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We numerically investigate the resembling pulse regimes in mode-locked fiber lasers through hybrid fil-
tering implemented using super-Gaussian and sinusoidal spectral filters (SSFs). By modulating the saturation
energy and filter bandwidth of the SSF, several stable regimes of resembling pulses including single, bounded,
overlapped double resembling, and bounded triple resembling pulses can be produced. We explore the pulse
characteristics of different single and bounded resembling pulses, such as the pulse intervals, chirps, optical
spectra, and regime formation. During the transition between different mode-locked regimes, chaotic and
pulsating pulses emerge, similar to the scenario of transitions induced by a single filter. Further study shows
that synchronous and asynchronous power oscillations are produced in the pulse intensity and optical spectra
when the laser operates at three typical pulsating states and one chaotic state. This paper reveals the effect of
hybrid filtering on multipulse dynamics and proposes a method for modulating the mode-locking resembling

pulses in fiber lasers.

DOLI: 10.1103/PhysRevA.109.033513

I. INTRODUCTION

Mode-locked fiber lasers (MLFLs) are highly versatile and
are used for generating various pulses or soliton sequences
that are valuable in nonlinear scientific research and industrial
applications [1]. As a type of nonlinear system with gain and
loss, MLFLs not only facilitate the generation of stable soli-
tons for specific applications but also support unstable soliton
states including periodic pulsating solitons, breathers, soliton
exploration, and chaotic regimes [2-5]. The pulse dynamics
of MLFLs are highly dependent on the intracavity compo-
nents such as saturable absorbers (SAs) and spectral filters or
effects such as cavity dispersion and nonlinearity [6—8]. Re-
searchers have developed various general strategies to obtain
desired mode-locked pulses such as conventional solitons and
dissipative solitons in anomalous and normal group-velocity
dispersion laser configurations, respectively [9,10]. In addi-
tion to dispersion engineering, inverse saturable absorption
effects support the formation of dissipative soliton resonances
[11,12]. Spectral filters, also known as pulse shapers, play a
crucial role in MLFLs with different configurations by facil-
itating dissipation and limiting optical spectrum broadening
[13-16]. Over the past decade, the effects of filtering on
mode-locked pulses have been investigated through numerical
simulations and experimental studies. On one hand, the tuning
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of the spectrum bandwidth using band-pass filters (BPFs)
or fiber Bragg gratings allows control over the transition of
soliton regimes, leading to pulse splitting and soliton molecule
formation and inducing intermediate pulsating solitons and
intriguing abrupt nonlinear phenomena during the transition
[17-21]. On the other hand, sinusoidal-type spectral filtering
(SSF), implemented using the Lyot filter, multimode interfer-
ence filter, or interferometer filter, facilitates the formation
of laser pulses with multiple wavelengths or high repetition
rates and induces diverse soliton regimes and state transitions
[22-25].

In general, more than one filtering effect is observed in
fiber lasers, as nearly each intracavity component has a band-
width limit. If multiple filters are employed, their composite
effect must be considered. Recent investigations have demon-
strated that the utilization of multiple filters enhances the pulse
manipulation ability, produces multiwavelength spectra, and
suppresses the noise intensity [26—30]. For example, a com-
posite filtering effect produced by a low-pass filter and comb
filter can be used to switch the laser state from a single soliton
to a soliton bunch [31,32]. Femtosecond and picosecond laser
pulses can be switched by combining a nonlinear amplifier
loop mirror filter and multimode interference filter [33]. The
combination of a Lyot or Fabry-Pérot (F-P) filter in nonlinear
polarization rotation (NPR) MLFLs is a way of controlling
h-shaped pulses, soliton bunches, or dual-wavelength spectra
[34-37]. W-shaped filters can be implemented by using three
cascaded long-period gratings with enhanced tunability of
the optical spectrum [38]. Additionally, composite filtering

©2024 American Physical Society


https://orcid.org/0000-0002-2434-7274
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.109.033513&domain=pdf&date_stamp=2024-03-13
https://doi.org/10.1103/PhysRevA.109.033513

ZENGRUN WEN et al.

PHYSICAL REVIEW A 109, 033513 (2024)

o

CW laser

[a]
o
2
o)
3]
c
IS
b=
IS
)
c
©
&
}—

-30
1550 1560

Wavelength (nm)

1570

Filter

FIG. 1. Schematic model of the mode-locked ring fiber laser.
Inset: Transmittance of the hybrid filter. WDM, wavelength division
multiplexer; EDF, erbium-doped fiber laser; SMF, single-mode fiber;
OC, optical coupler; ISO, isolator.

comprising NPR and F-P filters facilitates the generation of
resembling pulses, which contain uniform or nonuniform
modulated spikes across a pulse profile [39]. When the
modulation depths of the spikes are large enough, the spikes
are divided into discrete pulses. By incorporating two-stage
Lyot filters in a fiber laser mode locked by NPR, the pulse in-
tervals between solitons in the multipulse states can be tuned,
manifesting the beneficial role of composite filtering in the
generation and manipulation of resembling pulses [40]. The
mode-locked resembling pulses can be numerically obtained
using an SSF-based fiber laser with low saturation energy
and short filtering period [41] through gain filtering; however,
their transition dynamics have not yet been investigated.

In this paper, we numerically investigate the generation and
transition of resembling pulse regimes in MLFLs via hybrid
filtering. Hybrid filtering is achieved by combining a super-
Gaussian filter and an SSF. A rigorous theoretical model that
captures the unique effects of filtering is developed to simulate
the responses of pulse dynamics as the saturation energy and
period of the SSF are modulated. We extensively simulate the
characteristics of different resembling pulse regimes, includ-
ing pulse intensities, chirps, and optical spectra. The existence
of pulsating and chaotic pulse regimes in the transition areas is
also illustrated. This paper provides detailed insights into the
generation and behavior of resembling pulse regimes through
hybrid filtering in MLFLs.

II. THEORETICAL MODEL AND PRINCIPLE

The theoretical model of our laser uses a common ring
cavity for all fiber mode-locked lasers, as depicted in Fig. 1.
Four major components are connected by single-mode fibers
(SMFs): a piece of erbium-doped fiber (EDF) pumped by a
power-tunable continuous-wave laser diode through a wave-
length division multiplexer to provide laser gain, an SA for
achieving mode-locked pulses, a tunable hybrid filter used to
shape the pulse, and an optical coupler to output 20% emis-
sion of laser pulses for measurement. The isolator guarantees
unidirectional transmission of the laser pulse. According to

the cavity configuration, a lumped scalar model considering
all the components and fibers is utilized, in which the hybrid
filter can be studied individually. In the numerical model,
the pulse transmission in the fiber is governed by the scalar
Ginzburg-Landau equation [42,43]
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where ¥, B,, v, and €2, designate the pulse envelope, group-
velocity dispersion, self-phase modulation coefficient, and
gain bandwidth, respectively. The gain of the pumped EDF is
described by g(z). In the case of the passive fiber (SMF in the
model), the value of g(z) is zero. To characterize the saturable
gain condition, g(z) is expressed by g(z) = go exp(—E,/E),
where g is the small-signal gain coefficient and E, depicts
the pulse energy, which is a temporal integral of the pulse
intensity. The saturation energy Ej, labels the change in pump
power, whereas g( is invariant because of its small range of
variation during pump modulation.

To achieve mode locking, an SA is modeled similar to the
commonly used mode lockers such as saturable absorption
materials [44], expressed as

AT
L+ |12/ P

where Ty, AT, and P,;; denote the saturation transmission,
modulation depth, and saturation power, respectively. After
the SA, the hybrid filter is composed of a super-Gaussian filter
and an SSF, the transmittance function of which is

2n
T(w) = %exp |:—<w2;go> :||:1 — cos W], 3)

where w denotes the angular frequency. The central angular
frequency wq corresponds to the central wavelength of A, =
1560 nm in this paper. The exponential and trigonometric
terms represent the super-Gaussian filter (n = 4) and SSF,
respectively [41,45]. We fixed the spectral width of the super-
Gaussian filter by setting Q = cAL/A2, where AL =5 nm.
The value of N characterizes the period of SSF. Two examples
of transmittance of hybrid filtering are depicted in the inset
of Fig. 1. The variation in N alters the modulation frequency
across the super-Gaussian envelope. It should be noted that the
filtering described by Eq. (3) can be implemented by connect-
ing a comb filter (such as a Lyot filter [46], SMF-graded-index
multi-mode fiber-SMF structure [47], F-P interferometer [23],
or special pulse shaper [48]) and a BPF in series.

In the theoretical model, we employ Eq. (1) when the pulse
is transmitted in EDF or SMF, whereas the corresponding
transmittance function is used for the cavity components.
Equation (1) is numerically solved by the symmetric split-step
Fourier-transform method [49]. The simulation starts with a
weak pulse in the EDF instead of white noise of spontaneous
radiation, for quick convergence. The stable pulse regimes are
universally obtained within 1000 round trips (RTs). Therefore,
it is valid to terminate the simulation after 2000 RTs.

The simulation parameters are as follows: (i) B, =
29.53 ps?/km, y =3.0 W 'km™', gg =3 m~!, and Q, =
30 nm for the EDF; (ii) 8, = —23.0 ps’/km and y =
1.3 W~ km™! for the SMF; and (iii) Ty = 0.6, AT = 0.2, and
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FIG. 2. Pulse peak power of steady mode-locked regimes vs
saturation energy Eg, and N. Five pulse regimes are marked: I,
single resembling pulse; 11, bounded double resembling pulses; III,
overlapped double resembling pulses; IV, triple resembling pulses;
V, unstable mode-locked states.

Py = 100 W for the SA. The lengths of the EDF and SMF are
0.6 and 5 m, respectively, corresponding to a net dispersion of
—0.097 ps?. In the simulation process, we tune the saturation
energy Eg,; and N within the ranges of 50-600 pJ and 1-10,
respectively.

III. RESULTS AND DISCUSSION

A. State transition map of resembling pulses

To systematically investigate the effects of hybrid filtering
on mode-locked resembling pulses, we conducted simulations
over the modulation of saturation energy Eg and N with
gradients of 10 pJ and 0.2, respectively. At the end of each
simulation, the pulse peak power based on the final RT was
extracted, the collection of which is shown in Fig. 2. To
determine the operating state of the laser, we calculated the
normalized rms of the pulses over the last 100 RTs. If the
rms value was less than 1, the laser was assumed to operate
in a chaotic or pulsating state, which corresponded to the
white area (V) in Fig. 2. According to the principle of color
change and pulse characteristics [19], the map was divided
into four regions marked I-IV, which were labeled as a single
pulse state (I), bounded double resembling pulse state (II),
overlapped resembling pulse state (III), and bounded triple
resembling pulse state (IV). Between the different regions,
chaotic or pulsating regimes were observed, similar to those
observed during the transition of mode-locked multipulsing
[50,51]. The transition between regions II and IIl was in-
duced by the period of the SSF, whereas the other transitions
between stable regimes were a result of changes in the sat-
uration energy Eg. This suggests that the combination of
E,; and super-Gaussian filtering leads to the splitting of re-
sembling pulses. In the stable regions, the pulse peak power
gradually increased with increasing Eg,. Simultaneously, a
decrease in the period of SSF reduced the peak power within
the range of N < 3.2. However, for 3.2 < N < 10, the peak
power remained nearly constant with respect to N. Conse-
quently, the pulse splitting transition occurred first for small
values of N, resulting in the generation of stable bounded
triple pulses with N < 2. If the period of the SSF was small
(N > 4.2), the bounded triple resembling pulses no longer

existed. Region III was larger than region II, indicating that
the overlapped double resembling pulses had better robustness
than the bounded double resembling pulses, against modu-
lation of the filter. Furthermore, the minimum peak power
area was observed in the range of 50 < Eg < 100 pJ and
7.8 < N < 9, where the SSF dominated the pulse shape and
formed soliton macromolecules. Conversely, the maximum
peak power was distributed at the right edges of the stable
areas. When the saturation energy was increased further, the
pulse could split. The overlapped resembling pulses in region
III were formed from bounded double resembling pulses,
which required a smaller SSF period and larger saturation
energy.

B. Single resembling pulses

The pulse characteristics including pulse intensities, spec-
tra, and formation processes were concretely investigated for
the five regions of mode locking. First, we focused on the
stable single resembling pulses, corresponding to region I in
Fig. 2. Three typical results are illustrated in Fig. 3. For a low
saturation energy Eg, and small N value, hybrid filtering sup-
ported a single soliton pulse, as shown in Figs. 3(al)-3(a4).
In this case, the filtering gain was narrow. Thus, two main
filtering peaks existed to form dual walk-off pulses with dual
wavelengths when the laser was started. The pulse walk-off
originated from the discrepancy of peaks between gain and
filtering [52]. After cycling for 600 RTs, one of the dual pulses
was annihilated and the other pulse was gradually reshaped
to a steady pulse. Simultaneously, only the left peak of the
spectrum was preserved, as depicted in Fig. 3(a2). The sta-
ble pulse intensity and spectrum are displayed in Figs. 3(a3)
and 3(a4), respectively. The absence of a Kelly sideband on
the spectrum and the linear up-frequency chirp indicate that
the pulse shaping is dominated by filtering [41]. Next, by
increasing the saturation energy or reducing the period of the
SSF, a single resembling pulse was formed quickly without
walk-off. This pulse contained seven solitons with uniform
spacing, symmetrically distributed about zero time, as shown
in Figs. 3(b1)-3(b4). The chirp exhibited inverse symmetry
about the central time. Symmetric spikes were observed on the
spectrum, which were consistent with the filtering peaks. Fur-
thermore, when the saturation energy was further increased to
170 pJ, a symmetric resembling pulse about zero time was
formed during the initial 1000 RTs, which then underwent
changes in soliton distribution. The first soliton on the left and
central solitons reduced, while the first soliton on the right
gradually grew to match the profile of the central soliton,
as depicted in Fig. 3(cl). Figure 3(c3) intuitively shows the
difference between the resembling states of 1000 and 2000
RTs. The newly generated one contained three soliton pairs
symmetrically distributed around the center of the two peaks.
The positions of the spikes in the spectrum remained un-
changed, but the modulation depth increased. This variation in
resembling pulses arose from the stronger interplay between
solitons owing to the larger saturation energy. As a result,
energy exchange occurred between adjacent solitons, leading
to the formation of identical soliton pairs, similar to the pro-
cess of soliton molecules [53]. According to the simulation
results, there are three single pulse states in region I of Fig. 2,
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FIG. 3. Characteristics of single pulse states. (al, a2) Spatial-temporal evolution of pulse intensity and spectral intensity of the single pulse
state with N = 1 and Eg,, = 80 pJ. (a3) Pulse intensity profile and chirp. (a4) Optical spectrum of the steady single pulse state. Panels (b1)—(b4)
and (c1)—(c4) are the same as panels (al)—(a4) with Eg,, = 140 pJ, N = 1.8 and E,, = 170 pJ, N = 1.8, respectively.

manifesting the diverse pulse-shaping capabilities of hybrid
filtering.

To illustrate the effect of SSF period on the single re-
sembling pulse, we performed a simulation on the stable
output pulse with a fixed saturation energy of 180 pJ while
modulating the value of N. The results for N of 1, 3,
5, and 10 are presented in Fig. 4. A shorter SSF period
increases the number of spikes on the optical spectrum. Ow-
ing to the Fourier-transform relation between the temporal

pulse and spectrum, the temporal interval between solitons
increases. Consequently, the resembling pulses exhibit broad-
ening. Additionally, as N increases, the difference in peak
amplitudes between solitons increases, which can be at-
tributed to the finite gain bandwidth. In the process, no evident
Kelly sideband is observed because of the narrow super-
Gaussian filtering. The results demonstrate that the period
of SSF plays a crucial role in manipulating the resembling
pulses.
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FIG. 4. Pulse intensities, chirps, and optical spectra with different N of (al, a2) 1, (b1, b2) 3, (c1, ¢2) 5, and (d1, d2) 10, when Ej, is fixed

at 180 pJ.
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FIG. 5. Bound states of resembling pulses. (al) Formation process of double resembling pulses with Eg, = 340 pJ and N = 1.8. (a2)
Optical spectrum evolution. (a3) Steady pulse intensity and chirp. (a4) Optical spectrum. (b1-b4, c1—c4) Triple and overlapped resembling
pulses with Eg,, = 490 pJ, N = 1.8 and E,,, = 390 pJ, N = 7.8, respectively.

C. Bound states of resembling pulses

As the saturation energy increases, the single resembling
pulse in the laser undergoes splitting, eventually forming
stable bounded resembling pulses or overlapped resembling
pulses, depending on the hybrid filtering and Eg,. These
mode-locked states correspond to regions II, III, and IV in
Fig. 2. The pulse characteristics of these states are illus-
trated in Fig. 5. As shown in Fig. 5(al), a single resembling
pulse is initially formed in the laser, which is broadened and
shifted during 400-1300 RTs. Finally, the dispersion wave
background converges to form two stable resembling pulses.
The optical spectrum shown in Fig. 5(b) exhibits two main
spectral peaks symmetrically distributed around 1560 nm after
undergoing a transient process. Figure 5(a3) depicts the stable
states of the two resembling pulses, which possess identical
pulse profiles and frequency chirps. The optical spectrum
in Fig. 5(a4) manifests intensity modulation on the spectral
envelopes, with a modulation frequency corresponding to the
temporal interval between the two resembling pulses. The
pulse characteristics of the bound-state soliton indicate that
the two resembling pulses are in a bound state [54]. By setting
Eg =490 pJ and N = 1.8, the bounded triple resembling
pulse state is obtained, the pulse characteristics of which
are displayed in Figs. 5(b1)-5(b4). In this configuration, the
initially generated single resembling pulse splits into two
bounded resembling pulses, which then converge to form a
high intensity peak. However, the pulse with high intensity is
unstable in the laser and splits again, resulting in two resem-
bling pulses with a larger interval. Eventually, bounded triple

resembling pulses are formed. Figure 5(b3) shows that the
intensity profile and chirp of the three resembling pulses are
completely consistent, while the intervals between the pulses
are different. Similar to the previous case, intensity modula-
tion occurs in the optical spectrum, as shown in Fig. 5(b4).
Overlapped resembling pulses are generated in region III of
Fig. 2; a typical result is shown in Figs. 5(c1)-5(c4). The
temporal evolution shows that this regime is formed more
rapidly than the one involving bounded resembling pulses. As
shown in Fig. 5(c3), the two resembling pulses overlap, with
the two solitons in the center bounded tightly. The shape of
the optical spectrum of this regime is similar to that of the
multipulse bound state [55].

The transition from bounded double resembling pulse to
overlapped resembling pulse states can be achieved by tuning
the period of the SSF. In Fig. 6, five pulse intensities are dis-
played to illustrate the variations in the pulse characteristics
of the two mode-locked regimes. When the period of the SSF
is large, the chirps of the two bounded resembling pulses are
opposite [Fig. 6(a)]. By reducing the filter period, the chirps
of the two pulses become identical and their intervals are
shortened, as depicted in Fig. 6(b). As the filter period is re-
duced further, the pulse interval continues to shrink with chirp
inversion, finally leading to overlapped resembling pulses, as
shown in Figs. 6(c) and 6(d). In the overlapped resembling
state, as seen in the comparison presented in Figs 6(e), the
soliton intervals are enlarged with the reduction of the SSF
period, except for the two solitons in the center. The autocor-
relation traces of the two mode-locked regimes are shown in
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traces for N = 1.4 and 4.2. All results correspond to E, = 400 pJ.

Fig. 6(f). In the case of bounded double resembling pulses,
three separate peaks with intensity modulation manifest so
that the two resembling pulses are in the bounded state. For
the overlapped resembling pulse state, there is only one main
peak with intensity modulation, indicating that the solitons in
this state can be viewed as one integrated pulse.

D. Pulsing and chaotic regimes

As discussed in Sec. III A, pulsating and chaotic resem-
bling pulses are formed during the transition between the
stable mode-locked regimes. Similar to the pulsating solitons
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in the MLFLs, these pulsating resembling pulses exhibit pe-
riodic changes in the pulse peak intensity, with respect to
cavity RTs, as shown in Fig. 7. For a single resembling pulse
in Figs. 7(al) and 7(a2), the soliton peaks within the pulse
oscillate synchronously with a period of 17 RTs. In the optical
spectrum, the wavelengths of the two main peaks vary period-
ically and symmetrically within a small range, accompanied
by peak oscillations. When the saturation energy and value of
N are set to 390 pJ and 2.8, respectively, a pulsating bounded
double resembling pulse is obtained. The pulse evolution and
spectrum variations are displayed in Figs. 7(b1) and 7(b2). In
this case, the solitons in each of the two resembling pulses
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FIG. 7. Pulsating and chaotic resembling pulse states corresponding to the white area V in Fig. 2. (al, a2) Pulse intensity and spectrum
evolution of the single resembling pulse with E,, = 300 pJ and N = 5. (b1, b2) Pulse intensity and spectrum of bounded double resembling
pulses with Eg, = 390 pJ and N = 2.8. (c1, c2) Transmission of pulse intensity and spectrum of overlapped double resembling pulses with
Eg =500 pJ and N = 5. (d1, d2) Pulse intensity and spectrum of the chaotic state with E,, = 550 pJ and N = 8.
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FIG. 8. Phase evolution as a function of round trip for different
pulse regimes with (a) Eg = 140 pJ, N = 1.8; (b) Eg, = 170 pJ,
N =1.8;(c) Eqq =340 pJ, N = 1.8; (d) Es,s =490 pJ, N = 1.8; (e)
Eq =390pJ,N =7.8;and (f) E,,, = 550pJ, N = 8.

oscillate synchronously, but asynchronous oscillations occur
between the two resembling pulses. The peaks of the two
wavelengths vibrate transversely, and the patterns are asym-
metric about the wavelength of 1560 nm. Figures 7(c1) and
7(c2) depict the pulsating states of the overlapped resembling
pulse. The dynamic behaviors are similar to that of a pulsating
single resembling pulse. In the chaotic state, the resembling
pulse cannot reach a steady state as it cycles in the laser.
An example is shown in Figs. 7(d1) and 7(d2); all solitons
oscillate synchronously, but there is no stable pattern over the
whole RT. Correspondingly, the spectrum, limited by filtering,
is also unstable and is accompanied by the energy exchange
between different wavelengths.

IV. CONCLUSIONS

The resembling pulse dynamics in MLFLs operating in
anomalous dispersion regimes were numerically investigated.
We employed a lumped numerical model of mode locking
that considered all the intracavity components individually to
simulate the mode-locked states. By scanning two parameters,
namely, the saturation energy Eg, and N, five distinct regions
were identified: the single pulse state, bounded double resem-
bling pulse state, overlapped resembling pulse state, bounded
triple resembling pulse state, and unstable state. In the single

pulse state, transitions occurred from a linear chirped pulse to
two types of resembling pulse by modulating the saturation
energy and period of the SSF. Reducing the SSF period in-
creased the spikes in the optical spectrum envelope, thereby
broadening the resembling pulse. For the multiresembling
state, typical characteristics including pulse intensity, chirp,
and spectrum of bounded double and triple resembling pulses
were depicted. The transition from bounded double resem-
bling pulses to overlapped resembling pulses was achieved
by tuning the SSF period. Three pulsating resembling regimes
and one chaotic state were analyzed. The developed numerical
model can be easily migrated to other types of MLFLs with
dispersion management for demonstrating the hybrid-filtering
effect in various laser configurations.
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APPENDIX: PHASE EVOLUTION OF DIFFERENT
PULSE REGIMES

For a bound soliton or soliton molecules, a certain phase
relation exists between the solitons. If the phase differ-
ence between the solitons in the bound states is 0, &, or
/2, the solitons can be steady in the MLFLs [56]. The
phase changes of the pulses in different resembling pulse
regimes are extracted and displayed in Fig. 8. The different
phases corresponding to the pulses are marked by colored
circles in the inset of each figure. When the laser operates
in the stable state, the phases increase linearly against RT,
indicating certain phase relations between different pulses.
Figure 8(a) shows that pulse 1 has a phase identical to that
of pulse 3, while there is a phase difference of 1.1z between
both pulses and the central pulse (pulse 2). For the single
resembling pulse obtained by raising Es = 170 pJ, as il-
lustrated in Fig. 8(b), the phase difference between the two
central pulses (pulse 2 and pulse 3) is 7. The same case occurs
between pulse 1 and pulse 4. Figures 8(c) and 8(d) show the
phase changes of the double and triple resembling pulses.
The phase difference between the adjacent central pulses in
every resembling pulse is 7. For the overlapped resembling
pulse, identical phases exist between pulse 1 and pulse 4
and between pulse 2 and pulse 3. When the laser operates
in periodically pulsating resembling pulse states, the phases
of the four pulses vary synchronously. The phase difference
of m between pulse 1 and pulse 2 and between pulse 3 and
pulse 4 remains invariant. Therefore, we conclude that the
two resembling pulses in the double resembling pulse regime
are bounded.
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