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Many-photon scattering and entangling in a waveguide with a �-type atom
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We develop the analytical theory that describes simultaneous transmission of several photons through a
waveguide coupled to a �-type atom. We show that after transmission of a short few-photon pulse, the final state
of the atom and all the photons is a genuine multipartite entangled state belonging to the W class. The parameters
of the input pulse are optimized to maximize the efficiency of three- and four-partite W -state production. The
probability to obtain the canonical W state of many photons is shown to be larger than 1/e.
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I. INTRODUCTION

The generation of entangled states is of paramount im-
portance for modern quantum technologies [1,2]. Two-photon
entangled Bell states are the basis of quantum communication.
Multipartite entanglement is harder to achieve as it requires all
the particles to interact. However, it promises strong benefits,
e.g., Greenberger-Horne-Zeilinger (GHZ) states can be used
for superdense coding and quantum teleportation between
several parties [3]. W states [4] are also suitable for these tasks
[5] but, in contrast to GHZ states, their entanglement is robust
against the loss of one of the particles. Multipartite entangled
cluster states [6] can implement measurement-based quantum
computing [7].

Polarization-entangled photons can be obtained with linear
optics elements only using Knill-Laflamme-Milburn (KLM)
protocol [8]. However, such schemes require postselection
and usually have quite small success probability, which makes
them hardly suitable for generation of multipartite entangle-
ment. A promising way-around that avoids postselection is to
use quantum objects that have strong nonlinear optical proper-
ties even at a few-photon scale. As such, waveguide quantum
electrodynamic (WQED) setups with natural or artificial
two-level atoms strongly coupled to waveguides [9–11] can
perform, e.g., nonlinear-sign (NS) gate [12] and obtain entan-
gled photons in single-rail encoding. A modulated system can
generate entanglement for frequency-bin photonic qubits [13].

Atoms with more complicated level schemes offer more
opportunities for entanglement generation. Consider a three-
level �-type atom with two degenerate ground states, |x〉
and |y〉, and a single excited state |e〉, where the transi-
tions between the |x(y)〉 state and the |e〉 state are induced
by X (Y )-polarized photons (Fig. 1). Such setup enables a
single-photon Raman interaction (SPRINT), a process when
an X -polarized photon after scattering by the atom in the
|x〉 state becomes Y -polarized and the atom switches to the
|y〉 state [14,15]. This allows to realize the SWAP operation
between the states of the atom and a single photon [16–18].
A multistep protocol to entangle a train of single photons was

also proposed [19]. Systems with more complicated four-level
schemes, e.g., a quantum dot in an external magnetic field,
were demonstrated to generate linear polarization-entangled
photonic clusters [20–22]. Long-lived quantum correlations
of photons also arise in such system [23]. To generate two-
dimensional (2D) cluster states, waveguide and cavity QED
setups were proposed [24,25].

Importantly, all previous proposals for deterministic few-
photon entangling were multistep protocols where certain
quantum operations should be performed on the emit-
ter between the subsequent emission of entangled photons
[19,20,24,25]. Here, we show how many-photon entangled
states can be generated in a single shot by a �-type atom
in a waveguide, see Fig. 1. We consider the atom in the |x〉
state that is excited by a few-photon short X -polarized pulse.
Note that upon transmission at most one of the photons can
switch from X to Y polarization [15]. Indeed, after emission
of the Y -polarized photon, the atom gets to the |y〉 state and
does not interact with the subsequent X -polarized photons. As
this conversion can happen to any one photon, the final state
appears to be a polarization-entangled state of all the photons
and the atom.

While the essence of the effect is quite intuitive, the cal-
culation of the scattering matrix for more than one photon is
a complicated problem. For two-level atoms, the few-photon
scattering amplitude was first calculated in Ref. [26] using
the Bethe ansatz. Then, the result for two photons was re-
produced by several other simpler methods [27–29], and the
quite general theories of many-photon scattering based on
input-output formalism [30,31] and master-equation approach
[32] were developed. Three-level �-type atoms were often
exploited in schemes where only one of the transitions is
coupled to waveguide photons and the other is driven by
external field leading to quantum correlations in the emission
[33–36]. However, to entangle photons, there must be at least
two orthogonal photonic states, thus two active transitions are
required. For �-type atoms where both transitions are coupled
to waveguide photons, only the scattering of single photons
[37–44], or trains of single photons with large delay [19,45],
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FIG. 1. Schematics of the photon transmission through a waveg-
uide coupled to a �-type atom. If the atom in |x〉 state is excited
by several X -polarized photons, one of them can be converted to Y
polarization.

was considered up to now. Using the diagrammatic approach,
we obtain simple explicit expressions for two- and three-
photon scattering matrices, including the frequency-mixing
terms, which allow us to maximize the efficiency of photon
entangling. The generalization to larger photon numbers is
straightforward.

II. MODEL

A �-type three-level atom coupled to a waveguide mode is
described by the Hamiltonian

H =
∑

k

ωk (a†
k,xak,x + a†

k,yak,y) + εg(b†
xbx + b†

yby)

+ εeb†
ebe + g

∑
k

(ak,xb†
ebx + ak,yb†

eby + H.c.), (1)

where ak,x(y) are the bosonic operators for the photons, bx(y)

and be are the fermionic operators for the electron in the
atom, ωk = c|k| is the photon dispersion that is assumed to be
the same for X - and Y -polarized waveguide modes, εg is the
energy of the ground atomic states |x〉 and |y〉, εe is the energy
of the excited atomic state |e〉, and g is the matrix element
of dipole interaction. For the sake of simplicity we focus
on the chiral case, i.e., suppose that the atom interacts with
the photons moving in the waveguide in one direction only,
k > 0. A generalization to the case of symmetric coupling is
discussed in the Conclusions.

To describe photon scattering we use the diagrammatic
approach outlined in Ref. [11]. First, the atomic states are
dressed by interaction with the photons [Fig. 2(a)] leading to

FIG. 2. Diagrammatic representation of (a) self-energy of the
excited state, (b)–(d) nontrivial contributions to the transmission am-
plitude of one, two, and three X -polarized photons through the atom
which is initially in the |x〉 state. Thin and thick solid lines denote
the Green’s functions of the atom in the ground state Gx(y)(ε) =
1/(ε − εg + i0) and in the excited state Ge(ε) = 1/(ε − εe + i�), re-
spectively. Wavy lines denote photons in the waveguide, the vertices
correspond to the coupling constant g = √

c�1D.

the imaginary correction −i�1D to the energy of the excited
state, where �1D = g2/c is the radiative decay rate of the
excited state associated with the emission of a photon into
the waveguide. We also introduce an additional decay rate �′
associated with emission of a photon to the free-space modes
or nonradiative decay channels. The efficiency of coupling
between the waveguide and the atoms is determined by the
parameter β = �1D/�, where � = �1D + �′ is the total decay
rate of the excited state. Then, the photon scattering ampli-
tudes can be calculated [Figs. 2(b) to 2(d)].

Let us briefly review the single-photon transmission [14]
through the atom that is initially in the |x〉 state. Then the
Y -polarized photon does not interact with the atom while the
transmission of X -polarized photon is described by the dia-
gram Fig. 2(b). The final state of the system reads t (ω)|Xx〉 +
s(ω)|Y y〉, which is a polarization-entangled state of the atom
and the photon. Here we introduce the coefficients of photon
transmission with and without polarization conversion

s(ω) = − i�1D

ω − ω0 + i�
, (2)

t (ω) = 1 + s(ω) = ω − ω0 + i�′

ω − ω0 + i�
, (3)

where ω is the frequency of the photon and ω0 = εe − εg is
the frequency of the atomic transitions.

III. TWO-PHOTON SCATTERING

A. Two-photon scattering matrix

Now we consider atom in the |x〉 state that is excited
simultaneously by two X -polarized photons with frequencies
ω1 and ω2. The nontrivial contribution to the amplitude of the
process, when both photons interact with the atom, is shown
in Fig. 2(c). Additionally, the amplitudes of the processes
when only one or none of the photons interacts have to be
added. The scattering matrix elements corresponding to the
final states |XY y〉 and |XXx〉 read

SXY y←XXx
ω′

1,ω
′
2←ω1,ω2

= (2π )2s(ω′
2)δ(ω1 − ω′

1)δ(ω2 − ω′
2)

+ 2π is(ω1)s(ω′
2)

ω1 − ω′
1 + i0

δ(ω1 + ω2 − ω′
1 − ω′

2)

+ (1 ↔ 2), (4)

SXXx←XXx
ω′

1,ω
′
2←ω1,ω2

= SXY y←XXx
ω′

1,ω
′
2←ω1,ω2

+ SXY y←XXx
ω′

2,ω
′
1←ω1,ω2

+ (2π )2[δ(ω1 − ω′
1)δ(ω2 − ω′

2)

+ δ(ω1 − ω′
2)δ(ω2 − ω′

1)]. (5)

The probabilities that the atom will end in the |x〉 or |y〉 state
are determined by the integrals over the final frequencies of
|SXXx←XXx|2 and |SXY y←XXx|2, respectively. However, the sec-
ond integral of |SXY y←XXx|2 has nonintegrable singularities at
1/(ω1(2) − ω′

1)2. Interestingly, for SXXx←XXx that singularities
vanish and the integration result is finite, see Appendix A for
the simplified expression for |SXXx←XXx|2 that matches the
well-known result for a two-level atom [27]. This mathemati-
cal observation has a clear physical meaning: When excited by
monochromatic X -polarized light, the atom switches to the |y〉
state with the dominant probability. Indeed, as the light drives
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the |x〉 → |e〉 transition only and the relaxation from |e〉 goes
to both |x〉 and |y〉 states, the atom will eventually relax to the
|y〉 state and stay there forever.

To avoid the above-mentioned singularity, excitation by
pulses with finite duration rather than monochromatic con-
tinuous waves should be considered. The wave function of
the incident state for the pulse consisting of two identical
X -polarized photons reads

ψ
(in)
t1,t2 = ϕ

(0)
t1 ϕ

(0)
t2 |XXx〉, (6)

where ϕ
(0)
t is the pulse envelope,

∫ |ϕ(0)
t |2dt = 1. The trans-

mitted pulse can be most conveniently obtained using the
two-photon scattering matrix in the frequency-time domain
given in Appendix B. The final state of the system is described
by the wave function

ψ
(out)
t1,t2 = ψXXx

t1,t2 |XXx〉 + ψ
XY y
t1,t2 |XY y〉 + ψ

XY y
t2,t1 |Y Xy〉, (7)

where

ψXXx
t1,t2 = ϕ

(τ )
t1 ϕ

(τ )
t2 − [

ϕ
(s)
t<

]2
e−(iω0+�)|t2−t1|,

ψ
XY y
t1,t2 = ϕ

(0)
t1 ϕ

(s)
t2 + θt2−t1ϕ

(s)
t1

[
ϕ

(s)
t2 − ϕ

(s)
t1 e−(iω0+�)(t2−t1 )

]
, (8)

t< = min(t1, t2), θt is the Heaviside step function, ϕ
(τ )
t =

ϕ
(0)
t + ϕ

(s)
t describes transmission of the single-photon pulse

and ϕ
(s)
t = −�1D

∫ t
−∞ ϕ

(0)
t ′ e−(iω0+�)(t−t ′ )dt ′.The total probabil-

ity of the two-photon pulse transmissions reads

T2 =
∫∫ [∣∣ψXXx

t1,t2

∣∣2 + 2
∣∣ψXY y

t1,t2

∣∣2]
dt1dt2. (9)

In the absence of losses, �′ = 0, the unitarity of the scattering
matrix yeilds T = 1, provided the incident pulse is normal-
ized, which we also checked numerically.

As an example, we consider the incident pulse that has a
Gaussian shape

ϕ
(0)
t =

√
γ

π1/4
e−iωt−γ 2t2/2, (10)

with ω = ω0 and γ = 0.5� that is shown in Fig. 3(a). The
transmitted two-photon wave functions Eq. (8) are plotted by
color in Figs. 3(b) and 3(c). The absence of losses is assumed,
�′ = 0. The probability of scattering in the state with two
X -polarized photons, |ψXXx(t1, t2)|2 [Fig. 3(b)], is significant
only in the vicinity of the diagonal, |t1 − t2| � 1/�. Indeed,
if the two photons scatter at larger delays, they do so inde-
pendently and each process is described by the transmission
coefficients Eq. (2) [15]. Note that at the central frequency of
the pulse t (ω0) = 0 and s(ω0) = 1. Therefore, with dominant
probability, the first photon is scattered in the Y polarization
and the atom switches to the |y〉 state [14]. Then, the second
photon passes the atom without interaction. Such case is de-
scribed by |ψXY y(t1, t2)|2 [Fig. 3(c)]. Its value is significant
in the large region under the diagonal t1 − t2 � 1/�, which
corresponds exactly to the described order of the scattering
events.

B. Tripartite entanglement

The wave function Eq. (8) describes the the polarization
state of the system provided the two transmitted photons were
detected at the times t1 and t2. According to the classification

FIG. 3. Real-time wave functions of (a) the incident two-photon
Gaussian pulse Eq. (10) with ω = ω0, γ = 0.5�1D and (b), (c) of the
scattered pulse calculated after Eq. (8). (d) The conditional proba-
bility of converting the entangled state of the atom and two photons
into the canonical W state by SLOCC given the photons are detected
at times t1 and t2, calculated after Eq. (11). Lossless system is
assumed, �′ = 0.

of three-qubit states based on stochastic local operations and
classical communication (SLOCC) [4], such a state belongs
to the W class of the tripartite entanglement. Indeed, if we
rename the photon polarization states |X (Y )〉 as |0(1)〉 and
the atom states |x(y)〉 as |1(0)〉, the state Eq. (8) turns to be
the linear combination of the states |001〉, |010〉, and |100〉,
which is precisely the generalized W state.

There is no conventional measure of tripartite entangle-
ment [1,2]. To quantify the entanglement of our state Eq. (8),
we use the probability PW3 with which it can be converted
to the canonical W state (|001〉 + |010〉 + |100〉)/

√
3 by

SLOCC using the procedure described in Ref. [46]. The prob-
ability is readily expressed via the coefficients of the wave
function

PW3 (t1, t2) = 3 min
[∣∣ψXXx

t1,t2

∣∣2
,
∣∣ψXY y

t1,t2

∣∣2
,
∣∣ψXY y

t2,t1

∣∣2]
∣∣ψXXx

t1,t2

∣∣2 + ∣∣ψXY y
t1,t2

∣∣2 + ∣∣ψXY y
t2,t1

∣∣2 . (11)

The color plot of PW3 (t1, t2) is shown in Fig. 3(d). The maximal
values are achieved near the diagonal where all three coeffi-
cient in the wave function Eq. (7) are of the same order.

While PW3 (t1, t2) quantifies the entanglement of the atom
and the photons detected at times t1 and t2, the total entan-
glement degree of the final state can be charecterized by the
expected value of PW3 (t1, t2) obtained by averaging over t1
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FIG. 4. (a) The expected value 〈PW3 〉 of the probability of con-
verting the final state of the atom and two photons into the canonical
W state by SLOCC. The calculation is performed after Eq. (12) for
the incident two-photon pulse with Gaussian envelope, Eq. (10) and
no losses �′ = 0. (b) 〈PW4 〉 calculated for the three-photon pulse.
Stars indicate positions of the maxima.

and t2,

〈PW3〉 = 3
∫∫

min
[∣∣ψXXx

t1,t2

∣∣2
,
∣∣ψXY y

t1,t2

∣∣2
,
∣∣ψXY y

t2,t1

∣∣2]
dt1dt2. (12)

For the parameters of Fig. 3, the overlap between ψXXx

and ψXY y is rather small, leading to small value of 〈PW3〉.
To maximize 〈PW3〉, we tune the parameters of the incident
Gaussian pulse Eq. (10). Figure 4(a) shows the color plot of
〈PW3〉 as a function of the pulse central frequency ω and the
spectral width γ . The dependence is symmetric with respect
to ω = ω0 and has two maxima. The one at |ω − ω0| = �1D,
γ → 0 (black star) corresponds to the limit of a monochro-
matic wave. Then, the analytical calculation yields, see
Appendix D,

〈PW3〉ω = 3|t (ω)|2 min{|t (ω)|2, |s(ω)|2} (13)

that has the maximum value 〈PW3〉ω0±�1D = 0.75 in the ab-
sence of losses, �′ = 0. A slightly larger value 〈PW3〉 ≈ 0.77
is achieved in the second maximum at |ω − ω0| ≈ 0.98�1D,
γ ≈ 0.97�1D (white star), which corresponds to a short pulse.

IV. THREE-PHOTON SCATTERING

The above results are easily generalized for the larger
number of incident photons. To show this, we consider
three-photon scattering. The diagram corresponding to the
nontrivial part of the process is shown in Fig. 2(d) and the
three-photon scattering matrix is given by Eqs. (C1) to (C2) in
the Appendix C. When there are three identical X -polarized
photons in incident state, ψ

(in)
t1,t2,t3 = ϕ

(0)
t1 ϕ

(0)
t2 ϕ

(0)
t3 |XXXx〉, the

final state reads

ψ
(out)
t1,t2,t3 = ψXXXx

t1,t2,t3 |XXXx〉 + ψ
XXY y
t1,t2,t3 |XXY y〉

+ ψ
XXY y
t1,t3,t2 |XY Xy〉 + ψ

XXY y
t3,t1,t2 |Y XXy〉, (14)

where

ψXXXx
t1,t2,t3 = ϕ

(τ )
t1 ϕ

(τ )
t2 ϕ

(τ )
t3 − [

ϕ
(s)
t(1)

]2
ϕ

(τ )
t(3)

e−(iω0+�)(t(2)−t(1) )

− [
ϕ

(s)
t(2)

]2
ϕ

(τ )
t(1)

e−(iω0+�)(t(3)−t(2) )

+ [
ϕ

(s)
t(1)

]2[
ϕ

(s)
t(2)

− ϕ
(0)
t(2)

]
e−(iω0+�)(t(3)−t(1) ), (15)

FIG. 5. (a), (b) Volume plot of the real-time wave functions of
the final state for the three-photon scattering process. (c), (d) Cross
section of the plots in (a,b) in the direction perpendicular to the
main diagonal at t1 + t2 + t3 = 0. Calculation is performed after
Eqs. (15) to (16) for the incident three-photon pulse with Gaus-
sian envelope, Eq. (10) with ω = ω0, γ = 0.2�. Lossless system is
assumed, �′ = 0.

ψ
XXY y
t1,t2,t3 = θt<−t3ϕ

(0)
t< ϕ

(0)
t> ϕ

(s)
t3 + θt3−t>

{
ϕ

(τ )
t< ϕ

(τ )
t> ϕ

(s)
t3

− [
ϕ

(s)
t<

]2
ϕ

(s)
t3 e−(iω0+�)(t>−t< )

− [
ϕ

(s)
t>

]2
ϕ

(τ )
t< e−(iω0+�)(t3−t> )

+ [
ϕ

(s)
t<

]2[
ϕ

(s)
t> − ϕ

(0)
t>

]
e−(iω0+�)(t3−t< )

}
+ θt>−t3θt3−t<ϕ

(0)
t>

{
ϕ

(τ )
t< ϕ

(s)
t3 −[

ϕ
(s)
t<

]2
e−(iω0+�)(t3−t< )

}
,

(16)

t(1) � t(2) � t(3) are the times t1, t2, t3 sorted in the ascending
order, t< = min(t1, t2) and t> = max(t1, t2).

Figure 5 shows |ψXXXx
t1,t2,t3 |2 and |ψXXY y

t1,t2,t3 |2 calculated for the
Gaussian incident pulse and no losses, �′ = 0. The probability
to detect all the transmitted photons in the X polarization
is nonzero only if all three detection times are close, |t1 −
t2|, |t2 − t3|, |t3 − t1| � 1/�. This corresponds to the main di-
agonal of the coordinate frame in Fig. 5(a) and the center of
the cross section shown in Fig. 5(c). Similarly to the two-
photon case, that is explained by the fact that if at least one of
the photons is detected with a larger delay, which means that it
has scattered independently, it must convert to Y polarization
since s(ω0) = 1. The probability that one of the photons is
detected in Y polarization at time t3 is shown in Figs. 5(b)
and 5(d) and has a much more peculiar distribution. If the
three photons are detected with large delay, it is the first of
them that will be converted to Y polarization, see the region
in the bottom of the cross-section Fig. 5(d) which corresponds
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to t3 � t1, t2. Alternatively, it could happen that the first two
photons are transmitted simultaneously so that they keep their
X polarization, which corresponds to the two-photon scatter-
ing amplitude |ψXXx

t1,t2 |2 depicted in Fig. 3(b). Then, the last
of the three photons will be converted to Y polarization, see
the line in the upper part of the cross-section Fig. 5(d) which
corresponds to t3 � t1 ≈ t2.

The entanglement of the four-partite wave function de-
scribing the final state of the atom and three photons Eq. (14)
can be quantified by the probability of the conversion to the
canonical four-partite W state PW4 and its averaged value 〈PW4〉
which are defined in a manner similar to the three-partite
case [46]

PW4 (t1, t2, t3)

= 4 Min
[∣∣ψXXXx

t1,t2,t3

∣∣2
,
∣∣ψXXY y

t1,t2,t3

∣∣2
,
∣∣ψXXY y

t3,t2,t1

∣∣2
,
∣∣ψXXY y

t1,t3,t3

∣∣2]
∣∣ψXXXx

t1,t2,t3

∣∣2 + ∣∣ψXXY y
t1,t2,t3

∣∣2 + ∣∣ψXXY y
t3,t2,t1

∣∣2 + ∣∣ψXXY y
t1,t3,t2

∣∣2 ,

(17)

〈PW4〉 = 4
∫∫∫

dt1dt2dt3 Min
[∣∣ψXXXx

t1,t2,t3

∣∣2
,

× ∣∣ψXXY y
t1,t2,t3

∣∣2
,
∣∣ψXXY y

t3,t2,t1

∣∣2
,
∣∣ψXXY y

t1,t3,t3

∣∣2]
, (18)

where ψXXXx
t1,t2,t3 and ψ

XXY y
t1,t2,t3 are given by Eqs. (15) and (16).

Dependence of 〈PW4〉 on the parameters of the incident
Gaussian pulse are shown in Fig. 4(b). As in the case of two
photons, it has two maxima corresponding to monochromatic
(black star) and short incident pulses (white star). In the
monochromatic limit, γ → 0, one has

〈PW4〉ω = 4|t (ω)|4 min{|t (ω)|2, |s(ω)|2}, (19)

which reaches the maximal value 〈PW4〉 = 16/27 ≈ 0.59 at
|ω − ω0| = √

2�1D for lossless case, �′ = 0. The other max-
imum that corresponds to a short pulse is at |ω − ω0| ≈
0.87�1D, γ ≈ 1.33�1D (white star) and gives a close value
〈PW4〉 ≈ 0.59.

To further improve the values of 〈PW3〉 and 〈PW4〉, the pulse
shape should be optimized. By adding to the pulse higher tem-
poral modes described by Hermite polynomials we were able
to achieve 〈PW3〉 ≈ 0.8 and 〈PW4〉 ≈ 0.62, see the Appendix E
for details.

One can see that the maximal value of 〈PW4〉 is smaller
than that of 〈PW3〉. However, it is important to note that with
the increase of the incident photon number N , the maximal
value of 〈PWN 〉 does not tend to zero. Instead, for any N , it
remains larger than 1/e, which is the limiting value for the
quasi-monochromatic pulses, see Appendix D.

Finally, we discuss the effect of losses, �′ �= 0. In such a
case, upon few-photon pulse transmission, some or all of the
photons might be lost. Note that the remaining photons are
still in the entangled state, which follows directly from the
robustness of W -states against the loss of one of the particles.

If the aim is to get N-photon W state without losing a photon,
the probability to do so is finite, including in the N → ∞
limit, and depends on the losses as ∼�1D/(�1D + 2�′), see
Appendix D. Thus, the efficiency of the proposed protocol is
weakly affect by loss if �′ � �1D.

V. CONCLUSION

We proposed a scheme for single-shot generation of multi-
partite polarization-entangled W states of a �-type atom and
several photons in a waveguide. Given the certain robustness
of the W state, the purely photonic W states can be obtained
simply by disregarding the atom. We note that if the two opti-
cal transitions of the � atom differ in the photon propagation
direction or frequency [39], then the frequency- or direction-
entangled photons can be generated. While we presented the
theory for the case of chiral coupling, the photon transmission
in the nonchiral case is described by exactly the same equa-
tions but with the twice smaller values of s(ω) and ϕ(s).

Another possible generalization is to consider an array of
M �-type atoms excited by N-photon pulse. If initially all
photons are X polarized and all atoms are in the x state, upon
their interaction 0 � k � min(N, M ) photons can flip their
polarization. Then, the final state will be the superposition of
the states with k Y -polarized and N − k X -polarized photons,
k atoms in the y and M − k atoms in the x state, with all
possible k. In a chiral setup, the scattering matrix of the
system is given by the product of M scattering matrices of
the individual atoms, see Appendix F for this case. However,
calculation of the scattering matrix for a nonchiral setup is far
not straightforward and shall be the subject of future research.

For the experimental realization of the proposed proto-
col, the key figure of merit is the coupling factor β, which
determines the probability of the photon emission into the
guided mode rather than it being lost due to other decay chan-
nels. Cold atoms trapped near an optical nanofiber have still
rather small efficiencies β � 0.1, see Ref. [11] for the review.
High efficiencies β ≈ 0.99 can be achieved in state-of-the-art
setups with semiconductor quantum dots [47]. Superconduct-
ing circuits with transmon qubits [48] reach even higher
values of β, but the realization of the � level scheme with
two ground states within this platform seems challenging. A
possible solution could be to use metastable states in giant-
atom-like structures [49].
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APPENDIX A: TWO-PHOTON SCATTERING BY �-ATOM VERSUS TWO-LEVEL ATOM

The scattering matrix element Eq. (5) after collecting all the terms is simplified to

SXXx←XXx
ω′

1,ω
′
2←ω1,ω2

= t (ω1)t (ω2)(2π )2[δ(ω1 − ω′
1)δ(ω2 − ω′

2) + δ(ω1 − ω′
2)δ(ω2 − ω′

1)]

+ 2i�2
1D(ω1 + ω2 − 2ω0 + 2i�)

(ω1 − ω0 + i�)(ω2 − ω0 + i�)(ω′
1 − ω0 + i�)(ω′

2 − ω0 + i�)
2πδ(ω1 + ω2 − ω′

1 − ω′
2). (A1)

The singularities at ω1′,2′ → ω1′,2′ that seem to be present in Eq. (5) are, in fact, canceled. Note that it is not the case for
SXY y←XXx, Eq. (4), that is not symmetrized with respect to ω′

1, ω
′
2 and retains the singularities.

The first line describes the coherent transmission of independent photons and the second line is the elastic two-photon
scattering. The later term appears to be four times smaller than the corresponding scattering amplitude in a chiral waveguide
with a two-level atom, and is exactly the same as for the two-level atom in a bidirectional waveguide [11,26,27].

APPENDIX B: TWO-PHOTON SCATTERING MATRIX IN FREQUENCY-TIME DOMAIN

We take the scattering matrix in the frequency domain Eqs. (4) and (5) and perform Fourier transform over the final
frequencies ω′ and ω′

2. The result is

SXXx←XXx
t1,t2←ω1,ω2

= e−iω1t1−iω2t2 + (ω1 ↔ ω2) + s(ω2)e−iω1t1−iω2t2 + (ω1 ↔ ω2) + (t1 ↔ t2) + (ω1 ↔ ω2, t1 ↔ t2)

+ s(ω1)s(ω2)θt2−t1

[
e−iω1t1−iω2t2 − e−�(t2−t1 )−i(ω1+ω2 )t1

] + (ω1 ↔ ω2) + (t1 ↔ t2) + (ω1 ↔ ω2, t1 ↔ t2)

= 2

[
t (ω1)t (ω2) cos

(ω2 − ω1)(t2 − t1)

2
− s(ω1)s(ω2)e−(�−i ω1+ω2

2 )|t2−t1|
]

e−i(ω1+ω2 )(t1+t2 )/2, (B1)

SXY y←XXx
t1,t2←ω′

1,ω
′
2
= s(ω2)e−iω1t1−iω2t2 + (ω1 ↔ ω2) + s(ω1)s(ω2)θt2−t1

[
e−iω1t1−iω2t2 − e−�(t2−t1 )−i(ω1+ω2 )t1

] + (ω1 ↔ ω2)

= {
θt2−t1

[
t (ω1)s(ω2)e

−i(ω2−ω1 )(t2−t1 )
2 + t (ω2)s(ω1)e

i(ω2−ω1 )(t2−t1 )
2 − 2s(ω1)s(ω2)e−(�−i ω1+ω2

2 )|t2−t1|]
+ θt1−t2

[
s(ω′

2)e
−i(ω2−ω1 )(t2−t1 )

2 + s(ω1)e
i(ω2−ω1 )(t2−t1 )

2
]}

e−i(ω1+ω2 )(t1+t2 )/2. (B2)

APPENDIX C: THREE-PHOTON SCATTERING MATRIX

An evaluation of diagrams in Fig. 2(d) yields the three-photon scattering matrix in the frequency domain

SXXXx←XXXx
ω′

1,ω
′
2,ω

′
3←ω1,ω2,ω3

= −i�3
1D 2πδ(ω′

1 + ω′
2 + ω′

3 − ω1 − ω2 − ω3)

(ω1 − ω0 + i�)(ω1 − ω′
1 + i0)(ω1 + ω2 − ω′

1 − ω0 + i�)(ω′
3 − ω3 + i0)(ω′

3 − ω0 + i�)

+ [permutations of (ω′
1, ω

′
2, ω

′
3) and (ω1, ω2, ω3)]

+ −i�2
1D (2π )2δ(ω′

1 + ω′
2 − ω1 − ω2)δ(ω′

3 − ω3)

(ω1 − ω0 + i�)(ω1 − ω′
1 + i0)(ω′

2 − ω0 + i�)

+ [permutations of (ω′
1, ω

′
2, ω

′
3) and (ω1, ω2, ω3)]

+ [1 + s(ω′
1) + s(ω′

2) + s(ω′
3)](2π )3δ(ω′

1 − ω1)δ(ω′
2 − ω2)δ(ω′

3 − ω3)

+ [permutations of (ω1, ω2, ω3)], (C1)

SXXY y←XXXx
ω′

1,ω
′
2,ω

′
3←ω1,ω2,ω3

= −i�3
1D 2πδ(ω′

1 + ω′
2 + ω′

3 − ω1 − ω2 − ω3)

(ω1 − ω0 + i�)(ω1 − ω′
1 + i0)(ω1 + ω2 − ω′

1 − ω0 + i�)(ω′
3 − ω3 + i0)(ω′

3 − ω0 + i�)

+ [permutations of (ω′
1, ω

′
2) and (ω1, ω2, ω3)]

+ −i�2
1D (2π )2δ(ω′

2 + ω′
3 − ω2 − ω3)δ(ω′

1 − ω1)

(ω2 − ω0 + i�)(ω2 − ω′
2 + i0)(ω′

3 − ω0 + i�)

+ [permutations of (ω′
1, ω

′
2) and (ω1, ω2, ω3)]

+ s(ω′
3)(2π )3δ(ω′

1 − ω1)δ(ω′
2 − ω2)δ(ω′

3 − ω3)

+ [permutations of (ω1, ω2, ω3)]. (C2)

Here, the first contributions stand for the irreducible part of the scattering amplitude, the second contributions reduce to the
two-photon scattering and the other photon passing the system without interaction, and the third contributions correspond to
single-photon scattering and the other two photons passing without interaction.
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Performing Fourier transform over ω′
1, ω

′
2, ω

′
3 we get

SXXXx←XXXx
t1,t2,t3←ω1,ω2,ω3

= s(ω1)s(ω2)s(ω3)
(
1 − e(iω2−�)(t(2)−t(1) )

)(
1 − e(iω3−�)(t(3)−t(2) )

)
e−i(ω1t(1)+ω2t(2)+ω3t(3) )

+ s(ω1)s(ω2)
(
e−iω1t(1)−iω2t(2) − e−iω1t(1)−iω2t(1)−�(t(2)−t(1) )

)
e−iω3t(3)

+ s(ω2)s(ω3)(e−iω2t(2)−iω3t(3) − e−iω2t(2)−iω3t(2)−�(t(3)−t(2) ) )e−iω1t(1)

+ s(ω1)s(ω3)(e−iω1t(1)−iω3t(3) − e−iω1t(1)−iω3t(1)−�(t(3)−t(1) ) )e−iω2t(2)

+ [1 + s(ω1) + s(ω2) + s(ω3)]e−i(ω1t(1)+ω2t(2)+ω3t(3) ) + [permutations of (ω1, ω2, ω3)], (C3)

SXXY y←XXXx
t1,t2,t3←ω1,ω2,ω3

= θt3−t>s(ω1)s(ω2)s(ω3)
(
1 − e(iω2−�)(t(2)−t(1) )

)(
1 − e(iω3−�)(t(3)−t(2) )

)
e−i(ω1t(1)+ω2t(2)+ω3t(3) )

+ θt3−t>s(ω2)s(ω3)
(
e−iω2t>−iω3t3 − e−iω2t>−iω3t>−�(t3−t> )

)
e−iω1t<

+ θt3−t<s(ω1)s(ω3)
(
e−iω1t<−iω3t3 − e−iω1t<−iω3t<−�(t3−t< )

)
e−iω2t>

+ s(ω3)e−i(ω1t<+ω2t>+ω3t3 + [permutations of (ω1, ω2, ω3)]. (C4)

Here, t(1) � t(2) � t(3) are the sorted values of t1, t2, t3, t< = min(t1, t2), t> = max(t1, t2).

APPENDIX D: N-PHOTON ENTANGLEMENT
IN A QUASIMONOCHROMATIC APPROXIMATION

Here, we consider transmission of wide N-photon Gaus-
sian pulses with γ → 0 which are nearly monochromatic.
Due to large temporal broadening of the pulse, the probability
that two photons interact with the atom with a small delay
� 1/� is negligible. We suppose that t1 < t2 < . . . tN , and
|tn+1 − tn| 
 �, so the photons get transmitted one-by-one.
Then, the transmitted pulse envelopes read

ψX N x
t1...tN = |t (ω)|2Nψ

(0)
t1 . . . ψ

(0)
tN , (D1)

ψ
X N−kY X k−1y
t1...tN = |t (ω)|2(N−k)|s(ω)|2ψ (0)

t1 . . . ψ
(0)
tN . , (D2)

where 1 � k � N . Then the probability to convert the state of
the atom and N transmitted photons to the canonical WN+1, av-
eraged over the photon detection times t1 . . . tN , is calculated
as

〈PWN+1〉ω = (N + 1)
∫

. . .

∫
dt1 . . . dtN

× min
[
ψX N x

t1...tN , ψ
X N−1Y y
t1...tN , . . . , ψ

Y X N−1y
t1...tN

]
. (D3)

Substituting here the expressions Eqs. (D1) and (D2) we
finally obtain

〈PWN+1〉ω = (N + 1)|t (ω)|2(N−1)min[|t (ω)|2, |s(ω)|2]. (D4)

For N � 2 the maximum of 〈PWN+1〉ω is achieved at

ωmax = ω0 ±
√

(N − 1)�2 − N�′2 (D5)

and reads

〈
PWN+1

〉
ωmax

= �1D

�1D + 2�′
N + 1

N − 1

(
1 − 1

N

)N

. (D6)

Interestingly, the probability 〈PWN+1〉ωmax has a nonzero limit
when the number of input photons is increased, N → ∞, i.e.,

〈PW∞〉ωmax → �1D

�1D + 2�′
1

e
. (D7)

Even in the presence of losses, �′ �= 0, the probabil-
ity 〈PWN+1〉ωmax remains finite. The conditional probability to

convert the system state into WN+1 state, given none of the
photons are lost upon transmission, is even higher. It can be
calculated as 〈PWN+1〉/TN , where TN is the N-photon transmis-
sion probability. For the quasi-monochromatic pulse the latter
reads

TN (ω) = |t (ω)|2N + |s(ω)|2 1 − |t (ω)|2N

1 − |t (ω)|2 . (D8)

Then the conditional probability assumes the form〈
PWN+1

〉
ωmax

TN (ωmax)
= (N + 1)/(N − 1)

(1 − 1/N )−N + 2�′/�1D
(D9)

and at N → ∞ tends to 1/(e + 2�′/�1D).

APPENDIX E: PULSE SHAPE OPTIMIZATION

To maximize the entanglement of the scattered photons, we
perform an optimization of the incident pulse shape. Namely,
we take

ϕ
(0)
t =

[
1 +

∞∑
n=2

(an + ibn)Hn(γ t )

]
e−iωt−γ 2t2/2, (E1)

where an (for n = 3, 4, . . .) and bn (for n = 2, 3, 4, . . .) are the
new free parameters. We fix a1 = b1 = a2 = 0. They would
correspond to a variation of the pulse arrival time (that does
not affect transmission), central frequency, and width (that
we vary using the parameters ω and γ ). We substitute the
pulse Eq. (E1) into Eqs. (8) and (15) and (16) to calculate
the transmitted pulse.

Finally, the values of 〈PW3,4〉 are calculated numerically and
maximized using the conjugate gradient method. The results
are given in Table I.

APPENDIX F: ONE-PHOTON TRANSMISSION
THROUGH AN ARRAY OF � ATOMS

Here, we consider transmission of a quasimonochromatic
one-photon pulse γ → 0, through an array of M �-atoms.
The incident photon is assumed to be X polarized, while all
the atoms are initially in the x state. Upon the transmission,
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TABLE I. The amplitudes of the higher-order temporal harmon-
ics of the envelopes for incident two- and three-photon pulse that
correspond to the maximal values of 〈PW3 〉 and 〈PW4 〉 in the absence
of loss �′ = 0.

〈
PW3

〉 〈
PW4

〉
0.8018 0.6237

ω/�1D 0.8984 0.6747

γ /�1D 1.0143 1.2721

b2 0.0294 0.0373

a3 0.0062 0.0021

b3 0.0147 0.0130

a4 0.0024 0.0050

at most one atom can switch to the y state, and the photon
then flips its polarization. We consider here a chiral setup,
where the photons can propagate in one direction only. Then,
the scattering matrix of the system is given by the product of
M scattering matrices of the individual atoms. For a quasi-
monochromatic single-photon pulse with frequency ω, the
transmission amplitudes read

ψXxM

t = tN (ω)ψ (0)
t , (F1)

ψ
Y xM−kyxk−1

t = tM−k (ω)sk (ω)ψ (0)
t , (F2)

where 1 � k � M. The final state is an entangled state of
the transmitted photon and all the atoms. The probability to
convert it to the canonical WM+1 state is given by the same
expressions as for the case of one atom and M photons, see
Eqs. (D4) to (D7).
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