PHYSICAL REVIEW A 109, 033302 (2024)

Collective excitations of a Bose-condensed gas: Fate of second sound in the crossover regime
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We develop the moment method for Bose-Einstein condensates at finite temperatures that enable us to study
collective sound modes from the hydrodynamic to the collisionless regime. In particular, we investigate collective
excitations in a weakly interacting dilute Bose gas by applying the moment method to the Zaremba-Nikuni-
Griffin equation, which is the coupled equation of the Boltzmann equation with the generalized Gross-Pitaevskii
equation. Utilizing the moment method, collective excitations in the crossover regime between the hydrodynamic
and collisionless regimes are investigated in detail. In the crossover regime, the second sound mode loses the
weight of the density response function because of the significant coupling with incoherent modes, whereas the
first sound shows a distinct but broad peak structure. We compare the result obtained by the moment method
with that of the Landau two-fluid equations and show that the collective mode predicted by the Landau two-fluid
equations well coincides with the result from the moment method even far from the hydrodynamic regime,
whereas clear distinction also emerges in the relatively higher momentum regime.
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I. INTRODUCTION

Collective excitation is one of the most fundamental con-
cepts in many-body physics [1,2]. For the homogeneous
Bose-condensed gas at zero temperature, the Gross-Pitaevskii
(GP) equation predicts the Bogoliubov excitation [2-4],
whose dispersion consists of two main regions: the long-
wavelength phonon excitation and the short-wavelength
particlelike excitation. At finite temperatures, the situation
is more complicated due to the coexistence of the conden-
sate and noncondensate components. In the hydrodynamic
region, the two-fluid theory predicts the first and second
sounds, where in-phase and out-of-phase modes emerge be-
tween condensates and noncondensates. The zero-temperature
GP equation explains a mean-field type of collisionless mode.
In a dilute Bose gas, the collisionless regime, where the
Landau two-fluid model is out of scope, is easier to address
experimentally. On the other hand, the liquid *He is inherently
incompressible, resulting in the second sound as an entropy
wave with the normal fluid and superfluid being in out-of-
phase oscillation without involving density fluctuation [5].

There have been numerous approaches to extend the
zero-temperature GP equation or Bogoliubov theory to the
finite-temperature Bose-Einstein condensates (BECs) [6—11].
In this paper, we study the collective excitation based on the
Zaremba-Nikuni-Griffin (ZNG) formalism, which provides
coupled equations of motion for finite-temperature Bose-
condensed gases [12] extended from the pioneering work
by Kirkpatrick and Dorfman [13]. A striking feature of this

“hoshu.hiyane @oist.jp

2469-9926/2024/109(3)/033302(18)

033302-1

model is its applicability; since the thermal cloud is governed
by the Boltzmann equation, this approach is not restricted to
either collisionless or hydrodynamic regimes.

In the hydrodynamic regime, the ZNG formalism provides
a microscopic derivation of the Landau-Khalatnikov two-fluid
equations including the transport coefficients [12,14]. On the
other hand, in the collisionless regime, Williams and Griffin
applied the static-thermal-cloud approximation to the ZNG
equation and derived the finite-temperature Stringari equa-
tion [15]. This equation describes the Bogoliubov excitation
with collisional damping [16].

However, the crossover from the hydrodynamic to the col-
lisionless regime has not yet been studied within a single
framework. In the hydrodynamic limit, the Boltzmann equa-
tion can be reduced to the hydrodynamic equation with a few
coarse-grained (or thermodynamic) variables. On the other
hand, in the collisionless regime far from the local equilib-
rium, one requires full knowledge of the distribution function
of the gas. This means that one needs a set of equations that
contains not a few moments. The moment method shows great
applicability in addressing the crossover from the hydrody-
namic to collisionless regimes. This method was introduced
to solve the linearized Boltzmann equation exactly [17,18],
and recently refurbished to investigate the crossover from
the hydrodynamic to the collisionless regime in the normal
systems [19-22].

In the present paper, we develop the moment method for
the ZNG coupled equations and investigate collective modes
of finite-temperature Bose-Einstein condensed gases through
the density response function. By extending the moment
method previously developed for the normal systems, we
rewrite the linearized ZNG equation in terms of the moments
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with the relaxation-time approximation. We also show that
the Landau two-fluid equations can be derived by truncating
the hierarchy of the moment equations. By solving the mo-
ment equations numerically, we study the crossover between
hydrodynamic and collisionless regimes. The result from the
moment method is compared with the dissipative Landau two-
fluid theory and shows that the second sound at the crossover
regime significantly couples to the other incoherent modes
and loses its weight. The first sound, on the other hand,
smoothly crossovers to the collisionless regime and eventually
loses its weight in the response function.

This paper is organized as follows. In Sec. II, we develop
the moment method for the finite-temperature BECs. Extend-
ing the moment method previously developed for the normal
systems, we rewrite the linearized ZNG equation in terms
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of the moments. The relaxation-time approximation in the
framework of the moment method will be reviewed in detail.
Section III is devoted to the derivation of the Landau two-fluid
equation by truncating the hierarchy of the moment equations.
In Sec. IV, we solve the moment equations numerically and
discuss the crossover between hydrodynamic and collisionless
regimes. In Sec. V, the conclusion of this paper is summa-
rized.

II. LINEARIZED ZAREMBA-NIKUNI-GRIFFIN EQUATION
AND MOMENT METHOD

In the framework of the ZNG formalism, the dynamics of
the Bose-condensate order parameter W is described by the
generalized Gross-Pitaevskii equation (GGPE) [16]:

+ Uexe(r, t) + gne(r, t) + 2gii(r, t) — iR(r, t)i| Y(r,t). (D)

The dynamics of the noncondensate atoms is described by the semiclassical distribution function f(r, p, t), which obeys the

Boltzmann equation [12,13]:

]
[5 + % V=V, U(r, 1) - Vp]f(p,r, 1) = Cnlf, Y1+ Calf], (2)
where n.(r, t) = |W(r, t)|? is the number density of the condensate, and
i(r, 1) / P _rprn 3)
nr,1) = , T,
(2w h)3

is the noncondensate number density. Here, U (r, t) = Uex(r, t) 4+ 2g[n.(r, t) + 7i(r, t)] is the time-dependent effective potential
including the external potential Ue(r, t) and the self-consistent Hartree-Fock mean-field potential. The two collision terms are
given by
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4 d d
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where we have introduced the simplified notation for the distribution function f(i) = f(r;, p;,t) with i = 1,2, 3, 4. The local
energies of the condensate and noncondensate atoms are given by e.(r, 1) = mvf(r, t)/2 + pe(r,t)and 8(i) = pf 2m+U(r,t),
with the local condensate chemical potential u.(r, t), and the condensate velocity v.(r, t). The dissipation term R(r, t) and the
source term ['j>[ f, W] are given by

Cplf(1),¥] =

AT f, W(r, )]

R(r,t) Ew, (6)
d
Cialf. W(r, 1)] = / ﬁ&z[ﬂp, r. 1), W(r. 1], (7)

In terms of the phase and the amplitude W(r, 1) = /n.(r, 1)e""", we can rewrite the GGPE in terms of the density and
velocity v.(r,t) = iVO(r, t)/m, given by

8 C k) = —
- 8(: D4y, [ne(r, ve(r, )] = —Tilf, ¥, 1)), o
_ 1 v n
[% Evvf(r,z)] = =V, 1) + Uexl, ®
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where the local condensate chemical potential u.(r, t) is given by

V2 /n.(r, 1)
2mq/n.(r,t)
In this paper, we are interested in the collective mode in a uniform system.
Following Refs. [16,19], we linearize the ZNG equation by writing the physical quantity as A(r, 1) = Ao + SA(r, 1), where Ay
is the equilibrium solution and SA(r, t) = §Ae’@7=“" is a small fluctuation with a plane-wave solution. Keeping to the first order
in §A, we obtain the following linearized hydrodynamic equations:

l‘lfc(r9 t) = — +gnc(rvt)+2gﬁ(r9 t) (10)

wdne(g, w) = neogdve(q, ) — idT12(q, w), (11)
1q*sn(q. ) "
madve(q, w) = —— = + gqdnc(q, ) + 24gdi(g, ©) + qUex (g, @)- (12)
c0

For the noncondensate distribution function, we write f(p,r,t) = f(p) + fO(P)[1 + fo(p)lv(p,r,t), where f° is the
equilibrium distribution function in a uniform system [23] and v(p, r,t) = v(p, g, w)e'"=*") describes the deviation from the
equilibrium distribution with the assumption of the plane-wave solution. By substituting this form into the Boltzmann equation,
we obtain the linearized Boltzmann equation:

i1+ fO(P)]fO(P)[( o+ u)”(l’ q.0)+ ﬂo—[2g8n(q, ®) + Uex (9, w)]}
= —Bolduc(g, w) — 2gdn(q, w)1L12[1] + L[v(p, g, w)], (13)
where én = én, + 87 and the linearized collisional operator L[v] = Li3[v] 4+ Ly [v] is given by
Lip[v(D] = —/ o h)3 /dP% / dp,Wi(1, 2,3, H[v(2) —v(3) — v(4)], (14)
_ dp, dp; _ _
Loyp[v(D] = anny | @uhy /dP4W22(1, 2,3, Hv(D) +v2)—v(3)—vEd)] (15)

Here, kernels Wy, and W,, are defined by

47 &n,. N N N
Wi, = ”g2 TERO1 4 PP @Sy — ps — Pa)S e + 82) — E°3) — 2°(4))
X [5(171 —py) —8(p; — p3) — 8(p; — py)l, (16)
4
Wy = ”TgZS(p] + Py — Py — p)SE() +8%2) — 8°3) — @) 2@ + 231 + fO4)). (17)

We expand v(p) and collisional operators L, (p) for « = {12, 22} with the spherical harmonics Y; ,,(6, ¢), resulting in (see
Appendix A for a detailed discussion on the expansion of L)

v(p) = Z Z ,/21+1 v (P)Yim(®, B), (18)

=0 m*—l

4
Lp=3Y Z 3 E Y 0. 9). (19)
=0 m=—1

Let us define the moment (p"v;) and the temperature dependent function W, as follows:

) = / e Al 20)
) = Qnhy i )

d
v = [ G P+ £ @)

One can show that the noncondensate density fluctuation is directly related to the zeroth-order moment &7 = (vg). Multiplying
p'T*Y* (p) with the linearized Boltzmann equation Eq. (13) and integrating it over the momentum, one obtains the moment
equation:

. q g l+1 4
— iw(p"Hvy) i (pI ) + l%m(l?l“k“vlﬂ) +iB an+2k+1(285”c + 28{vo) + Uex)d1,1

01 col- (22)
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The collision term on the right-hand side is given by

d
Z <P1+2k VI)coIl
22
= =P vi(p)] + Bo ( o g)fo,lz[p“, 11818, 0,
Mo
(23)
where we defined the total collision integral as
S vl = Jlp" viip)] + Ji220p" vi(p)], (24)
and the collision integral J; , for @ = 12, 22 by
dp
Jialp", =— "Ll : 25
1LelP"s vi(p)] / (2nh)3p Vi (p)] (25)

So far, the moment equation in Eq. (22) is the exact conse-
quence obtained from the linearized ZNG equations.

To solve the moment equation, we must express the colli-
sion term J; , in terms of the moments. For this purpose, we
expand v;(p) in power series of p:

v(p) =Y Cip, (26)
k=0

where, in the classical kinetic theory, the coefficient C,i is
given by the Sonine or Hermite polynomials depending on
the system coordinates [24]. By substituting the expression
in Eq. (26) into the definition of the moment in Eq. (20),
we obtain the relation between the moment (p't2v;) and the
expansion coefficient C,ﬁ, given in the form

(p' vy = chi/W21+2k+2k’- (27)
k/

Similarly, the collision integral can be rewritten in terms of
the expansion coefficient C},, given by

TP v =Y Clialp' ™, p
a k'

= Z Z CLvhwWasoesow.  (28)
o k'
Here, we defined the generalized collision rate yol[! i given by

Vo = Jralp P, P (29)

Wariar+21
(See Appendix D for the explicit expression of the collision
rate yof, w-) We note that the generalized collision rate yllzy o
can be either positive or negative, depending on the indices
I, k, and k' [Fig. 1(a)].

The so-called relaxation-time approximation can be im-
plemented by neglecting the /, k, and k’ dependence, where
V4w 18 Teplaced with y,, given by

JLp" vi(p)] = Z Ya Z Warsoks2kCro
[ k'

= > va(p' ). (30)

The approach of introducing the single collision rate has often
been employed in normal systems [19-21]. In Fig. 1, we plot

(@) @kk) (b)
— (0,0,0) 027—= (8’(1)’(1)) 0.2
0.2'---(0’0’1) (’?)
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-
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o

S
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FIG. 1. Collision rates appearing in the moment equation. The
plot label is presented as (I, k, k'), e.g., (I, k, k') = (0, 0, 0). (a), (b)
Collision rates originating from the Cj, collision process. (c¢) Col-
lision rates originating from the C,, collision process. We plot the
inverse relaxation time 1/t and 1/73. Here, the interaction strength
is 8hy = 03]{3 TBEC~

the collision rate defined by Eq. (29), and also the inverse
relaxation time 1/7, associated with the C, collision process
(see Appendix D). The collision rates yj, ,,, and 1/ for
the collision process between noncondensate atoms have sim-
ilar monotonically increasing temperature dependence [see
Fig. 1(c)].

As in Figs. 1(a) and 1(b), due to the divergent property
of the Bose distribution function, the collision rate V]lz,kk/
has a significant temperature dependence for [ = 0, 1. This is
the striking difference between Bose-condensed systems and
normal systems. As in the collision rate yzlzq w in Eq. (D2), the
integrand has a form of the distribution function multiplied by
the power function of the single-particle momentum, which
suppresses the divergent behavior of the Bose distribution
function for a large value of [, k, and k. Thus, one can re-
place the collision rates yolt, « With a dominant collision rate.
Indeed, we numerically confirmed that the collision rate in
the moment equation for / > 2 has a temperature dependence
similar to that of [ = 2.

To make use of this fact, we systematically develop the
relaxation-time approximation for the moment equation of
the Bose-condensed gas (see Appendix B). By applying
the relaxation-time approximation to Eq. (28) and using
the relation Eq. (27), we obtain the following moment
equation:

2.2
q o g
w{vg) = —{pv1) + lﬁ( - g) VPz,ooW()(Snc

3m 4mng

. 5
- l[(Vloz,oo - 3(3/102,01 - V102,00)> (vo)

WaW,
+ 5~ (Voo — J/102,00)<P2V0):|, 31)
q 2q
a)([)l)l) = Z(p%)o) + §<p2p2)
+ ﬁo%Wz[Zgénc +2g(v0) + Uend.  (32)
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2 2
q .
©(p*vo) = - (p'v1) + ifo ( yr— g) Viz.otWadne
| WaWy
- Z[T(Vloz,m - J/102,11)<”0>
WiW, W}
< D V102 T 321/102,01 (Pvo) [, (33)
q '
2k P 0
— Wordn,
w{p™vy) = 3m( V) +iB pi—— 8 | V12,0 Waron
. W Wy
- l|:(7/102,0k - V102,22 - 7/202,22)T
Wor2Wa
- (Vloz,lk - V102,22 - Vzoz,zz)T (vo)
. Wor2Wo
- l|:(7/10k,12 - V102,22 - Vz()z,zz)T
Wy W,
- (7’102,0k - V102,22 Vzoz 22)Ti|<172‘)0)
- i[Vloz,zz + Vzoz,zz](szvo), (34)

q 2q
2k+1vl> — _(p2k+2v0> + _<p2k+2v2>
m Sm

q
+ ﬁZW2k+2[2g5nc + 2g{vo) + Uex]

Wa ok

- i|: - [Vllz,ll + Vzlz,ll]W@Ul)

+ [V112,11 + )’212,11]<P1+2k"1>]s (35)

[4+2k q ! [4+2k+1
v =g e
g l+1 LDk
m2l +3

- ’(Vlz.oo + sz,oo) (P ), (36)

where D = WyW, — W22. Equations (31)—(36) can be derived
from the moment equation of order (I =0,k =0), (I =
1Lk=0),(=0,k=1),(l=0,k>2),(=1,k+#0),and
(I = 2), respectively. The condensate equations in Egs. (11)
and (12) can be expressed in terms of the moments as

VI-H)

h22

dmng

wdn, =ncpqdv, — i,3< - 8) V102,00W03”c

0 Wi 0
+ l[hz,oo - 3(%2,01 - )’12,00)] {vo)
| W!aWo
+ Z[T(Vloz,m - 7/102,00)] (P*vo), (37
2 35’1
mwév, = © + gqdn, + 28q8i + qUex. (38)
4mn.

We emphasize that the relaxation-time approximation intro-
duced above satisfies the required conservation laws for the
number of particles, momentum, and local energy [25].

In short, using the relaxation-time approximation, we de-
veloped the ZNG moment equations as in Egs. (31)-(36).
Our moment equations generalize previous studies for normal
gases [19,21] to Bose-condensed gases, which are more com-
plicated because of the coupling to the condensate component.
We note that the ZNG moment equations are not closed due
to their hierarchical nature. Therefore, in order to solve them,
we need to truncate at a sufficiently high moment term. In the
next section, we discuss the connection between the Landau
two-fluid equation and the ZNG moment equation in detail.

III. REDUCTION TO THE LANDAU TWO-FLUID
EQUATION

By taking the hydrodynamic limit, we show that the ZNG
moment equations can be reduced to the Landau two-fluid
equations including transport coefficients. The derivation pre-
sented in this section has a close resemblance to the standard
Chapman-Enskog approach [14,16], which expands the dis-
tribution function around the local equilibrium distribution
function . In the framework of the moment method, we
expand the Boltzmann equation by the dimensionless param-
eter w/ yoi, - A similar approach is presented in the case of the
two-component Fermi gas by using the linearized Boltzmann
equation [19,22].

To obtain the two-fluid equations, one needs to relate the
moments to the hydrodynamic variables. Indeed, using the lo-
cal equilibrium solution, we can obtain the following relations
(see Appendix F for details):

(vo) = 81, (pvi) = 3midv,, (p*vo) =3msP,  (39)
where the moments (vg), (pv1), and (p*v,) are proportional
to the fluctuations of the noncondensate density 47i, velocity
field 8v,, and pressure SP.

To derive the two-fluid equations, we introduce the
Thomas-Fermi approximation [16]. For notational concise-
ness, we omit the sub(super)script zero in the equilibrium
thermodynamic quantities. Equations (31)—(33) can be rewrit-
ten in terms of the above hydrodynamic quantities as

w8 = giidw, — P s, — i P2 57— TP 55 (4p)
T12 Ti2n Tiof1
2
w8v, = 8P 4+ T (pP02) + (28, + 28501 + Ui
15m m
(41)
W8P = L(p Vi) + ﬁgzn
Im Ti2
2 2
n gn? 28n:02 o Ben? 2hgnion g 42)
3n7:]2 31’1‘[12

where we used the relation between collision rates
Egs. (D47)—(D50) (see Appendix D). We also defined the
hydrodynamic coefficients

WoWo (s e, + W2 (43)
o = — mgn, + — ),
! D ST
W
0y = ﬁs D2< + 2gnCW2> (44)
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with the use of the relation
W,
3kaT ’

By writing the coefficient W, in terms of the Bose-Einstein
function g,(z) =Y ,_, Z/ /1" using Eq. (E2), one can show
that the above definition is consistent with the hydrodynamic
coefficients discussed by ZNG [12,14,16].

Due to the hierarchical structure of the moment equation,
Egs. (40)—(42) are not closed, which are coupled to the higher
order of the moments through the terms (p?v;) or (p’v;).
Taking the hydrodynamic limit w/ yol[’ w — 0, we can relate
(p*v2) and (p*v;) with the hydrodynamic variables 8, 8v,,
and 8P as (see Appendix C)

(45)

n=

(p*v2) = — 10imngév,, (46)
_ 6qosm>T
(PPv1) = 15m2Bsu, + iJ24 L 55
6 Tk .
—i%ap, (47)

where the pressure is given by
Wi

P=—>r—. 48
15m2k3T ( )
We also defined dimensionless hydrodynamic coefficients
2WaWo
= , 49
o3 ) (49)
2W}
= —, 50
04 3D ( )

and the shear viscosity 1 and the thermal conductivity « given
by

BoWs

= , 51
n= ’715 2 ( )

kgp? w2
=12 (W — =+ ), 52
TR\ T W, (52)
where 7, = (Y3 00 + Vo 00) ! and T = (¥ 1 + Voo 1)

n V12,00 T V22,00 i Yi2, i1 T V2,11

are the relaxation time associated with the shear viscosity and
thermal conductivity, respectively. We note that the detailed
expression of 7, and 7, slightly differs from the ones derived
by the Chapman-Enskog methods [14] (see Appendix E for
the discussion in detail).

By substituting the first-order correction shown in
Eqgs. (46) and (47) into Egs. (41) and (42), we obtain the
two-fluid equations including transport coefficients, which are
given by

wdne = negdve + P8 sn, + 1 2% 57 + i 2P 5B (53)

12 leno ntyp

2
w8, = gé)‘nc n ﬁafz n ZUext, (54)
wdit = qidv, — lﬂg “Sn, — Uznc i — iGJ'BnC 8P, (55
T12 mn ntyp
. 44>
wdv, = iNSP + Z(Zg(Snc + 2867t 4 Uexy) — iq—?Svn,
mii m 3mii

(56)

5P 2
wsP = —q8v,, +i 2pgn; on,
3112

2i . 264T
+_l(ozgif¢+qaf K)Sﬁ
3\ 10t nl

2i 2 GPosTi )\«
+ i(“[ﬂgnc 1% K)SP. (57)
3 nty P

The two-fluid equations in the above form were first
introduced in Refs. [12,26]. Since the above two-fluid equa-
tion includes the dissipation from the relaxation time 7, and
the transport coefficients  and «, we shall call Egs. (53)-(57)
dissipative Landau two-fluid equations.

We now discuss the eigenmodes (solutions in the case
Uexy = 0) in the dissipationless limit 7y, k, n — 0. We first
notice that terms associated with 7j, in Egs. (53), (55), and
(57) are originating from the linearized source term:

- Bn.
3F12 = — 811(- — = on —
T12 Ti2h ity

oo,

o18P. (58)

Introducing the velocity potential in the Fourier space,

8V (g, ) = iqP. »(g, w), and inserting Eqgs. (53), (55), and
(57) into Egs. (54) and (56), we have
mo’ e = gneoq pe + 28f0q dn + g8T12.  (59)
q* 5P 2gnc
mw ¢n = __¢n — + 2g61 (ncde + ingy), (60)

where we have used Eq. (58). The hydrodynamic limit is
also assumed (x, n = 0). Combining Eqs. (55) and (57), we
can express the linearized source term §I'j; in terms of the
velocity potential ¢, , as

OH
8T = — —1 <¢c ¢n>q2, (61)
— w7y

where we defined the relaxation time characterizing the diffu-
sive equilibrium between the condensate and noncondensate:

1 Bgne 2P + 2giin, + %ﬁgWognf )=
3BeWoP — 3 g?

Ben.
T1200
(62)

Tu T12

Taking Landau limit w7, — 0, one can show that sound ve-
locity u = w/q obtained from Egs. (59) and (60) is given as
the solution of

5P 2gii 20012
2 _ o7 _ _ _ _ c
[u m (1 oH )] |:u 3mi. m (1 97t )i|

~ 2
_ dgin, (1 + U”"“) —0. (63)

m2

It has been shown that Eq. (63) determines the first and second
sound velocities in a dilute Bose gas in precise agreement
with those determined by the usual Landau two-fluid equa-
tions without dissipation [12,26,27]. In the next section, we
shall compare the results obtained from the ZNG moment
equations in Egs. (31)—(36) with those obtained by the dissipa-
tive Landau two-fluid hydrodynamics given in Eqgs. (53)—(57)
and its dissipationless limit given in Eq. (63).
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IV. DENSITY RESPONSE FUNCTION

We numerically solve the moment equations in Eqs. (31)—
(36) and the generalized GP hydrodynamic equations in
Egs. (37) and (38) to study the crossover of collective exci-
tations between the hydrodynamic and collisionless regimes.
In the framework of the moment method, the density response
function is directly accessible and extremely useful for inves-
tigating collective excitations. Using the relation &7 = (vp),
one finds that the response function y is given by

X(qv C()) :Xng (‘I» Cl)) + Xfl(qv C()), (64)
where
_ dn(q, »)
0@ @) =g @ o) (©3)
{(vo)(q, w)
#(q, =\ 66
1@ ) = (g o) (©0)

Here, x, and x; are condensate and noncondensate density
response functions, respectively.

In the finite-temperature Bose-condensed gas, there are two
distinct regions: hydrodynamic and collisionless regimes. The
first and second sounds emerge in the hydrodynamic limit,
whereas in the collisionless regime, the Bogoliubov mode
emerges alone [15]. We are interested in the crossover regime
between them and tackle this problem by using the moment
method. In the following, we take the moment up to / = k =
50 for the ZNG moment equation.

To numerically solve the moment equations, one must
evaluate the equilibrium condensate density. In equilibrium,
the distribution function is given by the Bose-Einstein dis-
tribution f = [z7! exp(p?/2mkgT) — 117! with fugacity z =
e =2em/ksT  Using this equilibrium distribution function, we
self-consistently determine the equilibrium noncondensate
density in Eq. (3) and the chemical potential p. Within the
Hartree-Fock mean-field approximation, the critical tempera-
ture Tgec is known to be identical to that of the ideal Bose
gas.

Figure 2(a) shows the imaginary part of the density re-
sponse function as a function of the frequency w and the wave
number g for gny = 0.3kgTgec. We choose the temperature
at T = 0.5Tggc. The density response function is scaled by
Xo = n/(kgTpgc), where n = {(%) / Apgc with the thermal de
Broglie wavelength evaluated at the BEC critical temperature
TBEC, given by ABEC = «/h/(Z]kaBngc).

By changing the wave number ¢, the collisionless regime
ot > 1 and hydrodynamic regime wt < 1 are achieved,
where w is the frequency of the collective modes and t is
a characteristic relaxation time. We note that the linearized
Boltzmann equation is only valid for the long-wavelength
limit ¢ < 1/Aggc [19]. Even within this limitation, one can
address the crossover regime. In the small wave-number re-
gion, there are two sharp peaks corresponding to the first and
second sounds emerging at the higher and lower frequencies,
respectively. With increasing the wave number, the second-
sound peak vanishes because of the coupling with incoherent
modes. In contrast, the peak from the first sound becomes
significantly broadened, which shows the crossover to the
collisionless regime.

(aé)lo jImX/Xo

() .
| qApEc=0.0055
: — Moment method — — 1st
l& --= Two-fluid =~ - 2nd
|
! 0.0355
|
|
|
—Imy 0.0596
i | 0.0758
1 \
/ \ !
5 .\‘ d
0 0.5 hw 1 1.5
kpTBrC

FIG. 2. (a) Imaginary part of the density response function
—Imy (w, g) in the w-g plane. (b) Imaginary part of the normalized
density response function —Imy () for several values of the wave
number ¢. In both panels (a) and (b), the dashed and dotted lines
show the dispersion relations of the first and second sounds in the
dissipationless Landau limit obtained from Eq. (63). The tempera-
ture and interaction strength are 7' = 0.5Tggc and gny = 0.3kg Tpgc,
respectively.

To compare the results of the moment method with the
hydrodynamic two-fluid theory, we show the imaginary part
of the density response function as a function of w [Fig. 2(b)].
Since the peak heights of the two methods are different,
we normalize each function by the total weight, given by
¥ (w) = X(a))/fda)(—lmx ). The two methods reasonably
provide almost the same results in the long-wavelength limit
gAgec = 0.0055 since the moment method reduces to the
two-fluid equations with small transport coefficients.

However, at g Aggc = 0.0355, the dissipative Landau two-
fluid equations given by Eqs. (53)—(57) predict a broader
peak for the second sound compared to the moment method,
whereas peak position is shifted. Moreover, unlike the predic-
tion by the moment method, the first sound is no longer visible
in the dissipative Landau two-fluid model. This observation
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FIG. 3. The dimensionless parameter wt, as a function of tem-
perature. The value of gAggc is 4 x 107> (thin line) and gAggc =
0.0319 (thick line). The eigenfrequency of the collective mode w; »
is approximately obtained from Eq. (63) and the relaxation time 7,
is given by Eq. (62).

for the first sound holds at g Aggc = 0.0596. As for the second
sound, on the other hand, incoherent excitations emerge and
violate the response peak of the second sound.

This incoherent excitation significantly affects the second
sound mode. In the moment method at gApgc = 0.0758, the
peak height from the second sound becomes lower than the
first sound.

This observation reveals that the weight of the two modes
in the density response function switches in the crossover
regime. While the first sound peak smoothly decays in the
crossover regime, the second sound loses its weight abruptly
due to the coupling with incoherent excitations. In the colli-
sionless limit, there are neither distinct first nor distinct second
sound modes. The damping rate obtained by the dissipative
Landau two-fluid equations Egs. (53)—(57) is significantly
large, which results in the vanishing first sound peak. More-
over, the incoherent excitations, which are important in the
crossover regime, cannot be captured by the two-fluid equa-
tion as expected. These are in stark contrast to the moment
method.

In order to address the crossover regime from the hydro-
dynamic (first or second sound) modes to the collisionless
(Bogoliubov) sound mode, we investigate the temperature
dependence of the imaginary part of the density response
function. First, we discuss the dimensionless parameter w; »7,
where w; and w, are the first and second sound frequencies,
respectively.

Figure 3 shows w; »7,, where w,, is the eigenfrequency
in the hydrodynamic limit evaluated by Eq. (63) and the
7, is the relaxation time defined by Eq. (62). We note that
the comparison in Fig. 2(b) shows that the eigenfrequencies
predicted by the dissipationless Landau two-fluid model in
Eq. (63) are located around the peak of those predicted by
the moment method for all the wave number g. Thus, we shall
make use of this observation and approximate the eigenfre-
quencies w; » by the Landau two-fluid model Eq. (63), even in
the crossover regime. Moreover, we choose the representative
relaxation time as 7,,. This is because, although we are deal-
ing with the generalized relaxation rates yol[’ «» the moment

-4
< —Imy/xo
100
hw
[ 50
0

0 0.2 0.4 0.6 0.8 1
T /Tgrc

FIG. 4. The imaginary part of the density response function as
the function of the frequency w and temperature 7 at gApgc = 4 X
1073, The rest of the parameter choice is the same as Fig. 2.

ZNG equation reduces to the dissipationless Landau two-fluid
equations with the limit wt, < 1 as we saw in Sec. III.

The hydrodynamic region (wt < 1) can be achieved, ex-
cept the region very close to the zero temperature, by choosing
the wave number as gAggc = 4 X 107> as shown in Fig. 3
[thin (dashed) line]. As expected, w7, increases with de-
creasing temperature, indicating that the collective modes are
in the collisionless regime.

The corresponding density response function obtained by
the moment ZNG equations is shown in Fig. 4. The response
peak is located on the prediction given by Landau two-fluid
equations at all the temperatures. At high temperatures, the
weight of the density response function is dominated by the
second sound, although the first sound also emerges. Around
T =~ 0.2Tggc, the two modes are hybridized. At lower temper-
atures, the first sound smoothly crossovers to the collisionless
Bogoliubov sound, and this branch dominates the density
response function.

By taking the wave number g¢gApgc = 0.0319, the
crossover is achieved at the higher temperature. The dimen-
sionless parameter wt is plotted as thick lines in Fig. 3. While
the first sound is relatively in the crossover regime wt, ~ 1
even at high temperatures, the second sound is almost in the
hydrodynamic regime wt < 10~! above T ~ 0.2Tggc.

In Figs. 5(a) and 5(b), we plot the temperature and fre-
quency dependence of the imaginary part of the density
response function obtained from the moment method. In the
high-temperature regime, both the first and second sound
peaks coincide with the eigenfrequencies in the hydrodynamic
limit given by Eq. (63). As noted in the discussion on Fig. 2,
even in the crossover regime with a small noncondensate frac-
tion, the density response function is peaked at the first-sound
frequency predicted by the Landau two-fluid equations. As
can be seen in Figs. 5(a) and 5(b), this observation holds for
all the temperatures above the hybridization temperature.

Around the temperature 7 &~ 0.27ggc, the two modes are
hybridized. As seen in Fig. 5(a), the response peaks from the
first and second sounds merge around this temperature and
lose weight at lower temperatures. Figures 3 and 5(b) show
that, at this temperature, both first and second sound modes

033302-8



COLLECTIVE EXCITATIONS OF A BOSE-CONDENSED ...

PHYSICAL REVIEW A 109, 033302 (2024)

—Imy/xo . “‘"/"‘ﬂ‘q\‘
n‘\‘\(\\\w Il

| ﬂ”fu

40 MW
20
04
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FIG. 5. The imaginary part of the density response function as
the function of the frequency w and temperature T at gAgpc =
0.0319. The dotted line is the Bogoliubov sound frequency. The dot-
dashed and dashed lines are the first and second sound frequencies
obtained from Eq. (63).

are in the crossover regime, where no collective excitation
is visible. This crossover region is relatively broad compared
with the case shown in Fig. 4. At sufficiently low tempera-
tures, the Bogoliubov sound appears as expected.

Here, we comment on the relation between the second-
sound density response weight and the superfluid density.
In the two-dimensional Bose gas, the observation of the
second sound is used to detect the superfluid density and draw
the critical temperature of the Berezinskii-Kosterlitz-Thouless
transition, whereas in the case of the dilute Bose gas in three
dimensions, the superfluid density is almost the same as a
condensate density [16]. Although the second sound (and the
first sound around the hybridization temperature) loses the
response weight due to the coupling to the thermal incoher-
ent modes in the crossover regime, this does not imply the
absence of the superfluid density.

In the present paper, we could not find evidence of the re-
laxational mode predicted by the ZNG equation [28], which is
expected to appear in the dynamical structure factor at w = 0,
analogous to the classical thermal diffusion mode [29]. This
is because one needs a short relaxation time 7, to observe the
relaxational mode, which is not achievable in current uniform
ultracold atomic BECs.

Figure 6 shows the interaction-strength dependence of
the density response function, where this parameter is con-

%107 —Imxn, /Xo
200

100

0 0.2 0.4 0.6

gno
kgTh
><10'3. P BFC —Imx; /X0
51(b)
N / i K
hw ] '
w 0
kBTBEC |
1 -5
0 . . .
0 0.2 0.4 0.6
gno
ksTBEC

FIG. 6. Imaginary part of the (a) condensate and (b) nonconden-
sate response function. The temperature is 7 = 0.27ggc and wave
number is g Aggc = 0.004Aggc. The dotted line shows the frequency
of the Bogoliubov sound. The dashed and dot-dashed lines are the
first and second sound frequencies obtained by Eq. (63).

trollable in the ultracold atomic gases through Feshbach
resonance. Strictly speaking, the Hartree-Fock mean-field ap-
proximation used in the present paper requires gny << kg Tggc.
However, as long as the system is at a much lower temperature
than the critical temperature, we can address the crossover
between the collisionless and hydrodynamic regimes by
changing the interaction parameters. Figure 6 shows the
imaginary part of (a) condensate and (b) noncondensate re-
sponse functions defined in Egs. (65) and (66), respectively.
The hybridization occurs around gny =~ 0.3kgTggc, which is
consistent with the case in Fig. 5. One can see that the non-
condensate response function —Im y; takes negative values in
the case of the second sound, which reflects the out-of-phase
oscillations. In the relatively large interaction strength region,
the condensate response function keeps a significant contri-
bution to the first sound, as shown in Fig. 6(a), whereas the
contribution of the noncondensate density response function
to the first sound is reduced as shown in Fig. 6(b).

033302-9



HIYANE, WATABE, AND NIKUNI

PHYSICAL REVIEW A 109, 033302 (2024)

V. CONCLUSION

We developed the framework of the moment method ap-
plicable to collective sound modes in the finite-temperature
BECs by using the coupled equations for the condensate
and noncondensate. The relaxation-time approximation in the
moment method is discussed in detail in this paper. In the
collision-dominated hydrodynamic limit, the truncated mo-
ment equations are shown to be equivalent to the Landau
two-fluid equations. This paper complements the study of the
two-fluid sound in the hydrodynamic limit with [4,30] and
without [12] the harmonic trap.

This paper provides an alternative approach to the standard
Chapman-Enskog theory [14]. Unlike the Chapman-Enskog
theory, the moment method has the advantage of dealing with
the collisionless limit by simply considering higher moments.
We numerically solved the moment equations to investigate
the crossover from the hydrodynamic to collisionless regimes.
Unlike the prediction of the dissipative Landau two-fluid the-
ory, the moment method uncovered that the response weight
of the second sound is significantly reduced due to incoherent
excitations. As a result, in the crossover region, the collective
mode that gives the dominant weight switches between the
first and second sound modes. It would be possible to ob-
serve the behavior of the ¢ dependence of the second sound
using the experimental scheme recently developed by Hilker
et al. [31] by simply varying the excitation wave vector,
which was fixed to be comparable to the (cylindrical) box-trap
size in Ref. [31]. Comparing the results from the moment
method with those from the Landau two-fluid equations, we
found that the dimensionless parameter w; »7,, can be used as
an indicator of the hydrodynamic and collisionless regimes,
where w; , are first and second sound frequencies obtained
from the Landau two-fluid equations and 7, is the relaxation
time associated with equilibration between the condensate and
noncondensate.

We also investigated the hybridization of the first and
second sounds in the crossover regime. Interestingly, the
observed response function is qualitatively different from
Landau two-fluid hydrodynamic theory. Finally, we found
that the relaxational mode predicted by the ZNG two-fluid
equations [28] is not visible in the dynamic structure factor be-
cause of small 7,,. In the typical experimental setup, harmonic
traps are used to confine atomic clouds. This makes the local
condensation density larger than in homogeneous systems and
makes 7, smaller [32], making the observation of relaxation
modes much more difficult [see Eq. (62)].

The moment method systematically developed in this paper
can potentially be extended to the various systems described
by the Boltzmann equation with or without BECs. In par-
ticular, studying the crossover of the collective excitation of
the dipolar gas systems, where sound velocity depends on
the alignment of the dipoles [33-35], would be an important
application for future work. Moreover, studying the crossover
between the hydrodynamic and collisionless regime of two-
dimensional Bose gas, where Berezinskii-Kosterlitz-Thouless
transition plays a crucial role [36-38], is an important applica-
tion of the moment method. However, since the ZNG scheme
assumes the existence of the Bose-condensate order param-
eter, it cannot be applied directly to the description of such

a two-dimensional system. A suitable theoretical framework
would be the classical field theory [6,39,40]. The extension
of the ZNG scheme to describe the classical coherent field
including the collisional process with the incoherent field is
important future work and the moment method would be a
powerful tool to describe the crossover between hydrody-
namic and collisionless regimes.
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APPENDIX A: EXPANSION OF THE LINEARIZED
COLLISION TERM

In the present paper, we expand the linearized collision
term by the spherical harmonics. In this Appendix, we give
the derivation of Eq. (19).

One can rewrite the linearized collision integral in terms of
integral kernels as follows [41]:

dp,

L D]=— | —=—K»n(,2)v(2), Al
nlv(1)] GanpkeLv), (A
where the kernel K»,(1, 2) is defined as
K»n(1,2) = Q2uh)’8(p; — py)Mx(1)
+ On(1,2) — 285»(1, 2), (A2)
in conjunction with
dp; /
1,2) = dp,W(1,2,3,4), A3
On(1.2)= [ oo [ dpaan ) (A3
dp, /
S»n(1,3)= | —=— [ dp,Wx»(1,2,3,4), A4
»n(1,3) anny | P 2( ) (A4)
dp, dp; /
M 1 = d W 1527354 .
(1) Qnhy | Guny | P 2( )
(A5)
Similarly, one can express L, as
dp,
L Dl=— | —=—K12(1,2)v(2), A6
12[v(1)] i) 12(1, 2)v(2) (A6)
where the kernel K»(1, 2) is given by
Ki2(1,2) =012(1,2) — 251»(1, 2), (A7)
On(l,2)= /dp3/dp4W12(1,2,3,4), (A8)
S12(1,3) = /de/dp4W12(l,2,3,4). (A9)

Taking into account the spherical symmetry in the mo-
mentum space, we find that the kernel Mj,;(1) merely
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depends on p;, whereas K, (1, 2) depend on p;, py, and p, -
P, = cos 8. Therefore, we expand K,(1,2) by the Legendre
polynomial:

21
K.(1,2) = Z - o Kupi pR(eost).  (ALD)

where the expansion coefficient is given by K. (pi, p2) =

2 fll d(cos 0)K, (1, 2)P;(cos 8). Making use of the spherical
harmonic addition theorem, one can rewrite Eq. (A10) as

Ka(1,2) = ZK(pl,m)anmzm,n(pl (A1)

m=—I1

where the expansion coefficient is given by K!(pi, p2) =
[ dpy [ dp,Yy(p1)Ku(1,2)Y 0(P,). Inserting Egs. (A11) and
(18) into Egs. (A1) and (A6), we obtain

/
4
Lo =20 2 | g L Yy, (A12)
I m=-I
2d
Lo =~ | G ). (AT

In this way, it is possible to expand the linearized collision
term directly by the spherical harmonics.

APPENDIX B: RELAXATION-TIME APPROXIMATION

In this Appendix, we shall show the derivation Eqgs. (31)—
(36) in detail. First, the polynomial expansion of the
fluctuation v; leads to the following expression for the mo-
ment and collision integral:

(P = chi/W21+2k+2k’, (B
-

P vi(p)] = Z Z Yo Wat 2126 Cpo- (B2)
a K

For simplicity, we specify the (I, k)th order of moment equa-
tion as the (I, k)-moment equation.

Let us consider the (0,0)-moment equation. The collisional
process of Cy; conserves the number of particle, which gives
the relation Jy2,[1, v] = Jy22[v, 1] = 0 for any function v.
Thus the collision term of the (0,0)-moment equation only
involves Cj, collision rate lez’Ok,, given by

Jol1, vo] = Z Va0 War Cp. (B3)
=

The moments (vy) and (p*vy) are related to the fluctuation
of the number of particles and energy in local equilibrium
(see Appendix F). When one develops the relaxation-time
approximation, the contribution from such moments has to
be included. This can be done systematically as follows. We
expand the summation in Eq. (B3) up to k' =2, and for
k' > 2, we replace the relaxation rate y/} o, with y} ;. This
is the relaxation-time approximation used in this paper. After
this replacement, we obtain

Jol1, vol =15 0WoCo + V1301 WaCY

+ 70 (Z W Cp — WoCy — WZC?>
k/

= (Vloz,oo - VPz,oz)Wocg
+ (V102,01 - Vloz,oz)WZC? + V102,02<"0>v (B4)

where Eq. (B1) is used. We use the local equilibrium solution
(see Appendix F)
vl = CY 4 CVp?, (B5)
to determine CJ and C?. Using Eq. (B5), we have relations
(vo) ~ (v59) = CIWo + CYW5, (B6)

(P*vo) ~ (vg%) = COW + COW. (B7)

‘We then obtain

1
Co = 5 [Wa{vo) = Wa(p*wo)], (BS)

1
CY = 5 Wo(p*vo) = Walwo)]. (B9)

where D = WyW, — W5 By inserting the above local equilib-
rium solution to Eq. (B4), one finds

W2
Jol1, vl = |:7/102,00 D2 (Vlz 01 V102,00)1|<V0>
WoWo
+ T(VIOZ,OI — V1.00) (P°V0). (B10)

Substituting this form of the collision integral to Eq. (23), we
obtain the (0,0)-moment equation as in Eq. (31). As in Sec. II
and Appendix C, the above equation is exactly the same as
the continuity equation for the noncondensate atoms Eq. (40).
This justifies our choice of the relaxation-time approximation
in Eq. (B4).

The collision term of the [ = 0 and kK = 1 moment equa-
tion can be related to the energy conservation law, which is
given by

2
p

JO,12|:_» vo] = —gneoJdo,12[1, vol (B11)
2m

and Jo 22[p?, v] = Jo.22[v, p*] = O for any function v. Follow-
ing the same procedure as in the (0,0)-moment equation, we
obtain the following relation:

WoW,

Jolp*, vol = T(Vloz,m - V102,11)(V0)
WiWy W2
+ ( D Yiain — D2 Y12 01)(192”0)7 (B12)

where we used the relation between two relaxation times given
by

Jo.12[1, p*] W

Yo = W _2mgncv‘_/2y102,00» (B13)
Jo.2lp?, p?] W

V102 n= T = —2mgncow4y102,01. (B14)

This leads us to find Eq. (33).
The above analysis can be extended to the (0, k)-moment
equation at k > 2. Using the relaxation-time approximation,
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where we replace yo?, e With Vo(l),zz’ and using the local equi-
librium solution in Egs. (B8) and (B9), we find

Jolp?, vol =|:(V102,()k - Vloz,zz - 7/202,22)@
- (Vloz,lk - Vloz,zz - 7/202,22)@} (vo)
+ (Vloz,lk - 7102,22 - Vzoz,zz)w
— (Vior = Voo — Vzoz,zz)@} (P*wo)

+ (V22 + V2r.20) (P v0). (BIS)
We intentionally keep the k£ dependence in the collision term
Y5 or and y/ ;. in order to reproduce the local equilibrium
solution. '

In the case of the (1,0)-moment equation, the momentum
conservation law reduces the collision integral as J; ,[p, v] =
J1.«[v, pl = 0 for both Cj, and Cy; collision processes. There-
fore, this mode only contributes to the local equilibrium
solution of the system, and the moment equation is given in
Eq. (32).

In the case of the (1, k)-moment equation for k # 0, we
take the relaxation-time approximation, where we replace
yof, w for k' # 0 with yalqn. Then, we find

Jip T ] = — (Vllz,n + V212.11)W2+2kCé

+ (V112,11 + V212,11)(P1+2k‘)1>~ (B16)

In order to express C& in terms of the moment, we use the
local equilibrium solution vy ~ v} = C} p, which provides
(pv1) = WoC}. Substituting the result into Eq. (B16), one
finds

Wa ok
HPH v = = (v + 7/212,11)T+2<pvl)

+ (ylllll + 7212,11)(P1+2k‘)1>, (B17)

which provides the moment equation in Eq. (35).

Finally, in the (/, k)-moment equation for / > 2, we replace
the collision rate y,) ., for [ > 2 with y ;. We thus find only
the diagonal term ’

LT vl = Z Ve 00 Z WarsoesokClo
o k'
= (V122,00 + V222,00)<Pl+2kvl)’ (B18)
which provides Eq. (36).

In general, the diffusive local equilibrium solution in
Eq. (F4) is defined as the solution of d (p'+%* vlleq)cou /dt = 0.
The collision term with the relaxation-time approximation
developed above satisfies this condition for all / and k. More-
over, we explicitly showed that the moment equation with
the relaxation-time approximation becomes equivalent to the
Landau two-fluid equations in the hydrodynamic limit in
Sec. III.

APPENDIX C: HYDRODYNAMIC APPROXIMATION
OF THE MOMENT EQUATION—THE LANDAU
TWO-FLUID EQUATION

In this Appendix, we present the details of the reduction
of the moment equation to the Landau two-fluid equations in
the hydrodynamic regime. Our starting point is the moment
equation with hydrodynamic variables in Egs. (40)—(42).
Due to the hierarchical structure of the moment equation,
Egs. (40)—(42) are not closed, but coupled to the higher order
of moments through (p?v,) or (p?v,).

In the following, we show that considering the hydro-
dynamic approximation, one can obtain the closed set of
two-fluid equations. For notational conciseness, we omit the
sub(super)script zero.

To find the approximate expression of (p*v;), we con-
sider the / > 2 moment equation. Defining the total relaxation
time

2 2
— = Yi2.00 T ¥22,000 (CDH
n

in Eq. (36), we find

qg
o1, (P ) =1, (Z ST (P )

g l+1 o L 142k
+ m21+3(l7 Vis1) i{p " vp).
(C2)

The lowest approximation gives the local equilibrium so-
lution. That is, in the hydrodynamic limit, where all the
relaxation times are extremely short, we can let 7, be zero,
which leads to (p/*?v;) = 0. This lowest approximation
leads to the two-fluid equations without shear viscosity [see
Eq. (C7)]. Most importantly, this approximation also gives
the physical meaning of the truncation of the moment equa-
tion. When one truncates the moment equation, the higher
moments will be set to zero such that the resulting hierarchy
is closed. This effectively means that we take the local equi-
librium solution for the moments higher than the cutoff.

We consider the first-order approximation with respect to
the small wt,, which gives the deviation from the local equi-
librium solution, given by

142k \ _ 4q l
v’>_f”<m21—1<p

g l+1 o
- . C3
+m2[+3(l’ Vig1) (C3)

The first and second terms on the right-hand side are cou-
pled with the (I — 1, k + 1)- and (I 4 1, k)-moment equation,
respectively. Subsequently using Eq. (C3), we see that the
right-hand side has the factor of )/, where n(= 2) depends
on the truncation of the moment equation, and we reproduce
the linearized Boltzmann equation with n — oco. Therefore,
in the two-fluid hydrodynamic regime, the effect of the [ > 2
moments would become exponentially small and decouple
from the lower order of moments.

However, the first-order correction to the moment (p?v,)
from Eq. (C3) is important since this is directly coupled to
the fluctuation of the noncondensate velocity field §v,,. Using

: I+2k+1
i{p )
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Eq. (C3), the correction for (p?v,) is given by

) 2q

i{p"v2) T3, (P'v), (C4
where we ignored (p>v3), since this term is of the order of 'L’,%.
Defining the total relaxation rate

1
—=Yhn+ ¥ (C5)
and taking wt, = 0 in Eq. (35), we find for the (1,1)-moment
equation

. W.
i) =i (pun) + 5 LW 2gone + 2g(u0) + Uow)
2

2q

Sm (p*va). (Co)
This is the correction of (p>v;) to the first order in 7., which
couples to (p*vp). Substituting this into Eq. (C4) and letting
O(7, T,) be zero, we find the first-order correction of PPy), as
in Eq. (46), proportional to the noncondensate velocity field,
given by

+ 7 q(p Vo) + T —

. q2W, .
(pPva) = =ity (o) = —10imngdv,, (CT)
where we defined the shear viscosity
Tn:BOW4
=1 C8
=5 (C8)

Different from the transport coefficients obtained by
Chapman-Enskog approach [14], the relaxation time related
to the shear viscosity is given by the relaxation rate of the
(2,0)-moment equation, ¥, o, and ¥, 4. Although the analyt-
ical form of the relaxation time related to the shear viscosity
in Eq. (C8) and the one derived in Ref. [14] are different,
we numerically confirmed that both formulas have similar
temperature dependence.

To estimate the first-order correction of (p*v,), we shall
use the (1,0)-moment equation in Eq. (32), given by

ﬂ%W2[2g5nc +28(0) + Uexi]

2
= w(pv)) — %(szo) - ﬁ(pzvz)- (C9)

Substituting this into Eq. (C6) with the hydrodynamic limit
approximation wt, = 0, we find the relation

W,
22 pvy) — iz, [1<p4vo>
m

W
Walq, , 29, 4
W2<m<p V0>+5m<PV2) ,

where we neglected the term proportional to (p*v,), since this
is an order of t,, as one can see from Eq. (C3). The moments
(pv1), (p*vo), and (p?v,) are given by Eqs. (F21), (F22), and
(C7), respectively. The lowest approximation 7, — 0 gives
the local equilibrium solution that leads to the two-fluid equa-
tions without thermal conductivity [see Eq. (C14)].

To determine the moment (p>v,) to the first order in 7., we
need the local equilibrium solution of the moments ( o).

(Pv) =

(C10)

Defining Vloz,oo + Vzoz,oo = 1/, and taking ot — 0 with
Thomas-Fermi approximation in Eq. (34), we have

i(p*vo) —rm3 W =2 (pv1) — iBgTior .00 Wadnc
- i|:(ft0t7’102,02 - 1) W;W4
- (Ttot)’loz,lz - I)W;W2:|<V0>
- i|:(ft0t7102,12 - 1) W6DWO
- (Ttotyloz,oz - I)W;W2i|<P2V0)‘ (C11)

Taking the hydrodynamic limit wtj; = 0 in the (0,0)-moment
equation in Eq. (40), we have the equation

gtz ) 01,3 (P*wo)
(pv1) —i—(vo) ~
3mn, 7i i 3m
Substituting this result into Eq. (C11), we have
WsW, W2

e ) (vo)

iBgén, = (C12)

i(P4V0)=—i( 5 5
Mo (e = 5N

l —_— —

DU W,

where we used V102,12 = —ngnC(W4/W6)y102_02 and (pv;) =
O(70r)- Substituting this into Eq. (C10), we obtain Eq. (47),
given by

Wi,
Wj (P*v0) + O(Tit),
(C13)

6 T
i — i qai: K sP,

(C14)

640
(PPv1) = 15m2Psv, + i goum*T

l

where we have replaced the moments with the hydrodynamic
variables in Eq. (39) and introduced the thermal conductivity
given by

(C15)

APPENDIX D: COLLISION INTEGRAL
IN THE MOMENT EQUATION

In this Appendix, we provide an explicit expression for the
collision integral defined by Eq. (29). Let us introduce a di-
mensionless momentum variable p = +/2mkgTy&, and rewrite
the collision integral as

Jalp ™, p ] = 21 + DC(T) T, (D1)

where the dimensionless integral Z,, and the coefficient C(T')
are given by

Lo= [ ag [ ag, [a [ as,

X 88 +& — & —£)8(67 + & — & — &)
x AN + PRI + £24)1E T Pi(cos b))

033302-13



HIYANE, WATABE, AND NIKUNI

PHYSICAL REVIEW A 109, 033302 (2024)

X [51”2/(,1’1(005 61) + £57 Pi(cos 6,)
- 531+2k,Pz(cos 03) — éi“"’P, (cos by)], (D2)

(zkaT)9/2+l+k+k’ 477,’82

O ==t &

(D3)

where f9 = [z exp(Bo =) — 1] with the fugacity zo =
efo(mo=28m0) g the equilibrium Bose distribution function.
Following Refs. [14,42], we shall introduce a variable trans-
formation given by

£ = (& +&)/V2. (D4)
& =5 —&)/V2, (D5)
£ = (& +£)/V2, (D6)
&= (& —&)/V2. (D7)

With this variable transformation, the delta function appear-
ing in Eq. (D2) can be written as (& + &, — & —§&,) =
BIV2(8 — &)l and S(67 + & — &7 — &1) = 8(E” — £").

We introduce the polar coordinate to &, given by
&, = &y(sin By cos ¢y, sin Gy sin ¢, cos bp). (D8)

Given all the variables appearing in Egs. (D4)—(D7) with polar
coordinates similar to Eq. (D8), the integral in Eq. (D2) can
be reduced to a numerical calculation friendly form with eight
variables after the integration of the delta function. One can
reduce the integral further by defining the following local
coordinate: We define the local coordinate system (x, y’, z')
for & such that the 7' axis coincides with &;, then one can
express & in terms of the polar coordinates of &; as

&, =&, cosfycosdy — &, sindy + &, sinf cos gy,  (D9)

& =& cosfysingy — &), cos o + &, sinf singp, (D10)

§ = — &, sinby + &, cos bp. (D11)
In terms of the rotation matrix, this can be written as
1 13
v | =R:(90)R,(00) | & | (D12)
& &

where R, and R; are the rotation matrices around y and z axis,
respectively. The two successive rotations R = R_(¢o)R,(0))
can be written as

cosggcosfy —singy cos g sin b
R = | sin ¢ cos 0y cos ¢ sin ¢ sin 6y (D13)
—sin 6y 0 cos 6y

The variable transformation by R is schematically shown in
Fig. 7. Expressing (£, éy’,, &/) in terms of the polar coordinate
defined in the local coordinate system (x’, y', ), one also has

£, =& sin6 cos ¢, (D14)
g, =&'sin6'sing’, (D15)
£, =& cosh'. (D16)

FIG. 7. The variable transformation by the matrix R given by
Eq. (D13).

Substituting the above expressions into Eq. (D11), one
has £/ = —&'sinf sin 6’ cos ¢’ + &' cos 6 cos '. Using &, =
(%0, + &/)//2, we obtain

& cos By + &' (cos By cos 8" — sin Gy sin ' cos @)

V2

‘i:lz =
D17)

On the other hand, the polar coordinate of &, defined in
the global coordinate system (x, y, z) can be written as &;;, =
&1 cos 0;. Thus, inserting this into Eq. (D17), we find the angle
cos 0 as follows:

&y cos by + &' (cos By cos 6’ — sin Gy sin 6’ cos @)

V28

cosf, =
(D18)
The expression of &; in terms of &, and & can be written as

£ =1 +£7 +28 - 8), (D19)

where owing to the definition of the local coordinate system
x',y,7'), we have

13

EO : E/ = (Sox %_Oy %_OZ)R ’gy//

&

where Eqgs. (D8)—(D11) and (D13) are used. In this way, one
can express cos ) in terms of the new coordinate variables

= && cosO’,  (D20)

033302-14



COLLECTIVE EXCITATIONS OF A BOSE-CONDENSED ... PHYSICAL REVIEW A 109, 033302 (2024)

&0, &', 6y, 0’, and ¢’. In the same manner one can obtain 5;223 "

! ’ : : I /
which can be summarized as _ &y cos by — E'(cos By cos B’ — sin O sin O’ cos ¢’)

Y2 )
/ ’ \/552
£} = 1(&5 + &7 + 2508 cos 0'), (D21) (D26)
£ = L(82 + 67 — 260 cos b)), (D22) = S0Costht Ecosth C‘j;g — sinfosin§7cos ")
3
gf = %(g‘g + £ + 2£0E cos 0”), (D23) (D27)
Vi = &y cos by — &'(cos 6y cos 8" — sin 6y sin 6" cos ¢”)
& = 3 (5 + &7 — 25 cos ), (D24) V28, '

. D28
and angle components y; = cos 6; given by (D28)

Introducing another variable transformation &) =

: ’ V2ncosy and & =.2nsiny, where >0 and
&3 ¥ € [0, /2], the function F (&, £, y',y") = fO(1)f°(2)[1 +
(D25)  £93)][1 + £9(4)] can be rewritten as

J

1 1 1
F(n, ¢, 9.y") =~ - . .
(1. ¥, 357 4 cosh[n — Bopo + 2Bognol — cosh(ny’ sin 2vr) cosh[n — Boio + 2Pogno]l — cosh(ny” sin 2¢r)

Using the above variable transformations, the collision integral can be reduced to
00 w2 1 1 1 2 2 )
I =2 f di / dy / dyo / dy' / dy" f d¢’ f de"n" T cos? yrsin® yF (n, v, Yy )6 RO
0 0 —1 -1 -1 0 0

x [¢ P + ST P(n) — ¢ P(ys) — G PG (D30)

where we defined éf = n;f. For [ = 0, we have P._¢(y;) = 1, which is irrelevant to y;, and one can integrate out the variables
Yo, ¢', and ¢” analytically. Then, we recover the expression for the collision integral previously developed for the Bose gas
[14,16,42].

Similarly, one can reduce the collision integral J; ;o[p'*%, p'*2¥'] to

Jialp™ %, P = Q1+ Do AYC(T) T, (D31)

_ & cos By + &'(cos by cos 6" — sin b sin 6 cos ¢')

(D29)

where the temperature-dependent coefficient C(T) is given by Eq. (D3), and the collision integral Z;, is given by
To=n" [ a, [ s, [ dg; [ dsi5(6, 8 - £05(5 — & — & + s — 2600m)
x [8(6) — &) — 8(5) — §3) — 8 — EDIL + PN BV @5 PON[E T PO — 25 PG (D32)

Introducing the variable transformation

b =56 +E).  E=5G-§) (D33)
and following the method developed in the calculation of the integral Z,,, we find
&= i(s& + 280&, cos 0, + &), (D34)
£ = %(Eé — 2&&, cos O cos B, +&7), (D35)
2= ZL&[Eoyo + & (yoy, — sin 6 sin 6, cos ¢, )], (D36)
3= 2%3[50% — & Yoy, — sin 6 sin 6, cos ¢,)]. (D37)

Performing all the integrals involving the delta functions, we find

T 1 1 2
T =n"7 / de, / dy / dyo / d6,£2 2 + 2BogneoF s . 20)
—1 —1 0

x [E7%Pi(yo) — EXTXPI(32) — EXX R () ][E77 Pivo) — &7 () — E57 P(ys)], (D38)
where the function F = [1 + fo(l)]fO(Z)fO(?)) is given by

Z()ef‘{fl2
(1 — Zoefslz)(l — zoefff)(l — Zoe,%z) ’

F(,y,20) = (D39)
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where &; and y; can be given by

£ =& = &7 + 2Pogneo, (D40)
1
&7 = (£3 + 2608y, +&7)/4 = 5(&3 + Bogneo + £y E2 + 2ogneo). (D41)
1
€7 = (&7 — 2606y, +£7)/4 = 3 (&7 + Bogneo — &yry/ E2 + 2Bognco), (D42)
Yo/&Z + 2Bognco + & (yoy, — sin by sin 6, cos ¢, )
Y2 = 5, , (D43)
_ Yo/&2 + 2Pogneo — &-(yoy, — sin by sin 6, cos ¢,)
V3 = 2%, . (D44)

Figure 1 shows the collision rate in Eq. (29) associated with the hierarchy of the moment equations. For reference, we also

plot the inverse relaxation time 1/7, for o = {12, 22} associated with the C, collision process, given by

1 4ng dp, dp, .
== / iy | Grhy f dp38(p; — Py — P3)8(ieo + &1 — B2 — E3)(1 4+ F()FQ2)F(3), (D45)
1 _47782 dp, dp, dp; o
7:_22 - figh (27[h)3 (27Zh)3 (27Th)3 /dp48(pl +P— D3 _p4)8(8(1)
+8(2)—83) — @AM+ PO + O] (D46)

By using the explicit expression in Eq. (D38), we can find the
following formulas between two collision rates:

neo

0
Vihoo = —, (D47)
12,00 = o
2B0gWonco
Vloz,m = - T)’loz,om (D48)
(2mgn:)*Wy
V102,11 = Tyf)z,oo» (D49)
4
2mgneoWa
V102,12 = - T%Oz,oz- (D50)

APPENDIX E: RELAXATION TIME 7,

In Sec. III, truncating the moment equation, we obtained
the Landau two-fluid equation, including dissipation from the
thermal conductivity « and n. As we mentioned in the main
text, the associated relaxation times 7, and 7, slightly differ
from the ones obtained by employing the Chapman-Enskog
approach [14,16]. Here, we discuss this difference in detail.

The obtained thermal conductivity is associated with the
characteristic time scale 7,., given by

1 1 1
—=—+——, (ED)
e  Tp T

where 7, and 73, originate from Cj, and Cy, collision pro-
cesses. To highlight the difference, we shall discuss the
difference in 73,.

To compare the relaxation time obtained by both methods,
it is convenient to rewrite the collision integral Eq. (29) in
terms of the Bose-Einstein function g,(z). To this end, we use

[
the formula

W 2h"
" n1/2+n/2A(3)+n

+3
F<n > >g(n+1)/2(Zo)- (E2)

Inserting this formula into Eqgs. (29) and (D1), we obtain

1 1
1_—,( =Vn11
22

_ 2 m(kgTp)?g* 3Ixn[E3 cos b, £3 cos 0]
15 132y 1871/2(20)

. (E3)

where the detailed expression of the collision integral Z,; is
given by Eq. (D2) forl =k =k = 1.

Employing the Chapman-Enskog method, Nikuni and
Griffin obtained the Landau two-fluid equations, including the
transport coefficients k and 5 [14]. The expression for 1/73,
in this case is given by [16]

1L 2mgksTo)  I5)(z0)

— = , (E4)
T, 15 g32p %87/2(20)9
58%)2(20)
D =g3p(z0) — m——, (ES)
/2 787/2(20)

where I, is the collision integral associated with 1/75,. Defin-
ing the nondimensional linearized collisional operator

m3 (kpTp)*
275R’

the collision integral /%, can be written as follows:

L[] = &Ly, (E6)

K
I22

— /d§1512§1 : 5/22[51251]

3 / a8, 826506265, E7)
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where we used the spherical symmetry of the collision inte-
gral. Introducing the spherical coordinate, we find

I =— 3/5151513 cos 01 L, [&; cos 6]
=3Txn[E3 cos b, £° cosh]. (E8)

Comparing Egs. (E3)—(ES) and (ES8), we see that the relax-
ation time obtained by the two methods differs only from the
factor in the denominator D.

However, this is not the case for 7, = (1/7,, + 1/7,) 7.
In this case, the associated collision integral from Chapman-
Enskog theory for the Cy; collision process is given by

> / g6, Lol ] = Y

W V=X,Y,2 L V=X,Y,2

L = I, (E9)

whereas the collision integral from the moment method is
given by [ =2,k =k" =0 in Eq. (D2). Since the collision
integral Eq. (D2) only depends on the polar angle 6, it can
only reproduce the diagonal element 7;"5;"". The cross term,
such as I;)zzy , involves the azimuthal angle.

In this Appendix, we highlighted the difference in the ex-
pression of 7, and 7, obtained by the moment method and
the Chapman-Enskog approach. Nonetheless, we emphasize
that the resultant transport coefficients ¥ and 1 show similar
temperature dependence [14,16]; thus, the resultant eigenfre-
quencies coincide almost perfectly.

APPENDIX F: LOCAL EQUILIBRIUM SOLUTION

In Appendix B, we developed the relaxation-time ap-
proximation by considering the deviation from the local
equilibrium solution. This solution is also used to associate
the moments with the physical quantities to derive the Landau
two-fluid equations. Here, we present the derivation of the
local equilibrium solution. The distribution function f© is
the local equilibrium solution if f© satisfies the following
condition:

CialfP1+ Culf @1 = 0. (F1)

The solution satisfying this condition is given by the local-
equilibrium Bose distribution function

1
) _
Pl D = Bl —mtm U -1

where 8, v,, U, and fi all depend on the position r and time 7.
Let us consider the deviation from the equilibrium distribution
function f° in the uniform system [16,19]:

2
fO- =70+ f°)[ﬂ§<§—m + 2gny — no)se
+ Bodjt — 2PBogdn + Bop - Un}- (F3)

Comparing with the definition of the fluctuation of the
distribution function f© — 9 = v fO(1 + f0), we find that

the fluctuation v around the local equilibrium is given by
P
Ve (p) = ﬂé(— +2gm0 — ﬁo)ae
2m

+ BodL — 2Bogdn + Bop - Sv,. (F4)

In terms of the polynomial expansion Eqgs. (18) and (26), one
has a relation given by

v(p) =YY CipHNp). (FS)
k

l

Therefore, one can write the local equilibrium solution as
Ve(p)=a+b-p+cp’ (F6)

where a = Cg, b-p= C(;le (p),and c = C?.

In a normal gas, we can determine the coefficients Cg, C (1),
and C) by using the conservation lows of the collision inte-
grals [19,21]. Comparing Egs. (F4) and (F6), one can find
the coefficients a, b, and ¢ in terms of the fluctuations from
equilibrium, given by

a=pBgn.60 — Bgén. + BoL — 2Bpgdn, (F7)
b = Bodv, (F8)
2
c= ﬁ—é@. (F9)
2m
Since the density and pressure are given by
_ 832@)
== (F10)
B 85/2(2)’ (F11)
BA3

one can expand them to the first order in the fluctuation, given
by

379 60 8z
si= 207 L e, (F12)

2 6 20

- 5130 60 . 6z
8P = 2" 4 g0 —, (F13)

2 90 20

where we used the equilibrium distribution function for the
thermodynamic quantities to evaluate the expansion coeffi-
cients. Using this equation, one can rewrite 46 and §z in terms
of 8ii and §P. Using the definition of the fugacity, we can also
have the relation
6z 1

30
= —I:—([Lo — 2gno)% + o — 2g8ni|.

oo (F14)

One can solve Eq. (F14) with respect to § i by making use of
Egs. (F12) and (F13). Substituting the results into Eqgs. (F7)
and (F9), one finds

. 5
=P sp | o s (F15)
no 2F()
g2 ( &P on
= P0 (5302 — ), F16
c=5 103 7 040 P (F16)

where we used the nondimensional hydrodynamic coefficients
defined in Egs. (43), (44), (49), and (50).
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On the other hand, taking a moment directly on Eq. (F6),
we find

Wy = aWy + W, (F17)
(pv'*9) = 1bW;, (F18)
(PP = aW, + cW. (F19)

Using the expansion form given in Eq. (F5) and taking
the moments, one can also show that (p*v) = (p"vy) and

n+1 n+1

(p"T" cosOv) = (p"T'v;)/3. Thus, imposing the local equi-
librium condition (v) = (1'°9), (pv) = (pv'®), and (E(p)v) =
(8(p)v'9), we find

(vo) =61, (F20)
(pv1) =3miigdvy, (F21)
(p*vo) =3méP. (F22)
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