 n−1/2
a sinh 2r.

In Fig. 2(a) we plot the exact (obtained from numeric simu-
lations) evolution of the Q function of the a mode (represented
as an orange blob) for the initial state (22) with na = 83, χ ≈
1.48 × 10−4, so that nb ≈ 0.173 = const.(t ) and the period of
rotation of the initial coherent-state distribution is T ≈ 84.7

(in dimensionless units). One can observe that the Qa func-
tion rotates along the classical trajectory (dashed green line),
α(τ ) = αe−iωτ , with practically no distortion during mul-
tiple periods, in complete accordance with the theoretical
expression (26), where the predicted rotation frequency ω ≈
0.07396 is very close to the numerical value ωex ≈ 0.07412.

The condition for nondispersive evolution when the b-
mode contains an appreciable number of photons nb � 1, is
4χn3/2

a ≈ γ 2e−2r [corresponding to Fig. 1(b)] where γ is the
amplitude of the cat-like state (17). The rotation frequency ω

of the Qa distribution has the same functional form as for the
squeezed vacuum state ω = 6χna. However, the frequency ω

depends in a different way on the characteristics of the b-mode
state: ω ≈ 3n−1/2

a γ 2e−2r/2. The numerical simulation of the
evolution of the initial state (22) with the b mode prepared in
the squeezed cat state (17), exhibits a similar behavior of the
a-mode Q-function as in the case nb � 1. In Fig. 2(d), we plot
the exact evolution of the Qa function for the initial state

|�(0)〉 = |√na〉a ⊗ Ŝ(−μ)(|iγ 〉b + |−iγ 〉b),

e2μ = 4χn3/2
a /γ 2, (27)

with na = 83, γ ≈ 1.956, χ = 6.27 × 10−4, where the period
of rotation of the initial coherent-state distribution is T ≈ 20.
A different value of the coupling constant χ in the strong
b-mode field is chosen for numerical convenience to restrict
the effective dimension of the system. An experimental gen-
eration of Schrödinger cat states in optical waveguides was
discussed in a recent paper [31].

When b-mode squeezing is absent, the modes rapidly be-
come strongly correlated, leading to a significant distortion of
the initial coherent state of the pump mode. In Fig. 2(c) the
dynamics of Qa function for the initial states |√na〉a ⊗ |0〉b

and |√na〉a ⊗ (|iγ 〉b + | − iγ 〉b) are shown, where a quick
deformation of the a-mode Q-function is clearly noted. We
numerically determined the typical deformation time τdef

characterized by a relative phase-fluctuation in the pump
mode

δ2(τdef) = �2�(τdef)/�
2�CS ∼ λn1/2

a , (28)

�2� = 〈cos2 φ̂a〉 − 〈cos φ̂a〉2, (29)

where the initial coherent-state phase fluctuation is �2�CS ∼
1/2na and λ � 1 is a numerical factor. The deformation time
is a small fraction of the period of rotation in both cases of a
weak and intermediate b-mode field, with τdef ∼ T/n1/5

a and
τdef ∼ T/n2/5

a , respectively.
Thus, a relatively small squeezing of the signal vacuum or

cat-state mode, for whose the squeezing parameter depends
both on the interaction constants and the intensity of the pump
mode, leads to a qualitatively different field dynamics.

IV. EXPERIMENTAL IMPLEMENTATION

It is worth noting that the initial states (22), leading to a
nonspreading evolution, depend only on the parameters of the
Hamiltonian and can be, in principle, prepared and experi-
mentally tested. The effective interaction processes described
by the Hamiltonian (2) can be implemented in optical sys-
tems with cascade second-order nonlinearities [32], nonlinear
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FIG. 2. (a) Snapshots of the phase-space evolution of the a-mode Q-function for the initial state (22) both in the absence (orange blob)
and in the presence of dissipation (white blob) at some (dimensionless) time instances; na = 83, χ = 1.48 × 10−4, κ = 0.014; the exact
period of rotation in case of unitary evolution is T = πna

−1/3χ ≈ 84.7. (b) Evolution of the averaged photon number of the a-mode field
in the presence of dissipation, κ = 0.014. (c) Left: Snapshot of the evolved a-mode Q-functions; Left: for the initial |√na〉a ⊗ |0〉b, at τdef ∼
T/n1/5

a χ = 1.48 × 10−4; Right: in the unitary phase-space evolution of the for the initial strong coherent a-mode state and the vacuum b-mode
state, same values of na and χ ; Right: for the initial state|√na〉a ⊗ (|iγ 〉b + | − iγ 〉b), χ = 6.27 × 10−4, γ ≈ 1.956 at τdef ∼ T/n2/5

a , na = 83
in both cases. (d) Snapshots of the phase-space unitary evolution of the a-mode Q-function for the initial state (27), na = 83, γ ≈ 1.956,
χ = 6.27 × 10−4, where T = πna

−1/3χ ≈ 20 is the dimensionless period of rotation. In panels (a), (c), and (d), dark tones indicate low
values of the Husimi Q function; the range of the dimensionless variables x and p is from −10 to 10.

Fabry-Perot interferometers [33], Poled fibers [34], supercon-
ductive circuits [35,36], and so on [37].

A nondispersive propagation of a strong coherent state
pump mode is achieved by injecting a squeezed vacuum sig-
nal mode according to Eq. (22). The squeezing parameter
r ≈ 4χn3/2

a is fixed as a function of the pump field inten-
sity. For instance, for experimentally feasible susceptibilities
χ (2) ≈ 9.45 × 10−10 (m/V) and χ (3) ≈ 1.4 × 10−13 (m/V)2

[26,27], leading to the dimensionless coupling constant χ ∼
10−4 [27], and a coherent state with na = 83, the squeez-
ing parameter is r ≈ 0.406, which corresponds to a quantum
noise squeezing ∼3.5 dB. The nonspreading evolution of the
pump-field wave packet is reflected in approximately constant
average photon number and the phase fluctuations [38–40]
in the case of small losses. The photon number preservation
is clearly observed from the simulation of the Qa-function
dynamics, see Fig. 2(a), where the rotation radius

√
na(τ ) ≈

const(τ ).
Propagation of electromagnetic (EM) field pulses in non-

linear media is commonly accompanied by the phase noise
increasing [41–44]. An interaction of a coherent state with
a nonlinear environment leads to a quadrature squeezing for

times significantly shorter than the (quasi)period of motion.
For longer times, the initial vacuum fluctuations are deformed
in a complicated manner [45–50]. This affects the capacity
for the transition of information codified in the phase variable
[51]. Thus, a proposed scheme to cancel the phase fluctuation
by modifying the initial state of the low-excited mode in
the function of the coupling parameters and the strong field
intensity can be helpful for designing weak fluctuating pulses,
useful for carrying information in the phase variable. The
effect of nondispersive propagation of the field in a nonlinear
media can be experimentally verified by measuring the phase
properties of the light pulse.

In Fig. 3 we plot the exact evolution of the a-mode phase
fluctuation (29) for the initial squeezed b-mode vacuum (red
solid line) and pure vacuum b-mode state (blue dashed line).
A strong suppression of the phase fluctuation in case of the
initial state (22) is evident. However, the large phase fluctua-
tion for the initial vacuum state of signal mode is explained
by a deformation of the initial a-mode field Q-distribution, as
shown in Fig. 2(c).

It is worth noting that a very similar behavior of �2� is
observed for an initial squeezed cat state [31] of the signal
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FIG. 3. Exact evolution of the a-mode phase fluctuation. Red
solid line corresponds to the initial state (22) with na = 83, r ≈
0.406; blue dashed line corresponds to the initial state |√na〉a ⊗ |0〉b;
χ ≈ 1.48 × 10−4, the dimensionless period is T = πna

−1/3χ ≈
84.7.

mode of the form (17) with γ ≈ 1.956 and squeezing in the p
direction |r| ≈ 0.275 corresponding to −2.38 dB.

V. EFFECT OF DISSIPATION

A relevant feature of the factorized nondispersive evolution
(25) is its relative stability, even in the presence of a strong
a-mode dissipation. This follows from the transformation
property of the (dimensionless) Lindblad equation

∂τ ρ̂ = −i[Ĥ, ρ̂] + Lρ̂,

Lρ̂ = κ

2
(2âρ̂â† − â†âρ̂ − ρ̂â†â), (30)

under application of the Q̂ transformation (4),

Q̂Lρ̂Q̂† ≈ Lρ̂d + �Lρ̂d , ρ̂d = Q̂ρ̂Q̂†, (31)

where ||�Lρ̂d || ∼ O(κnb). Thus, the equation of motion for
ρ̂d is diagonal in the a-mode Hilbert space (in the leading
approximation)

∂τ ρ̂d ≈ −i[ĥd , ρ̂d ] + Lρ̂d , [ĥd ,L] = 0, (32)

so the main dissipative effect consists only of the number
of the a-mode photons. As a consequence, the initial state
(22) evolves in the factorized form, where the purity of each
mode is approximately preserved at the initial stages of the
dissipative evolution

ρ̂d (τ ) ≈ ρ̂a(τ ) ⊗ ρ̂b(τ ) + O
(
n−1/2

a (τ )
)
, (33)

ρ̂a(τ ) = |e−iωτ−κτ√na〉a〈e−iωτ−κτ√na|, (34)

ρ̂b(τ ) = |ψ (τ )〉b〈ψ (τ )|, (35)

and the average number of the a-mode photons decays
as na(τ ) = nae−κτ , see Fig. 2(b). This leads to the shape
preservation of the a-mode Husimi Q function, Qa(α|τ ) =a

〈α|Trbρ̂(τ )|α〉a/π , up to times where the approximation
na(τ ) � nb holds. However, the corrections generated by
the �Lρ̂d term lead to a deformation of the rotating distri-
bution for times τκ ∼ (κnb)−1, as can be appreciated from

Fig. 2(a), where we plotted the exact dissipative evolution of
the Qa function (white blob) with κ = 0.014 � χ ≈ 1.48 ×
10−4. One can observe that the distribution evolves along
the classical trajectory α(τ ) = e−iωτ−κτ√na, approximately
maintaining its shape despite the decrease in the photon num-
ber of the pump mode in accordance with (34).

VI. CONCLUDING REMARKS

We found that the propagation of an intense coherent pulse
in the case of competing nonlinearities exhibits a nontrivial
character if the initial conditions are appropriately matched
with the parameters of the system: a strongly excited mode
evolves nondispersively during a long time compared to the
other timescales proper to the Hamiltonian (2) inclusively in
the presence of a moderate dissipation. This type of dynamics
results from the interplay of the Kerr and down-conversion
nonlinearities that produce deformations in the “opposite di-
rections” in the phase-space, allowing to mutually compensate
them for an appropriately designed initial two-mode field. It
is worth mentioning that the initial conditions for both fields
are “tied” in the sense that the state of the b-mode “knows”
the characteristics of the a-mode state, despite there being
no direct initial correlation between them. In addition, the
pump and the signal modes evolve independently for these
special initial conditions, i.e., no intermode correlations are
effectively generated for a long period of time.

Finally, such a mutual compensation of nonlinear effects
can be used for stimulation of a nondispersive propagation of
strong pulses of the pump mode in environments with χ (2) and
χ (3) nonlinearities by appropriately designing the input signal
field state.

APPENDIX A

In this Appendix, we deduce the effective Hamiltonian
(A1)-(8) and the master equation (32). Applying the transfor-
mation (4) to the Hamiltonian (2) one obtains

ĥQ = Q̂ĥQ̂†

= b̂2
√

n̂a − n̂b/2 + 1 +
√

n̂a − n̂b/2 + 1 b̂†2

+χ (n̂a − n̂b/2)2. (A1)

Expanding the transformed Hamiltonian (A1) in the inverse
powers of the average photon number in the a mode we arrive
at the following approximate expression:

ĥd ≈
√

n̂a + 1/2(b̂2 + b̂†2) + χ n̂2
a − χ n̂an̂b. (A2)

For highly exited a-mode initial states and in the limit
nb � na, where na = 〈�(0)|n̂a|�(0)〉, nb = 〈�(0)|n̂b|�(0)〉,
the Hamiltonian (A2) is approximated as follows:

ĥ1 ≈ ĥ11 + 1√
n̂a + 1/2

ĥ12 + O
(
n−1

a

)
, (A3)

ĥ11 =
√

n̂a + 1/2(b̂2 + b̂†2) + χ n̂2
a − χ n̂an̂b, (A4)

ĥ12 = − 1
8 {n̂b, b†2 + b2}+. (A5)

The canonical transformation of the b-mode operators (7),
diagonalizes the Hamiltonian (A4) in the Hilbert space of the
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FIG. 4. The purity Pa(τ ) = Trρ̂2
a (τ ) as a function of time in units

of the dimensionless period of rotation of the a-mode Q-function
T = π/(3χna).

b mode (8) and the contribution of ĥ12, with ||ĥ12|| ∼ χ (nb +
1/2)2 is negligible in the limit χn2

b � 1.
Expanding the Hamiltonian (8) in powers of �n̂a=n̂a−na,

one obtains

ĥd ≈ ĥ0 + ĥ1�n̂a + ĥ2(�n̂a)2 + ĥ3(�n̂a)3 + O(nb/na),
(A6)

where

ĥ0 = χna

2
+ χn2

a + 2
√

2 + 4na − (χna)2K̂1 (A7)

ĥ1 = χ

2
+ 2χna + 2(2 − χ2na)K̂1√

2 + 4na − (χna)2
, (A8)

ĥ2 = χ − 2(2 + χ2)K̂1

(2 + 4na − (χna)2)3/2
, (A9)

ĥ3 = −2(2 + χ2)(naχ
2 − 2)K̂1(

2 + 4na − n2
aχ

2
)5/2 . (A10)

In the limit
√

naχ � 1 the expressions (A7) to (A9) acquire
the form (12)–(14), in the basis {|k〉} of the eigenstates of the
operator (9) K̂1|k〉 = k|k〉.

The coefficient ĥ3 under the condition of absence of ĥ2

(in the basis of eigenstates of K̂1) is restricted by ||ĥ3|| =
O(kn−5/2

a ). Thus, the last term in the expansion (A6) pro-
duces a sensible correction to the dynamics only for times
χτ � na/k. For shorter times, χτ ∼ n−1/2

a , the factorization
(25) of the evolved initial state (22) is maintained. To inspect
the precision of the factorization (25) in Fig. 4 we plot the
exact evolution of the purity Pa(τ ) = Trρ̂2

a (τ ). One can ob-
serve that the purity oscillates around unity during multiple
periods of rotation of the a-mode distribution, T = π/(3χna),
confirming the validity of the approximations (22) to (25).

In the case of dissipative evolution the Q-transformed
Lindblad operator, appearing in the master equation (30),
takes the form (for initial strong a-mode states)

Q̂Lρ̂Q̂† ≈ Lρ̂d + �Lρ̂d , (A11)

where ρ̂d = Q̂ρ̂Q̂† and

�Lρ̂d = −κ

4

(
â
{
n̂bn̂−1

a , ρ̂d
}
â† − n̂bρ̂d − ρ̂d n̂b

)
, (A12)

FIG. 5. The fidelity F (r) = |〈k|0; r〉b|2 blue solid curve,
k ≈ 0.225, and F (r) = |〈k|Ŝ(−r)(|iγ 〉b + | − iγ 〉b)|2, k = 1.914,
γ ≈ 1.956 green-dashed curve as functions of the squeezing
parameter r.

which is restricted for highly excited a-mode coherent states
by ||�Lρ̂d || ∼ O(κnb).

APPENDIX B

The scattering eigenstates of a noncompact operator K̂1,
K̂1|k〉 = k|k〉 can be approximated by physical states for small
k � 1 and moderate k � 1 eigenvalues.

In the case k � 1, in the approximation (15),

|k〉 ≈ |0; r〉 = Ŝ(r)|0〉, (B1)

the squeezing parameter is fixed by the condition

〈0; r|K̂1|0; r〉 ≈ k, (B2)

leading to the relation (16) between the parameters of the
system

sinh 2r ≈ 4k, (B3)

so that k ≈ r/2 for k � 1. The average number of the photons
in this squeezed state (B1) to (B3) is nb = sinh2 r � 1 and
the fluctuation of K̂1 is approximately minimized. The overlap
〈k|Ŝ(r)|0〉 can be analytically computed [52], and for |k| � 1
the following approximation for the fidelity is obtained

F (r) = |〈k|Ŝ(r)|0〉|2 ≈ π |1 + (z1 + z2k2) tanh r|2
4 cosh r

, (B4)

where z1 ≈ 0.357 1 + 0.535 11i and z2 = 0.367 46 +
0.572 19i. In Fig. 5 the fidelity (B4) as a function of the
squeezing parameter r of the squeezed vacuum state (15) and
for the state |k ≈ 0.225〉 shows the maximum at r ≈ 0.406,
which is consistent with (B3), here nb = 0.174.

In the case k � 1, the states |k〉 are approximated by
squeezed cat-like states (17), where the condition (18), 2k ≈
γ 2e−2r , is obtained from the relation (B2), leading to the
average number of photons

nb ≈ sinh2 r + γ 2sech(γ 2) sinh(γ 2 − 2r) � 1.

The maximum of the fidelity F (r) for the squeezed cat state
(17) and |k = 1.914〉 in Fig. 5 is achieved at r ≈ 0.275, γ ≈
1.956, which is consistent with the approximation (18), here
nb ≈ 2.32.
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(2002).
[44] L. Kunz, M. G. Paris, and K. Banaszek, JOSA B 35, 214 (2018).
[45] W. Vogel and W. Schleich, Phys. Rev. A 44, 7642 (1991).
[46] R. Lynch, Phys. Rep. 256, 367 (1995).
[47] D. T. Smithey, M. Beck, M. G. Raymer, and A. Faridani, Phys.

Rev. Lett. 70, 1244 (1993).
[48] M. Raymer, D. Smithey, M. Beck, and J. Cooper, Acta Phys.

Pol. A 86, 71 (1994).
[49] Z. Hradil, R. Myška, T. Opatrny, and J. Bajer, Phys. Rev. A 53,

3738 (1996).
[50] V. Belavkin, O. Hirota, and R. L. Hudson, Quantum Communi-

cations and Measurement (Springer Science & Business Media,
New York, 2013).

[51] L. G. Kazovsky, G. Kalogerakis, and W.-T. Shaw, J. Lightwave
Technol. 24, 4876 (2006).

[52] M. M. Nieto and D. R. Truax, Phys. Rev. Lett. 71, 2843
(1993).

033714-7

https://doi.org/10.1016/0030-4018(79)90152-4
https://doi.org/10.1016/0030-4018(79)90390-0
https://doi.org/10.1016/0030-4018(83)90264-X
https://doi.org/10.1103/PhysRevLett.56.2237
https://doi.org/10.1038/s41534-017-0019-1
https://doi.org/10.1088/1367-2630/ac6765
https://doi.org/10.1109/2944.902137
https://doi.org/10.1063/5.0054533
https://doi.org/10.1103/PhysRevA.93.043815
https://doi.org/10.1016/0030-4018(77)90269-3
https://doi.org/10.1103/PhysRevLett.57.2520
https://doi.org/10.1103/PhysRevA.46.499
https://doi.org/10.1103/PhysRevA.48.569
https://doi.org/10.1088/0954-8998/3/2/003
https://doi.org/10.1038/s41567-021-01317-w
https://doi.org/10.1038/s41467-020-18218-w
https://doi.org/10.1103/PhysRevA.32.2287
https://doi.org/10.1103/PhysRevLett.55.2409
https://doi.org/10.1103/PhysRevLett.68.3020
https://doi.org/10.1103/PhysRevLett.77.2933
https://doi.org/10.1364/OL.19.000290
https://doi.org/10.1103/PhysRevA.38.4931
https://doi.org/10.1038/nphys2356
https://doi.org/10.1103/PhysRevApplied.4.024014
https://doi.org/10.1063/5.0064892
https://doi.org/10.1103/PhysRevApplied.10.034040
https://doi.org/10.1063/1.5089729
https://doi.org/10.1038/s42254-019-0135-2
https://doi.org/10.1038/s41467-022-29375-5
https://doi.org/10.1103/PhysRevA.107.013709
https://doi.org/10.1103/PhysRevE.108.024204
https://doi.org/10.1063/1.528262
https://doi.org/10.1103/PhysRevA.1.446
https://doi.org/10.1088/1464-4266/2/1/306
https://doi.org/10.1088/0305-4470/28/20/011
https://doi.org/10.1016/0030-4018(82)90283-8
https://doi.org/10.1080/09500349014552141
https://doi.org/10.1103/PhysRevA.56.5131
https://doi.org/10.1016/S0030-4018(00)01008-7
https://doi.org/10.1103/PhysRevA.34.3974
https://doi.org/10.1103/PhysRevA.64.053802
https://doi.org/10.1016/0375-9601(95)00342-Z
https://doi.org/10.1038/s41467-020-19030-2
https://doi.org/10.1209/epl/i1996-00131-8
https://doi.org/10.1103/PhysRevA.32.2887
https://doi.org/10.1364/OL.19.000701
https://doi.org/10.1126/science.aaa2085
https://doi.org/10.1103/PhysRevA.100.033827
https://doi.org/10.1103/PhysRevLett.74.4815
https://doi.org/10.1364/OL.18.000013
https://doi.org/10.1088/0954-8998/3/4/004
https://doi.org/10.1364/JOSAB.4.001723
https://doi.org/10.1080/09500349114551711
https://doi.org/10.1103/PhysRevA.51.1634
https://doi.org/10.1023/A:1021867510898
https://doi.org/10.1364/JOSAB.35.000214
https://doi.org/10.1103/PhysRevA.44.7642
https://doi.org/10.1016/0370-1573(94)00095-K
https://doi.org/10.1103/PhysRevLett.70.1244
https://doi.org/10.12693/APhysPolA.86.71
https://doi.org/10.1103/PhysRevA.53.3738
https://doi.org/10.1109/JLT.2006.883692
https://doi.org/10.1103/PhysRevLett.71.2843

