PHYSICAL REVIEW A 109, 033518 (2024)

Non-Markovian quantum interconnect formed by a surface plasmon polariton waveguide
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Allowing the generation of effective interactions between distant quantum emitters (QEs) via flying photons,
quantum interconnect (QI) is essentially a light-matter interface and acts as a building block in quantum
technologies. A surface plasmon polariton (SPP) supported by a metallic waveguide provides an ideal interface
to explore strong light-matter couplings and to realize QI. However, the loss of SPP in metal makes the mediated
entanglement of the QEs damp with the increase of the distance and time, which hinders its applications. We
propose a scheme of non-Markovian QI formed by the SPP of a metallic nanowire. A mechanism to make the
generated entanglement of the QEs persistent is discovered. We find that, as long as bound states are formed
in the energy spectrum of total QE-SPP system, the damping of the SPP-mediated entanglement is overcome
even in the presence of the metal absorption to the SPP. Our finding enriches our understanding of light-matter
couplings in absorptive medium and paves the way for using the SPP in designing QI.
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I. INTRODUCTION

Pursuing the utilization of quantum resources to make sci-
entific and technological innovations, a quantum revolution is
in the making [1,2]. In the past decades, dramatic progress has
been made in individual quantum systems, including trapped
ions, neutral atoms, superconducting qubits, and photonics
[3-6]. An urgent requirement is to integrate them to form
advanced technologies that bring essential benefits [7-9]. One
promising solution is quantum interconnect (QI), which is a
functional device to coherently link and distribute entangle-
ment among systems across different length scales [10]. The
core of a Ql is a finely controlled light-matter interface to cor-
relate distant matters via flying photons [11-17]. Efficient QI
among quantum emitters (QEs) has been explored in different
kinds of waveguide quantum electrodynamics (QED) systems
[18-29].

A surface plasmon polariton (SPP) supported by a metal-
lic waveguide supplies an ideal platform to realize QI. SPP
is a hybrid excitation mode of electromagnetic field (EMF)
and electron density waves on the metal-dielectric interface.
Confining EMF in a spatial scale far below the diffrac-
tion limit, SPP has attracted an extensive interest to explore
strong quantized light-matter couplings [30-37] and led to
fascinating applications in quantum technologies [38—48].
It has been found that SPP can act as a quantum bus
to mediate coherent interactions and generate entanglement
among separated QEs [49-58], which exhibits an attrac-
tive prospect of realizing QI by SPP. However, the metal
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absorption to the EMF makes the SPP short lived, which
severely restricts its practical applications [59]. We really see
that the SPP-induced entanglement between QEs is dynami-
cally transient and tends to vanish in the long-time limit and
with increasing the QE distance in the absence of coherent
driving [50-52,55-58]. In practice, one generally desires that
a persistent entanglement of the distant QEs could be medi-
ated by QIs. Thus, how to suppress the destructive influence
of the lossy SPPs on the QEs is a key problem in applying
SPPs in QI.

Here, we propose a scheme of non-Markovian QI to dis-
tribute persistent entanglement among an array of distant
QEs by the SPP propagating along the surface of a metallic
nanowire. We find that the subdiffraction feature of the SPP
endows our system with the strong light-matter coupling na-
ture. It causes that the N QEs are so hybridized with the SPP
that at most N QE-SPP bound states are formed. This mecha-
nism makes the entanglement among the QEs mediated by the
SPP persistently preserved in the steady state, which differs
from the asymptotic vanishing in the Born-Markovian approx-
imation [49-54,57,58,60]. Solving the decoherence problem
of the QEs caused by the lossy SPP, the result enriches our
understanding on the light-matter interactions in absorptive
media and paves the way for applying SPPs in realizing QI
to scalable quantum devices.

II. MODEL AND HAMILTONIAN

Nanowires supporting propagating SPPs with higher field
confinement can be used as one-dimensional nanowaveguide
to connect QEs in separated positions, providing funda-
mental building blocks for nanophotonic integrated circuits
[61,62]. However, the loss of SPPs in metal hinders its
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FIG. 1. Scheme of a QI formed by a SPP waveguide to entangle
an array of N QEs positioned at a distance r, from the axis of a
metallic nanowire with radius R. The QEs are modeled as two-level
systems and separated by a distance d.

applications. Previous works have shown that, going be-
yond the weak-coupling regime, once the QE is placed
very close to the surface of plasmonic nanostructures, the
SPP-induced dissipation can be suppressed in the strong
coupling regime [63,64]. Inspired by this research, we are
here interested in the realization of QI by coupling QEs to
a plasmonic waveguide going beyond the Born-Makrovian
approximation.

We consider a system consisting of an array of N QEs
coupled to a cylindrical metal nanowire (see Fig. 1). Be-
ing positioned on a line at a distance r, from the nanowire
axis, the QEs are equally separated in a distance d and
modeled by two-level systems with frequency wy. The elec-
tric permittivity of the nanowire is described by the Drude
model as ey (w) = 65 — a)ﬁ/[w(a) +iyp)], where g4 is the
high-frequency limit of &y(w), w, is the bulk plasma fre-
quency, and y, is a damping factor of the EMF in the
metal. Rather than coupling with the localized SPPs around
a metal nanoparticle [65], the transmission characteristic of
SPPs along the nanowire endows the system with superiorities
in connecting QEs over large distance, which is crucial in
designing QI.

Three modes are triggered by the radiation field of the
QEs. The first one is the radiation mode to the free space.
The second one is the nonradiative mode absorbed by the
metal. The last one is the SPP, i.e., a hybrid mode of
the EMF and the electron density waves, propagating along
the nanowire. The SPP enables a confinement of the EMF
beyond the diffraction limit on the metal-space interface,
which makes the system an ideal platform to realize the
strong light-matter interactions. To describe the quantum fea-
tures of such couplings, a quantization of the EMF in the
absorptive medium is needed. A scheme of macroscopic quan-
tum electrodynamics was developed using the Green’s tensor
[66,67], where the canonical commutation relations of the
EMF are guaranteed by introducing a Langevin noise to de-
scribe the medium absorption. Then the quantized electric
field is
E(r,w) = % &r'/Im[en(0)]G(r, ¥, ) - (¥, »),

)

where c is the speed of light, & is the vacuum permittivity, and
f(r, w) obeying [f(r, w), £1(r', w)] = 8(r — r)8(w — &) is
the annihilation operator of EMF on the metal-space interface.
The Green’s tensor G(r, r’, @) denotes the field in frequency
w at r triggered by a point source at ¥’ and is determined by
[V x V x —w*c 2en(@)]G(r, ¥, w) = I§(r — 1), where I is

an identity matrix. The spatial distribution of the three modes
has been incorporated in G(r, r’, w). Thus, via G(r, r’, ®),
we obtain a quantization of the three modes triggered by the
EMF in the absorptive medium subject to the system geom-
etry [60]. Note that, widely used to study the light-matter
interactions in absorptive media [68—75], the quantization
method also applies to cases when the losses in the medium
may be disregarded. A careful inspection indicates that, rather
than vanishing, the integral makes the quantized electric-
field operator reduce to the standard form in free space
when €;(w) — 0 (see Appendix A). G(r, ', w) is analytically
solvable for a cylindrical nanowire (see Appendix B). EMF
also induces localized surface plasmons on a nanosphere,
but they are not suitable for guiding wave in a long
distance [65].

Under the dipole and rotating-wave approximations, the
Hamiltonian describing the interactions between the QEs and
the three modes reads

N 00
A=Y hws 6 + / d’r / dohot'(r, w) - f(r, )
I=1 0

N o0
- Z/ dolp - E(ry, w)&f +H.cl], )
=170

where 6; = |g;){e;| is the transition operator from the excited
state |e;) to the ground state |g;), w; is the dipole moment,
and r; is the coordinate of the /th QE. Equation (2) has been
widely used to describe the interaction between QEs and the
EMF in absorptive medium [26,68,70,76].

III. NON-MARKOVIAN QI

It is easy to verify that the total excitation number N =
> 6;6, + [ @ [dof'(r, ») - f(r, ) is conserved due to
[A, N = 0. Thus, once being prepared in a single-excitation
state initially, the state of the total system evolves to |\V(¢)) =
Y, )6 + [ dr [ dwcy o (OF (v, 0)1|G; {0r0,}),  where
|G) denotes that all the QEs are in their ground state
and |{O;,}) is the vacuum state of the EMF. We can
derive that the vector ¢(¢) = (ci(t) en())T formed
by the excited-state probability amplitudes of the QEs
obeys [65]

&(1) + iwpe(t) + [ dt / ” dwe "D (w)e(r) =0, (3)
0 0

where J(w) is a N-by-N matrix with element J;;(w) = wzm .
Im[G(r;, 1}, w)] - ,u;‘» /(heoc?) characterizing the correlated
spectral density between the /th and jth QEs. Such a correla-
tion indicates that, although direct couplings between the QEs
are absent in Eq. (2), their indirect couplings are triggered via
exchanging the SPPs. We consider that the QEs have iden-
tical dipole moments such that J;;(w) = Jyu(w) = J—j)(w)
for |l — j| = |m — n|. Reflecting the memory effects, the con-
volution in Eq. (3) renders the dynamics non-Markovian. It
is prominent in quantum plasmonics because the light-matter
interactions are significantly enhanced by the subdiffraction
confinement of the SPPs to EMF [77,78]. Under the Born-
Markovian approximation, we obtain the solution of Eq. (3) as
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c(t) = exp[— (y/2 + iw)t]e(0) with y =2 J(wp) and @ =
wy + P fo d a) , where P represents the Cauchy principle
value. The p051t1v1ty of the self-correlated spectral density
Jo(wp) ensures the existence of positive values in elements
of 7, which leads to a complete decay of the quantum
coherence in long-time limit [60]. As shown in the follow-
ing, a distinct behavior appears beyond the Born-Markovian
approximation, which needs an exact solution of the dy-
namics. Equation (3) is formally solvable by the Laplace
transform ¢(s) = foo e'¢(t)dt, which results in ¢(s) = [s +

iwg +f0 da)J(“’)] c(0). c(z) is obtained via the inverse

+iw
Laplace transform to €(s), which can be done by finding the

poles from (@ = is)

D; (a))

o0
yj(w)zwo—[ do———
0 w— o

with D;(w) being the jth eigenvalues of J(w). It is inter-
esting to find that the root @ multiplied by % is just the
eigenenergy of Eq. (2) in the single-excitation subspace (see
Appendix C). It indicates that the dynamics of the system
characterized by c¢(¢) is intrinsically determined by the fea-
tures of the energy spectrum formed by /izw. Because y;(w )
is a decreasing function in the region of @w < 0, Eq. (4) has a
discrete root wJ’-’ provided y;(0) < 0. The QE-SPP eigenstate

for the eigenenergy hw}’ falling in the band-gap regime of the
SPPs is called a bound state, whose formation has profound
consequences on the dynamics of the QEs [65,79]. It is ex-
pected that, depending on the system parameters, N bound
states could be formed at most for our N-QE configuration.
In the region of @ > 0, y(=) is ill defined and thus Eq. (4)
has an infinite number of roots, which form a continuous
energy band. According to the Cauchy’s residue theorem,
we have

c(t) =721)+ /OO d—w[é(0+ —iw)—¢(0” — iw—)]e—iwz,
0 2

®)

where Z(t) = —i Z 1 Res c(—zwb)]e i} i, with Res[-] be-
ing the residue contrlbuted by the jth bound state w}-’ and
M being the number of formed bound states. The second
term comes from the eigenstates of the energy band. Oscil-
lating with time in continuously changing frequencies, the
second term tends to zero in the long-time limit due to the
out-of-phase interference. Thus, if the bound state is absent,
then lim,_, o ¢(#) = 0 characterizes a complete dissipation,
while if the bound states are formed, then lim;_, o, ¢(¢) = Z(t)
implies a dissipation suppression. Such behaviors are absent
in the Born-Markovian approximation and unique for the
non-Markovian dynamics. This result inspires us to propose
a scheme to realize a QI by the metal nanowire. Such a QI
acting as a quantum bus permits us to distribute a stable
entanglement among the QEs acting as nodes of a quantum
network in the non-Markovian dynamics due to the formation
of the bound states.

First, we consider N =2 under the initial condition
|W(0)) = |e1g2). We calculate (see Appendix D)

1 & 1
Z(t) = E ZK(%) mid ((_1)j+1>’ (6)

j=1

: ' I — 1 (@) ]
with KY) =[1 +fdw(‘"):;f7—w);,)z(w)] . The QE entan-

glement in a state p is measured by concurrence C; =
max {0, /A1 — VA2 — ~/A3 — /A4}, where A; are the eigen-
values of p(6y ® 6,)p*(6y ® 6,) in decreasing order [80].
From the bound-state analysis, we obtain

0, M=0
Ca(00) = (Kéi))z/Z, M=1, (7
(KDY = (KP) + D] [2. M =2

where D(t) = 21K0(PK(1 sm[(zzr1 — @, b)]. Tt indicates that
the features of the entanglement dynamics in the steady state
is determined by the number of bound states, i.e., a stable or a
persistently oscillating entanglement between the QEs would
be generated once one or two bound states are formed. This is
in sharp contrast to the previous Born-Markovian approximate
results, where the entanglement approaches zero exclusively
[50-52,55-58]. These diverse signatures can be explained by
our bound-state analysis (see Appendix E). Revealing a mech-
anism to overcome the detrimental influence of the damping
SPP in the absorptive medium on the generated entanglement
between the QEs, this bound-state favored long-time feature
endows our system with an ability to realize QI via the me-
diation role of the metal nanowire. Note that Eq. (7) reveals
that the entanglement is lost at the degenerate point of the two
bound states.

Choosing the metal as silver with e, = 5.7, and /iy, =
0.1 eV [81], we show in Fig. 2(a) the number of bound
states via solving Eq. (4). It is seen that two bound states are
formed in the small-r, regime. The entanglement evolution
in Fig. 2(b) reveals that, besides the severe oscillations in the
transient dynamics characterizing the non-Markovian effect of
rapidly energy exchange between the QEs caused by the near-
field enhancement of the SPPs [63,82], rich entanglement
features, e.g., complete decay, stable trapping, and Rabi-like
oscillation, are exhibited in the steady state for different r,. It
indicates that the non-Markovian effect manifests its action
on the QE not only in its transient dynamical process, but
also in its steady state. The steady-state entanglement equals
exactly to the ones predicted by Eq. (7) [see Fig. 2(c)]. The
regions where C,(oco) displays distinct features match well
with the ones of different numbers of bound state formed in
the energy spectrum [see Fig. 2(d)]. Different from the asymp-
totic vanishing in the Born-Markovian approximation [51],
the result verifies our expectation that an efficient QI between
the QEs with persistent entanglement is realized due to the
formation of one or two bound states. Figures 2(e)-2(h) show
the results in different QE distance d. We see that a stable
entanglement is generated for d in support of the formation
of a bound state for the relatively large QE-nanowire distance
r, [see Figs. 2(e) and 2(f)]. With decreasing r,, the QE-SPP
coupling is so enhanced that two bound states are formed
even when the QEs are separated in a distance as large as
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FIG. 2. (a) Numbers of the bound states. (b) Evolution and (c) long-time values of C,(¢) in different r, when d = 5 nm by solving Eq. (3).
In (c), the blue lines and red points are from Eq. (7) and Eq. (3), respectively, and the orange region covers the values of C,(co) during its
persistent oscillation. (d) Energy spectrum of the whole system, which consists of a continuous band and two branches of bound states in the
band gap. Eigenenergies of the bound states and evolution of C,(¢) in different d when r, = 0.01264 in (e) and (f) and 0.0122 in (g) and

(h). The dotted lines highlight the critical points in which the entanglement is lost in the long-time limit. Other parameters are iy, = 10

N =2,R=0.01%, wp = 0.1w,, and fiw, = 9 eV.

0.3A9. Then, a persistently oscillating entanglement can be
established except for the accidental-degenerate points [see
Figs. 2(g) and 2(h)]. With a fixed number of bound states,
quantitative changes in values of the entanglement can be
observed by changing the parameters, which indicates that the
specific form of bound states determines the explicit values
of entanglement. Efficiently avoiding the dissipation induced
by the absorptive metal, the bound states are favorable for
creating persistent entanglement between QEs. In contrast to
the localized structure [65], the coupling of QEs with the
transported SPPs along the nanowire endows the generation
of quantum entanglement between QEs in larger distance with
more than one order of magnitude. Such bound-state favored
behavior paves the way for applying SPPs in designing QI
to scalable quantum network [39,83]. Note that stronger con-
finement of the SPPs is accompanied with a higher metal
absorption. We thus must make a balance to the strong QE-
SPP coupling and the long propagation distance by choosing
proper radius R (see Appendix F).

Our result can be scaled up to the cases with a
large number of QEs. It is derived from Eqs. (4) and
(5) the nonzero Z(t) when different numbers of bound
states are formed. A lower bound of the N-qubit en-
tanglement is Cy(p) = [% 22;1 Zle(c,'g)2]%, where C! =
max{0, \/Ax1 — Zq>l VAk,g}, With Ay 4 being the eigenvalues
of pLj ® 0] p*L} ® o' in decreasing order with ¢. Here, o' is
the Pauli matrix acting on the nth qubit, L is the kth generator
of the group SO(2V~") acting on the other N — 1 qubits, and
K =2N=2(2¥=1 — 1) is the number of the generators. Cy(p)
reduces to the concurrence for N = 2 [84,85]. Figure 3(a)

eV,

shows C3(¢) in different r, for N = 3 under the condition
[W(0)) = |e1g283). Similar entanglement features as the N =
2 case, e.g., complete decay, stable trapping, and Rabi-like
oscillation but with more frequencies than the N = 2 case,
are present in the steady state. The regions of these features
match well with the ones with zero, one, and more bound
states formed in the energy spectrum [see Fig. 3(b)]. At most
three bound states can be formed for small r, [see Fig. 3(c)].
The regions in the presence of the nonzero tripartite entan-
glement also support a nonvanishing bipartite entanglement.
Figures 3(d)-3(f) reveal that persistent entanglement between
any pair of the QEs is also generated with the formation of
bound states. We find in Fig. 4 that the bound-state favored
stable entanglement is also valid for N > 3. The above results
reveal the scalability of our QI scheme.

IV. DISCUSSION AND CONCLUSIONS

Our scheme is realizable in the state-of-the-art experi-
ments. The QE may be a quantum dot or J aggregate, which
can be excited by optical or electric driving [86,87]. The
nanowire was fabricated by synthetic and lithographic tech-
nologies [88]. The strong QE-SPP coupling is achievable
by adjusting the QE positions via tuning the thickness of
a spacer, the nanopositioning techniques, and the microflu-
idic flow control [62]. The controllable couplings between
CdSe quantum dots or the J aggregate and SPPs and between
multiple quantum dots and SPPs on a silver nanowire have
been realized [61,89,90]. The bound state and its dominated
role in the non-Markovian dynamics of one QE have been
observed in circuit QED [91] and cold-atom [92,93] systems.
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FIG. 3. (a) Evolution of C;(¢) in different r, by solving Eq. (3).
(b) Energy spectrum and (c) numbers of the bound state as a function
of r, by solving Eq. (4). (d)—(f) Evolution of Cj,, C;3, and Cy; in
different r,. Other parameters are the same as in Fig. 2(b) except for
N =3.

This progress gives a strong support to the realization of our
non-Markovian QI. Compared with the circuit QED [91] and
the cold-atom [92,93] systems, the advantage of the SPPs is
the strong QE-SPP coupling favored by the subdiffraction
confinement and the room-temperature working condition.
The optical-frequency feature of the SPPs makes them easily
interact with the widely used solid-state qubits.

In summary, we have proposed a scheme of non-
Markovian QI formed by a metal nanowire. A mechanism
to generate a persistent entanglement among the distant QEs

0.6 () 0.4 (b)

Cn(e0)
Cn(e0)

FIG. 4. Cy(oc0) in different N when (a) N and (b) one bound
states are formed. Only the maxima of Cy(oco) are plotted in (a).
r, = 0.012)( in (a) and 0.013X¢ in (b), others are the same as
Fig. 2(b).

via the SPP supported by the metal nanowire is discovered.
It is revealed that as long as one or more QE-SPP bound
states are formed, the entanglement exhibits a finite-value
stabilization or a persistent Rabi-like oscillation in the long-
time limit, respectively. Overcoming the destructive impact
of the metal absorption to the SPPs on the SPP-mediated
QE entanglement, our result enriches our understanding on
the light-matter interactions in lossy medium and supplies
an instruction to apply SPP in designing scalable quantum
devices.
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APPENDIX A: MACROSCOPIC QUANTUM
ELECTRODYNAMICS

The quantization of electromagnetic field in a disper-
sive, absorptive, nonmagnetic, and linear (homogeneous
and isotropic) medium is phenomenologically realized by
the method of macroscopic quantum electrodynamics. It is
macroscopic because it treats the electromagnetic field as
being governed by the macroscopic Maxwell equations and
treats the medium in terms of permittivities and perme-
abilities, taking the charges and currents in the medium as
continuous [66]. The Maxwell equations in a dispersive and
absorptive medium are

V-B(r)=0, V x E(r) = —B(r), (A1)
V.-D(r)=0, V x H(r) = D(r), (A2)
where H(r) = B(r)/uo and D = ¢g)E + P. Because the

medium linearly responses to the electromagnetic field, the
polarization P reads

P(r,t) = g /w x(, )E(,t —t)dt +Pn(r,1), (A3)
0

where the convolution describes the material’s polarization
in response to the field and x is the electric susceptibility
of the medium. In Eq. (A3), we have introduced the noise
polarization Py to describe the medium absorption to the
electromagnetic field. After making the Fourier transform, we
obtain D(r, w) = gye(w)E(r, ) + Pn(r, ), where g(w) =
1 4+ x(w) is the relative permittivity. For the dispersive and
absorptive medium, the permittivity €(w) is a complex func-
tion of frequency, i.e., e(w) = er(w) + ier(w). The real and
imaginary parts, which are responsible for dispersion and
absorption, respectively, are uniquely related to each other
through the Kramers-Kronig relations as

R Rt (Ad)
o —w

P / do R~ (AS)
b w —w
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where P is the Cauchy’s principal value. It is readily to de-
rive the wave equation of the electric-field strength in the
frequency domain as

2
[V x V x —i)—ze(a))i|E(r, w) = ioujn(r, o), (A6)

where jn(r, ) = —iwPN(r, w) is the noise current density.
Equation (A6) can be solved by the Green’s function method
as

E(r, w) = iopg / d’r'G(r, v, w)in(r', ) (A7)

with the Green’s function G(r, r’, ®) determined by [75]
w2
[V x V x ——zs(a))j|G(r, r,w)=38r—-r). (A8)
c

In macroscopic quantum electrodynamics, the transition
from classical to quantum theory consists in the re-
placement of the classical noise current jn(r, ) by the
operator-valued field and the requirement of the noise
current operator to satisfy the canonical commutation rela-
tion [jn.i(r, ), J{i ; (', )] = 0?22y (0)8;;6(r — r')8(w —
'). This is equivalently achieved by setting jn(r,w) =
w,/%sl(w)f(r, w), where f'(r, w) is the bosonic operator
satisfying [fi(r, ), f?(r’, )] =68;;6(r —r')8(w — ') and
[fi(r, »), fj(r/, o] = [f?(r, ), f;(r’, ®')] = 0. Therefore,
we have the positive-frequency part of the quantized electric-
field strength as

2
E(r,0)=i /i% f v Je()G(r, r', o)f (X', »).
TEY C
(A9)

It is worth noting that when e (w) — 0 in a certain
frequency interval and hence jn(r, @) — 0, the electric field
E(r, ») in Eq. (A9) does not vanish. A careful inspection
of the integral reveals that E(r, w) tends to the familiar
representation of the source-free field through mode
decomposition. In particular, in the absence of dielectric
matter, i.e., €(w) — 1, it reduces to the source-free field
in free space [66]. To prove this, we take a linearly
polarized electric field propagating in the x direction as
an example, which effectively reduces the system to one
spatial dimension, i.e., E(r, w) = Ey(x, w) = E(x, ),

fr,w) —> f;(x, w) = f(x, ), and G, r',w) —
G(x,x',w). Then, the wave equation (A8) takes
the form
aZG , /7 2
(X @) | @) p ) = —s(x—x). (ALO)

ax2 c?

Using Cauchy’s residue theorem, its solution is calculated as

. , L on@) |
G( , ) /dk CZezk(x—x) iet e Jx—x"|
xx, 0)= [ — =
T 27w 2k? — wle(w) 2clwn(w)’

(Al1)

where n(w) = e(w) = B(w) + iy (w) is the complex refrac-
tive index. Substituting Eq. (A11) into Eq. (A9), we obtain

L h Bl@)or wsw:,
Ex o) =1 A cwegBf(@)A n(w) [e a+(x, )

(A12)

where A is the normalization area perpendicular to the x
direction and

2y (w) zrx +x —in(@y’ A
a0 = iy 22 el / e f(4x, w)dx.
cw~ oo

(A13)

The subscripts 4+ and — denote propagation to the right and
left, respectively. It can be derived that

[0+ (x, ), aL(x, 0]) = e 7OV (@ — o). (Al4)

Now, assuming that the absorption of the medium to the
field in a chosen frequency interval Aw is so small that
the condition y (w) <« B(w) is satisfied. Equations (A13) and
(A14) indicate that the operators a.(x, w) becomes inde-
pendent of x when y(x)w|x — x’|/c — 0. Then, Eq. (A12)
reduces, in the chosen frequency interval Aw, to the familiar

result
E(x,w) =i S
Hw) =i 4 cwegB(w)A

iwpo)x —iwp(w)x

ar(w)+e =

X[E ¢

a_(w)], (A15)

where the associated photon operators . (w) and &) (w) sat-
isfy the commutation relation [d4(w), d(0')] = §(w — @').
Further when the dielectric matter is absent, i.e., B(w) =1,
the electric-field strength becomes the quantized form in the
free space

h iwx —iwx
E(x,w)=iw /W[67&+(w) +e &_(w)],

(A16)

where w = ck. It is obvious that the field operator becomes
the familiar free-space form in the limit ej(w) — 0 [66].

APPENDIX B: GREEN’S TENSOR

We here provide the analytical form of the Green’s tensor
of the electromagnetic field in the interface of a metallic
nanowire and the free space. Consider an infinitely long cylin-
drical nanowire with a complex dielectric function ¢,,(w) and
a radius R. The Green’s tensor at the observation point r
triggered by a source point at r’ outside the cylinder is [60]

G'r,v,w)+ GR(r,r,w), r>R
Gr.r',w)= . (BD
Gl (r, 1, w), r <R

where GO(r, 1, w), GR(r,¥, w), and G7(r,r, w) are the
Green’s tensors contributed by the free space, the reflected,
and the transmitted fields, respectively. To fulfill the boundary
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conditions, we expand the Green’s tensor in cylindrical harmonics. Then, we have

0 , _ FR(r—r') i — &m0
G(r,l’,(x))——k—g+— dkz
(1) / (1) / /
[M (kr(p k79 r)Men(kr()’ kZ3 r ) + N (krov kzv r)N”n(kro’ kzv r )]1 r>r, (B2)
1 (ko kz, r)M”(km, koo ) + Nopl K ON,) (kyy, =k, ¥)], T <,
G (r,v', w) = é / {[ARME, (ky, kv ) + BroNG, (K, ke 1ML (ki =k, 1)
[CRLNEn (k,o, k,,r)+ DRSM“)(k,O, k;, r)]N“)(k,o, —ke, 1)}, (B3)
G (rr, ) = — {[Ar-Mey(ky, , & BroNoy(ky,, k., 1) ]MY (k '
(r,r,w)—g Ty "n( T z:r)+ TP "n( T z’r)] en( ros ~ Rz )
+[CT;N;n<krl ke ©) 4+ DroMon (ki ke, DING) (ki =Ko, 1)), (B4)
[
where Age, Bro, Cge, Dio and A7y, Bro, Cre, Dro are the reflec- the SPP is thus obtained as
tion and transmission coefficients, the subscript e and o denote
cosng ik 2
even and odd, M;n(km/l,kz, r)=V x[J, (kro/lr)(smmb )e":iz) Jy(@) = 3V0ca§ Im
and N, (ky,,, k;, 1) = k0/1 =V x Me,(k;, r) are the cylindrical 8wy
harmonic vector wave functions, respectively. The tensor 00 00 A
product is defined as M(),,N(l) M, N\ + M, ,N{. Here, x |: / dk, 2(2 — 8 0)eee )én(kmr)},
. - n=0
r=(r,¢,2), k= (k, ky, k), and ky,, = /kg,, —k? with O (B7)

and 1 denoting the wave vectors outside and inside the
cylinder. When “(1)” appears at the superscript of M or
N, the Bessel function J,(x) has to be replaced by the
Hankel function of the first kind Hrgl)(x). According to
the boundary conditions £ x [G(r, r'),—g- — G(r, 1'),—p+] =
Oand £ x V x [G(r, ¥'),—r- — G(r,1"),—g+] = 0, the reflec-
tion and transmission coefficients can be determined.

The coupling between the quantum emitter (QE) and the
surface plasmon polariton (SPP) is strongest when the dipole
moment of the QE orients towards the radial direction [50].
Then only the rr component of the Green’s tensor contributes
to the interactions. We obtain

8 _ /
Grr(rv l'/, w) = — %
+ —f dk, Z(z—a,, 0)eE=Dg, (k, ),
n=0
(B5)
with
ZH(I)
Eu(x) = —(’C)[J () + ApeH" (1)]
k29,HD
ZTnz(X)Z)r[Jn(x) + CR"H,SI)(X)]
2mBrks b ey, HO(x), (B6)
kokmx

where the contributions of the free-space, the reflected, and
the transmitted fields have been incorporated. The spectral
density characterizing the couplings between QEs induced by

where yy = a)g/ﬂ /3mheoc? is the decay rate of the QEs in
the free space. In Ref. [60], the fundamental n = 0 mode of
the SPPs in nanowire has been studied to create quantum gate
between two A-type QEs under the Born-Markovian approxi-
mation. Here, we provide a rigorous study on the dynamics of
an array of QEs coupling with the nanowire with all orders of
the SPPs taken into account and investigate the positive roles
of non-Markovian effect in designing QI.

APPENDIX C: ENERGY SPECTRUM

The eigenenergies of the hybrid QE-SPP system can be
derived as follows. In the single-excitation subspace, the
eigenstate of the total QE-SPP system is expanded as

- [lea[ + [ @' [domai'c w)}m; (0u)-
i

(CD)
From the stationary Schrodinger equation H|®) = E|®), with
E being the eigenenergy of the total system, we have
ic2w?
Ex; = hawox; — / d’r / dwy/Im[en(w)]

Jreo/h

Xy - G(ry, , ©)yr o, (C2)

E hi + e [em(w)]
= hwyVr.» + ——=+/Im[g,,(w
Yr,0 0r, W
x Z wi - G*(ry,r, w)x;. (C3)

l

033518-7



YANG, LIU, XIA, BAI, AND AN

PHYSICAL REVIEW A 109, 033518 (2024)

Substituting y; ,, solved from Eq. (C3) into Eq. (C2), we have

|:E — hwy — I / dcoEJiwh)w]x =0, (C4)

where x = (x; XN )T. In the derivation, the relation as
[d’s %Im[sm(w)]G(r, s, w)G*(r', s, w) = Im[G(r, 1, w)]
and the definition of the spectral density have been used.
The equations have nontrivial solution if and only if the
determinant of the coefficient matrix is zero. Therefore, we
obtain the eigenequations

E Di(w) E
(=) =wo+ [dom == 1=1,....N, (C5)

where the Jordan decomposition J(w) = VD(w)V~!, with
D(w) = diag[D;(w), ..., Dy(w)] being the Jordan canonical
form of J(w) under the similarity transform V, is used. It is
evident that Eq. (C5) has the same form as Eq. (3) in the main
text determining the dynamics of the QEs. This indicates that
the dynamics of QEs is intrinsically determined by the energy-
spectrum character of the total QE-SPP system. Because
)’1(%) is a decreasing function in the region of E < 0, Eq. (C5)
has discrete root E” provided y;(0) < 0. The hybrid eigenstate
corresponding to such a discrete E” is called a bound state,
which is the eigenstate of the total QE-SPP system with the
corresponding eigenenergy falling in the band-gap regime. In
the region of £ > 0, yl(%) is ill defined and thus Eq. (C5) has
an infinite number of roots, which form a continuous energy
band.

The excited-state amplitude x can be calculated by
substituting Egs. (C2) and (C3) into the normalization con-
dition Y, [x;1> + [ d@’r [ dw|yr,|* = 1. In the case of N =
2, there are at most two bound states formed. The Jordan

canonical form of the spectral density J(w) = (j?gii j(‘)gi;)
reads

D(w) = diag[Jo(w) + Ji(®), Jo(w) —Ji(w)].  (CO)

When one bound state with eigenenergy E? is formed under
yi(%) <0, we have x! = x5 and

Jo(@) — Ji(w)7-1
|x1| [ /dww] _ (C7)
(E*/h — w)?
When one bound state with eigenenergy E? is formed under
y2(%) < 0, we have x¥ = —x5 and
12 1[ / Jo(w)+11(w)]—l
=-|1 do——"—" C8
|x1| 2 + ® (Eb/h—a))z (C8)

When two bound states with eigenenergies El? (j=1,2)are

formed, we have M = 2,x = (=1)*1xb Xj o and
1 T 1Y ()7
J: 2 (E]l?/h —w)?

APPENDIX D: STEADY-STATE SOLUTION

Without an analytical solution, Eq. (2) in the main text
can only be numerically solved. However, we can analytically
derive its asymptotical form in the long-time condition. A

Laplace transform ¢(s) = f e‘“ c(t)dt recasts Eq. (2) into
es) =[s+iwy+ [y do Jw) 17160,

s+iw

1. System with N = 2

Remembering the Jordan canonical form D(w)=
diag[Jo(w) + Ji(w), Jo(w) —Ji(w)] and under the initial
state ¢(0) = (1, 0)T, (s) equals to

2

1 1 1
W) ==Y — ( -+1>, o)
() —1)/
2 = Koy () (=D
with /C%(S) =s+iwy+ fdw%w
Its inverse Laplace transform reads ct) =
— ,f+;o €(—iw)e "@'dew, which can be done by finding

the poles of ICOI () =0,i.e.,

yj(w)zwo—i—/dej(w) =w, (D2)

o —w

which matches exactly with Eq. (C5) under the relation E =
hw. According to the Cauchy’s theorem, we obtain the gen-
eral solution of Eq. (4) as

c(t) =21)+ /OO d—w[5(0+ —iw)—¢(0” — iw)]e_iw’,
0 2

(D3)
where the first and the second terms are contributed from the
isolated poles wj’? and the branch cut of Eq. (D2), respec-
tively. We call the eigenstates corresponding to the isolated
poles Eb = szlb the bound states. In the long-time limit,
the second term tends to zero due to the out-of-phase in-
terference of the poles along the branch cut. Thus, only the
contributions of the bound states, i.e., lim;_, o c(t) = Z(¢),
with Z(t) = —i Zﬁil Res[é(—iw}’)e‘iwﬁl] being the residues
of the isolated poles and M being the number of formed bound
states, survive. Using the I’Hospital rule, the residues can
be obtained. When one bound state with eigenenergy w? is

formed under y;(w?”) < 0, we have
i 1
Z(1) = —K(’) '((_1),+1), (D4)

with K/ = [0y K$ (@) iy—ipr] ™. When two bound states
with eigenenergies zzr,’-’ are formed, we have M = 2 and

1 &
Z1) = 5 ZK5{>e-'wff<(_11)j+l>, (D5)

j=1

with K = [0, KS (@) w¢]~!. From the definition, it is
easy to obtain BwlC(’)(w) =1+ fdww Ac-

(w—w)
cording to the form of xj,l obtained in Eq. (C9), we have

K\ = 20x% 2.
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2. System with N = 3

The Jordan canonical form of the spectral density J(w) =
Jo(@)  Ji(w)  h(w)
(i) Jo@) () reads
D) Ji(w)  Jo(w)

D(w) = diag{Jo(w) — h(w),

x =[2Jo(®) + L (w) — \/8JF (@) + T3 ()],
x =[2Jo(®) + L (w) + /8T (@) + J2(w)]}

(D6)

l\)l'—k NI'—‘

Under the initial condition ¢(0) = (1, 0, 0)T, we have

Ko()Y ~'(s) — [K2 ()]

c(s) = 3 2Y L $)[s + iwy — Ki1()] |, (D7)
Ko(s)Y ' (s) + [K2 ()]
where Y (s) = Ko(s)KS)(s) — 2[K1(s) — s — iwg]®>  and

Ku(s) =5+ iwy + fda){_:l‘“w) c() is obtainable by the
inverse Laplace transform to ¢(s), which needs find the poles

of Y(s) and IC (s) Being similarly to the N = 2 case, the
contributions of the branch cuts of Y (s) = 0 and /C(()Z)(S) =0
tend to zero and only the ones of their isolated poles survive
in the long-time condition. The contributions of these
isolated poles can be derived via the residue theorem. After
a straightforward calculation, we obtain the asymptotical
solutions lim,_, o €(¢) = Z(t) = [Zi(t), Zo(t), Z5(¢)]T, where

. M’
Z(1) = TI{ZKO(—
j=1

Y( — iw}’)]_le_iwf}'j’

F [0 KD (—im?)] e } (D8)
M/
L) =—iYy [ —io] +ivy — Ki(—iw])]
j=1
x [0 Y (— iw?)] e, (D9)

Here w}’ and o’ are the isolated poles of Y (—iz) = 0 and

K3 (—iz) = 0, respectively.

APPENDIX E: DYNAMICAL EFFECTS OF BOUND STATES

Consider that M bound states are formed. According to
the completeness of the eigenstates H|®P) = E|P), we can
expand the time evolved state as

M —iebt iyt
(W) =) che ™ |®0)+ > cue |Py), (Bl
j=1 aeBand
where c (d>b|\ll(0)) and ¢, = (®,|¥(0)). The first term

is contrlbuted from the bound states and the second one is
from the continuous-band eigenstates. The excited-state popu-
lation of each QE, i.e., P;(t) = (\Il(t)|6;€r; |W(t)), is calculated

to be

—i( E” E” )

Pi(t) = Zcb*b —5=

JJ'=1

bx b
Xj lle

i(Eq—E /)t

_ o
+ E CoCal T Xy Xl

o,a’eBand
7(([‘1) Eq)t
+ E E ch - a,,xj,, + c.c.,
j=1 aeBand

where x’?’ ; and x, ; are the excited-state probability amplitudes
of the /th QE in the jth bound state and the o band state,
respectively, see Eq. (C1). Both of the second and the third
terms contain the oscillating frequencies E,/h, which are
continuously summed in the continuous energy band. Such
terms tend to zero due to the out-of-phase interference of
the different components in the long-time limit. Thus only
the contributions of the bound states survive in the long-time
limit.

For the N = 2 case, if one bound state is formed under
the condition [W(0)) = le, g:{0,}), then we have M = 1 and
c? = xb*. Therefore, we obtain

Py(00) = Py(00) = |x1| (E2)

If two bound states are formed, then we have M = 2 and

¢’ = x%. Thus, we obtain

AE"
Pi(c0) = \xilr‘ + |)clz’,1|4 +2|x?q1x§71|zcos< 5 t),

(E3)

4 4 2 AE"t
Pu(o0) = o[+ o [ = 20 o P eos (51,
(E4)
with AE’ =Ef’ —Ezb. These results match exactly with
Egs. (D4) and (DS5) directly derived from the Laplace

transform.
The concurrence of two QEs is determined by C,(¢) =

2|Py(1)Py(t)| 2. We readily have
Car(00) = 2|x’1’|4 (E5)
for M = 1, and
AE?b
Ca(00) = 2\/[%‘1 ’4 + ’xg,l ’4]2 - 4|xf,1x§,1|20052 <_h t>

(E6)

for M = 2. Equations (E5) and (E6) take the same form as the
one of Eq. (6) in the main text.

The above proof clearly demonstrates the distinguish role
of the bound states in determining the long-time steady state.
The decoherence suppression caused by the formation of the
bound states is guaranteed by the characters of the bound
states as stationary states with isolated eigenenergies of the
total system.
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FIG. 5. Cy(o0) and energy spectrum of the total system in differ-
ent R when r, = 0.012) in (a), (b) and 0.0131, in (c), (d). Other
parameters are the same as Fig. 2(b) in the main text.

APPENDIX F: NANOWIRE WITH DIFFERENT RADIUS

The SPPs generally contain multiple modes labeled by
n=20,1,2,...,see Eq. (B7), which have different properties
in field confinement and propagation loss [62]. For example,
the fundamental mode n = 0 shows tighter confinement for
small values of the nanowire radius R, but has a shorter

propagation length due to higher absorption in the metal. In
contrast, the confinement of the n > 0 modes decreases and
almost unconfined for the small R, but has larger propagation
lengths. Thus, the nanowire with a proper R is a key point
for generating a strong QE-SPP coupling along a relative
long propagation distance. In our scheme, the strong QE-SPP
coupling is important in the generation of bound states. Thus
we choose a small radius, i.e., R = 0.01A¢p ~ 15 nm. In this
case, it is the fundamental mode with n = 0 that plays a major
contribution to the QE-SPP interaction. If further reduce the
radius, it is expected that the strengthened field confinement
leads to the enhanced QE-SPP coupling, which is beneficial
for the formation of bound states. However, the higher ab-
sorption would lead to a shortened distance d between QEs
in supporting the formation of the bound states. On the other
hand, if we increase R, then the QE-SPP coupling is not strong
enough to form the bound states, where, although the SPPs
propagate a long distance, the entanglement still tends to zero
in the steady state.

To see it more clearly, the energy spectrum and long-time
limit of C,(t) are plotted in Fig. 5 with the change of R at
two characteristic values of r,. The related numerical results
support the discussions above.
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