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A numerical method is proposed for simulation of composite open quantum systems. It is based on Lindblad
master equations and adiabatic elimination. Each subsystem is assumed to converge exponentially towards
a stationary subspace, slightly impacted by some decoherence channels and weakly coupled to the other
subsystems. This numerical method is based on a perturbation analysis with an asymptotic expansion. It exploits
the formulation of the slow dynamics with reduced dimension. It relies on the invariant operators of the local
and nominal dissipative dynamics attached to each subsystem. Second-order expansion can be computed only
with local numerical calculations. It avoids computations on the tensor-product Hilbert space attached to the full
system. This numerical method is particularly well suited for autonomous quantum error correction schemes.
Simulations of such reduced models agree with complete full model simulations for typical gates acting on
one and two cat qubits (Z, zz, and CNOT) when the mean photon number of each cat qubit is less than eight.
For larger mean photon numbers and gates with three cat qubits (ZzZZ and CCNOT), full model simulations are
almost impossible whereas reduced model simulations remain accessible. In particular, one observes numerically
the simultaneous capture of the dominant phase-flip error rate and of the very small bit-flip error rate with its
exponential suppression versus the mean photon number.
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I. INTRODUCTION

Quantum processors rely on controllable quantum systems
[1,2], which are prone to errors, mainly due to the environ-
ment, and therefore require quantum error correction with a
very large number of physical resources to operate [3-9]. To
reduce errors hence resource overheads, bosonic encodings
have emerged, taking advantage of the infinitely large Hilbert
space of harmonic oscillators for intrinsic autonomous error
correction [10-15].

However, with such infinite systems, capturing the physics
of gates and error processes becomes challenging. Classical
numerical simulations require taking into account many states
of the Hilbert space to model their dynamics [16,17]. In
addition, simulations of composite systems with more than
two modes are often intractable, as the dimension of the total
Hilbert space is exponential in the number of modes, each
mode description requiring a Hilbert-space of large dimen-
sion [18,19]. The computational requirements even quickly
surpass the capabilities of classical computers when consid-
ering only two bosonic qubits, and simulating gates involving
three bosonic qubits with high precision becomes unfeasible.
Model-reduction techniques have thus been developed and
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can use a more suitable basis of the Hilbert space to describe
the physical systems via a subsystem decomposition [19-21].

Other methods, such as adiabatic elimination, are used
to analyze the dynamics of open and dissipative quantum
systems under a deterministic Lindblad master equation. Adi-
abatic elimination corresponds to a perturbation technique
known in dynamical and control system theory as singular
perturbations for slow and fast systems. It is related to the
Tikhonov approximation theorem (see, e.g., Refs. [22,23])
and its coordinate-free formulation due to Fenichel [24] with
the notion of invariant slow manifold of a dynamical system
having two timescale dynamics: the fast and exponentially
converging ones and the slow ones of reduced dimension.
Adiabatic elimination produces low-dimensional dynamical
models via the derivation of the slow differential equa-
tion governing the evolution on the invariant slow manifold
[25-30].

In this context, we propose here an original numerical
method based on adiabatic elimination to simulate on a classi-
cal computer, quantum master equations modeling composite
systems having fast and local dissipation with weak cou-
pling between the subsystems and slow decoherence. These
calculations are simplified by exploiting the invariant op-
erators attached the fast dynamics of the local dissipation.
The resulting reduced model of the slow evolution yields an
efficient numerical method for classical simulations of com-
posite slow or fast systems having a too large Hilbert space

©2024 American Physical Society
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for brute-force numerical integration of the original slow or
fast master equations. In particular, we show how to perform
classical simulations involving three bosonic qubits with high
precision.

Such low-dimensional reduced models are particularly
well suited for numerical simulation of autonomous quantum
error correction schemes developed for bosonic codes. In
particular, for cat qubit systems, around 50 to 100 photons
per cat qubit are required for simulating experimental setups,
corresponding to a mean photon number of 10 to 15. Two-
qubit quantum process tomography [31,32] is manageable via
standard simulation methods for a small mean photon number
but becomes infeasible when it exceeds 10. In the case of a
three-qubit gate with a truncation of 100, standard simulations
are impossible because they require storing density matrices
of dimension 100°, and quantum process tomography would
present even greater challenges. For such cat qubit systems,
several numerical simulations based on formal adiabatic cal-
culations and their numerical implementations are presented.
They succeed in capturing both the macroscopic phase-flip
errors associated with finite gate time and photon losses (the
dominant error process for harmonic oscillators), and also the
exponentially small bit-flip errors known to be much harder to
estimate [18,19]. This method enables reduced computations
with low-dimensional density operator for the global system
state (2° for a three-qubit gate).

In Sec. II, we recall for quantum master differential equa-
tions the formalism of stationary states and invariant operators
and detail the formal adiabatic calculations up to the second-
order of the continuous-time slow dynamics. These formal
calculations are then exploited numerically to simulate the
resulting second-order slow model for a Z gate on a single
cat qubit. Comparison with numerical simulations of the full
slow or fast model are given. In Sec. III, we then extend these
second-order calculations to a composite system of locally
stabilized subsystems. We show how their numerical imple-
mentations can be done with only local computations on the
Hilbert space of each subsystem. This avoids computations
on the full Hilbert space of the complete system. For the
composite system made of two (three) cat qubits, numerical
simulations of a 7z (zzz) gate are presented with an em-
phasis on the different error rates. In Sec. IV, we adapt this
simulation method to composite systems for which one of
the subsystem is not stabilized. For two (three) cat qubits,
numerical simulations provide the error probabilities of a
CNOT (CCNOT) gate where the target qubit is not stabilized
during the gate. Sections in the Appendix are mainly devoted
to high-order adiabatic calculations, additional simulation re-
sults, discrete-time formulations with Kraus maps and the
derived time-discretization schemes underlying the numerical
simulations.

II. SECOND-ORDER EXPANSION AND z-GATE
SIMULATIONS

A. Invariant manifold and slow dynamics approximation

The calculations of this subsection are very similar to
Secs. 2 and 3 of Ref. [33].

Consider the time-varying density operator p, on underly-
ing Hilbert space H obeying to the following dynamics:

d
0= Lo(pr) + €L1(py), (D

with two Gorini-Kossakowski-Sudarshan-Lindblad (GKSL)
linear superoperators £y and £, where € is a small positive
parameter. For o = 0, 1 one has

‘Co’(p) = - i[ﬁav pl+ ZZ(T,VPZ;,V

- _( O'Up+pLo' ULJ v) (2)
with A, being the Hermitian operator and Zg,,, any operator
not necessarily Hermitian.

Assume that, for ¢ = 0 and any initial condition py, the
solution of (1) converges exponentially towards a steady-state

depending a priori on py. This means that we have a quantum
channel /Cy defined by

g&%wmémmy 3)

The range of KO is denoted by Dy, the set of steady-states cor-
responding to the kernel of L, a vector subspace of Hermitian
operators. Denote by d the dimension of Dy and consider an
onhonormal basis of Do made of d Hermltlan operators S, L

Sd such that Tr(Sder) = 84.4- To each Sd is associated an
1nvar1ant operator

Ji= lim €5(Sy)
t——+00

being a steady-state of the adjomt dynamics (according to the
Frobenius Hermitian product) 4 a 47— E*(J ), where Lj is the
adjoint of Ly (see , 6.8, Ref. [34]). For any solution p; of
(1) with € = 0, Tr(J;p,) is constant. This gives the following
expression for Ky

d
=Y " Tr(Japo)Sa £ Ko(po). “)

d=1

lim
=400 pl

Moreover, Tr(j;:S'\dr) = 84,4 since for any r > 0
Tr(e'™ (S1)Sar) = Tr(Sue“(Sa))
= Tr(SuSu) = da.a (5)

using the fact that %0 (S, ) = Sy

For € > 0 and small, Eq. (1) also admits a d dimensional
linear subspace denoted by D, invariant and close to Dy (see
Ref. [35] for a mathematical justification in finite dimensions).
Thus, the set of d real variables

X =Te(yp), ... x5 = Tr(J3p)

can be chosen to be local coordinates on D: any density
operators p € D reads p = Z del ded(e) with the perturbed
basis S1 (), . Sd (¢) and d real numbers x.

Invarlance of D, with respect to (1) means that, if at some
time ¢, the solution p, of the perturbed system (1) belongs

to D, it remains on D, at any time: %pt =(Lo+€eL)(pr)

with p, = Y°9_, x4(t)S,(€). For any (x;(t), ..., x3(t)) € RY,
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this invariance property reads

d

dxg~ .
Y- ZESue) = (Lo+€L) > wuSi@ ] ©

d=1

Thus, forany d € {1, ..., d}, dx,/dt depends linearly on x =

(x1,...,x3), 1.e.,
d > Fuae) (7)
—Xg = (€)X
71 . d,d d
The invariance condition reads now
V) €RY Y xaFya(e)Sute)
dd'
=) " xa(Lo + €L)Sa(e)). ®)
d
which is equivalent to
d
Vdell, ..., d}, ZFd’,d(E)Sd/(e) = (Lo + €L1)(Sale)).
d'=1

€))
With the asymptotic expansion
Faa@ =3 €'Fly. Su€ =3 €SP (g
n=0 n=0

one can compute recursively ") and 3\(") from F, (m, and @m)
with m < n. The recurrence relatlonshlp is based on the 1den-
tification of terms with same orders versus € in the following
equations:

i
2| Ll

vdefl,...,d > oersy
d'=1 n=0 n'>0
= (Lo+eLn)| Y eS| an
n=>0

The zero-order condition is satisfied with F®) =0 and

3‘} = Sd. The first-order condition reads !
d
Vde(l.....d), Y F\S0=Lo(S))+ Li(SP).
d'=1 12

Left multiplication by operator j:,, and taking the trace yields
Fih = Tr(Ta £1(S4)). (13)

since Tr(JAd/S‘g,),)) = 84 4 and Tr(ZyEO(W)) = 0 for any oper-
ator W because Lj(Jy) = 0. Thus, :Sz(ll) is a solution X of the
following equation:

Lo(X) = ZTr(Z,/,C

d’

=Ko(£1(57"))

{(89)Sa = £1(55)

L @), (14

where the quantum channel K _is defined in (3). Following
Ref. [28], the general solution X is given by the absolutely
converging integral,

+0o0
R= [ eB[LGP) - Ro(e )]s + . A9
0

where W belongs to Dy the kernel of Ly. We consider the
solution with W = 0 and thus

+00
S0 = [ e e G) ~Ro(e )]s, a6)

where for all d’, Tr(j;pfS'\fil)) = 0. Thus, by construction,
Tr(Jy (3:;0) + 63\;1) )) = 8a4.4- The superoperator Ry defined
for any operator W by

+0o0
Ro(W) = / LW —Ro(Wlds  (17)
0

provides thus the unique solution X RO(W) of £0(X )=
Ko (W) — W such that, for all d, Tr(JdX ) = 0. To summarize,
the first-order terms in € are

FiY = Te(To £1(S4%)) and 85 = Ro(L1(5a)).  (18)

Second-order conditions are

vdell,... d),

d
Z FplaSe) + FiluSe) = Lo(87) + £1(8))- - (19)

Left multiplication by operator j;, and taking the trace yields:

FP = Tr(JoLi(S")) = Te(C1T)SY").  (20)
Computations similar to those performed for the first-order
conditions yield

=Ro| £1(S) - ZF;}{, B Q1)

=1

Higher order formulas are given in Appendix A 1l. The
equivalent of Egs. (18) and (20) for a slow time dependency
are detailed in Appendix B and for discrete-time setting in
Appendix D 1.

B. z-gate simulations for a single cat qubit

For a cat qubit system [18,36,37], the quantum state p is
attached to a harmonic oscillator. It is confined through an
engineered two-photon-driven dissipation process to have its
range close to a two-dimensional subspace spanned by two co-
herent wave functions | & «) of opposite complex amplitudes
+a (in the following, we take « real, and thus identify o with
|a]). This means that the support of p remains close to the
sub-Hilbert space of dimension 2 spanned by the orthonormal
wave functions (the Schrodinger cat states)

IC) == Na(la) £ |—a)), (22)
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FIG. 1. Propagator error between the full-model (28) and 10~
reduced model (30) for the z gate with the mean photon
number o between 1 and 16. The error is computed as
T (GaGiy — 1)(GreaGighy — L)DI2. 1071
where Ny = {2[1 & exp(—2a?)]}~"/? are normalizing con- [Im(x
stants. The computational wave-function are given by the 10-2 I 10-2
following equations: 0 0
g2
0 = (IC) +1CN/N2=la) +0(e7**).  (23) 6 .
10~ 10~
_ _og?
e = (CH) = 1C)/V2 = |—a) + 0(e™).  (24) 7
The engineered two-photon-driven dissipation process can be Xy 7 1010 T X VvV 7 1010

effectively modeled by as single Lindblad term of the form
Lo(p) = Dg,(p) £ [LopLy — 5 (LiLop + pLLo)].  (25)

with Ly = VK2 (@ —a?), ky > 0, and @ being the photon
annihilator operator. Such a process can be engineered in
a superconducting platform [36]. It stabilizes exponentially
the cat qubit subspace corresponding then to Dy (called the
code subspace in the context of bosonic codes) [38]. Its real
dimension is d = 4 with the following orthonormal operator
basis

(ICHHCTI + 16 (Ca /N2,
= (ICH(CH = 1C)(C /Y2,
S5 = (ICH(Cy | — i1C ) (C /2,
S =(CH(CL 1+ 1C) D/ 2. (26)

Among the errors and decoherence processes, the domi-
nant one is the undesired single-photon loss, modeled by

5=
5=

D sea(p) £ ki[apa’ — 3(@ap + pa‘a)], (27

where «; > 0. Usually the ratio k| /k; is small: « is the single-
photon loss rate, much smaller than «; the rate of mechanism
stabilizing the code space Dy.

A 7z-gate corresponds to a unitary transformation ex-
changing |C) and |C, ). Following Refs. [36,39], it can be
approximately engineered via the propagator of time dura-
tion T > 0 associated with the Hamiltonian Hl =ez@+a")
where €; = w/4aT has to be much smaller than «;. The

FIG. 2. Real (left) and imaginary (right) part of the quantum-
error matrix xZ. Panel (a) corresponds to no error with E = Iy,
panel (b) corresponds to full model simulations (28) with o> =4
and E = Ey, panel (c) corresponds to reduced model simulations
(30) with @> =4 and E = E,.

superoperators Ly and £, corresponding here to Eq. (1) are
thus

Lo(p) = k2Dz_y2(p),

. (28)
eL1(p) = k1Da(p) — i4—[ﬁ+’a‘*, pl,
aT

where «y/k; and 1/Tk, are much smaller than 1, ensuring
the scaling based on the small parameter €. Moreover, re-
placing ﬁl in formulas (18) and (20) by the superoperator

k1Dz(e) — izZ=[@+a’, e] corresponding to € £y, provides di-
rectly eFd(,l,)i, 63:(1) and €°F d(z 31 without defining precisely €.

Numerical 51mu1at10ns of Figs. 1-3 are based on a Galerkin
approximation of the Hilbert space relying on the photon-
number state |n) with n between 0 to N. The integer N is
chosen large enough to ensure that |(«|N)|2 = ¢~ |a|*V /N!
remains negligible. The time discretization of the resulting
finite-dimensional system of ordinary differential equations is
based on the numerical scheme described in Appendix C.
It provides a discrete-time setting p(f + 8t) = Ko(p(t)) +
€Ki (p(t)), where Ky is an exact quantum channel close to
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(a) / Gate, X Error
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FIG. 3. Comparison between (a) X and (b) Z error probabilities
of a z gate obtained via full model simulations for o®> < 8 (28)
(shown as gray circles) and the reduced model simulations (30)
(colored plus) for different mean photon numbers a?. A simple fit
yields an exponential suppression of bit flips with an exponential
coefficient of 2.46 4 0.03 (dashed line).

identity with

1 K2
Kz(st - T, K1 = ——,
1000 100
4 K? 2
=——=—, 1<a°<16and N =100. (29)
4aT 20
The operators /S\;O) = 3:1 withd = 1,...,4 = d are obtained

from truncated approximations of coherent states | & o) ~
e /2 ZQ’:O (%" |n). The associated invariant operators Jy
are obtained numerically via the discrete-time formulation
given in Appendix D. Similarly, the entries of €F d(’lii and

esz/%fj are given by discrete-time formulas (D6) divided by
8t and where KC; stands for €87L;. These matrices provide,
up to third-order terms, the generator of the continuous-time
reduced dynamics:

d
Ex:@ﬂw+£F®n=F@n+o@% (30)

where x; = Tr(.Ep) ford =1,...,4.

On Fig. 1, the reduced model propagator G =
el FV+EF®) 4 4 % 4 real matrix, is then compared with the
full model propagator Gy, another 4 x 4 real matrix with

I XY Z
].'

N~

FIG. 4. One-qubit x matrix representing the noise channel of an
imperfect gate reduced to a two-level system. The off-diagonal ele-
ments shown in gray are ignored since they do not cause symmetric
Pauli errors.

entries given by Tr(j:,de(T)), where Wd(t) is the numerical
solution of the full model (1) truncaft\ed toN = 100 photons
and starting from initial condition W;(0) = S;. We observe
an error [Tr((Grede_ull] — 14)(Greth{lll1 — I,)")]'/? of less than
0.014 for mean-photon number o> between 1 and 16 (I4 is the
4 x 4 identity matrix).

Both G.q and Gy are close to the ideal Z-gate matrix

1 0 0 O
0 -1 0 O
Gideal = 0 0 _ 1 O
0 O 0 1

Thus, the reduced model error propagator E.q = G;iéal Gred
and the full model error propagator Exy = G;léal G are
close to identity matrix I4: they correspond in fact to quan-
tum channels usually close to identity and characterizing
the errors. These channels can be decomposed according to
the basis (Si,...,S4). This means that, for £ = Eeq, Etun,

the identity

4 4 4
Vxe |R4, Z Ed,drxdrs:d = Z X,f,ng\m (Zxd§d>§n
d,d'=1 m,n=1 d=1
(31)

uniquely defines the x© matrix, a 4 x 4 matrix characterizing
the errors and close to x’ having a single nonzero entry
X1, = L. This is illustrated in Fig. 2.

Since X = m R Y = «/ZS‘} and Z = \/5:874 correspond to
three Pauli operators on the code space, x5, (x23, xi,) gives
roughly speaking the X error (Y error, Z error) probability,
see Fig. 4. These error probabilities have to be less than
some thresholds in order to be canceled by high-level error
correction code. For a cat qubit, Z-error probability is usually
much larger than the two other ones, X-error and Y-error
probabilities, called bit-flip errors. Simulations of Fig. 3(a)
show that the reduced model captures the very small error
probabilities associated with bit-flip errors known to be ex-
ponentially suppressed for large > as shown experimentally
in Ref. [40]. We emphasize that the accuracy of the results is
only based on numerical checks. A more formal analysis on
the capture of very small bit-flip errors by such second-order
approximation will be the object of future developments. We
found an exponential suppression of bit flips proportional
to exp_‘“’(2 with a = 2.46 £ 0.03. The reduced model also
captures the phase-flips (Z error) in Fig. 3(b). It matches
well with full model simulations and also with an analytical
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formula obtained via a perturbation expansion given in
Ref. [19]: pz = o1 T + €2T /o k.

z-gate simulations up to order five are discussed in Ap-
pendix A 2, showing the convergence of the X, Y, and Z error
probabilities by increasing the order of the perturbative anal-
ysis in Fig. 10. The equation (16) allows performing leakage
computation, defined as the population outside the code space,
see Appendix F 1 and Fig. 16(a).

III. COMPOSITE SYSTEMS AND zz- AND 7277-GATE
SIMULATIONS

A. Second-order approximation with only local computations

Take a bipartite system made of subsystems A and B with
Hilbert spaces H4 and Hp. The system Hilbert space is H =
Ha @ Hp. Assume that the unperturbed dynamics Ly in (1)
admit the following structure:

Lo=Lao~+ Lso, (32)

where Dy ¢ and Dp( are the steady-state subspaces of oper-
ators on #,4 and Hp of local Lindblad superoperators L4 ¢
and Lgo. These local nominal dynamics stablllze the sub-
spaces of dimensions d4 and dg, having (SA di<d,<a, and
(SB,dg)lgd,ggdB as orthonormal basis of Hermitian operators.
Thus, all Hermitian operators in Dy, the kernel of £4 + Lp,
read

Z diadESA’dA ® SB,dB >
dy.dp

(33)

where x,, 4, are arbitrary real numbers.
We assume that £4 ¢ and Lp( ensure exponential conver-
gence towards Dy ¢ and Dg o: for any operators p on H,

lim G0t E(p) = Ko(p)

t—>+00

= Z Tr(j;x,dA ® -Zi,dgp)’S\A,dA ® §B,dgv

dy.dp
(34)
where j;;,dA and j;g,dg are local invariant operators
Tag, = lim €“0(Sy4,),
t——+00
Tsay = lim €50 (Sp.4,). (39)

—+00

Assume that H; and ’L\l,v defining the superoperator £; in
(1) only involve finite sums of tensor products of operators on
‘Ha and Hp. This means that for any X4 and Xp local operators

J

Ro(Sa.dsv ® Sp.dzv) = / |:€S£A‘° (Sa.aiv) ® €52 (Sp.a0) —
0

on H, and Hp,

v
Z La v XsRa» ® Lp v XpRp ,,
v=1

L1(Xy ® Xp) = (36)

wherf D ig\ a positive integer, /L\A,v, I/Q\A,U are operators on Hy,
and Lg ,, Rp , are ‘operators on Hp.

__ The operator J, appearing in (13) corresponds here to
Jaa, ® Jpa, with d' = (d},dy). Similarly, S; reads here
Si.a, ® Sp.g, with d = (dy, dp). With (36) one obtains

D
M 7T SR
Fayay.canan = = 2 _Tr(aaLasSaaRav)
v=1
-+ Tr(Jp.a,Lp.vS5.4,R.0)- 37
For X = A, B, consider the local operators
j;(,d)’(,v = ﬁx,uj;(,d;(zx,v, Sxayw = LxvSx.ayRx..  (38)
Then
v
) - o~ - o~
Fagap).dydn) = ZTr(JAJiASA,dm)Tr(JB,déSB’dM)
v=1
:ZTr(:g\A,dA‘aﬁd}“v)Tr(:g\B,dgﬁ,dg,v)- (39

v=l1

This gives the first-order approximation of the reduced
dynamics for which the coordinate vector x = (xd;"dl; )d;"dé
evolves according to

= &)
Xd dj Z €F gy, dpy“a o (40)

Take the second-order correction F?) given by the general
formula (20). We have

ET(‘E’) = Zj;l,dg,v’ by j};,dg,v”

v'=1

L) = Sadev ® sy (41)

v=1
(dy, dg). By linearity of Ry
LT Ro(L1(S)) = Z (Tna, v ® Tpay.v)

v,v'=1

X ﬁO(S\A,dA,v ® §B,d3,v)- (42)

Combining eLaotsluo = osLao @ 550 with (17) and (34)
gives

where d’ = (d), dy) and d =

Z Tr(ﬁ,dX/S\A,dA,v)Tr(-,];’,dl’g’/S\B,dg,u)/S\A,dX ®§B,d;;:|ds- 43)
dy.dy
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(a) ZZ Gate, X Errors (b) /L7 Gate, Z Errors
\ .... o Full model, N = 40 10_1_..0.“....“...1-ooocooooooooooo
107 F ...
... + Reduced model o.
» ®
107%F ...o ......
.
ta, ......’"‘1'0000..40.00
10712_ 'O. * Z(L b
tete, ot s Z,=2, Analytic formula
1 1 t 1072‘ L 1 I
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FIG. 5. Comparison between (a) X and (b) Z error probabilities of a Zz gate, p,, in green and p; in blue, obtained via full model simulations

for o?

< 8 (45) (shown as gray circles) and the reduced model simulations (30) (colored plus) for different mean photon numbers . A simple

fit yields an exponential suppression of bit flips with an exponential coefficient of 2.20 £ 0.01 (dashed line).

Here, we are only interested in the trace of the product with -a,d;,u/ ® .};’dé’v/:

Tr(j:x,d/;,u/ ® Zs,d;,,wﬁo (§A,dA,v ® §B,d3,v))

0

dy.dy
0

where for X = A, B,

Gx.dyp dy.vv = ZTr(j;(,d);gx,d;g,w)Tr(j;(,d;§x,dx,u)
&

and using identities like Tr(‘Z(,d)’(:S'\X,d)’(’,v’) = Tr(§x,d;j},d;“v/).

To conclude, one gets each entry of F® with only local
numerical computations on H4 and Hp:

F(d' dy).(da.dy) — ZW 1/ [Tr(Ja. ayre’” 40 (S dyv))
B.0 (SB,dB,v))

""""" Gad,.dy.v.v GB.dy dyovv |ds.

X Tr(JB,dé,,)re‘
(44)

The equivalents of Eqs. (39) and (44) for a discrete time
setting are given in Appendix D 2.

B. 7z gate

A 7z gate corresponds to a unitary transformation chang-
ing |CE)|CE) to |CF)|CT) (parity change). As for the z-gate
implementation, it can be approximately engineered via
the propagator of time duration 7" > 0 associated with the
Hamiltonian H1 = ezz(a?’ +a b) where @ (b) is the photon
annihilation operator on subsystem A (B) and where €,, =
7 /4a*T has to be much smaller than «,. The superoperators

+00 .
= / |:TI‘(JA dy,v re (SA dy, v))TI'(JB dy,v e’ sL5.0 (SB,dB,v)) s

5 Tr(fA,d;s;,dA,v)Tr(fg,dﬁg,dg,v)n@dg,V,:s‘A,dX)Tr(fg,dé,v@&dg)}ds

+00
=/ |:TT(JA d;. ve's (SA da. v))Tr(JBd’ ve' Ro(§Bd3 b)) = GA,d;,,dA,u,u/GB,dg,dﬂ,v,uf:|dS,

(
Ly and L corresponding here to Eq. (1) are thus

Lo(p) = k2[Dzz_g2 + Dp_21(p),

. T e TP
€L1(p) = 1D + Dyl(p) — iy [@h' +@'D). pl. (45)
where /<1 /K> and 1/ TKz are much smaller than 1.

eF(dA &) (dnds) and € F(d i) d.d) defined in (39) and (44)

are computed using discrete-time formulas and provide, up
to third-order terms, the generator of the continuous-time re-
duced dynamics of Eq. (30) with the coordinate vector x

.....

The parameters of the numerical simulations of Fig. 5 are

5= 2

K0l = ——, K| = —,

2 10000 "' 100

eZZ:L:QWithlgazglﬁ
42T 20

where photon-number truncation N is equal to 100 for the
reduced model and to 40 for the full model.
As for the 7 gate, the reduced model error propagator
red G1 qeal Gred and the full model error propagator Ey =
G1 dea Grunl are close to identity matrix /16 and characterize the
errors. These channels can also be decomposed according to

the basis (SA Iy SA 4)® (SB Iy .- SB 4). This means that
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for E = E.eq , Evun, the identity

4

VxeR', Z

ddg,d},dy=1

4

- ¥

ma,mp,na,np=1

uniquely defines the 16 x 16 x* matrix characterizing the
errors (close to x'¢ having a single nonzero entry Xf‘ﬁl =1).
An illustration of xFr¢ and x®w is given in Appendix E,
Fig. 12 for o = 2. Coefficients of the diagonal of x% give
the Pauli errors of the gate. In Fig. 6, the total bit-flip error
probability is displayed as the sum of all the 12 Pauli errors
involving a bit flip (X or Y error) and simulated in Fig. 5(a).
We found an exponential suppression of bit flips proportional
to exp_“‘)‘2 with a = 2.20 £ 0.01. The reduced model also
captures the phase flips (Z error) in Fig. 5(b). It matches
well with full-model simulations and also with an analytical
formula obtained via a perturbation expansion derived from
the formula of the Z-gate errors: pz, = pz, = a2 T = Zeﬂ,
D77, = m + pz,pz, (the last term coming from second-
order effects of the single-photon losses), see Appendix G.

Equation (16) allows us to perform a first-order computa-
tion of the leakage, see Appendix F2 and Fig. 16(b).

C. 77z gate

A 777-gate unitary corresponds to a transformation chang-
ing |CE)|CE)|CE) to |CF)ICT)|ICT). As for the Z and 7z gate,

1,
I, Xo» Yo Zp

I, F

Xa
Iy Xo Yo Zy

Ya
I, Xo»2 Yo Zy

Za
Iy Xo Yo Zy

FIG. 6. Two-qubit x matrix representing the noise channel of an
imperfect gate reduced to two two-level systems. The off-diagonal
elements shown in gray are not considered in such a rough analysis
based on symmetric Pauli errors.

£ ~ o~
X(mA,mR)a(nAsnR)SA’mA SB’mB

Ea, dy). (. dyy Xy dy)Sa,dy SB.dy

Z x(dA,dB)SA,dASB,dB SA,nASB,nB 46)
dy,dp=1

(

it can be approximately engineered via the propagator of
time duration T > 0 associated with the Hamiltonian H1
€77,(a bt +at bt C) where a (b ©) is the photon annihilation
operator on subsystem A (B, C) and where €,,;, = /40{3T
has to be much smaller than «;. The superoperators £, and £;
corresponding here to Eq. (1) are thus

E()(,O) = K2[Da27a2 + D’1;2,a2 + D‘E‘Z,QZ](,O),

" 1@he'+a'5' ). p
@7)

eLi(p) = k1[Dz+D;+D:1(p) — i

where k1 /k, and T k, are much smaller than 1.

Numerical simulations of the full-model were not per-
formed for computational limitations. We only report
reduced-model simulations based on the direct generalization
of (39) and (44) to a tripartite system. The parameters of the
numerical simulations of Figs. 7 are

1 K>
Kbt = ——, K| = —,
1000 100
_ b4 _ K> . 2 _
GZZZ—m—%WIthlg(X <16, N = 100.

The total bit-flip error probability is the sum of all
the 56 Pauli errors involving a bit flip (X or Y er-
ror) and simulated in Fig. 5(a). We found an exponen-
tial suppression of bit flips proportional to exp_“o‘2 with
a=2.1240.01. The reduced model also captures the
phase flips (Z error) in Fig. 5(b). It matches well with
an analytical formula obtained via a perturbation expan-
sion detailed in Appendix G: pz, = pz, = pz. = a*1T =
k1 /A €2z, Pz,2,2. = 3T €zzz /A2 + Pz, P2,Pz., Pz,7, =
Pz.2. = Pz,7. = PzPzzz + P2 An illustration of a 64 x 64 £
matrix for the reduced propagator error Eoq is given in Ap-
pendix E, Fig. 13. A first-order computation of the leakage is
shown in Fig. 16(b).

IV. COMPOSITE SYSTEMS WITH AN UNSTABILIZED
COMPONENT

A. Second-order approximation
Assume that Lp o = 0 for the bipartite system of Sec. III.

Then (SB dB)l<dB<dg span all Hermitian operators on Hg and

Tz g = Sp .45~ Following (33), all operators belonging to Dy
read ), s, A.d, ® pB,a4, With Hermitian operators on Hp

PB.ds

= ZdidB/S\B,dB (43)
d
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(a) /77 Gate, X Errors (b) /77 Gate, Z Errors
[ ]
.°.. + Reduced model 1071
1071F e :'*‘ttz"‘to e
00... ; YErEe ::::::::::::::::::
1078F "... 5 o 7, + 2,77,
", 1072 r o ¥t Z{,Zg, Analytic formula
10712 *e, ¥y
0“4..0 *tq.ooooo...‘_‘
5
5) 10 15 5 10 15
a? af?

FIG. 7. Comparison between (a) X and (b) Z error probabilities of a zZZ gate, pz (pz, = pz, = pz.) inblue, pz; (pz,z, = Pz,2. = Pz,z.) in
green, and py 7, 7. in lavender, obtained via reduced model simulations (30) (colored plus) for different mean photon numbers a? A simple fit
yields an exponential suppression of bit flips with an exponential coefficient of 2.12 & 0.01 (dashed line).

and x4, 4, = Tr(:S’\B,dB pB.4,) real numbers. The mapping between x = (x4, 4,) and the set (pp 4,) of dy operators on Hp is linear
and bijective. We just translate here the formulas of Sec. III with x,, 4, variables in pp 4, variables.
Combining (39) with (40), the first-order time evolution of the coordinate vector (Xd;,,dg )d/;,dé reads

d

27N ddy = Z Tr(a,d;\zA,ugA,dAﬁA,u) """ Tr(§B,dI;ZB,v§B,dBﬁB,u)di,dB-
v,da,dp
Using (48), we get
d

2B ZTr(j;l,dAZA,vrg\A,dAﬁA,v)zB,va,dAﬁB,v-
\),dA

With Fd(;)dw = Tr(-a,dAZA,VS‘\A,dAﬁA’U), the first-order approximation of the slow dynamics reads

d 1 _
EPB d, = ZFd(’ )d ULB,upB,dARB,w
U,d,\

Using in (38), the superoperator R reads

+00
. ~ P ~ -~ PO ~ ~
Ro(Sa.dyw ® Sp.ayv) =/ e (S.dpv) ® Spdgy — E Tr(Ja.a;Sa.dyv) T (Sp.ap SB.dsov)Sa.ay ® Sp.ay |ds
0
dj.d

+o00 o .
= / e*eo (§A,dA,v) - E TT(JA,ngA,dA,u)SA,dX ds ® Sp.ayv = Ro(Sa.asv) ® Sp.dgv-
0 a

Ry is thus local on subsystem A. F® given by the formula (44) becomes then

F(Eiz’a” ) = Tr(L} (j:;,d/; ® S\B,dg)ﬁo(ﬁl(@m ® §B,d3 Z F(g)d o SB d Ls.vLs.,Sp.a,R5.,R5, )

where £;”), | = Tr(y, v Ro(Sy,,.)). With

@ B @ PO
> F )y s = > Fy ¥ ds Tt (Sp.ay L. Lp.vSp.a,Re.oRp.or)
da.dg dy.dp,vv’

and

Zdi,dBTr S8.4,L8.vLp v Sp.ayRe vRB /) = Tr(Sp.ayLs v L 8.4, R R.v),
dp
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we get the following expression for the second-order approx-
imation using the parametrization based on the dy set of
Hermitian operators (pop,q4,) on Hp:

d _ —~ —~
_ (1)
L ZFdA’dA’ULB,upB,dARB,v

U,dA

_ ~ o~ ~ o~
+ Z Fd(;")dm,U,LB,U'LB,UpB,dARB,uRB,v’- (49)
v,V ,dy
: (1)

with ng,dA’U
Tr(Jd;‘,v/Ro(SdA,U)). The discrete-time formulations of £\

d,/\,dA,V
and Fd(,z )d , can be obtained directly from Appendix D 2.
s AAS VSV

=Tr(-7;x,dAZA,v§A,dA§A,v) and F(z) =

!’
ada v,V

B. CNoOT gate

A CNOT-gate corresponds to a 7 rotation in the phase space
of a qubit called the target qubit conditioned on the state of an-
other qubit called the control qubit, being on the |1)¢ ~ | — &)
state. Using cat qubits of complex amplitude o with o > 1, it
can be approximately engineered by stabilizing the control cat
qubit via two-photon dissipation and adding the Hamiltonian
Hy = Z=(@+a" —2|a|)(b'b — a*) where @ (b) is the photon
annihilation operator on the control cat qubit A (the target cat
qubit B) and where T is the gate time.

The original implementation of the CNOT gate [18,19]
includes the target-qubit stabilization via a nonlocal time-
varying two-photon dissipation. This implementation is exper-
imentally difficult. Thus, we consider here an easier one with
only H,. This corresponds to a “stroboscopic stabilization”
where the target-qubit is stabilized before and after the gate.
The simulations below indicate that the exponential suppres-
sion of bit flips remains satisfied.

The superoperators £y and £; corresponding here to (1)
are thus

Lo(p) = 2Dz _s2(p),
eLi(p) = «1[Dz + D;l(p)
7
daT

where k1 /k, and 7 /4ak,T are much smaller than 1.
The complex coefficients F;;,)dw and Fd(,gz,)dA,v,v’ of
(49) are computed using the discrete-time formulation of

Appendix D 2 with the following parameters:

[(@+a" —20a)®'b—a?), pl, (50)

—i

) 1 K2
Ko ft = ——, K| = —,
1000 100

T =L with1 <o’ <16,
N(er) = max(20, [a* +20a]),

where | -] denotes the integer part. Figure 8 is based on the
numerical integration via an explicit Euler scheme of (49),
a linear system coupling d, = 4 Hermitian operators on Hp:
(oB,1> -+ PB4)-

As for the Zz-gate simulation, the total bit-flip error prob-
ability is the sum of all the 12 Pauli errors involving a bit
flip (X or Y error) and corresponds in Fig. 8(a). We found
an exponential suppression of bit flips proportional to exp‘“”‘2
with a = 2.204 £ 0.009. The reduced model also captures the

(al) . CNOT Gate, X Errors

&,
....
1074 L ...
s
s
s
108+ ®e
0'+
e Full model, N =40 “«,
10712+ “'1-
+ Reduced model LU
5 10 15
al?

v CNOT Gate, Z Errors
1071—.;““m“....i.o.tiOOOi.Dfiii

L LA
* Zb = Z(LZ“..titt""“*
.
* Zee™
102+ o
®

?

5 015
o]

FIG. 8. Comparison between (a) X and (b) Z error probabilities
of a CNOT gate, pz,z, = pz, in green and pgz, in blue, obtained via
full model simulations for o> < 8 (50) (shown as gray circles) and
the reduced model simulations (49) (colored plus) for different mean
photon numbers . A simple fit yields an exponential suppression
of bit flips with an exponential coefficient of 2.204 £ 0.009 (dashed
line).

phase flips (Z error), as illustrated in Fig. 8(b). It matches
well with full-model simulations that have been performed for
o? < 8. An illustration of 16 x 16x% matrix for the reduced
propagator error E.q and the full propagator error Egy 1is
given in Appendix E, Fig. 14. A first-order computation of
the leakage is shown in Appendix F 3 and Fig. 17(a).

C. CCNOT gate

A ccNot-gate (Toffoli gate) corresponds to a 7 rotation
in the phase space of a target qubit conditioned on the state
of two control qubits being on the |1)¢|l)e = | — a)| — )
state. When «® > 1, it can be approximately engineered by
stabilizing the two control cat qubits via two-photon dissipa-
tion and adding the Hamiltonian H; = — g7 [(@ — |a|)(b —
loe]) + H.c.](€7¢ — «?) where @ (Z): ©) is the photon annihila-
tion operator on subsystem A (B, C) and where T is the gate
time. The superoperators £y and L; corresponding here to
Eq. (1) are thus

Lo(p) = k2[Dz2_g2 + Dp_21(p),
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(aioo CCNOT Gate, X Errors

_.
]
'0.' + Reduced model
_ ]
10 4t .¢
*
"
‘.‘
107%F e
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*e
..00 *
10712_ &
..’.
1 1

5 10 15
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(b) CCNOT Gate, Z Errors

_ T L L)
1071 PPPPTT L L b i
sstd?d PYTX L.
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* LT at®
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FIG. 9. Comparison between (a) X and (b) Z error probabilities
of a CCNOT gate, pz, = pz, in dark blue, pz in green, pzz in
lavender, pz,z. = pz,z. in violet, and pz,z 7. in light blue, obtained
via reduced model simulations (49) (colored plus) for different mean
photon numbers . A simple fit yields an exponential suppression
of bit flips with an exponential coefficient of 2.131 £ 0.005 (dashed
line).

€L1(p) = 1[Dg + D+ Del(p) + i
x {[@— |a)(® — |a]) + He]@T — o), p},
(51)

where k1 /k» and 7 /8a?k>T are much smaller than 1.

Numerical simulations of the full model have not been
done because of computational limitation. We only report here
simulations based on the direct generalization of (49) to a
tripartite system where components one and two are stabilized
whereas the third one is not. The parameters of the numerical
simulations of Fig. 9 are

K2 1 . 2
. 2 with1 <o? < 16.N
1000° “' = 100 P (@)

= max (20, Laz + 20 ),

K2a23t = 1=

where |- | denotes the integer part.

As for the zzz-gate simulations, the total bit-flip error
probability is the sum of all the 56 Pauli errors involving a
bit flip (X or Y error) and simulated in Fig. 9(a). We found an

exponential suppression of bit flips proportional to exp"“"2
with a = 2.131 & 0.005. The reduced model provides also
the phase flips (Z error) in Fig. 9(b). An illustration of a
64 x 64x% matrix for the reduced propagator error Eq is
given in Appendix E, Fig. 15. A first-order computation of
the leakage is shown in Fig. 17(b).

V. CONCLUDING REMARKS

We have introduced a new numerical method for simulat-
ing open quantum systems composed of several subsystems,
exponentially stabilized towards stationary subspaces. This
numerical method is based on a perturbation analysis with an
original asymptotic expansion exploiting the reduced model
formulation of the dynamics, relying on the invariant oper-
ators of the local and nominal dissipative dynamics of the
subsystems. The derivation was shown up to a second-order
expansion which can be computed with only local calculations
for each subsystem. We have applied this method on several
cat qubit gates (z, zz, ZZZ, CNOT, and CCNOT) and shown that
the dominant phase-flip error rates and the exponentially small
bit-flip error rates are well described by such reduced-order
models and simulations up to 16 photons in each cat qubit.
Furthermore, this approach, which has provided significant
space savings, can be used to an even larger number of bosonic
qubits.

The two-photon dissipation of the cat qubit encoding
comes from a more complex master equation involving a
buffer mode coupled to the memory cavity via a two-photon
exchange Hamiltonian [36]. Similar analysis can thus be built
with such composite cavity-buffer description for each cat
qubit.

The derivations shown here can be further applied to other
similar composite systems with dominant local stabilization
used in autonomous quantum error correction schemes, such
as squeezed cat qubits [41,42] or grid states [43,44].

This numerical method exploiting strong local dissipation
with weak coupling and decoherence in many-body systems
has been presented in the context of continuous-time pro-
cesses and could also be useful for time-discrete processes,
see Appendix D such as those appearing in quantum error
correction schemes, as the repetition code [45] or the surface
code [46].
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FIG. 10. Relative error in the estimate of each Pauli X, Y, and Z error probabilities defined relative to the value at the highest expansion
order considered in the perturbative analysis, from one to five. The error probabilities are computed for a cat qubit on which we perform a z
gate as in Sec. II B with @?> = 4. The second-order expansion is already very accurate, and the third-order expansion is almost indistinguishable

from higher-order expansions.

APPENDIX A: HIGH-ORDER EXPANSION
AND SIMULATIONS

1. Expansion order exceeding two

Take n > 2 and assume that we have computed all the
terms Fd(,rii and S of order 0 < r < n with Tr(J;8’) =
for all d and d’. Thus, by construction, Tr(Jy Z’r’zé e’/:([)) =

84.4- The invariance condition of order n reads

Vde{l,...,d_},
Z ZF(f) ’:(i'/l/ r o __ EO( )+£ (A(ﬂ 1))
=1 r=1

Left multiplication by operator Jy and taking the trace yields
F = Tr(Jo£1(85 ") = Te(L7T0Sy ). (A
s

For S, we take the solution of

Z ZF(r) ’:(ir,l r)

d7=1 r=1

such that, for all d’, Tr(Jd/X )=0:

d n
) _ 75 "(n 1) (r) "(n r)
Sy =TRo| L1 Z Z Fy Sy

= Li(57Y),

+00
=/ o | £, (S0 ") ZZF;I) S |ds.
0 d'=1r=1
(A2)

Since ICO(Ss,, "y=0 for any
Ko(Li(SY ™) = Yy FiSE,
absolutely convergent.

With such an asymptotic expansion, we get an order-n
approximation of the dynamics on the invariant slow manifold
De, a reduced dynamical model of (1) based on the following
d-dimensional linear system:

—x(t) = (Z e’F(’)>x(t)

re{l,n—1} and
the above integral is

(A3)

Zd L xa (OO Oerd”) satisfies (1) up to €"+!
terms. Here F) is the matrix of real entries Fd(:;, Since x; =

where p, =

Tr(Jd p¢), the dynamical system (A3) is an approximation of
order n for the reduced model slow dynamics of the nominal
invariant operators T Up to €"*! corrections we have in the
reduced-model picture:

Vdefl,....d),

d d n

T & L5+ eLila = Y0 Y € Fylpda + 0.
d'=1 r=1

2. Z-gate simulations up to order five

An example of such higher-order approximation using
Egs. (A2) and (A3) is given in Figs. 10 and 11 for the case of
a cat qubit on which we perform a Z gate as in Sec. II B with

2 — 4. For the error probabilities, we see that the second-
order expansion is already very accurate, and the third-order
expansion is almost indistinguishable from higher-order ex-
pansions. Regarding leakage, we see that first-order leakage is
not enough to capture the leakage dynamics, but that second-

Z Gate, Leakage

1074 -
o ([ o o
1075 -
[ ]
1 —6 L 1 1 1 1
0 1 2 3 4 5

Order of expansion

FIG. 11. Up to fifth-order leakage of the z gate starting from the
IC;) and ending in |C;) for a cat qubit with @* = 4 and the same
simulation parameters as in Sec. II B. All orders >2 are superposed.
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order leakage is already very accurate and indistinguishable
from higher-order expansions (Fig. 11).

APPENDIX B: SECOND-ORDER APPROXIMATION
WITH SLOW TIME DEPENDENCY

Here we only derive the second-order approximation with
slow time dependency. We are looking for solutions of the
perturbed system

d
i = Lo(py) + €Li(€t, pr) (BI)

based on the following asymptotic expansion:
Zj(;l xdﬁr(sz(]o) + :S‘\y)), where

Pr =

X =(FO+FD+ FO)X,

with FO =1, X, = (x1,,...,%4,)". We assume that the
GKSL superoperator £; in (1) depends slowly on time, i.e.,
that the operators H; and L, , are smooth functions of e¢:

Li(et, p) = —ilHi(er), p)+ Y Lyu(et)pL] (et)

1 _ —~
= 5L} (L1 u(en)p + pL] (en)Ly (€]

Then for each n, F d(," 1)1 and §(”) depend also on ez. Thus, the

invariance condition (6) becomes

d
Z (—Sd(o +xdd—sd(e))

= (Lo+eL)| Y xaSute) |,
d=1
where Fd,dr(et,e)zZn>06’1F;f3,(et) and  Sy(et,€) =

2 n0 6"31(1”)(61‘). One has to identify terms with same
orders versus € in

Vde {l,...,c]},
"(n) n g (n) n'Qqun’)
Ze ~I—Zd, | Ze Fya Ze Sy
n=0 n>0 n' >0
= (Lo+eL)[ Y eS|, (B2)
n=0

using the fact that, for each n, ”)(et) is of order €.

The zero-order condition is satlsﬁed with Fd((;), =0 and
G
d

= §,. First-order condition remains unchanged and yields
as in (13) and (16)

Fiy(et) = Te(y Li(et, 50).
with

+00 - _ .
3:(11)(“) = / eFOLL (et Sg) — Ko(L(et, Sq))lds,

0

(B3)

where Tr(Jd/ )(et)) = 0 and thus Tr(Jd/ 1)(et)) =0, for

alld’ and t. The second-order condition is

vdell,... d),

S (e )+Z (i) (e)SS) (et) + Fy2 Sar)
d'=1

= LofSP) + L.

d( t)
SV (en)). (B4)

Multiplying by Jy and tacking the trace show that the second-
order correction formula is identical to the one for time-
invariant £;. To summarize, we have either for time-invariant
or slowly-time-varying £, the following second-order approx-
imation formula for the dynamics of x:

d
o d
_ (1) 27(2)
defl,....d}, —xs= ;[eFd,.d(et)—i-e E2(en)]
X Xg, (BS)
with

FiY(et) = Te(Ta L1 (et Sa)),
(B6)
F? (et) = Tr(L}(et, Jo)Ro(Li(et, $a)),

where Ro is defined in (17).

APPENDIX C: TIME DISCRETIZATION OF
CONTINUOUS-TIME QUANTUM MASTER EQUATION

We propose here an adapted numerical scheme to con-
vert the continuous-time dynamics (1) into a discrete-time
dynamic (D1).

Take a time step 8t > O very small compared with evo-
lution time constant of (1). An exact quantum channel
approximation of ¢ %0 identical up to 8¢ terms to the explicit
Euler scheme is the following (see Ref. [47], Appendix B):

Prrst = Ko(p)l= ¥ “(p,) + O(81%)
= p +8tLo(pr) + O], (C)

where Ky admits the following Kraus structure:

Ko(p) = ﬁo [Moﬁopﬁgﬁg + 6t <Z io,vﬁopﬁgi:gy)}ﬁg,

(C2)
with
ﬁo = efiﬁtﬁo/Z’ Mo M()W 1/2, L() y = L() W 1/2
(C3)
where
~ 52‘ -~
Mo=1-3 ~1I; Lo,
W = My + 5t S Tow.
Take as perturbation /C; the simplest approximation:
Ki(p) = 8tLy(p). (C4)
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APPENDIX D: ADIABATIC ELIMINATION
IN DISCRETE TIME

1. Single system
When ¢ is an integer, (1) is replaced by

Pr+1 = Kolpr) + €K1(pr), (D1)

where Ky is a quantum channel stabilizing the subspace Dy
spanned by the orthonormal basis Sd and with invariant op-
erator J; = lmys 400 (KCE ) (S,) where (KC§)" corresponds to ¢
iterates of the adjoint map /. For any py we have

z.LiTOO (Ko) (po) = Kolpo) = ;Tr(ﬁpo)/s\d. (D2)

Invariance condition (6) reads then

Y x4t + DSy(e) = (Ko + €| Y xa(®)Sate) | (D3)

d=1 d=1

with x, (t + l) =Y 4 Fi,4(€)xa(t). Combined with the series
expansion of Sd (¢) and Fy 4 (€) it yields:

d
Vde(l,....d), Y [ D eED D sy
d'=1

n=>0 n'>0

= (Ko +ekn| D €Sy |.
n=0

The zero-order term is satisfied with F d( o = 0a.a and :S'\;O) =

Sd. First-order conditions read

vdell,...,d), SV + Z Fi),S%
d"=1
— ko) + K1 G
Left multiplication by operator Jy and taking the trace yields
Fiy = Tr(a K (Sa)), (D4)

since Tr(JyS® Sy )) = 84,4 and Tr(JT,/co(W)) = Tr(J; W) for
any operator W because K*(Jd«) = Jd« Thus, 3\((1 ) is a solution
X of the following equation:

X = Ko(X) + K1 (S§ ZF(” .

d"=1

Since the quantum channel Xy is a contraction with a rate
assumed to be strictly less than 1, the following solution is

chosen:
— Ko (K1 (5)]-

S = (Ko[Ki(S)”)
520
based on this absolutely converging series and satisfying
Tr(]d A(l)) = 0 for all d’. This defines the superoperator
+00
Ro(W) =Y (Ko)'lW — Ko(W)],

s=0

where (Ko)° stands for identity.

Take n > 2 and assume that we have computed all the
terms F d(rzj and S of order r < n with Tr(J; S ’)) =0 for
all d and d’. The invariance condition of order n reads

vdell,...,d}, S +ZZF;PT;£ &
d’=1 r=1

= Ko(S) + K (5.

Left multiplication by operator .7;/ and taking the trace
yields

FyY = Te(Ja Ky = Tr(K;(Ja)Sy V).

i)

For TS‘\((I") we take the solution such that, for all d’, Tr(@/fS‘:(J")) =
0,

R() IC] ’\(}’l 1)

Z ZF(” so-n |

d7=1 r=1

d

ZZ(KO)Y ]C ’S\(n 1) ZiFd(;’) ’:(]r/l/ r)

520 =1

The discrete-time reduced model is then

xt+ 1) =x@)+ (Z GrF(r)>x(f), (D5)

r=1

with p, = Zd L xa (O, e’A(r)) satisfying (D1) up to el
correction and for any d, x,(t) = Tr(]d 0:). Up to €"*! correc-

tions, we have the following reduced-model dynamics for the
invariant operators

vdell,..., &}, Ta(t + 1) 2 KE(T0(0)) + €KF(Ta (1))

= Ja(t) + Z Z €"Fy)Ja(t) + O™

d'=1 r=1

The discrete-time version of equation (20) providing the
second-order approximation reads

Fy) = Tr(aKiSa)). FyYy = Tr(K{Ja ) Ro(K1(Sa)))
(D6)

and remains valid for a slowly-time-varying perturbation, i.e.,
for IC, (et, p) where the dependence versus €t of /C; is smooth:

Fo(et) = Tr(Jy Ky (et, Sy)),
Fy7(et) = Te(Ki (et, To ) Ro(Ki (et Sa))). (D7)

2. Composite systems

Discrete-time bipartite structure is based on
Ko = Kao ® Kpo, (D8)

where K4 0 and KCp o are local quantum maps on H4 and Hp
stablhzmg the local subspaces Dao and Dpg, 0: Their dimen-
sions are d, and dp with (SA i )1<dy<a, and (SB dp)1<dp<dy @S
orthonormal basis of Hermitian operators. We assume that
Ka,0 and Kp o ensure exponential convergence towards D
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and Dp : for any operators on H,

zifinoo (Ka0) ® (Kpo) (po) = Kolpo),

where Cy remains given by (34) with Zx,dA and .’I;;,dg as fol-
lows:

Taay = Hm (K3o) Gua) Toa, = lim (50) ).

Assume the superoperator ; only involve finite sums of
tensor pggducts /Qf operators on H4 and Hp. This means that,
for any X4 and Xp local operators on H4 and Hp,

ICl ()?A &® X\B) = Z ZA,UX\AI/Q\A,V ® ZB,v)/(:Bié\B,vy (D9)

v=1

Whe£§ v ig\ a positive integer, ZA‘V, ﬁA,v are operators on Hyu,
and Lp ,, Rp , are operators on Hp.
The discrete-time analog of (37) reads

v
F‘(Eill‘),d,;),(d,;,dg) = Z Tr(JA,dASA,dA,v)Tr(JB,déSB,dB,v)

v=1

v
= " Tr(Saa,Ja.ay0) Tr(Sb.apT5.ay0).  (D10)

v=1

where for X = A, B
Ixa,v = RxvIxa, Lxv,  Sx.dyw = Lx vSx.ayRxv. (DI1)

Similarly, we derive from (44) the second-order discrete-time
matrix F®:

] +o0 -~ g,
F(iizx),d;md,;,dw = Zu,v’:l ZS:O [Tr (Ja.dp.0r (Ka0)' (Sa.a10))
X Tr(j;?,dl’;,v’ (ICB,O)S(/S\B,quV)) T

X -+ = Gady v GB.dy.dyv ] (D12)

where

Gx.d} dy v = ZTr(j;(,d)’(tg\X,d;(’,v’)Tr(j;(,d;(’:g\x,dx,v)
&

forX = A, B.

APPENDIX E: PROPAGATOR SIMULATION RESULTS

In this Appendix, we give examples of x error matrices
defined in (46) for the zz gate in Fig. 12, the zzz gate in
Fig. 13, the CNOT gate in Fig. 14 and the Toffoli gate in Fig. 15
from which we extracted the Pauli error models shown in
the main text, i.e., the diagonal of the x error-matrix used in
quantum process tomography.

APPENDIX F: LEAKAGE COMPUTATION
1. Single-mode leakage

Equation (16) allows us to perform a first-order computa-
tion of the leakage, defined as the population outside the code
space. If we define I. to be the projector on the code space of
our system, then the population of the state p, at a given time
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FIG. 12. x error matrix of the Zz gate with (a) full model

Galerkin truncation to 41 photons, and (b) second-order reduced
model where @ = 2, k; = k,/100, €; = «,/20.

t inside the code space is Tr(Zp,). In the context of cat qubit,
the code space projector is defined by

I = (ICHYCH + 1C)1(Co 1) ~ V25,

So for any state written at first-order p, = ZZ"ZI xd,t(g\fio) +
§f1])), the leakage / is given by

dy

16 =1=Tr.p) =1— Y xasca,
d=1

(F1)

where

ca =Tr(l.(SY +5)")) = V2814 + TrI-Ro(L1(5a))).
(F2)
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FIG. 13. x error matrix of the zZzZ gate obtained with simula-
tions based on the second-order reduced model where @ = 2, k; =
k2/100, €,2, = K2 /20.

2. Composite-system leakage

In the case of a composite system, we can still compute
the leakage at first order, using the generalization of Eq. (16).
For (dA, dgp), we define ¢y, 4, as cq,.q, = Tt ale BSa, a,(€))
where SdA ds(€) = A(O) , T+ /S\(l) d with 3\(0) TS‘}(,);ATS\;%B and

Sty = Ro(£1(554,)) = D Ro(Saars ® Sp.apr)-
v=1

Soi we find that
Yoo Tr(e ale 5RO(SA a0 ® SBdypv))-

Cdy.dy = 281,4,61,45 +

And finally, the leakage [ of a state p =
ZdA,dB Xd, dp.tSd,.dy 1S given by
do
1) =1=Te(lepr) = 1= D XdydpiCay.dy- (F3)
da,dp=1

However, second-order leakage can be obtained numerically
via the following relation

d

(1) §(1)
> ELS

d’=1

Tr(1.SY) = Tr | Ry (L) | £1(8%") —

with only local computations.

3. Hybrid system leakage

For a composite state o, = ), fS'\A,dA 08,4, Where one sub-
system is not actively stabilized, one cannot in general define
the leakage on the full system but only on the stabilized
subsystems or use its full Hilbert space as the code space (see
Figs. 16 and 17). But if there is an explicit code space for all
the subsystems, then we can apply the definition of the leakage
for a composite system introduced in Sec. F2 to this hybrid
case. For a bipartite system, we still write the code space
as I, 4 ® I, p. At first-order, we have p, = ZdA SA.dyPB.dy =

ZdA /}OSJA + Ro(L (:S‘\A,dA )))pg.q, And so the leakage / can be

ITIXIYIZXIXXXYXZYIY XYYY ZZIZXZYZZ

(b)
1 H B
IX

| [ i 1072
17

X B |

XX n

XY 1074
X7 ‘
vIES ||
Y X} B B 110-6
VY
Y Zr
1l N u . 1107
ZXt

7y
77

J1p-10
ITIXIYIZXIXXXYXZYIYXYYY ZZIZXZYZZ 10

FIG. 14. x error matrix of the CNOT gate with (a) the full model

and (b) the second-order reduced model where o =2 and x| =
k2/100.

expressed as
l = Z Cd/\ Tr(IC,BpB,dA )s
dy

where ¢4, has been defined in Eq. (F2):
= Tr(Tea (S, +Siin,)
= V2814, + Tr@,AﬁO([rl

(Sra)))).

APPENDIX G: ANALYTIC ERROR MODELS

In this section, we briefly recall the formalism of the shifted
Fock basis (SFB) introduced in Ref. [19] in the context of cat
qubits. We use the decomposition of the cat qubit into a two-
level system (TLS) and a gauge to derive analytical formulas
of phase-flip errors for the zzz gate.
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|X| 100

1078

10—10

FIG. 15. x error matrix of the CCNOT gate obtained with simula-
tions based on the second-order reduced model where @ = 4, k; =
k2/100. The diagonal elements show the Pauli errors. The top-left
coefficient displays the fidelity of the gate at 82%. The bottom-right
coefficient displays the ZZZ error of the gate at 0.5%.

The basis is defined as the displacement along the 4+« and
—a directions of the Fock states |n):

1£) ® |n)g := Ni[D(a) £ (=1)'D(—a)]|ft = n).

We can equivalently think about it as a separation of the full
Hilbert space as a direct sum between the even an odd-parity
spaces or, after relabelling, as a tensor product structure of a
logical two-level system, a qubit encoding the logical state of
the cat-state mode, and a gauge mode g of another oscillator:

H=C; ®H,

For example, using this basis, the Schrodinger cat states |C)
are given by

CX) = |4), ® 10),.

We use the following approximation of the annihilation
operator, valid for large cat qubits:

A ot>d g

a—= 7Z® (g, +a). (G1)

This decomposition of the annihilation operator of the full
mode as a Z operator acting on a qubit tensored with a gauge
mode g, is well suited in the perturbative regime where the cat
qubit can be excited to its first-excited state but quickly decays
back to its ground state because of the engineered two-photon
dissipation.

Indeed, the operator of the dissipation mechanism @*> — «
is more intuitive than the annihilation operator because it
corresponds to 2ol ® g, i.e., just to cool down the gauge mode
g to vacuum.

In the following, we use these correspondences in order to
compute analytical expressions of the Z errors of the Z and 7z
gates used in Sec. II B and Sec. III B, and explicitly derive the

2

(a) Z gate, Leakage
107019,
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10-4- '... + Reduced model
®
®

""00000000....... LT
*
L y ‘

5 10 15
jo?
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1011 **%eecsecessce
0Tk, o Full model, N = 40

+ Reduced model

treas v 0 by
7 e

L 1

0 15
jrf?

(@43

() /77 gate, Leakage

. + Reduced model
108 *,

10710 L

10 15
al?
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FIG. 16. Leakage of a (a) z gate, (b) zZ gate, and (c) zZz gate
obtained via full model simulations (shown as gray circles) and the
reduced model simulations (colored plus) with k; = /100, €; =
k2/20 for different mean photon number a?.

analytical expressions of the Z errors of the zZz gate involving
three cat qubits used in Sec. III C.

1. Z and 7z gates

The analytical expressions of the Z errors of the z gate
were derived using the SFB in Ref. [19] by adiabatically elim-
inating the gauge which decays to the ground-state manifold
with the two-photon dissipation and induces phase flips via
the coupling Hamiltonian: p; = o2 T + G%T/Olzlcz. Forazz
gate, the gauges of both modes are adiabatically eliminated
independently. The two-photon dissipators with a decay rate
k = 4k, and the coupling Hamiltonian of rate g = €, sim-
plify into a single dissipator with a rate 2 x 4¢%/k = 2¢€2, /x>
causing a ZZ errors with probability pz 7, = 72/8a*,T =
7€, /20’ Kk, while the Z, and Z,, errors are pure photon loss er-
OIS Pz, = Pz, = o2 T = Ky /4€,,. To obtain the total value
of pz z,, one has to add the errors due to single-photon losses
on the two qubits pz, pz,.

2. 777 gate

We first recall the full master equation and then write
its expression in the SFB before performing an adiabatic
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(a) CNOT gate, Leakage
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FIG. 17. Leakage of a (a) CNOT gate, and (b) CCNOT gate obtained via full model simulations (shown as gray circles) and the reduced model
simulations (colored plus) with x; = k,/100 for different mean photon number o?.

elimination of the three gauges to derive the ZZZ error rate.
As detailed in IIIC, the master equation of this tripartite
systems made of three cat qubits with annihilation operators
a, b, and T and gauges g,, g4, and g, is composed of the sta-
bilization £, and perturbations € £ that can be split between
errors and gate dynamics:

Lo(p) = Dz_o2(p) + k2D _o2(p) + k2D _o2(p),
€L1(p) = k1Da(p) + k1 Dy(p) + k1 D(p) — ilH), p),
where H, = €,,,@b¢’ +a' b ¢) is applied for a gate-time

T == 7T/4|Ol|36222.
In the SFB, the dissipation writes:
-~

@ — =3 + 208, ~ 208,

and so the stabilization Ly becomes 4a’kr(Dg, + Dy, +
Dz, )(p). The one photon loss becomes KlozzDZ(p).

The gate dynamics H) becomes
20a 22220207,
+ €2220°ZuZvZe ® Ra + 8+ 8 + 8 + 8 + 8-

The first term of the gate dynamics produces the desired
rotation. It comes with excitations on the gauges, each with

a coupling strength g = €,,,0, inflicting a ZZZ error on the
cat qubits. This excitation decays back to the code space (i.e.,
ground state of the gauges) with a decay rate k = 4a’k, due
to Ly. In the regime « > g, the gauges remain mainly on
their ground states and thus can be adiabatically eliminated
by adding an effective ZZZ error rate on the qubits with a rate
3 x 4¢%/«, the factor of three coming from the three gauges
indistinctively. The effective master equation of the effective
system p therefore becomes

d
= xie*(Dz, + Dz, + D3 ) (p(1))

3ezz70%
+ K—Dz,z,,z,(p(t))
2

— i2\a*ez22ZaZbZe, p(1)].

The effective Hamiltonian term describes the gate dynamics.
We perform a rotation around the zzZz axis of the qubits
with an angle 6 = 4|(x|3eZZZT. The first terms due to one
photon losses induces Z errors on the three cat qubits: pz, =
Pz, = pz. = a’kiT. The Z,Z,Z. errors due to the middle
term is given by 3%T = 3me /4K, for a m rotation,
to which one has to add the errors due to single-photon
losses on the three qubits pz, pz, pz. to obtain the total value
of pz,2,7,-
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