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Superiority in dense coding through non-Markovian stochasticity
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We investigate the distributed dense coding (DC) protocol, involving multiple senders and a single or two
receivers under the influence of non-Markovian noise, acting on the encoded qubits transmitted from the senders
to the receiver(s). We compare the effects of non-Markovianity on DC for both the dephasing and depolarizing
channels. In the case of dephasing channels, we illustrate that for some classes of states, high non-Markovian

strength can eradicate the negative influence of noisy channels which is not observed for depolarizing noise.
Furthermore, we incorporate randomness into the noise models by replacing the Pauli matrices with random
unitaries and demonstrate the constructive impact of stochastic noise models on the quenched averaged dense
coding capacity. Interestingly, we report that the detrimental effect of non-Markovian depolarizing channels in
the DC protocol can be eliminated when randomness is added to the channel.
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I. INTRODUCTION

Entanglement, the nonlocal resource shared with distant
partners, is the most inherent difference between a conven-
tional classical information-sharing protocol and its quantum
version [1]. Basic protocols like dense coding [2], tele-
portation [3], key distribution [4], and one-way quantum
computation [5] take advantage of this salient feature to
surpass the classical limit imposed by unentangled resource
states. In particular, quantum dense coding (DC) is the process
of transmitting classical information, encoded in quantum
states, across a long distance using an entangled state as the
channel [2]. The successful implementation of the DC proto-
col consists of three steps [6—13]: (i) encoding at the sender’s
end, (ii) sending the encoded part through a quantum channel
connecting the sender and the receiver, and (iii) decoding the
information via measurements at the receiver’s site. Moreover,
the transmission of classical information has also been exper-
imentally demonstrated over reasonably large separation of
the parties with physical systems like photons [14-20] and
trapped ions [21-24].

The dense coding capacity (DCC) of a shared resource
state, which is characterized as the maximum amount of
classical information that can be sent, is used to quantita-
tively assess the performance of the shared state in the DC
protocol. It can be shown that not all entangled states are
beneficial for DC [25]. In particular, a quantum state is said
to be dense codable if and only if it can provide a capacity
greater than what can be achieved through purely classical
means [7,26,27]. If the encoded parts are transmitted over a
noiseless channel and the Holevo bound [28,29] is used during
the decoding of the information, the compact version of DCC
can be determined analytically by maximizing over unitary
encoding for any number of senders and a single receiver.
When two receivers decoding the message via local operations
and classical communication (LOCC) are involved in DC, the
exact dense coding capacity is not known although the upper
bound was provided [30] by employing a local Holevo-like
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bound [31-33], which can be improved either by increasing
the set of operations used for encoding [34—36] or through
preprocessing [37]. Different kinds of DC schemes like the
port-based dense coding protocol [38—42] and probabilistic
dense coding have also been proposed [43—45].

Since isolated systems cannot be prepared, the systems un-
der consideration are always in contact with the environment
which, in general, is responsible for the decay of quantum
properties like quantum correlations. Environmental noise is
often classified into two categories: Markovian [46], which
has no memory effect during evolution, and non-Markovian
[47-51], which retains memories of earlier stages of the evo-
lution and influences later noise processes. It was found that
quantum correlations, by nature, are fragile against noise in-
jected by the environment; e.g., under local dephasing noise,
entanglement suddenly dies away—a phenomenon known as
entanglement sudden death [52-57] which, in turn, affects all
the information-processing tasks. Specifically, the DC pro-
tocol can be affected by noise in two ways: first, when the
resource states are shared, which has already been considered
in the derivation of DCC [6,7,9,11,12,27], and second, when
encoded qubits are sent to the receiver(s) for which DCC
affected by certain kinds of Markovian noise has also been
addressed [35,36,58-63] (cf. Ref. [64] for non-Markovian
noise with a single sender-receiver pair).

In this work, we examine the impact of both Markovian
and non-Markovian noises on the multipartite dense coding
protocol involving multiple senders and one or two receivers.
Our aim is to determine whether the non-Markovian nature
of the noise has any favorable influence on the transmission
of classical information, since the collapse and subsequent
revival-like phenomena were observed in the instance of cor-
relation measures [57,65-70]. Specifically, we demonstrate
that when the shared states are the generalized Greenberger-
Horne-Zeilinger (gGHZ) [71,72] and generalized W (gW)
states [73,74], the DCC can be enhanced in the presence of
high dephasing noise and high non-Markovianity compared
to the Markovian dephasing noise, thereby eliminating the
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detrimental effects of noise on the protocol. Interestingly,
we observe that for depolarizing non-Markovian noise, such
an increment is absent. Furthermore, the increase of DCC
under non-Markovian noise is more pronounced in the case
involving only two senders compared to the case with three
senders.

On a different front, the inherently stochastic nature of
quantum theory allows for the existence of randomness which
is a thriving area of research in the context of random unitaries
and circuits. Various studies have been devoted to the dy-
namics of entanglement, such as the properties of many-body
systems [75,76], and to demonstrate operator spreading [77]
by random unitaries [78—80]. It is quite unnatural to anticipate
that the noise affecting resources will be of a specific sort,
such as dephasing or depolarizing noise. Instead, a certain
type of noise with some fluctuations, that can be represented
by random unitaries selected from a Gaussian distribution
with a fixed standard deviation around the Pauli matrix, can
replicate a more realistic environment. We perform quenched
averaging of DCC over several such realizations of the choices
of randomness injected on the noisy channels. We manifest
that for a fixed amount of non-Markovianity, the quenched
averaged DCC and its upper bound for two receivers increase
with the increase of disorder strength when the shared states
are the gGHZ and the gW. Specifically, we highlight the
increment of the averaged DCC achieved under random non-
Markovian depolarizing noise over the same under Markovian
noise without any disorder.

Our paper is arranged in the following manner. In Sec. II,
we introduce random channels and certain quantities required
for in-depth analysis of the noisy dense coding protocol. The
positive impact of non-Markovianity on DCC is presented
in Sec. III while Sec. IV demonstrates DCC under the ran-
dom noise models. Finally, we summarize our observations in
Sec. V.

II. QUALITY FACTORS TO ASSESS THE PERFORMANCE
OF DC UNDER NOISE

We lay down the framework required for the analysis of
our findings in this section. We first present a brief outline of
the noisy dense coding protocol involving an arbitrary number
of senders and a single as well as two receivers. We then
discuss how to construct random non-Markovian channels. Fi-
nally, quantities that capture the critical behavior of the noise
strength for obtaining quantum advantage are introduced.

A. Noisy dense coding capacity

The dense coding capacity (DCC) quantifies the amount
of classical information that can be transmitted with the help
of a shared quantum state, known as the resource state. A
second quantum channel is also required, through which the
senders transfer their qubits to the receiver(s) after encoding
the message. When the encoded information is sent through
a noiseless channel, the DCC for an (N + 1)-party state,
Ps,-SyR» shared between N senders, S; (i =1,2,3,...,N),
and a single receiver, R, reads [11,12]

Cl (pgl..SNR) = max[ log2 dgl...gN, logz dSl'--SN

+S(pr) — S(ps,-.s,R)]- (D

Here, log, ds,.. s, =log,ds,ds, ... --ds, corresponds to
the capacity without quantum advantage, referred to as the
classical bound, with ds, (i =1, 2, ..., N) being the dimen-
sion of the subsystem of the sender, S;. S(p) = —Tr(p log, p)
is the von Neumann entropy and px is the reduced subsystem
at the receiver’s end, obtained by tracing out the senders’
part of the original state, i.e., pr = Trs,..5, 05, -SyR- A
resource state is said to be dense codable when S(pr) —
S(ps,..syr) > 0, signifying quantum advantage over the clas-
sical bound. Note that Eq. (1) is obtained by considering that
the encoding performed by the senders is through unitary op-
erations (cf. Ref. [81]). We refer to this protocol as NS — 1R.

When the channel through which the senders transmit their
qubits to the receiver is noisy, the multipartite DCC has been
shown to be [59,61]

Cpoise (05,-5yr) = max[ log, ds,...s, . 10g, ds,...s,
+S(pr) — S(p)]. (2)
where
p=AUI"® - ®UI"®IR)ps, -syR
x (U™ @ - @UI™ ® Ir)). 3)

Here A is a completely positive trace-preserving (CPTP) map
denoting the noisy channel and U “ji“, a local unitary applied
by the sender 7, such that the von Neumann entropy in the
last term of Eq. (2) is minimized. If the noisy channel A is
covariant, which means that it commutes with a complete set
of orthogonal unitary operators, {W;} [59,60], we have

AWipW,") = WA (o)W, ©)

The noisy dense coding capacity with covariant noise reduces
to [59,61]

Cooise(P51--5yR) = max[ log, ds,...s,, log, ds, ..s,
+S(pr) — S(A(p))]- &)

Note that the simplification occurs since the noisy channel
A commutes with the entropy-minimizing unitaries Ug min and
the von Neumann entropy is invariant under local umtary
operators. A paradigmatic example of such a channel is the
depolarizing channel while the dephasing channel is not so.
Thus, in order to estimate the DCC of a resource state in
the presence of a noisy channel that is not covariant, the
minimization over the unitaries Ug min has to be performed. In
this work, we will consider that the senders’ nodes are affected
individually by both the dephasing and depolarizing noises,
after encoding.

Distributed superdense coding capacity in a noisy environment

Let us consider that the state pgs,...s, R, R, is shared between
N senders and two receivers such that the first » senders,
Si, ..., Sy, communicate their classical message to R, while
the remaining senders, S,11, ..., Sy, do so to R,. LOCC
between two receivers are allowed for decoding, and we call
this scheme NS-2R. Instead of the Holevo bound [28], which
is used to derive the DCC for a single receiver, a Holevo-like
bound for LOCC [31] can be applied to obtain the distributed
DCC. Since it is known that this bound cannot be achieved
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asymptotically, we obtain only the upper bound on the dense
coding capacity, which reads as [12]

B*(ps,-syR 1 R:)
= max| log, ds,..s,. 10g, ds, ...s,
+S8(pr,) + S(pr,) — max,—; 2S(£M)], (6)

where pg, is the subsystem of the receiver i (i =1,2),
obtained by tracing out all the senders and the other
receiver. Here, &' =Trs, ..syR.PS-SyRiR,» and &2 =
Trs,..s,R, PS,-SyR,R,>» Where the former is obtained by trac-
ing out the second group of senders (S,41,...,Sy) and a
receiver R,. Similarly, we obtain &2. Let us now suppose that
the channels through which the two sets of senders transfer
their qubits to the respective receivers are noisy, represented
by A. The upper bound on the DCC alters as [62]

szloise(psl"'SNRle)
= maX[ lOgZ ds]“‘SN ’ 10g2 dS[»--SN

+5(pr,) + S(pr,) — max,=1 2SEM].  (7)

Here, £* again represents the reduced subsystems of the cor-
responding sender-receiver pairs as

gl = Trs,, .- SvR» (A ((U‘g‘]i“ R --® UgNi“ ® HRle)
X 05, sRiR (US™ ® - @ U™ @ Ir,R,))). (8)

and similarly £2. Like in the single-receiver scenario, local

unitaries U g‘i"’s are applied in order to minimize the entropy

in the last term of Eq. (7). Note that U g“li“ QU g}i“ and
U g’i“ QU g:vi“ independently minimize S(£') and S(£?),

resgéctively. As m Eq. (5), the covariant channels lead to a

capacity similar to Eq. (7), with a modification in &*.

B. Action of random quantum channels

Exemplary noise models considered typically in the litera-
ture include the dephasing, depolarizing, amplitude damping
channels [82] (see Appendix A for Kraus representation of
the dephasing and depolarizing channels). However, in reality,
they can seldom be realized accurately according to their
Kraus representation involving the Pauli matrices. During the
dense coding protocol, the noise acting on the encoded qubits
at the senders’ side may be quite different from the Pauli noise
that characterizes some channels like dephasing and depolar-
izing. To address such a situation, local noise models based
on random unitary operators are considered, representing the
noise that actually affects each qubit sent to the receiver(s). An
arbitrary two-dimensional unitary matrix U is parametrized

by four variables as
U —oi® eiv/? 0 cos@/2 —sin@/2\(e? 0
=\ 0o e?)\sing2  cos6/2 J\ 0 e )
)

For brevity, we set ¢ =0, since it only contributes to an
overall phase. Here, specific values of w, 6, and § lead to the
well-known Pauli matrices. The values of the three parameters
which characterize the Pauli matrices (up to a global phase)
are given by o, :wo =2, 0 =n,8 =n; 0y 1w =37,0 =

m,§ =m;and o, : w = 21,0 = 0,5 = 37. Note that the val-
ues of w, 8, and §, mentioned above, are not unique for a
given Pauli matrix. We design the random noisy channels by
replacing o;’s in their Kraus representation by random unitary
matrices given in Eq. (9). The parameters of the random
unitary U; corresponding to a given o; (i = x, y, z) are chosen
from a Gaussian distribution with the corresponding mean p
and a fixed standard deviation, say €, denoted by G (i, €). For
example, the random unitary U, corresponding to o, has its
parameters w, 6, and § chosen from Gaussian distributions,
GQ@2m,€), G(m,€), and G(7, €), respectively, which in turn
quantifies the fluctuation around o, during implementation.
Note that, when we characterize a random noise model, we
incorporate the fluctuation in the standard Pauli matrices,
keeping the framework of the dephasing and depolarizing
noise models intact. Precisely, we use the same Kraus oper-
ators as standard noise models but with the Pauli matrices
replaced by random unitaries U, each of which is a function of
three parameters w, 6, and § chosen from a Gaussian distribu-
tion of the fixed mean which is the desired value and a given
standard deviation. Note that the desired Pauli matrices are
recovered with vanishing standard deviation. This construc-
tion ensures that the random noise still remains a CPTP map
and is physically realizable. Thus, the only modification in the
Kraus operators is that they are defined by random unitaries
instead of Pauli matrices (the coefficients remain the same as
in the original definition of the dephasing and depolarizing
noise). Hence, we can redefine the Kraus operators for the
random non-Markovian dephasing and depolarizing channels,
respectively, as

k™ = T —apl(l = pl,

with 0 < p < 1/2 and

P =T =3apl( = pIL. K?P=\/—[1 k2

(10)

kP = /1 +a(l — p)lpU,,

with i = x, y, and z. The degree of non-Markovianity is de-
noted by «, where a higher value indicates more backflow
of information from the environment into the system, while
the quantity p represents the strength of noise acting on the
system; i.e., an increase in p implies that a greater amount
of noise is affecting the system. In the Markovian limit (i.e.,
with ¢ = 0), the noise parameter p varies as 0 < p < 0.5 for
the dephasing channel and as 0 < p < 1 in the case of the
depolarizing channel. The allowed range of p in the non-
Markovian regime is the same as the Markovian one for the
dephasing channel, whereas for finite non-Markovian strength
(o > 0) in the depolarizing channel, p € (0, %) to ensure that
the Kraus operators for the depolarizing channel remain pos-
itive and the channel remains a CPTP map. Note that, unlike
the dephasing channel, the depolarizing one is covariant even
in the presence of non-Markovianity. However, even a small
deviation from the usual Pauli matrices makes the channel
incovariant.

Remark. By replacing the Pauli matrices with random uni-
taries, the noise that affects the protocol becomes random, but
since the Kraus operators retain their original form, the nature
of the noise remains the same. For example, the action of the
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dephasing channel is to leave the state (on which it acts) unaf-
fected with some probability p or change its phase by acting
o, with probability (1 — p). In a similar way, for the random
“noisy” dephasing channel, the action of the noise is to either
keep the state unaffected with a certain probability (p) or to
change it by acting on it with a unitary close to the o, operator
(with probability 1 — p). A similar argument holds for the
noisy depolarizing channel, where noise acts on the state from
all directions x, y, and z but the action is quantified by random
unitaries instead of the original Pauli matrices. Therefore,
even in the presence of random unitaries, we refer to the
noise models as “noisy dephasing” and “noisy depolarizing”
channels, since the characters of the noise remain unchanged
through the coefficients of the Kraus operators, i.e., “how” the
noise disturbing the system does not change, but its eventual
effect does not correspond to that of the well-known Pauli
noise models.

Below, we estimate U™" which is required to optimize the
DCC in the presence of dephasing noise for a class of shared
states.

Proposition 1. For the dense coding protocol involving N
senders and a single receiver sharing an (N + 1)-qubit gGHZ
state affected by local dephasing noise, the optimizing uni-
taries U™ corresponding to each sender are proportional to
the identity operator.

Proof. The (N + 1)-qubit gGHZ state is given by
|gGHZ)N+! = x|0)®N+! 4+ /1 — x2|1)®N*!_ The senders per-
form unitaries U gi“(w i, 0, 8;) minimizing S(p) in the dense
coding capacity Crhax(,osl... svk) [see Eq. (2)], before being
affected by the noise A. For each sender, S;, the two-
dimensional unitary Ug‘:“ can be parametrized (up to an
overall phase) by three parameters i, 0;, and ;. The noisy
state A(PgcHz) has N+ eigenvalues, all of which are func-
tions of {x,a, p,0;, w;, §;} with o and p being the strength
of non-Markovianity and noise, respectively. The analytical
form of the eigenvalues required to compute S(A(PeGHz)) is
too complicated to present in the paper, but close observation
reveals that they can be written as

e = eiZl/_\’;ol(w,-+8j)\/672i27:_()](w;+5,)fk(x’a’p’ 0;)

= ka(-xsa7 p, 6])7 (11)

where k =1,2,...,2"*! identifies the eigenvalues. Note
that the functional form of f; may be different for different
eigenvalues, and the only condition that f; must satisfy is
that Zk VJfi(x, o, p,6;) =1, to ensure normalization. Even
though the form of f; is complicated, Eq. (11) indicates that
the minimization of S(A(pecHz)) needs to be performed only

over the variables 6; of each Ug", and not over w; and §;.
J

Note that this function f does not have any physical sig-
nificance; it only helps us to write the eigenvalues of the
resulting state in a compact form. Numerical minimization of
S(A(Pgguz)) over 6, for N up to 10 reveals that the minimum
occurs at;  ~ nm V j. Thus, cos6; ~ +1andsind; =~ 0,
implying that the minimizing unitaries are proportional to the
identity operator, i.e., U gji“ oc I (where I is the 2 x 2 identity
operator). Hence the proof. |

Remark. Note that if the shared state is an arbitrary N-qubit
state, U™" may not simplify to the identity operator.

C. Critical noise strengths

Let us define certain physical quantities that can help us
analyze the effect of noise on the DCC. These quantities are
introduced to capture the overall behavior that emerges in the
DC protocol affected by decoherence and imperfections. In
the presence of noise, one can expect the following changes
in any indicator Q quantifying the protocol’s performance,
which is the dense coding capacity in this case.

(1) Typically, Q decreases with the increase of the noise
strength p and vanishes either at a finite p or asymptotically.
Hence, we define the minimum value of the noise strength,
referred to as the critical noise strength and denoted by p,, at
which the DCC or quenched averaged DCC (which will be
defined later for random noise) collapses to its classical limit
for a fixed value of « as

Pe = mljn [p|Crioise or Bioise = 10g2 (dsl cee T dSN)]' (12)

A lower value of p. indicates that the state involved in the
protocol is more susceptible to noise and vice versa.

(2) In the presence of non-Markovian noise, Q, in general,
revives after collapse due to the backflow of information. For
example, we know that it is the case for entanglement [65,68—
70]. Motivated by this picture, the minimum value of p, at
which the capacity first goes beyond its classical limit after
collapse, can be called the revival strength of noise, denoted
by p,, given by

: I 2
Pr= m;n [P 2 pC|Cnoise or Bnoise > 10g2 (dsl T dSN)]'
(13)
The constructive effect of the noise, if induced, is more promi-
nent when the value of p, is low, which indicates that the
capacity revives faster.

(3) Moreover, it is possible to identify a range of the
noise parameters, in which non-Markovianity helps to over-
come the detrimental effect that occurred due to Markovian
noise, thereby illustrating the constructive effect of non-
Markovianity. To compare the Markovian and non-Markovian
noise scenarios, we define the quantity manifesting the advan-
tage furnished by non-Markovianity, denoted by p,, as

Pa = min [p|Cpiee(@ > 0) > Cpyiee(@ = 0)
p

noise

or Bl (a > 0)> By (a=0)] (14)

noise

We will investigate the patterns of the above quantities
depending on the noise models and shared resource states,
in the succeeding sections. Note, however, that typically, to
obtain a quantum advantage in the dense coding protocol, a
high amount of entanglement is required and so it is not a
priori guaranteed that the feature of revival that is observed
for entanglement [70] can also be apparent for DCC. The
above quantities p., p,, and p, highlight the different impacts
of noise on the dense coding protocol. But first, let us briefly
explain how numerical optimization is employed to calculate
the DCC in the presence of noise.

D. Numerical optimization method
The quantity being minimized is S(A((U, glli“ ® -®

URn @ Ir)ps,.sym (UL ® - @ U™ @ 1g)).  Since
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each minimizing two-dimensional unitary U g:i“ can be
parametrized by three variables w;, 6;, and §;, the entropy
function involves optimization over the 3N quantities
{wi, 6;, 8}, corresponding to the N senders. The ranges
of the variables are set as 0 < w;, §; < 2w, and 0 < 60 < .
We use the improved stochastic ranking evolution strategy
(ISRES) algorithm based on the method described in Ref. [83]
to perform nonlinear optimization using the NLOPT library
[84] in c++4. The evolution strategy involves two steps:
mutation rule (with a log-normal step-size update and
exponential smoothing) and differential variation. Since
our optimization problem does not involve any nonlinear
constraint, the objective function itself determines the
fitness ranking. The optimization algorithm is executed
10° times in order to locate the global minimum. We use
the aforementioned algorithm since it has the heuristics
to escape local extrema present within the variable range.
The convergence is set to 1073 in the NLOPT routine, which
guarantees that the minimum of the entropy function is correct
up to the fifth decimal place. We first use the algorithm to find
U g;i“ for the depolarizing channel, for which the minimizing
unitaries should reduce to the identity for each sender (since
the noise is covariant). We verify that this is indeed the case,
ie., U g’?i" = I, to ensure that the ISRES algorithm is suited
for our purpose before applying it for other types of noise.

III. DENSE CODING INFLUENCED BY
NON-MARKOVIAN NOISE

We now investigate the response of non-Markovian de-
phasing and depolarizing noise on the dense coding scheme.
The noise acts on each channel that carries the encoded qubits
from the senders’ side to the receiver(s). Specifically, we aim
to find out whether non-Markovian noise in the channel can
have a constructive impact on the capacity or not. If yes,
we are interested in identifying a range of parameters in the
channel where such an effect is predominant.

Before going to a protocol with an arbitrary number of
senders and a single or two receivers, let us consider the
simplest bipartite scenario involving a single sender and a
single receiver. One can check that C;Oise(a > 0) > C&Oise(oz =
0) for high values of the noise parameter, p, and the non-
Markovianity strength o, when the shared state is |¢pT)sr
(see Appendix B). It will be interesting to find whether such
an advantage persists for arbitrary shared multipartite states
in the N senders—one receiver and N senders—two receivers
regimes. In this respect, note that it was shown that the relation
between multipartite entanglement and DCC differs from the
bipartite domain [62] and hence the effects of noise observed
in the case of DCC with two parties may not hold in the
multipartite domain, which is indeed the case as shown in the
succeeding sections.

A. Noisy dense coding between arbitrary senders
and a single receiver

In the multipartite domain, a natural choice of the resource
state is an (N + 1)-party gGHZ state, given by |gGHZ)V+! =

x|0Y®NH /1 — x2|1)®N*! | shared between N senders and
a single receiver. Such a choice is due to the fact that in the

noiseless scenario, |gGHZ)N*! with x = ,/T/2 provides the
maximum DCC, i.e., log, ds, - - - ds, + 1 while for other val-
ues of x, the capacity reads as log, ds, - - - ds, + H({x*, 1 —
x?}), where H({p:}) = — Y, pilog, p; represents the Shan-
non entropy corresponding to the single-site reduced density
matrix at the receiver’s end having eigenvalues {x, 1 — x?}.

Impacts of dephasing non-Markovian channel. In the pres-
ence of both Markovian and non-Markovian noise (o # 0),
the dephasing channel is not covariant, which implies that
the minimization over U™" corresponding to each of the N
senders has to be performed. However, such optimization is
hard to perform analytically and so we will resort to numerical
optimization in obtaining the exact trends of the DCC by vary-
ing the noise parameter and the strength of non-Markovianity.

Before proceeding further, we present a lower bound on
the DCC in the presence of the non-Markovian dephasing
channel.

Theorem 2. The lower bound on the DCC, obtained under
the non-Markovian dephasing channel, provides an advantage
over its Markovian counterpart, for a certain range of the
noise parameter when an (N + 1)-qubit gGHZ state is shared
between N senders and a single receiver.

Proof. As stated before, the DCC without noise for the
shared gGHZ state, |gGHZ)N*!, with N senders and a single
receiver can be obtained. In the presence of noise, motivated
by Proposition 1, let us assume that U™" =[5, ® Is5, ® - - - ®
Is, (with I being the 2 x 2 identity matrix), which leads to
a lower bound on the actual DCC. In this case, the capac-
ity reduces to Cl,. =log,ds, -+ ds, + H{x*, 1 —x?}) —
S(A(pN*1Y), where pV*t! = |gGHZ)N*! (¢GHZ| with A be-
ing the non-Markovian dephasing channel. Notice first that,
under the action of the dephasing channel (both Markovian
and non-Markovian), the coefficients in the density matrix
only get modified but no additional coefficients appear beyond
those of the pure state. This implies that there are only two
eigenvalues, given by

TA£Y/1-4(=14+ 1 = 2pM)x2(x2 = 1)) and

FAEV1I-4(=1+ (1= 2p+2(p — Dpa)™ )2 (x> — 1)),
(15)

for the Markovian and non-Markovian channels, respectively.
Since both S(pr) and S(A(p"*!)) are bivariate functions,
it is clear that the state is dense codable when the smaller
eigenvalue of S(A(p"*!)) is lower than that of S(pR ), thereby
making S(pr) = S(A(pV*!)). Let us consider that the eigen-
values of pr are such that x> < (1 — x?). In the case of the
Markovian channel, it is observed that the lower eigenvalue
of A(pN*!) is less than x%, when p < 1/2. Thus, for the
Markovian dephasing channel, the gGHZ state always gives
a quantum advantage in the dense coding protocol.

Repeating the same exercise with the lower eigenvalue in
Eq. (15), we find that the non-Markovian dephasing noise
allows for dense codability of the gGHZ state when p # p, =
(1 +a —+/1 + a?)/2a, which is the noise strength at which
the capacity reduces to its classical limit. Thus, a higher value
of o decreases the noise strength at which the state ceases
to be dense codable. However, comparing S(Ay(oV+!))
and S(Anu (o)), with the subscript being the types of
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noise in the channel, we find that when p > p, = 2+« —
Va—+a2)/2a, S(Au(p¥Th) = S(Anm (M), and hence
the non-Markovian channel furnishes a higher dense cod-
ing capacity than the Markovian one. Since p, = p.,
the non-Markovian advantage is guaranteed for [(2 + o —
V4 + a?)/2a, 0.5], and a higher value of « indicates a greater
range of improvement due to non-Markovianity since p, de-
creases monotonically with «. Hence the proof. |

Remark. Although the depolarizing non-Markovian chan-
nel is covariant, the depolarizing channel acting on the
senders’ part of the gGHZ state changes the state space
drastically which, in turn, increases the number of nonzero
eigenvalues with the increase of N, and the proof along the
lines of the dephasing channel does not go through. However,
numerical simulations in the case of the depolarizing channel
become easy owing to its covariant property.

Dense coding under non-Markovian noise

Let us now concentrate on the exact DCC affected by
non-Markovian dephasing noise by performing numerical op-
timization. Let us now consider two exemplary sets of pure
states as the shared resource, the gGHZ state and the gener-
alized W state, given by [gW)V+! = 3" b;P[|0)®V|1)] where
the b;’s are chosen to be real, and P denotes the permutation
operator which permutes the vector |1) in different positions.
The gW state for three qubits [85,86] reduces to |gW)3 =
Jal001) 4+ +/b010) + /T —a — b|100), where a, b € R and
a + b < 1 which, for a = 1/2, exhibits perfect dense coding
in the absence of noise and we refer to it as |W; /2)3. For four
qubits, we can write it as [gW)* = \/a]0001) 4 Vb0010) +
/¢|0100) + /1 —a — b — ¢|1000) (shared between Si, S,
&3, and R) which has one ebit (entanglement-bit - where one
ebit refers to the amount of entanglement in a maximally en-
tangled state of two parties [87]) of entanglement fora = 1/2
in the S : R bipartition and we term it as |W; /2)4. For these
classes of states, we study the trends of DCC against the noise
strength and the variation of state parameters, for different
values of the non-Markovianity parameter, «. In the case of
the dephasing channel, the optimal unitary U™?" is identified
numerically (using the NLOPT algorithm ISRES [88]).

a. Two versus three senders with gGHZ states. When three-
and four-qubit gGHZ states are shared between two and three
senders, respectively (with one receiver), and after encoding,
the senders’ qubits are disturbed by dephasing noise, we ob-

tain the noisy encoded state, denoted by pf}f S)Z with ,o(g(s gz
being the original pure state. As one expects, Céoise(pff (]){)Z) <

Céoise(p(go? gz); i.e., the DCC decreases monotonically with
the increase of the noise parameter p, irrespective of the
state parameter. There exists a critical noise value p., where
Céoise(p(gf (?)Z) reduces to its classical bound. For example, at
a =0, p. =0.48 for the three-qubit gGHZ state while for
four-qubit |gGHZ)*, p. = 0.42. Clearly, p. decreases with
the number of senders, thereby showing a decrease in the
robustness against noise with an increasing number of parties.

b. Constructive effects of non-Markovianity. Quantum ad-
vantage in the DC protocol emerges with high noise in
the presence of strong non-Markovianity; i.e., a higher non-

Markovian strength allows for countering the destructive

0 015 03 ~ 045 0 0.03 0.06 8.09 0.12 0.15

p
2.02 2.075
(©) (d)
9 8205
22,01 _E
o 0 2.025
(3 0.4’X0.6 08" oo ogz 0.03 0.04

FIG. 1. Two senders and a single receiver, 2S-1R case under
non-Markovian dephasing noise. (a) C, .., (ordinate) against the non-
Markovian dephasing noise parameter, p (abscissa), for different
non-Markovianity, «, when the shared resource state is the three-
qubit GHZ which is affected by dephasing noise after encoding. The
inset in (a) highlights the constructive effect of non-Markovianity
at high noise strength on the GHZ state. (b) A similar study is
performed for the shared W state. [(c) and (d)] DCC (ordinate)
of three-qubit |gGHZ)® and |W,,,)? states, respectively, against the
state parameters x and b (abscissa), respectively, for p = 0.4. The
different non-Markovianity parameters are represented from dark
(blue) to light (green) as o = 0.0 (squares), o« = 0.8 (circles), @ =
0.9 (triangles), and o« = 0.99 (diamonds), respectively. The x axis is
dimensionless whereas the y axis is in bits.

effects of noise on the DCC. Specifically, at high p and «, we

observe the existence of p,, i.e., for p > p,, Clloise(,offg)z) >

c! (,ozgpG gz), thereby establishing the constructive response

OP 0Ills(e)n-Markovianity [see Figs. 1(a), 1(c), and 2(a) and Table
I]. The advantage in DCC is more pronounced at high values
of noise strength and non-Markovianity. In other words, p,,
as defined in Eq. (14), decreases with « and p. For the shared

four-qubit gGHZ states, the quantum advantage can again

3.9
(a) (b) =00 —=—
2 9 3.6 =03 ——
g _2 a=07
K . L 33 =
@] 04T T a=09
P
0.1 02 03 04 05 0.03 0.06 0.09 0.12 0.15
p p
3.1
3.045 (¢) (@)
. ,3.05
§3.03 _ R
U3.015 505
2.9

0204 06 08 1 005 0T 015 02 025
X

FIG. 2. 35-1R under non-Markovian dephasing noise. [(a) and
)] C‘loibe (ordinate) vs p (abscissa) when four-qubit GHZ and
W states are initially shared. The constructive effect of non-
Markovianity at high p and « is highlighted in the inset in (a).
DCC for the four-qubit [gGHZ)* and |W,,,)* states with the state
parameters, x and b (abscissa), respectively, for p = 0.4 are shown in

(c) and (d). All other specifications are the same as in Fig. 1.
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TABLE I. Critical noise strength p., revival noise strength p,, and noise strength p,, for which advantage is furnished due to non-
Markovianity for the GHZ and the W states affected by non-Markovian dephasing noise.

Pe Pr Pa

o GHZ W GHZ GHZ \\

2S8-1R 3S-1R 2S8-1R 3S-1R 2S8-1R 3S-1R 28-1R 3S-1R 2S8-2R
0 0.48 0.42 0.13 0.07
0.3 0.41 0.35 0.1 0.06 0.46 0.48
0.5 0.36 0.31 0.09 0.05 0.41 0.47 0.44 0.47 0.45
0.7 0.33 0.28 0.08 0.05 0.37 0.42 0.42 0.42 0.41
0.9 0.29 0.25 0.07 0.04 0.33 0.38 0.4 0.4 0.39

. . . . 1 4 .. . .

be reported, which are of two kinds: (i) C,.(IEGHZ)(, ,)) the fact that the depolarizing noise acts on the qubits from all

becomes nonvanishing after it collapses, i.e., p, exists like
gGHZ)
9’

the three-qubit case, and (ii) Céoise(p(gf ) > Cooise (P(p0)
thereby obtaining p,. Notice that, for the existence of p,, a
high amount of non-Markovianity is required for three senders
compared to DC with two senders. It possibly indicates that
when there are more senders, noise acts on each channel,
thereby accumulating more destructive effects of noise which
can only be eliminated with high non-Markovianity as shown
in Table I.

c. No advantage of non-Markovianity for generalized W
states. In general, the DCC for the gW states, in the NS-1R
routine, neither revives after collapse nor shows advantage due
to non-Markovian noise after collapse (see Table I). In partic-
ular, as shown in Figs. 1(b) and 2(b) p. decreases with the
strength of non-Markovianity «, thereby illustrating less ro-
bustness of the [W)? state against noise. However, the [W2)?
states show an opposite behavior, specifically a constructive
effect with . For example, for p = 0.4 and sufficiently high
non-Markovianity («¢ > 0.8), we have C&Oise(lwl/z)?p’a)) >

C;Oise(|W1 /2)?1,’0)). In spite of such advantage, states for which
nonclassical capacity does not exist under Markovian noise
[b > 0.02 as illustrated in Fig. 1(d) and for all b in Fig. 2(d)],
fail to exhibit quantum advantage at o > O.

d. Detrimental behavior observed for the non-Markovian
depolarizing channel. Like on entanglement, the depolarizing
channel has a much more adverse effect on the dense coding
protocol than the dephasing one which is clear from the very
low value of p. reported in Table II. This is primarily due to

TABLE II. Critical noise strength p. for GHZ and W states
affected by non-Markovian depolarizing noise.

2
GHZ W

o 28-1R 3S-1R  2S8-2R  25-1R 3S-1R 2S-2R
0 0.09 0.06 0.75 0.08 0.05 0.31
03 0.07 0.03 0.58 0.05 0.03 0.26
05 0.05 0.03 0.45 0.04 0.02 0.21
0.7 0.04 0.02 0.32 0.03 0.02 0.16
09 0.03 0.02 0.25 0.02 0.02 0.1

directions in contrast to the dephasing-type noise, which only
affects the qubits from the z direction [70]. Neither the gGHZ
nor the gW states show any advantage with «; rather, their
capacities decrease with non-Markovianity. As argued before,
non-Markovianity can counter the destructive effects of noise
only when the noise strength is above a certain threshold
value, which is not possible for the depolarizing channel since
the noise parameter, p, is upper bounded by 1/3« for any
arbitrary shared state. Moreover, comparing the 2S-1R and
the 35-1R protocols, we find that the DCC is much worse
affected for the three-sender case than that of the two-sender
protocol (compare Figs. 2 and 3).

B. Distributed non-Markovian dense coding

A dense coding scheme with two senders and two receivers
is qualitatively different than the scenario with a single re-
ceiver. The impact of noise on the distributed dense coding
protocol can only be inferred by studying the pattern of an
upper bound Bﬁoise via LOCC in Eq. (7).

We again consider the non-Markovian dephasing and depo-
larizing channels as noise models to obtain the expressions for

the dense coding capacity given in Eq. (7). In contrast to the

27

noise

2.4

noise

2.1

" . 5
0.1 02 p0.3 04 05 0.03 0.06 8.09 0.12 0.15

2.7
2.6/ (¢)

2.5
2.4

noise
noise

. .
m 2.2

2.1
02 04 06 08
X

3005 01 "1;30".15 02 025

FIG. 3. Two senders and two receivers scenario. Bﬁoise with non-
Markovian depolarizing noise, p in (a) and (b) for the GHZ and W
states while in (c) and (d), the upper bound on capacity is plotted
against state parameters of |[gGHZ)* and [W,,)*. All other specifi-

cations are the same as in Fig. 1.
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single-receiver scenario, we will show that the two-receiver
dense coding protocol is more robust to the non-Markovian
dephasing noise (since p. does not exist for the gGHZ states
in the 25-2R regime), and the |W, /2)4 states also provide
a larger quantum advantage in DCC than the one-receiver
scenario for both types of noise. Moreover, for the gGHZ
states, the dephasing channel has no effect on the dense cod-
ing capacity when varied against «, i.e., B (|gGHZ)*) is
invariant for the entire range of non-Markovianity at a fixed
noise strength p.

Theorem 3. For the four-qubit gGHZ state shared be-
tween two senders and two receivers, the upper bound on
the distributed DCC without noise coincides with the upper
bound in the presence of non-Markovian dephasing noise, i.e.,
B2 . . = B? irrespective of the value of the non-Markovian
parameter o.

Proof. The four-qubit gGHZ state, [gGHZ)Y ¢ =, =

x]0000) + +/1 —x%|1111), can be represented in the
density matrix form as  peguz = x*/0000)(0000] +
(1 =X)L + x4/ (1 — x2)(J0000) (1111] 4+ |1111)
(0000]). If we again assume that the U™" are proportional
to the identity operator, which our numerical studies
show to be the case, the non-Markovian noise does
not change the subspace of the affected state, i.e.,
A(pgGrz) = x*10000)(0000] 4 (1 —x*)[TTT1){1111] + f(p,
o, x)(|0000)(1111] + |1111)(0000|), where the function
f includes the noise parameters p and «. Notice that
only the off-diagonal terms change, which does not
contribute during the partial trace operation, unlike the
single-receiver protocol. The only term in the expression
of B2, . that can get modified by the effect of noise is
max[S(Trs,», A(pecnz)), S(Trs,r, A(pecuz))] = H({x?, 1 —
x2,0,0}), which is independent of the non-Markovianity
parameter « and also the noise strength p. Thus, independent
of the value of o and p, the upper bound on the 25-2R
DCC remains unchanged and equal to its noiseless value
Bl .. =2+ H({x*, 1 — x*}) bits. Hence the proof. [

Remark. The optimizing unitaries U™" appearing in
Eq. (7) do not make any qualitative changes to our results
since numerical studies suggest that each U™" acting on the
sender’s end is proportional to the identity operator, and thus
does not change the subspace to which the initial state be-
longs.

Let us now elaborate on our numerical observations per-
taining to the noisy distributed dense coding scheme.

gGHZ states: Dephasing versus depolarizing noise. Al-
though no non-Markovian advantage is reported for the
dephasing channel in the entire parameter range of « for
the gGHZ state, the GHZ state remains unaffected by non-
Markovianity, furnishing Bnme =2+ H({x?% 1 —x?}) for all
a. There is, however, a destructive effect on the DCC of
the gGHZ states against depolarizing noise, such that BnOlse
decreases with o > 0 although it remains above the classical
threshold as illustrated in Figs. 3(a) and 3(c).

gW states. For the dephasing type of noise, the dense cod-
ing capacity of the W state does not hit the classical value at all
but decreases to a minimum value and the quantum advantage
also increases with o as shown in Table I. On the contrary,
the depolarizing noise is again destructive in nature whereby

the capacity decreases with an increase of the non-Markovian
parameter. The W state, according to Fig. 3(b), shows no
advantage of non-Markovianity for the depolarizing channel
and the capacity collapses to its classical limit faster than
in the Markovian regime. The |W; /2)4 state also mimics this
behavior, where the DCC decreases with « and the parameter
regime of b where quantum advantage exists also shrinks with
non-Markovianity as shown in Fig. 3(d).

IV. EFFECTS OF RANDOM CHANNELS
ON DENSE CODING CAPACITY

In this section, we study the impact of noise on the dense
coding protocol, when the noisy channels are characterized by
random unitaries along with non-Markovianity as discussed
in Sec. II B. Note that in the case of random noise, the DCC
has to be computed by performing averaging, which we define
now.

Quenched averaging. For a fixed resource state and non-
Markovianity a, in a single realization, we compute C! . _or

B2 . . by choosing a set of parameters in the unitary, {x;}, from
a Gaussian distribution with mean (x;) and standard deviation
€. We calculate the dense coding capacity for 4 x 10? sets of
such realizations and, by averaging them, we obtain quenched
averaged dense coding capacity denoted by (C} . ) or (B2 . ).

Theorem 4. The upper bound on the dense coding capacity
affected by the random noisy channel for multiple senders
and a single receiver is greater than the capacity influenced
by noise without randomness.

Proof. Any arbitrary unitary operator in two dimensions
can be characterized by three parameters w, 6, and &, apart
from an overall phase, as in Eq. (9). Let us suppose that
any Pauli matrix is written as U® = UU; Uy, characterized
by the parameters w’, 6°, and §°, respectively. Suppose the
random unitary corresponding to U is U = U,U,Us. To gen-
erate such a random unitary, each parameter (w, 6, and §)
is randomly chosen from a Gaussian distribution of mean
w?’, 0°, and §°, respectively, and standard deviation €. Thus,
one arbitrary choice of the parameters of the random unitary
U may be taken to be w’+¢€, 6°+ ¢, and §°+ €. It can
be shown that the unitaries constituting U can be written as
U; = cos 5UY + sin SU; withi = 1, 2, 3, where

, : ia)/2 0
U, = ( 1w/2)

, _[—sin@/2  cosB/2
U2—< cosf/2 —sin6/2)" (16)

, 18/2
U; = < 15/2)

Thus, U = U,U,U; = cos® %UO + Zj fj(e)Uj, where each
fj(€) = O(sin 5) or higher and each U ; represents a unitary
obtained from the product of U;’s and U?’s. Note that we
denote Uy = UPUYUY = U° which is not present in the sum-
mation and thus j > 0. Finally, we can write the action of U
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on a state p as

T 6 €70 ot . o, 77T
UpU'" = cos EU oU +X(;fj(e)U pU;
J>

+ Y fie)Tpu”

j>0

+ Y f[i©fieU;p0] (17)

j>0,/>0

€ ~ ~
= cos® SUPU + ) fi(e)fi(e)U;pU; . (18)
Jil

Here, one must take care to omit j = [ = 0 in the summation.

Let us now illustrate the proof for the dephasing channel.
Note that the same line of proof would hold for the depolar-
izing channel, but with some more cumbersome algebra. The
dephasing channel is characterized by the Pauli operator U° =
o, whose parameters @’ 6°, and §° are given in Sec. IIB.
Since we consider the noise to act only on the senders’ part,
the only affected term in the dense coding capacity given
by Eq. (2) is S(p). In the presence of a random dephas-
ing channel, we can write S(Dandom) = S(p1po + pUpUT),
where p; = (1 —ap)(1 — p) and pr = (1 + (1 — p))p with
p being the noise parameter of the dephasing channel and «
the strength of non-Markovianity. Using concavity of entropy
[46], i.e., SO, pipi) < D_; piS(pi) + H{p:}, we obtain

€ . -
S| p1p+cos® SppUpU” + pa 3 file) () UipU]

LJ
J#i
(19)
€
< S<p1p + cos® zsz”pU"T>
+p2 Y file)fi(e)SWipU))
i
+H{p1, pa, pafi(€)fi()}. (20)

We can neglect the last summation, since each fi(¢) is a
function of sine and we have assumed € — 0, which also

implies cos® € — 1. Thus, we finally arrive at
S(lbrandom) < S(bdph) + H{pla p2} (21)
= Choise(Arandom(P)) 2 Croise (Aepn(0))
—H{p1, p2}. (22)

Numerical simulations confirm that S(frandom) < S(fapn) for
small as well as moderate disorder strength, €. Therefore, the
dense coding capacity for a state affected by random noise is
greater than that affected by Pauli noise. |

Remark. In the case of the dephasing channel, U™" is
again chosen to be the identity operator in the proof for sim-
plicity. However, numerical simulations again show that the
results remain true even when optimization over unitaries is
performed.

A. Random dephasing noise on DCC

To begin our discussion on the effect of random noisy
channels, we first consider the dephasing channel composed
of two Kraus operators, one involving the identity and the
other involving o,. In the case of random channels, the pa-
rameters of unitaries are chosen from a Gaussian distribution
of standard deviation € and mean fixed to the parameters of
the corresponding Pauli matrix. We notice that the presence
of such random noise provides a distinct advantage in the
dense coding protocol in comparison with the effects of a pure
dephasing channel, i.e., C} . (A pa.e(0) = CL. . (Apao(p)),
where € denotes the magnitude of randomness present in the
noise. Let us present our observations for the case of single-
and two-receiver scenarios.

1. Random channel affected dense coding involving a single
receiver: Comparison between gGHZ and gW states

2S8-1R case. In the case of the three-qubit GHZ state, we
find that the average capacity increases steadily with € for any
value of « as shown in Fig. 4(a). In fact, for sufficiently high
standard deviation, e.g., € > 0.7, the quenched average dense
coding capacity does not collapse to its classical threshold
(which is 2) but reaches a minimum value (>2) and then rises
again with the noise strength p. In this case, p, decreases with
respect to both « and €. The decrease in p, with € predicts the
beneficial impact of randomness present in the noise acting on
the protocol. Qualitatively similar behavior is observed when
the W state is considered as the resource [see Fig. 4(b)]. This
demonstrates that if the dephasing channel is not perfect, the
protocol is much more beneficial in terms of dense coding
capacity.

When analyzed with respect to the state parameter, we
observe that the protocol becomes more and more efficient
for a given « as the standard deviation € assumes higher and
higher values for the |gGHZ)? and |W;, /2)3 states. For any
given non-Markovianity strength and standard deviation, the
capacity becomes maximum at x = 1/+/2 (the GHZ state) as
demonstrated in Fig. 4(c). An important feature of randomly
generated dephasing-type noise emerges—there exist some p
and x for which the Markovian pure dephasing channel offers
no quantum advantage with the |W; /2)3 state although an in-
crease in the standard deviation makes the capacity overcome
the classical limit. Thus, the constructive effect of randomness
is again highlighted in the noisy DC protocol.

3S-1R scenario. The advantageous effect of randomness
still persists when we consider |GHZ)* but is much less pro-
nounced (see Fig. 5), with the revival of capacity beyond its
classical value (upon collapse) being absent. Thus, with an
increase in the number of senders, the destructive effect of the
noise cannot be avoided through its random implementation,
since more qubits are affected by it. In the protocol involving
three senders sharing a W state with a lone receiver, no quan-
tum advantage beyond that for the pure dephasing channel
is apparent no matter how high the value of € is. For the
|gGHZ)* states, the random noise cannot help in overcom-
ing the classical limit of 3 for any value of € or . On the
other hand, for sufficiently high randomness (¢ > 0.5), some
quantum advantage is observed for |[W; /2)4.
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FIG. 4. 2§-1R DC with random non-Markovian dephasing
noise. Quenched averaged dense coding capacity, (C) ) (ordinate),
with different disorder strength, €, against the noise parameter p
in (a) and (b), and against the state parameter x and b (abscissa)
in (c) and (d), respectively. The states shared between senders and
the receiver are (a) the three-qubit GHZ, (b) W, (c) |gGHZ)?, and
(d) W, /2)3 states. Squares, circles, triangles, and diamonds represent
€ =0, =0.5,¢=0.7, and € = 1.0, respectively. In all the cases,
the non-Markovianity parameter is fixed to ¢ = 0.8. The horizontal
axis is dimensionless although the vertical axis is in bits.

2. Effects of random noise on distributed dense coding

When the dense coding protocol involves two receivers,
we consider four-qubit resource states shared between two
senders and two receivers. The principal difference in the
dense coding protocol involving two receivers, from that hav-
ing a single receiver, is that the random noisy channel exhibits
no effect when considering the gGHZ states. The construc-
tive effect of randomness is observed for the W and |W; /2>4
states, in Figs. 6(b), 6(d), 7(b) and 7(d) respectively, where the
quenched averaged capacity increases with € (however, it still
remains lower than the gGHZ states). Unlike the gGHZ state,
for which the region of quantum advantage is stretched across
the entire parameter regime, the |W; /2)4 states demonstrate
quantum advantage only beyond b ~ 0.1.

B. Depolarizing random noise on dense coding: Beneficial role

We have already observed that depolarizing channels act-
ing on the encoded qubits has extremely damaging effects
on the performance of DC. It will be interesting to find out
whether random channels can have a more destructive impact
or less. Our results can be listed according to the resource
states.

(1) gGHZ state as resource. Although the pure Markovian
depolarizing channel suppresses any quantum advantage, an
increase in € at « = ( causes an increment in the quenched av-
eraged capacity beyond its classical value both in the 25-1R
and 3S5-1R regimes. The advantage in the dense coding ca-
pacity is pronounced around x = 1/4/2 with the region of
advantage increasing with an increase in the standard devi-
ation [see Table III for the GHZ state (x = «/LE)]' However, the
(Cnloise) decreases with o for a given randomness parameter
€ as demonstrated in Figs. 6 and 5(c). Moreover, we observe
that the critical noise strength of collapse, p., increases with
the randomness, thereby sustaining nonclassical capacity for
a large range of the noise parameter. The situation is similar
when the four-qubit gGHZ state is shared in the 2S-27R case.
The averaged capacity here undergoes improvements with
increasing €, as shown in Fig. 5(a). The most important con-
structive feature is, for sufficient randomness in the channel
(e > 0.5), that the quenched average capacity never reduces
to its classical value of 2, but rises after reaching a minimum
value. This is in contrast to the depolarizing noise without ran-
domness, where revival is observed after the capacity becomes
2. When the capacity attains a minimum value, an increase in
the standard deviation increases the noise strength at which
the minimum occurs, thereby again exhibiting a constructive
effect since the capacity remains high through a large noise
parameter regime.

(2) gW state. When a single receiver is involved in the
dense coding protocol, the behavior of the averaged capacity
of the gW state is similar to that of the gGHZ state, even
though the quantum advantage is markedly less. The random
noise allows for constructive effect in the two-receiver sce-
nario [see Fig. 5(b)], whereas the pure depolarizing channel
always caused the capacity to decrease with «; i.e., the random
channel causes an increase in the DCC with increasing e.
Moreover, the probability of collapse, p., also increases with
the standard deviation (see Table III). However, the noise
strength of collapse is lower for the W state as compared
to that for the GHZ state, thereby highlighting the increased
susceptibility of the W state to noise.

(3) A special class of gW state. For |W1/2)3 and |W1/2)4
shared with a single receiver, the dense coding capacity can
never overcome its classical threshold in the presence of
non-Markovian noise. However, as illustrated in Fig. 5(d), a
constructive impact of randomness is apparent in the 25-2R
regime where the quenched average upper bound (B2 . ) in-
creases beyond the classical bound with an increase in €.
Furthermore, the state parameter region beyond which quan-
tum advantage is obtained also expands with € (for example,

TABLE III. Critical noise strength for collapse, p., for GHZ and W states affected by random depolarizing noise.

GHZ W
2S-1R 3S-1R 2S-1R 3S-1R
o e=05 €=07 €=10 €=05 €=07 €=10 €=05 €=07 €=10 €=05 €=07 €=1.0
0.3 0.09 0.11 0.14 0.04 0.05 0.06 0.08 0.09 0.12 0.03 0.04 0.05
0.5 0.06 0.08 0.1 0.03 0.04 0.05 0.05 0.06 0.09 0.03 0.03 0.04
0.9 0.04 0.05 0.07 0.02 0.03 0.04 0.03 0.04 0.07 0.02 0.02 0.01
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FIG. 5. Advantage in random depolarizing noise in 3S-1R DC protocol. (C

oise) (Ordinate) against p (abscissa) for different disorder

strengths with the shared four-qubit GHZ state. (a) Markovian noise, i.e., « = 0.0, is compared with non-Markovian noise, (b) « = 0.3 and
(c) o = 0.5, respectively. All other specifications are the same as in Fig. 4.

ate = 0.3, (Bﬁoise) > 2 for b > 0.15 whereas (Bﬁoise) > 2 be-
yond b = 0.1 when € = 0.7), thereby providing a twofold

advantage in the protocol.

V. CONCLUSION

Quantum superdense coding illustrates quantum advantage
for transferring classical information encoded in quantum
states, provided an entangled state is a priori shared be-
tween the senders and the receivers. It is one of the first
information-theoretic protocols to be proposed and then ex-
perimentally realized [14,21,89,90]. During its realization,
it is imperative that environmental impacts would induce
unwanted noise in the system, thereby diminishing the per-
formance. To date, all the studies performed on the dense
coding protocol have been solely focused on how Markovian
noise affects the system’s encoded component. In a multipar-
tite domain with arbitrary senders and one or two receivers,
we found that when non-Markovian dephasing noise acts on
the encoded part (especially for the three-party generalized
Greenberger-Horne-Zeilinger shared state), the dense coding
capacity increases with an increase in non-Markovianity. This
non-Markovian enhancement is less prominent either when
the shared state is the W state or when one increases the
number of parties.

Noise is typically characterized by paradigmatic models
such as the dephasing and depolarizing channels [82]. From
the experimental point of view, the actions of exact dephasing
or depolarizing noise involving Pauli matrices on the sender’s

2.66
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FIG. 6. The average upper bound on DCC under random non-
Markovian depolarizing noise when o = 0.9. All other specifications
are the same as in Fig. 4.

part is an extremely idealized situation. In reality, there must
be some deviation from the Pauli noisy channel. Therefore,
our work aimed to analyze how exactly the performance of
the dense coding scheme would be altered when the noise
itself behaved randomly. This formalism introduces unknown
stochastic elements into the implementation of the protocol,
which are completely beyond the user’s control. We addressed
this question of how the dense coding capacity gets affected
if we choose Kraus representations involving unitaries from
a Gaussian distribution with a mean around Pauli noise and
a finite standard deviation. Such a noise model, if present,
would have a profound impact on the realization of the dense
coding protocol; for example, it would destroy the covariant
nature of the depolarizing noise channel, thereby rendering
the experiment invalid if the assumption of that particular
channel is taken into account in the experiment. Furthermore,
not knowing exactly which form of noise acts on the sys-
tem would prevent the application of the entropy-minimizing
unitaries which are crucial for obtaining quantum advantage.
Therefore, it is intriguing to investigate the impact of random
noise on the capacity of classical information transmission in
networks, which is one of the important directions of research
in the quantum communication field. We dealt with multiple
senders and one or two receivers sharing multipartite entan-
gled states as the resource. Most strikingly, we showed both
analytically and numerically that in the presence of random
noisy channels, the dense coding capacity increases with the

3
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FIG. 7. The quenched averaged upper bound on the dense cod-
ing capacity, (B2,.) (ordinate), is demonstrated under random
non-Markovian dephasing noise with « = 0.9 in the two-senders—
two-receiver picture. All other specifications are the same as in

Fig. 4.
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increase of the strength of the randomness in the channel. Our
results showed that as we deviated from the Pauli nature of
the noise, the protocol furnished better results in the sense
that one can overcome the detrimental effects of noise on the
protocol. However, on increasing the standard deviation of
the Gaussian probability distribution, from which we sample
the noise parameters, the noise would eventually revert to its
Pauli characteristics at a certain point. Therefore, we inves-
tigated the interplay between the randomness present in the
noise and the enhanced quantum advantage due to noise. In
particular, quantum advantage actually persists if and only if
the stochastic nature of the noise is within close range of the
Pauli matrices. Therefore, we limited our analysis to standard
deviations up to unity, which also hints at how one could
construct the minimizing unitaries (by guessing the standard
deviation, it is possible to incorporate its effects on the min-
imizing unitaries through simple numerical calculations) in
the experiment. However, if the randomness in the noise is
unbounded, not only would it impart more destructive effects
on the protocol, but it would also create hindrances towards
the successful implementation through the inability to gauge
the minimizing unitaries. Furthermore, we also report that the
inherent randomness present in the noise would help to coun-
teract the destructive effects of non-Markovianity, thereby
highlighting a positive impact of an otherwise undesirable
element. Our work thus indicates that non-Markovianity and
random unitaries used in enhancing the performance of the
dense coding protocol have a trade-off relation.
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APPENDIX A: NON-MARKOVIAN NOISY CHANNELS

Noise acts on the states after encoding at the sender’s end
occurs. In this work, we concentrate on two channels, the
dephasing and the depolarizing channels. The non-Markovian
versions of the aforementioned channels are parametrized by
the non-Markovianity parameter o and the noise strength p.
The Kraus operators for the dephasing and depolarizing chan-
nels take the form as [50]

K% = /T apl( = pL,
K;iph =./[1+a(l — p)lpo;,

K;® = /1 = 3apl(1 — p)L,

KidP — \/wm' (A2)

Here, o; with i = x, y, z represent the well-known Pauli ma-
trices and the non-Markovianity parameter o« lies between

(AL)

0 and 1. For the dephasing channel, we have 0 < p < 0.5
whereas for the depolarizing channel p runs from O to 1/3«.
The Markovian limit is recovered by choosing ¢ = 0, and a
higher value of o corresponds to a higher amount of non-
Markovianity in the channel [48].

APPENDIX B: NOISY DENSE CODING INVOLVING
A BELL STATE

Let us consider that the Bell state |¢pT)sr =
(1/+/2)(100) 4 |11)) is shared between a sender S and a
receiver R. Upon encoding, the channel through which &
sends the qubit to R is either a non-Markovian dephasing
channel or a depolarizing one. The dense coding capacity is
given by

Clie(pT)sR) =2 — S(AU™™|¢pT)sr (T IU™™)). (BI)

For analytical simplicity, we will not consider the unitaries
U™ while calculating the capacity. This will not make any
qualitative changes in the end result. Note that the state is said
to be dense codable when S(A(|¢pT)sr(dT])) < 1.

Let us first consider the depolarizing channel. The eigen-
values of A(|¢pT)sr(¢T|) are given by {x, (1 —x)/3, (1 —
x)/3, (1 —x)/3} where x = (1 — p)(1 — 3ap) when o > 0
which reduces to x = (1 — p) in the Markovian limit. It can
easily be shown that the entropy term is below 1 when p <
1/3a, which is the range of operation for the depolarizing
channel. By setting o = 0, we find that in the case of the
Markovian channel, the state remains dense codable as long as
p < 0.19. Now, given the set of eigenvalues of the noisy state,
it is evident that the maximum of S(A(|¢pT)sr (¢T])) occurs
when x = 0.25. For the Markovian case, we have (1 — p) >
0.25 and p/3 < 0.25. Conversely, when o« > 0, (1 — p)(1 —
3ap) > 0.25 and p(1 + 3 (1 — p))/3 < 0.25. Note that if the
eigenvalue less than 0.25 is greater in the non-Markovian case
as compared to the Markovian limit, then the last entropy
term is also greater when o # 0. We can indeed observe that
S(Anm(19T)sr (@) = S(Au(1¢T)sr(#T1)) and the dense
coding capacity for the non-Markovian case is lower than that
of the Markovian case when the noisy channel is depolarizing
in nature.

We now move on to the case of the dephasing channel. The
eigenvalues of the noisy resource in this case read as {%(l +
J1T+4p(p— D(a(p—1) — D(ap — 1))}). We compare the
last term in the DCC for Markovian and non-Markovian chan-
nels. Since the eigenvalues are symmetric around 1/2, we can
conclude that S(Ayy (|6 )sr (9T < S(Au(1¢T)sr(PT]))
when the lower eigenvalue for « > 0 is less than the lower
eigenvalue for o« = 0 (which implies that the higher eigen-
value in the non-Markovian case is greater than that in the
Markovian limit). Let us define [ as the difference between
the lower eigenvalues of the Markovian and non-Markovian
cases. It can easily be verified that as « — 1 and p — 0.5,
[ > 0 since its minimum value is zero and its maximum
value ~0.18. Thus, in the limit of high noise strength and
high non-Markovian parameter, the entropy term for the non-
Markovian channel is lower than that of the corresponding
Markovian one. Therefore, the dense coding capacity of the
non-Markovian channel is greater than that for « = 0. On

032616-12



SUPERIORITY IN DENSE CODING THROUGH ...

PHYSICAL REVIEW A 109, 032616 (2024)

the other hand, as p — 0, the dense coding capacity at low
noise strengths is higher for the Markovian channel than that
of the non-Markovian one. Thus, in the case of dephasing

noise, non-Markovianity allows for an advantage over the
Markovian regime only when the noise strength and the non-
Markovian parameter both take high values.
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