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Qumode transfer between continuous- and discrete-variable devices
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Transferring quantum information between different types of quantum hardware is crucial for integrated
quantum technology. In particular, converting information between continuous variable (CV) and discrete
variable (DV) devices enables many applications in quantum networking, quantum sensing, quantum machine
learning, and quantum computing. This paper addresses the transfer of CV-encoded information between CV and
DV devices. We present a resource-efficient method for encoding CV states and implementing CV gates on DV
devices, as well as two measurement-based protocols for transferring CV states between CV and DV devices.
The success probability of the transfer protocols depends on the measurement outcome and can be increased to
near-deterministic values by adding ancillary qubits to the DV devices.
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I. INTRODUCTION

In the past decade, there has been a major focus on de-
veloping quantum technology that holds immense potential
for revolutionizing communication, sensing, and computing
domains. A wide variety of platforms, including supercon-
ducting circuits, microwave cavities, optical systems, trapped
ions, atoms, spins, and others, have been used to process
quantum information [1,2]. In these systems, information
is encoded in a set of quantum states that can be discrete
(qubits and qudits) or continuous (qumodes). Depending on
the specific area of application, both types of encoding have
their advantages and disadvantages. For the development of
integrated quantum technology, it is essential to have the ca-
pability to transfer information between all types of quantum
devices. While effort has previously been devoted to pro-
cessing logical qubits encoded on continuous variable (CV)
devices [3—-6], we consider an alternative perspective here:
encoding and processing CV information on discrete variable
(DV) devices. We present a method to encode CV information
into DV devices, along with two measurement-based trans-
fer protocols to convert information between CV and DV
devices.

The ability to develop hybrid DV-CV technology and
convert encoded information between platforms is crucial
for building complex systems, such as the quantum inter-
net [7] and quantum sensor networks [8]. For instance,
while superconducting chips are better for data processing,
optical devices are currently the best for long-distance com-
munication and are easily scalable. Various hybrid DV-CV
methods have recently been proposed for quantum telepor-
tation [9-11], entanglement distillation [12], and quantum
computing [13,14]. In addition, methods to encode qubits in
CV devices, such as cat states [3-6] and GKP states [15],
have also been proposed to increase qubit resilience to errors.
Furthermore, significant effort has been put into developing
methods to entangle DV and CV qubits [16—18] and to convert
DV and CV qubits from one to the other via teleportation
protocols [19-21].
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Aside from the possibility of encoding qubits, CV devices
have the ability to process information encoded in the contin-
uous bases formed by the eigenvectors of the field quadrature
operators, known also as gumode encoding. CV quantum
computing [22,23] is universal [24], meaning that any unitary
transformation generated by a polynomial function of the
quadrature operators can be decomposed into a finite number
of gates drawn from a finite set of gates. Recent advancements
in photonic chips [25,26] and the availability of CV quantum
software, such as STRAWBERRY FIELDS [27], indicate that this
is an active and rapidly evolving research area. A significant
amount of effort has been devoted to the development of quan-
tum CV algorithms. Currently, CV algorithms address a wide
range of problems, such as scalar field simulations [28,29],
spin simulations [30], attractive Bose-Hubbard simulations
[31], partial differential equations [32], quantum approximate
optimization algorithm [33], Grover’s search [34], and the
Deutsch-Jozsa problem [35]. There is also growing interest in
employing CV systems in quantum machine learning (QML)
methods [36,37].

In this paper, we address the encoding of qumodes in DV
devices and the conversion of qumodes between CV and DV
devices. A qumode is a quantum state expressed in an infinite
basis set. Therefore, transferring qumodes to a finite qubit
device is generally an ill-posed problem. However, for most
practical purposes, we can impose a boson occupation cutoff,
N, such that the contribution of states with more than N,
bosons is negligible. One simple way to encode such a trun-
cated qumode to a DV device is by mapping the boson number
states with n < N, to the DV computational basis states. How-
ever, this direct encoding may have limited usefulness because
information encoded in this way cannot be easily processed
on the DV device. This is because information encoded in
qumodes is generally processed by employing gates that are
functions of the quadrature operators, and these gates have a
dense matrix representation in the Fock basis. Consequently,
implementing CV gates on a DV device requires a lengthy
decomposition [on the order of O(4"), where n, is the size of
DV register] into elementary single-qubit and two-qubit gates
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FIG. 1. CV-DV transfer protocol, described in Sec. IV B. The CV
state |¢¢) is transferred into the DV state | xp).

[38—42]. To achieve effective encoding of qumodes onto DV
devices, we not only need to map the qumode’s state onto a
DV device but also efficiently implement CV gates on DV
devices (i.e., by employing only a small number of elementary
gates).

Continuous variable computation can be achieved using
purely DV systems when the information to be processed can
be encoded in states that can be truncated with controlled
accuracy in boson number basis during evolution [43]. To
encode qumodes on DV devices, we take advantage of the
properties of their wave function at large argument and use
the Nyquist-Shannon expansion of functions with support on
finite intervals [44] to represent them in a discrete quadrature
basis. We will call the qumodes mapped onto DV systems in
this way discrete qumodes. This encoding has high accuracy
[41], and allows for a straightforward, polynomial scaling
implementation of CV gates on DV devices.

We present two transfer protocols: one for transferring CV
qumodes to their corresponding discrete representation on DV
devices and another for transferring discrete DV qumodes
to CV devices. Both protocols are modifications of the one-
qubit CV teleportation protocol described in Refs. [23,45].
They involve entangling the two systems, measuring the first
system, and manipulating the second system using opera-
tions that depend on the measurement outcome, as shown
diagrammatically in Figs. 1 and 4. The transfer protocols are
nondeterministic and require postselection since the probabil-
ity of success, defined in Sec. IV, depends on the measurement
outcome and is smaller than one. However, the probability of
success can be increased by using an ancillary DV register.
We call our protocols near-deterministic because the proba-
bility of success can be brought exponentially close to one by
increasing the number of ancilla qubits. For example, we find
that a CV state with a boson number cutoff N, = 100 can be
transferred with an accuracy of O(10~7) on a DV register of
eight qubits with a success probability of 0.99 (0.999) using an
ancillary register of 13 (20) qubits. After transfer, the ancillary
register can be discarded. Furthermore, the transfer protocols
presented here might find immediate or near-future applica-
tions when used in the nondeterministic regime for qumodes
with cutoff N, < 20, since in this case, the total number of
required DV qubits is ~4 — 6.

The transfer protocols introduced here hold the poten-
tial to facilitate the development of CV-DV hybrid hardware
for processing CV-encoded information. We believe that our
method for converting qumodes between CV and DV devices
offers a broad spectrum of potential applications. For instance,
quantum sensor networks could benefit from processing data

collected by sensors with CV encoding on superconduct-
ing QPUs. Qubit-based QML algorithms can increase their
expressivity by including CV data encoding. The quantum
tomography of CV states [46] can be reduced to an equivalent
qubit system tomography problem. Transferring DV states to
CV registers opens possibilities for non-Gaussian state prepa-
ration and the implementation of non-Gaussian operations
on CV platforms. Unique measurement-based quantum algo-
rithms [47-50] that use hybrid CD-DV cluster states might be
developed, which could be particularly useful for simulating
field theories. Nevertheless, further investigation is needed to
assess these potential applications.

This paper is organized as follows: In Sec. II, we define
the qumode and briefly introduce the gates required for CV
quantum computing. In Sec. III, we introduce the discrete
representation of qumodes on qubit devices. In Sec. IV, we
present the protocols that transfer qumodes between CV and
DV devices. In Sec. V, we show how to use an ancillary
qubit register to increase the success probability of the transfer
protocols. Finally, in Sec. VI, we present a summary of our
results and the conclusions.

II. CV STATES AND CV QUANTUM COMPUTING

Qumodes are vectors belonging to the Hilbert space of
square integrable functions, L?>(R). The observables associ-
ated with qumodes are generated by the quadrature operators.
We denote the quadrature operators by X and P because they
are equivalent to the position and the momentum operators
of a harmonic oscillator, respectively, obeying the canonical
commutation relations [X, P] = i. The eigenvectors {|x)} of X
(X|x) = x|x)) and the eigenvectors {|p)} of P (P|p) = p|p)),
constitute continuous basis sets and are connected by the
Fourier transform

Ip) = J%_n [ : dxeP|x). (1)

Aside from continuous basis sets, L?(R) also admits denu-
merable bases, like the ones formed by boson number states,
also known as Fock states. The Fock states are eigenvectors of
the harmonic oscillator Hamiltonian and of the boson number
operator a’a, where

a = (JIX +iP/J)/V2, )

and p is the boson mass. For example, in optical devices
the bosons are the photons, while in other platforms, like
trapped ion devices, the bosons can be the vibrational modes
(phonons) [51].

CV computation employs operators with continuous spec-
tra to process the data encoded in qumode states. It has been
shown [24] that the evolution of any Hamiltonian that is a
polynomial function of X and P can be simulated using only
a small number of gate types. For example, a sufficient set
of gates for universal computation consists of [23] (i) lo-
cal Gaussian gates, such as the displacement gate e~ the
PHASE gate ¢~"X* and the Fourier transform ¢'% ¢~ 57" +X*),
(i1) a nonlocal Gaussian gate that couples two different modes,
like the controlled-PHASE (CPHASE) gate e~ ®Xi and (iii)
one local non-Gaussian gate, such as the cubic phase gate

—inX3 . . . .
e~"X" This example of a universal set of gates is not unique;
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equivalent alternatives can be considered. In optical systems,
Gaussian gates can be relatively easily implemented using
displacement, squeezing, phase shift, and beam splitter oper-
ations. However, the implementation of non-Gaussian gates is
much more difficult [52].

III. DISCRETE REPRESENTATION OF QUMODES

The representation of bosonic states on qubit hardware has
been discussed in previous works [41,53-55], with a focus
on fermion-boson and scalar field quantum simulations. In
this paper, we briefly present the main ideas, emphasizing
the points that are most relevant for CV computations, and
qumode transfer protocols.

In this paper, we do not consider the direct encoding of
Fock states to computational DV states. While this encoding
efficiently represents states, we are not aware of any resource-
efficient way to implement typical CV gates on DV devices
using this encoding [41].

A. Nyquist-Shannon expansion of qumodes

Let us start by assuming that a cutoff N, can be cho-
sen such that the contribution of states with more than N,
bosons with mass p is negligible to the qumode state, i.e.,
|p) ~ i.vio cy|n), where |n) is the n boson Fock state. As
can be seen from Eq. (2), the definition of boson operators
is not unique; the bosons are defined up to a mass factor
. Bosons with different masses are related by a squeezing
operation. For a given qumode, the cutoff N, depends on the
boson mass . The smaller N, the better the accuracy of the
discrete representation of qumodes which will be introduced
in Sec. [II B. Keeping the boson mass as a tunable parameter
can be useful for optimizing quantum algorithms and compu-
tational resources, as discussed in Ref. [41]. However, for the
purpose of this paper, the boson mass u is a fixed parameter.

The qumode’s wave function ¢ (x) decreases exponentially
fast to zero as the magnitude of its argument, |x|, increases,
since the Fock states’ wave functions (Hermite-Gaussian
functions) decrease exponentially fast to zero with increasing
|x|. The same is true for the wave function’s Fourier trans-
form; namely, @ (p) decreases exponentially fast to zero as
the magnitude of its argument, |p|, increases. Therefore, for
a desired accuracy €, we can define a parameter L. > 0, as
the minimum value such that the weight of ¢(x) outside the
interval [— \I;ﬁ L;L ] and the weight of ¢ (p) outside the interval
[—Le /1, Le /1] are smaller or equal to €, i.e.,

1

Le

(/_ﬁhwmﬁdv+/fﬁ¢un%u) <e and ()

o0 N
1

*Le\/ﬁ R 00 R 2
(/ wwﬁw+/i|mmwo <e. 4
—00 Loyt

We call the intervals [—5%, 5%] and [—L¢ /i, Le/1t] the e-

support intervals of the functions ¢ (x) and @(p), respectively,
since the functions are € negligible for arguments outside
those intervals. The error € decreases exponentially with in-
creasing the support window parameter L., as analytical and
numerical investigations reveal [41].

The Nyquist-Shannon sampling theorem [44] states that
a function with limited support in the Fourier space can be
written as an infinite sum, with the sum terms proportional to
the function sampled on a grid. In our case, the wave function
is almost limited (i.e., limited up to an error €) in both x and
p variables. As a consequence, as discussed below, the wave
function can be written up to an error € as a finite sum, with the
terms proportional to the function sampled on a finite interval.

First, the Fourier transformed wave function (;3( p) is
negligible (e small) outside the interval [—L¢ /i, Le ./1t]. Ac-
cording to Nyquist-Shannon sampling theorem, this implies
that the wave function ¢ (x) can be approximated by a discrete
sampling such that

P =Y ¢(pulx —y;)+ O(e), ©)
j=—00
where
yi=0+8A, 6)
T
A, = : (7)
LoJi
u(x) = sinc<i> = m. )
Ax /g A,

In Eq. (5), the term O(¢) denotes a small quantity with magni-
tude of the order €, and is a consequence of the small weight
of <]3(p) outside the widow [—Lc /i, L /1] In Eq. (6),6 € R
is an arbitrary number, signifying that the Nyquist-Shannon
expansions remains valid if the sampling grid is shifted by an
arbitrary amount, as explained in Appendix A. In Eq. (7), the
discretization interval A, is inversely proportional to the to
the e-support interval in the Fourier space.

Second, according to Eq. (3), the wave function ¢(x) is €
small when |x| > 5ﬁ Thus, the summation terms in Eq. (5)
corresponding to the function sampled outside the interval
[—5—;7, 5%] can be neglected with an O(¢) error. The summa-
tion in Eq. (5) can be truncated to a finite sum with N, terms
and written as

Ne—1
PE) =D U+ 8 Aux — x; — 8:A,) + O(€),  (9)
Jj=0
with
N —1
n=@— z)m, (10)

and arbitrary —0.5 < §, < 0.5. The number of sampling
points N, is chosen as the minimum number for which the
sampling points {x; + 6xAx} jeqo,...n.—1) cover the entire sam-

pling interval [—5%, LL], which implies

+ 8, A, — A <N6+1+5)A Le (11)
X0 xRAx — Ax — | — x x < = s
2 N/
N.+1 L
N1 F A A = ——— 5 )AL > —. (12
2 N/
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Equations (7), (11), and (12) yield the relation between the
sampling interval parameter L. and N,

TN,

L= 7 (13)
which is valid for all choices of |5,| < 0.5. Note that the error
term in Eq. (9) is larger than the one in Eq. (5) since it involves
additional truncation approximation, although in both cases
we denoted it as O(¢). However, it is still of the order €.

A similar reasoning can be used to expand the wave
function’s Fourier transform ¢(p) by sampling it on the
Ne points {py + 8,Ap}meqo,...n.—13 covering the interval

.....

where
ap="E _a, (15)
L.

_(p
- 2, 16
v(p) SIHC<AP> (16)

Ne—1
Pm = <m - ) )Apv (17)

Hhevit L) The sampling sets {$(x; + 8, A0} je(0,.. 1) and {(p +
Ne—1 8pAp)tmeo,...N.—1) are connected by shifted finite Fourier
d(p) = Z & (pm + 8pA V(P — pm — 8,A,) + O(€), (14)  transforms, as follows:
m=0 |
=
N -2 Ne—1 . Ne—l
VB +8p8) = —= 3 VAD(x; + 8 A e N (T U 4 oo, (18)
/N ‘=
| N
2 i 2 (m—NeZl 45, ) (Nt s,
VAP +8.A,) = ﬁ mgo VARD (P + 8,Ap)e' N (m="748,) (= 480) O(e). (19)
[
Equations (18) and (19) can be derived by directly calculating vectors {|m),}, withm € {0, 1, ..., N, — 1},
the Fourier transforms of Eq. (9) and the inverse Fourier trans- N
form of Eq. (14), respectively. Note that the Fourier transform = R e, 2 (o Ml )(jo Moy
of the sinc function is the rectangular function, see Eq. (B1) ), = Flm) = /N, _2(; e ’ 2y @3
]:

in Appendix B.

B. Finite Hilbert space representation
For a given cutoff N, we construct a finite Hilbert space
of dimension N,, where N, is the number of sampling points
necessary to discretize ¢y, (x), the Fock wave function of order
Ny, with a desired accuracy €. Thus, N, is given by

N,

L= ,
2

(20)

where L = L.(N,) is the sampling interval parameter for
¢n,(x) [see Eq. (13)]. For any € < 1 the number of dis-
cretization points N, > N}, as can be found by inspecting the
properties of Fock state wave functions.

The finite Hilbert space is constructed by considering the
basis {|j)} with j € {0, 1, ..., N, — 1} and defining the dis-
crete position operator X as

X1j) = x;lj), 2n
where x; is given by Eq. (10) with N, and L. replaced by N,

and L, respectively. We also define the discrete momentum
operator P as

P=uFXF, (22)

where F represents the centered discrete Fourier Transform,
defined by Eq. (C2) in Appendix C [see also Eq. (23)]. The

are eigenvectors of P,

i} N, —1
where
A, ="YZ = LA, 25)

The e-support intervals for the Fock wave function of order
N, include the e-support intervals of all smaller order Fock
wave functions, since the support interval parameter L.(n)
monotonically increases with the Fock state order n [54]).
This implies that, for N, discretization points, the discretiza-
tion errors of all n < N, Fock states are smaller than O(e).
Then, for all n < Np, the vectors defined by

N,—1 N,—1
) = VA due)li) = Ay Y Gulpw)im), + OCe),
j=0 m=0
(26)

where ¢, (x) is the n-Fock state’s wave function, satisfy
1

vem

i = =i % i) VT )+ 00, @)

(Waln— 1)+ vVn+ Ln+ 1)) + 0(), (27)

X =

Equations (27) and (28) can be obtained by employ-
ing Egs. (21) and (24) and the following properties of
the Hermit-Gaussian functions: x¢,(x) = ﬁ[\/ﬁqﬁn,l(x) +
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VIF TG, (0] and pdu(p) = —i, [ 41\/dy1(p) = Vi F 1

$ns1(p)], respectively.

Employing Eqgs. (27) and (28), it can be shown that the
vectors {|17)},<n, are, up to an error of order O(e), the
eigenvectors of the discrete harmonic oscillator, i.e.,

~ I\ ~
Hyln) = M(ﬂ + 5) In) + O(e), (29)
where
1_ w?
H, = P>+ —X*. 30
n=3 + > (30)
Analogously, it can be shown that
XP — PX)|n) = i|n) + O(e), 3D
forn < N,,.

In other words, on the N,-dimensional subspace defined by
the projector O,

Np—1

Oy =) Im)l, (32)
n=0

where {|1)}, are the eigenvectors of the discrete harmonic
oscillator defined by Eq. (30), the discrete position and
momentum operators obey [up to an error term O(e)] the
canonical commutation relation, i.e.,

[X, P10, = iQ) + O(e). (33)
Let
Np—1
Q=) I, (34)
n=0

with |n) being the nth Fock state of the CV Hilbert space,
denoting the projector on the subspace with the number of
bosons below N,. As can be seen from Eqs. (27) and (28),
the operators X and P acts on the subspace projected by 0,
as the operators X and, respectively, P acts on the subspace
of the continuous Hilbert space defined by the projector Q.
There is an isomorphism between the CV subspace defined by
the projector Q) and the subspace of the finite Hilbert space
defined by Q, (for illustration, see Fig. 2 in Ref. [41]). A
CV wave function characterizing a qumode with less than N,
bosons can be encoded with O(¢) error on the discrete system
of size N, as follows:

N\‘_l
lpc) = f Px)cdx < 1pp) = VA Y )i,
j=0
(35)
Furthermore, a CV operator O(X, P) generated by X and P
that acts on and yields states in the subspace defined by the
projector Qj, can be mapped to the operator O(X, P) which
acts on the discrete space, by replacing X and P with X and
P, respectively,

OoX, P)Q, «<— OX, P)Q, when O(X, P)Q,
= 0,0(X, P)Qp + O(e). (36)

By inspecting Eq. (9), it is clear that the information en-
coded in the DV state |¢p), as described by Eq. (35), is

sufficient to reproduce [up to an error O(e)] the CV wave
function ¢(x) for all values of x. In fact, ¢(x) at a particular
x can be directly measured in the DV basis {|j)} by applying
the grid shift operator T; before the measurement,

Ni—1 Ni—1
Tro| VAL Y dG)i) | =vAL Y ¢l +8A0)1))
j=0 j=0

+ O(e), 37
where § = % and x; is the grid point closest to x. The grid
shift operator Ty is a product of a shifted Fourier transform
with an inverse shifted Fourier transform and is defined in
Eq. (C7) in Appendix C.

C. Finite Hilbert space encoding on qubits

The N, basis states {|j)}, with integer j € {0, ..., N, — 1}
are represented on n, = log,(N,) qubits in a binary encoding

1) = Lo j1) | ing—1)- (38)
where j, € {0, 1}, such that

ng—1

j= Jg2n (39)
q=0
The discrete position operator is expressed as
ng—1 ol
X=-A) 2ulmi 2, 40

where crqz =10)(0];, — [1)(1], is the Pauli o* acting on the
qubit g. The operator X satisfies Eq. (21), as can be directly
checked.

The implementation of the discrete momentum operator P
is achieved by using Eq. (22), along with the implementation
of the centered discrete quantum Fourier transform described
in Appendix C 1.

The gates required for universal CV quantum computa-
tion can be implemented on qubits by replacing X and P
with X and P, respectively, as mentioned in Sec. IIIB. In
Appendix D, we present the explicit implementation on qubits
of the universal set of gates introduced in Sec. II. The number
of elementary single-qubit and two-qubit gates required for
this implementation scales polynomially with the size of the
DV device. This is one of the main advantages of our encoding
scheme: the CV gates can be resource-efficiently implemented
on qubit hardware.

Additionally, in Appendix E, we provide an implementa-
tion of the discrete squeezing operator:

S(r) = ei%(XP-FPX). (41)

The discrete squeezing operator will be used in Secs.V A and
VB to discard or add ancillary qubits to the DV device to
increase the transfer protocol success probability. For that, we
will use the following property of S(r):

Ne—1 Ne—1
SIWAY | dG)Ii) = VAer D dlxjelj) + Oe).
j=0 j=0

(42)
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valid when both the initial and the squeezed qumode have
negligible weight on the subspace with more than N, bosons.

D. Qumode representation errors

Detailed analytical and numerical investigations of the
errors encountered during the construction of the finite rep-
resentation of the continuous Hilbert space are presented
in Ref. [41]. For a fixed error €, we find numerically that
the number of discretization points N, is approximately pro-
portional to the cutoff N, (N, & c¢; + ¢,Np, where c¢; and
¢y are dependent on €). We find that the ratio N,/N, falls
within the range of [0.3, 0.7] when the error is in the range
of [1073,107%]. For a given cutoff N,, the error € de-
creases exponentially as the number of discretization points
increases, because the support interval parameter L o< /Ny
and € decreases exponentially with increasing L. To give some
examples, we find numerically that DV devices with n, = 6
and 7 qubits can represent qumodes with cutoffs of N, = 30
and 70, respectively, with an accuracy of € = 1074,

The construction of the finite representation for a cutoff N,
and the error analysis discussed so far, assume that the cutoff
N, can be chosen such that the contribution of Fock states
with more than N, bosons is negligible. However, the errors
introduced by the truncation in the Fock basis also need to be
considered. This error can be quantified by

wy, = [I(1 = Op)P)|| =

dTlme)r. @3

Vl=N[7

where Q) is the projector on the subspace with less than N,
bosons [see Eq. (34)].

For a desired error of order € in the qumode discrete repre-
sentation, the cutoff N, should be chosen so wy, = €, and the
number of discretization points N, should be chosen so the
Fock state of order N, is discretized with an error of order €.

A relevant question for managing computational resources
is how the number of required qubits scales with the error €.
Depending on the behavior of the qumode boson distribution
at large n, there are two cases to be discussed:

(1) The qumode boson truncation error wy, decreases faster
than exponentially with increasing N,. In this case, for a
choice of N, large enough, wy, becomes negligible, and the
error will be dominated by the quadrature (i.e., position and
momentum) discretization error of the Fock states with or-
ders smaller than N,. As previously discussed, these errors
decrease exponentially with an increase in the number of
discretization points, i.e., the required number of qubits scales
as n, = log, N, & log,[log(e~1)].

Note that this case includes coherent states, displaced num-
ber states, and squeezed states, albeit for large displacements
or strong squeezing the cutoff N, is large. For these states, the
probability of having n bosons is bounded by P, % [56],
where C is independent on n and determined by the displace-
ment parameter or, respectively, the squeeze parameter. By
employing the Stirling formula n! ~ +/2wn(e/n)", one can
see that for n 3> eC the boson distribution and wy, decrease
faster than exponentially with increasing n.

(i) The qumode boson truncation error wy, decreases
slower then exponentially with increasing N,. In this case,

the dominant error will be €(N,,) &~ wy,. The number of qubits
scales as n, = log, N, oc log,[Ny(€)], where N, (¢) is obtained
by solving the equation € = wy,. This case includes the situa-
tions where the qumode’s wave function in the {|x)} basis, or
{|p)} basis, decreases slower than exponentially with increas-
ing |x|, or |p|, respectively.

In practice, for both cases, the accuracy of the approxima-
tion can be controlled by increasing the number of qubits until
the results are converged within the desired error.

IV. TRANSFER PROTOCOLS

In this section, we introduce two transfer protocols. Both
protocols are modifications of the one-qubit CV teleportation
protocol described in Refs. [23,45].

The goal of the first protocol is to transfer a CV qumode

Nv_l

bc) = [ piedr = [ Y ptxutx — x)icds
Jj=0

+ err(Ny) (44)

to its discrete representation:

N,—1
6p) = VALY )i (45)
Jj=0

Note that in Eq. (44), unlike in the previous sections, we
denote the error term arising from the qumode discretization
as err(N,). In the following, we will use € to denote the error
of the transfer protocols.

We measure the protocol fidelity by

Fp = |{(xplgp)l, where |xp) =T (lgc)), (46)

and TP represents the transfer channel taking a CV state to
a DV device.

The goal of the second transport protocol is to take the
DV state described by Eq. (45) to the corresponding CV state
described by Eq. (44). The fidelity for this protocol is

Fc = [{xclgc)l, where |xc) =T (¢p)),  (47)

and TPC represents the transfer channel taking a DV state to
a CV device.

The transfer protocols involve measurement operations
and the resulting fidelity is dependent on the measure-
ment outcome. We consider the transfer successful if the
fidelity is larger than a desired threshold value. As described
in Secs. IVB and IV C, the success of the protocols is
conditioned on the measurement outcome, and for certain
outcomes, the transfer fails. To quantify the success of the
protocols, we define the transfer probability of success as the
probability that the measurement outcome belongs to the set
of measurements that yield a successful transfer. As can be
inferred from the above definition, the transfer probability of
success is dependent on the chosen fidelity threshold.

In the following, we will denote by L. the parameter that
determines the e-support intervals for the qumode’s wave
function [defined by Eqgs. (3) and (4)]. We will also have the
parameter L = /N, /2 [as in Eq. (20)], determined by the
number of qumode discretization points N,. As discussed in
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the next sections, for both transfer protocols, to achieve a
significant probability of success with a desired error €, N,
needs to be chosen large enough so L > L.. In this case, the
term err(N,) in Eq. (44) will be much smaller than € (since
err decreases fast with increasing L) and, since it is not the
dominant error, it will be neglected in the following analysis
of the transfer protocol.

A. Coupling between continuous-variable
and discrete-variable devices

To implement the transfer protocols, we assume that the
unitary

o inX®X (48)

coupling the CV and DV devices can be implemented. Since X
is a linear combination of o/ operators [see Eq. (40)], this can
be achieved if the unitary e~""¥®% coupling the qumode and
the qubit ¢ can be realized for all ¢ € {0, 1, ..., n, — 1}. For
example, this type of mode-qubit coupling can be achieved by
considering the evolution under the interaction Hamiltonian
Hi o (a" + a)ag sandwiched between two qubit Hadamard

gates:
e X% = H e MO, (49)

This kind of interaction is realized, for instance, in systems
with transmons coupled to a microwave cavity [57] or in sys-
tems with an electromagnetic mode coupled to qubits [58—60].

B. Qumode transfer from CV device to DV device

The CV-DV transfer protocol, diagrammatically presented
in Fig. 1, consists of the following steps:

(1) By applying a Hadamard gate to every qubit, the DV
system is prepared into the state

1=
Wis > i (50)

X j=0

The initial joint CV-DV system’s state is

N,—1

xep) = / Z POl pdr. (5D

(2) The entangling operator ¢~ /#X®X

becomes

is applied. The state

—iuX®X
et |xcp) =

Nir / Z Gl pdx. (52)

(3) The CV system is measured in the momentum basis
by employing a homodyne measurement. Let’s denote the
measurement result by ppeas. After the measurement, the DV
state becomes

1
lxpo) = A/Pr(p \/ZnN / Z e M) )1 ) pelx
1 1 A
= ot I 2 Z P(xj + prea)lidp,  (53)

while the probability to measure the value ppeqs 1S

N,—1
Pr(pmeas) = ]Vx go |43(ij + pmeas)|2- (54)

.nAp 5
(4) The gate e WP s applied to the DV device,

atp 5
Ixp1) = P xp0)

\/Pr(pmeds x Z 'uxj * (n * SP)AP]

X |(] + n)mode>D’ (55)

where the integer n and the shift parameter —0.5 < §, < 0.5
are deﬁned such that ppeas = (n+6,)A,. Here kpoan, =
k— N | & A ], with | ] being the integer floor function, denotes
kmoduloN, and takes integer values between 0 and N, — 1.

(5) For the final step the shifted Fourier transform [see
Eq. (C1) in Appendix C],

N,—1
I S (GG
" YN

*1,j=0

Fos D plp,  (56)

is applied to the DV state. The transferred state is

Ne—1
TPUpe)) = Ixp) = Fos lxo) = Y _ Eilidp. (57
=0
where
| Ne—1
& = NP Z O(UXp 0 + 8pAp)

N N) (J—M)[(/-Fn)modm

], (58)

As can be seen from Eq. (58) the transfer protocol fidelity
depends on the value of pmeas = (1 + 5,)A,. We will show
that for the values of ppeas for which

ds(r“xj-kn +8,8,) = d,;(u‘x(j'f’n)modl\lx +8,4A,) + O(¢) forall
x j€f0, ..., N, — 1}, (59)

the transfer protocol has a small error O(¢).

First, we determine ppe,s for which Eq. (59) is true. There
are three cases to be discussed:

(1) When j+n= (j+ n)modn,,» Eq. (59) is obviously
satisfied.

(i1) For positive n, when j + n > N,, the modulo sum (j +
M)modN, = j +n — Ny. On the left-hand side of Eq. (59), we
have ¢3(/ij+n +8,A,) = O(e) since uxj, + 8,A, > Lo /10
is outside the e-support interval of the ¢ function. The re-
quirement that the right-hand side of Eq. (59) ¢ (ux Jtmmoan, T
8pAp) = O(e) implies uxjin_n, + 8pA, < —Le/jz. This is
equivalentto (j +n — Nl A, < —Le/pfor j =
N, — 1 and, by employing Eq. (20), implies (n + §,)A, <
—Le i+ L+ 5.

(iii) For negative n, when j+n <0, the modulo
sum (j 4+ 7)moan, = j +n+ N,. The left-hand side of
Eq. (59) (ﬁ(ljzxj-s-n +68,A,) = O(¢) since the argument
MXjyn +08,A, < —Lc /1t is outside the e-support interval of
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the ¢ function. The requirement that the right-hand side of
Eq. (59) ¢('u"x(j+”)mode + SpAp) = O(¢) implies MXjtntN, +
8pA, > Lo /It This is equivalent to (j +n+ N, — Y1 +
8p)A, > Lo/ for j=0 which implies (n+3§,)A, >
Loy — Ly — 3.

Considering (1)—(3), we can conclude that Eq. (59) is sat-
isfied when

A
|pmeas| < L\/l_'b - Le\/l_L+ TP (60)

Second, we calculate the probability to measure ppeas
when pness satisfies Eq. (60). In Eq. (54), the argument
UXj + Pmeas Of the wave function ¢A>(p) takes values in the
interval [—~L./it — %AP + Pmeass L/1t + %AP + Pmeas] When
the summation index j runs from O to N, — 1. The summation
terms for which px; + pmeas takes value outside the e-support
interval [—Le \/1t, Lc ./it] are negligibly small [of order O(e)]
and, therefore, their contribution to the sum is negligible.
In another words, as long as [—Le¢ /i, Le/it] C [—L/1w —
%Ap + Pmeas> L/ 1t + %Ap + Pmeas] [Which is equivalent to
Eq. (60)], all the non-negligible terms are included in the
summation. In this case, the sum is independent of the value
of Prmeas, 1-€.,

Ny—1

Pr(puca) = v D 19(ux) I+ 0(6) = —— + 0(e) for
meas N, P J N, Ap
AP
X |pmeas| < L\//_'L - Le\/ﬁ"' 7 (61)

The last equality in Eq. (61) results from the normalization
of ¢(p) when Eq. (14) and the orthogonality properties of the
sinc functions [Eq. (B3)] are employed.

Finally, for pp.,s satisfying Eq. (60), Egs. (18), (58), (59)
and (61) imply

£ =/ Ap(x;)+ O(e). (62)
Equations (57) and (62) imply that
TP (pc)) = |pp) + O€) for |pmeas| < L/t

A
—LeJu + 7” (63)

Hence, for ppe,s in the interval range given by Eq. (60), the
CV-DV transfer operation has a small error O(e).

The protocol probability of success, defined as the proba-
bility of having a measurement outcome such that the fidelity
is larger than 1 — €, is given by

PCD(G) = /dpmeasPr(pmeaS)

) (64)

Fp>1—¢

where the fidelity Fp is defined by Eq. (46). According to
Egs. (61) and (63), we have

Ap
(L—Lo) i+

PP (e) ~ PPLO(e)] = / . Pr(Pimeas)d Prmeas
(Lo -2
L-L 1
L N,
N~ Ly2[w 1
R )
VA Ny

]
-20 -10 0 ., 10 20

meas K

FIG. 2. CV-DV transfer protocol of n =0, n = 31, and n = 62
Fock states (Hermite-Gaussian functions) to a n, = 7 qubit device.
(a) The momentum distribution |q3,, (p)|?* of the Fock states. Here L =

,/# and L(n) is defined by the Egs. (3) and (4) for € = 107*.
L. increases with increasing the order n of the Fock state. (b) The

probability to measure the ppe,s. (¢) The transfer fidelity Fp versus
Dmeas- The fidelity Fp > 1 — O(e) when prees € [—L/14 + Le /14 —

P LY~ Lo+ 3.

Note that a high probability of success requires L > L., which
implies that the wave function discretization error err(N,) <
€ [see Eq. (44)]. This justifies the omission of terms of order
err(N,) in our description of the transfer protocols.

Equation (65) shows that the probability of a successful
transfer protocol increases with increasing the number of dis-
cretization points:

PP () 2 (66)

Considering that the number of the discretization points in-
creases exponentially with the number of qubits (N, = 2™),
Eq. (65) implies that the probability of failure decreases expo-
nentially with increasing the number of qubits:

2
1 — PPe) =L€\/;221 — 2", (67)

Since the support window parameter L. increases as €
decreases [see Eqgs. (3) and (4)], for fixed g, the probability of
having a successful transfer protocol, PCP(¢), decreases with
decreasing the protocol error. For fixed PP, Eq. (67) implies
that the number of necessary qubits scales with the error as
ng o log,(L:). When the qumode’s wave function decrease
exponentially fast with increasing |x| and € o =% (which
is a good approximation for Fock states, as the numerical
calculations presented in Fig. 3(b) and in Ref. [41] show),
ng, o log,[In(e™)].

It is useful to investigate the transfer of the Fock states
{&.(x)},, since our discretization method requires the qumode
to be truncated in the Fock states basis. In Fig. 2, we illustrate
the transfer of the Fock states of order n =0, n = 31 and
n =62 to a DV device with n, =7 qubits. As can be seen
from Fig. 2(a), for a fixed €, the support interval parameter L.
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FIG. 3. (a) The support interval parameter L. (dimensionless)
defined by Egs. (3) and (4) versus the Fock state order n for different
values of the error €. Numerical fitting yields L, o «/2n 4 ¢| + ¢3,
where ¢; and ¢, are constants of the order of unity and depend on
€. (b) L. versus the error € (logarithmic scale) for Fock state with
n=0,31,62,100, and 151. Numerical fitting finds that the error
decreases exponentially with increasing L, i.e.,, € o< e~/ where
¢ ~ 10. (c) Probability PP [see Eq. (64)] for high fidelity transfer
(e = 10™*) versus n for DV devices with different numbers of qubits.
PCP decreases with increasing n since L, increases with increasing n.
PP increases with increasing n, since L increases with increasing n,.
(d) Probability PP versus e (logarithmic scale) for Fock state with
n = 0,31, 62,100, and 151 for a DV device with n, = 10 qubits.

increases with increasing n. Consequently, the range of pyeas
for high-fidelity transfer is decreasing with increasing n, see
Figs. 2(b) and 2(c). In Fig. 3, we investigate the probability
of achieving high fidelity transfer. The dependence of L. on
the Fock state order n is illustrated in Fig. 3(a), while its
dependence on the error € is illustrated in Fig. 3(b). The
behavior of PP (e, n) as a function of n for fixed € and as
a function of € for fixed n is shown in Figs. 3(c) and 3(d),
respectively.

The transfer fidelity and probability of success monoton-
ically decrease with increasing n. Consequently, the transfer
fidelity and probability of success for a qumode with a cutoff
N,, are always better than those corresponding to the transfer
of the Fock state of order N,. In other words, for a qumode
with a cutoff N,, a successful transfer protocol is guaranteed
with the resources necessary for the transfer of the Fock state
of order N,,.

As can be inferred from Fig. 3(c), even when the num-
ber of qubits of the DV device is small, (i.e., n, =4, 5, 6),
the transfer protocol can be implemented with significant
probability [e.g., P°P(e = 107*) > 0.1], for CV states with
boson cutoff N, < 20. Presumably, this will make the ex-
perimental implementation of the transfer protocol feasible
with present or near-future technology. On the other hand,
for a near-deterministic protocol, a high success probability
is desired. In this case, the number of required qubits is of the
order of 20. For example, for P°® = 0.99 (PP = 0.999) and
qumode states with a cutoff N, = 100, the necessary number

j 9(0)Ix) dx — 1xe)

Pm
—iPmp | |
I e 'K Fu

e—iuX®)?

Pm

|ép) (

7

FIG. 4. DV-CV transfer protocol, described in Sec. IV C. The DV
state |¢p) is transferred into the CV state | xc).

of qubits n, >~ 21 (n, >~ 28) when the required precision
is 0(1077).

The number of qubits needed for near-deterministic trans-
fer protocol is larger than the number of qubits required for
accurately representing the qumode on qubits. For instance,
in the previous paragraph, we found that the transfer of a
Fock state with n = 100 requires ~21 qubits for a probability
of success PP =~ 0.99. However, this state can be repre-
sented with an accuracy of O(10723) [41] on just eight qubits,
meaning that an ancillary register of ~13 qubits was used to
increase the transfer success probability. In Sec. V A, we will
show how to discard the ancillary register after the transfer
protocol is complete.

C. Qumode transfer from DV device to CV device

The DV-CV transfer protocol, diagrammatically presented
in Fig. 4, consists of the following steps:
(1) The CV state is prepared into

/ ¢(Olredx, 68)

with f |g(x)|>dx = 1. The joint DV-CV initial wave function
reads

Ny—1
xoc) = VA, [ 3 ewptepiclipdr.  (©9)
j=0

The protocol success depends on the initial state of the CV
device defined by the wave function g(x). At the end of this
section, we will discuss the choice of g(x) and provide two
examples.

(2) The entangling operator e~#X&X

is applied:

Ne—1
e iX@X |y — /Kxfg(x) Z B (xj)e”"" N |x) ] j) pdx.
Jj=0
(70)

(3) The DV system in measured in the discrete momentum
basis. Let us denote the measured value p,,. According to
Eq. (17), pw = (m — X1 A,,, with m € {0, ..., Ny — 1}. The
CV state after the measurement is

[ A ~
[Xco) = Pr(;m) /g(x)(baper(ﬂx‘l'pm”x)Cdx’ (71)

032419-9



MACRIDIN, LI, AND SPENTZOURIS

PHYSICAL REVIEW A 109, 032419 (2024)

where

Z \/> Ap(x)e” ixj (ux+pm)

(72)

VA pPaper (WX + pp) = ﬁ

and Pr(p,,) is the probability to measure p,,:
Pr(py) = A f |8C)Paper (1x + pu)lPdx. (73)

The function (/Saper( p) is antiperiodic since 2L, /ux; = 2w (j —
% + %) and N, = 2™ is an even number. Employing Eq. (18),
we have

(l;aper(p) = _(Z;aper(p + ZL\/E)v (74)

Guper(p) = ¢(p) when p e [-L/w, Ly/il.  (75)
itnp

(4) The operator e " »

I7m

is applied to the CV system
Ixc1) = e "5 P lxco)

=4 Pr(pm /g(x)¢aper(ﬂx + Pw)|x + >

(5) The continuous Fourier transform F,, defined as

F,= /%/dx/dyei’””x)(yh (77

that can be implemented using phase shift and squeezing op-
erations, is applied to the CV system. The CV state becomes

(76)

TP () = 1xc) = Fulxer) = /E(X)IX)cdx, (78)

where

E(x) = i ! /(k_p’">¢3 (k)e*dk. (79)
N\ Py V2 ) BT )P '

By employing the antiperiodicity property of (iaper(p), it
can be shown that (see Appendix F)

, 1 A, — ,
E)e P = —m [Z8 Y p)e P ;- )],
Pr(pm) | Ne =,
(80)

Here

8t) = g(kye ™ dk, (81)

1
N2 /
is the Fourier transform of g(x). The probability to measure
Pm can be written as (see Appendix F)

3 6 () rpe

i.j=—00

Ap
Pr(pm) =

X

X / §'(z + px)@(z + px;dz. (82)

The protocol probability of success, defined as the proba-
bility of having a measurement outcome such that the fidelity

is larger than 1 — €, is given by

Ne—1
PPC(e) =) Pr(pm)
m=0
where F¢ is defined by Eq. (47).

By inspecting Eq. (80), it can be seen that &(x)e *P»
is, up to a normalization factor, the convolution of the set
{¢>(xj)e‘i"/”"l} ; with the function g(ux). The next goal is to
find appropriate choices of g2(ux) such that £(x) ~ ¢(x). We
present two examples below.

) (83)

Fe>1—€

1. Rectangular initial CV state

If the Fourier transform of ¢ (x)e™*P» had support on the fi-
nite interval p € [—-L,/w, L.,/it] and g(uux) were proportional
to the sinc function u(x) defined by Eq. (8), the Nyquist-
Shannon theorem and Eq. (80) would imply &(x) = ¢(x).
Therefore, our first choice of g(x) is the rectangular function

1
na

L L
R e ARG
0 for x| > £,

because for this choice we have [see Eq. (B1) in Appendix B]

8(ux) = u(x). (85)

1
VA,
The orthogonality property of the sinc functions described
by Eq. (B3) (Appendix B), together with Eq. (82), yields a
probability to measure p,, that is independent of p,,:

Pr(p,) = Z |¢>(xl>|2 = (86)

X i=—00

The Fourier transform of ¢(x)e ™" is ¢(p + p,). Since

the e-support interval of qg(p) is [—Le /1, Le /1], $(p+
pm) has negligible [i.e., O(¢)] support outside the interval

[—L./i, L,/i1], as long as
|pm| < L«/ﬁ - Le\/ﬁ (87)

In this case, the DV state can be transferred with O(e)
precision to the CV register, i.e.,

§(x) = ¢(x) + O(e) when |py|
Equations (83) and (88) imply

LY — Loyl (88)

DC( \ o pDC _L—-L.  JN.—L\/2]x
P7(e) = P7-[(0(e)] = 7= A . (89)

For illustration, in Fig. 5 we show (rectangle symbols)
the probability Pr(p,,) and the fidelity F¢ versus p,, for the
transfer of the Fock states with n =0, n = 10, and n = 31
from a n, = 8 qubit device to a CV device

Note that, apart from the small term 22 and the fact that
pm 1s discrete, Eq. (87) is similar to Eq. (60), which gives
the condition for high-fidelity CV-DV transfer protocol. Up
to the small Nl term, we also have PPC(e) ~ PP (¢), as can
be seen by comparing Eqgs. (65) and (89). Practically, the de-
pendence of DV-CV transfer protocol on the number of qubits

and accuracy is the same as the corresponding dependence of
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-20 -10 0 10 20
\

,
=-mn=(), rec
oo n=10, rec
=-on=31, rec
o n=0, gauss
[}
[e]

on=10, gauss|
on=31, gauss

Pr(p,)

FIG. 5. Transfer of n = 0 (full symbols), n = 10 (shaded sym-
bols) and n = 31 (open symbols) Fock states from a n, = 8 qubit
device to a CV device initially prepared with rectangular (rectangle
symbols) and Gaussian (circle symbols) wave functions. The Gaus-
sian wave function has o = O.Sﬁ [see Eq. (90)]. The dotted lines
are for visual guidance. (a) Probability to measure p,,. While for a
rectangular CV initial state, Pr(p,,) is constant [see Eq. (86)], it has
a Gaussian shape for a Gaussian CV initial state, with a width that
increases with increasing n. (b) Transfer fidelity [Eq. (47)] versus
pm- For a rectangular CV initial state, the fidelity Fr > 1 — O(e)
when |p,,| < L/t — Lc/ir. Compared to the rectangular case, for a
Gaussian CV initial state the fidelity is smaller and decreases faster
with increasing p,, and n.

CV-DV transfer protocol discussed in Sec. IV B and illustrated
in Fig. 3 for the Fock states.

2. Gaussian initial CV state

A rectangular initial state of the CV device ensures a high-
fidelity transfer protocol and a probability of success that
approaches one exponentially fast as the number of qubits
increases, similar to the CV-DV transfer protocol. However,
preparing rectangular CV states might be challenging in prac-
tice, since a rectangular state is non-Gaussian. Here we show
that the DV-CV transfer protocol works and can be brought to
the near-deterministic regime for alternative initial CV wave
functions, which can be easily prepared, in practice, but at
the cost of increasing the number of required qubits in the
DV device, namely, we address the DV-CV transfer when the
initial CV state is a Gaussian function,

1 e
ﬁe_ 27, (90)

gx) = ma

with variance o2.

For this choice of g(x), Eq. (80) yields

] > . 2,2 2
E(x)e P = ﬂ_%\/@ Z ¢(xj)e—zx;/pme—"7(x—x/-) )

j=—o00

oD

0 5 10 15 20 25
. | | | | |
43 = o o0 =7, F>0.99
083 am tas, » w0 =8, F>0.99
L L0645 ® "u Yaag 441,29, F>0.9
o R T fhaaa, n =7, F >0.999
Q"0.4*EIAA... LR S AAA“AA @0 i
Joclta,ntee o o on,=8, F>0.999
02+ ©g® bty "
. 1@ OOSDDD AARX&QAQ;QAAAA AAnng,FC>0.999
@ a AA
1 ® . b ® i H
08; o C.D © o-on=0, FC>0.99
i . . = an=10, F>0.99
g 5 0.6 . . 42131, F >0.99
~ 043 n . ] 0-0n=0, FC>0.999
021 : © | [een10Fe009
“ o) 4 & a.an=31,F.>0.999
0 T i # T T
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n
q

FIG. 6. DV-CV transfer of Fock states when the initial CV states
is a Gaussian with o = 0.5%. (a) Probability PP¢(¢) [see Eq. (83)]
versus n for € = 0.01 (full symbols) and € = 0.001 (shaded symbols)
when n, = 7, 8 and 9. (b) PP°(¢) versus the number of qubits n,, for
the transfer of Fock states with n = 0, 10, and 31 when ¢ = 0.01
and € = 0.001. PPC decreases as n increases and increases as ny
increases.

By inspecting Eq. (91), we expect that
1 L

= — 92
e 92)

is required for a smooth convolution. On the other hand, a
value of o that is too small will average out the variation of
¢ (x)e ™Pn along the grid points. It is expected that as the
variation of ¢(x) and the value of p,, increase, the protocol
fidelity will decrease. This has been confirmed by numeri-
cal calculations. We also have found numerically that o €
[0.5%, 0.6\%] yields the best protocol fidelity (not shown).
In Figs. 5(a) and 5(b), we show (circles) the probability to
measure p,, and, respectively, the fidelity for the transfer of
Fock states with n =0, n = 10, and n = 31 from an eight-
qubit device to a CV device initially prepared in a Gaussian

o5

¢(xp) 10000) ¢ (xo) [0000)
¢(x1) 10001) ¢(x1) [0001)
() [0010) $(x2) 10010)
() [0011) $Gxs) [0011)
() [0100) $(x,) 11100) $(xs) 1100) $(xs) 1000)
o) 10101) $Cxe) 11101) $Cen) 1101) Gy 1001)
#0011 gt 11110) #1110 $(xo) 1010)
¢(x;) [0111) 10 _ ¢$(x7) |1111) ~ ¢(x7) [111) 1 ¢(x7) |011)
$(xs) 11000) > pew) 110000~ M 0 1000y > 1D® i) 1100)
¢(xo) [1001) ¢(x9) [1001) $(x9) 1001) $(x9) |101)
(o) 11010) $(x0) [1010) $(x0) [010) () 1110)

¢(xy,) [1011)
¢ (x12) [1100)
¢(x;3) [1101)
¢ (x14) [1110)
$(x15) [1111)

¢(x,,) 11011)
¢ (x;2) 10100)
¢ (x;3) 10101)
$(x14) 10110)
$(x15) 10111)

$(x1) |011) $(x1y) 1111)

FIG. 7. One qubit discard. The coefficients of the basis vectors
{|7)p} sown in the shaded region are negligible [~ O(¢)]. First, a CX
gate is applied to the first two qubits (qubit 0 and the control qubit
1). Second, an X gate is applied to the qubit 1. As a result, all basis
vectors with nonzero coefficients will have the qubit O in the state
[1). The O qubit is unentangled and can be discarded. The remaining
state is described by Eq. (96).
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state with o = O.SLM. The probability to measure p,, has a

Gaussian shape with a width that increases as n increases.
Compared to the rectangular initial CV state, the fidelity is
smaller and decreases faster with increasing |p,,| and n.

The transfer probability of success is shown in Fig. 6 for
Fock states. PPC(¢) for fixed € decreases with increasing n
and increases with increasing the number of qubits in the DV
register.

Similar to the rectangular case, the accuracy and success
probability can be increased by increasing n,. However, for
the same level of accuracy, the number of qubits required is
greater for the Gaussian case than for the rectangular case. We
have not thoroughly investigated the dependence of the trans-
fer fidelity and success probability on the number of qubits for
Gaussian initial CV states because a Gaussian initial CV state
is not the only practical choice for DV-CV transfer protocol,
and probably not the best one either. In a future study, we
plan to investigate DV-CV transfer protocol for various initial
states, such as variational available states or states consisting
of a sum of displaced Gaussians.

V. ANCILLARY QUBITS FOR NEAR-DETERMINISTIC
TRANSFER PROTOCOL

As discussed in Sec. IV B, a high success probability and
high fidelity CV-DV transfer protocol requires a number of
qubits significantly larger than the one necessary for an accu-
rate discrete representation of the qumode. After the transfer,
many coefficients of the discrete qumode state in the basis
{Ij)p}; with j € {0, ..., Ny — 1} are negligible. In Sec. V A,
we show how to downsize the DV register to the minimum
number of qubits required for the discrete representation of
the qumode with the desired accuracy.

Similarly, for a high success probability and high fidelity
DV-CV transfer protocol, the DV register should have a num-
ber of qubits significantly larger than the one necessary for the
representation of the qumode to be transferred. In Sec. VB,

J

CXio

Ny—1
VAL dGepljos
Jj=0

N\'_l

N \/sz¢(xj)|jo®j1,j1 ®1,...
Jj=0

N—1

— 1)@ VAL Y @] for i - -+ Jny-2) + OLE).
=0

- . N1
where ¥; = (j — =5

unentangled and is discarded.
After discarding the qubit, the DV state on n, — 1 qubits is

N—1

61) = VALY pENL)p + OCe).
j=0

we show how to add ancillary qubits to the DV register in or-
der to increase the success probability of the transfer protocol.

A. Qubit discard after CV-DV transfer

To achieve high-fidelity, near-deterministic CV-DV trans-
fer, a DV register with a large number of qubits needs to be
used. However, not all qubits are necessary to represent the
qumode after the transfer. Here, we present a method for dis-
carding unnecessary qubits. We will begin with the procedure
for discarding one qubit.

As described in Sec. IV B, after a successful high-fidelity
transfer protocol, the DV state is

N,—1
|6p) = VAL Y dGp)lidp + Oe), 93)
j=0

with x; = (j — %A, and A, = 13—1. The goal of this

procedure is to obtain the state

N—1

|6h) = VALY ))i)p + OCe) 94)
j=0

on a DV device with n’q = n, — 1 qubits, where N| = N, /2,

and ¥, = (j — S71)A, with AL = V2A,.
A number of qubits larger than the one required for the
qumode discrete representation implies that the number of the

discretization points N, is large enough such that % > L,

with L. defined by Egs. (3) and (4) and L defined by Eq. (20).
The coefficients ¢(x;) = O(e) for j € {0, ..., %Nx — 1} and
j € {%Nx, ..., Ny — 1} because, for these values of j, x; is
outside the e-support window of function ¢(x), [—5—%, 5—:7].
In our encoding, as defined by Eq. (38), the qubits defining
the basis states are counted from left to right, i.e., |j)p =
o> J1s -+ jn,—1). The first part of the procedure, as illus-
trated in Fig. 7, consists of applying a CX gate to the qubits 1
and O (with 1 being the control qubit), followed by an X gate
to qubit 1,

N,—1
dng1) = VALY SN0 @ it dng1)
j=0

3Ny

ng-t) = 1D @ VALY )i @ 1. 1) + O6)

. N
=%

95)

YA, = x} / \/5 and @ denotes modulo 2 summation. After these two transformations, the qubit O becomes

(96)
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FIG. 8. Hermit-Gaussian (Fock) wave function, ¢, (x), of order
n = 0. (a) The black circles are sampled on a grid with the dis-

cretization distance A, = /fv—’:, where N, = 128, corresponding to

n, =7 qubits and @ = 1. The red squares are sampled on a grid

with A} = ﬁ , where N, = 64, corresponding to n, = 6 qubits
and u = 1. (b) The value of the discretized qumode coefficients in
the n, = 6 qubits basis {|j)p};c(o,...63), before (black circles) and
after (red squares) the squeezing operation described by Eq. (97) is

applied.

However, this is not exactly the state we target, since the
sampling points {X;} are on a grid with the discretization
interval A,, as illustrated with black-circle symbols in Fig. 8
for the n = 0 Fock state. We want the sampling points for
the target state to be on a grid with the discretization interval

= V2A,, illustrated with red-square symbols in Fig. 8.

The second part of the procedure consists of applying a
squeezing gate with the squeeze factor » = In2/2. According
to Eq. (42), the state becomes

N—1

(1
s(z ln2)|¢1) = VALY i) + O(e)
Jj=0

= |¢p) + O(e), o7

which, up to O(e) error, is just the qumode representation on
ng — 1 qubits, as described by Eq. (94).

Note that, even before applying the squeezing operation,
the qumode representation on the reduced qubit register de-
scribed by Eq. (96) is valid. However, it corresponds to a
discretization for mass u’ bosons, where u' = 2u. In this
representation, the discrete position and momentum opera-
tors should be defined as in Egs. (21) and (22), but with
' replacing p. It is important to note that the p-boson and
u'-boson number distributions of the qumode are different.
The representation with the lowest number of bosons cutoff is
more accurate. A more detailed discussion about the relation
between the boson mass and the representation accuracy is
presented in Ref. [41].

The one-qubit discarding procedure described above can
be repeated to discard more qubits. The number of qubits

that can be discarded is equal to the maximum integer r that
satisfies 7= f > L.

B. Qubit padding before DV-CV transfer

The success probability of DV-CV transfer protocol in-
creases with increasing size of the DV register. The procedure
to add a qubit to the DV register consists of the same steps as
the qubit discarding procedure presented in Sec. V A, but in
reverse order.

The n,4-qubit initial DV state is

N\'_l
6p) = VA dGc)Iip. (98)
j=0
The n, + 1-qubit target DV state is
N1
165) = VALY $DIip + OCe), (99)
with N| = 2N,, A = [, andx =

The first step of the paddmg procedure is squeezing with
the squeeze factor r = —In2/2. According to Eq. (42), the
state becomes

( 5 In 2) lpp) =

ZN 1

NEH>

1)

qu( ) p+0(€)

¢ p + O(e).

j_i

(100)

Next, a qubit prepared in state |1) is added to the left of the
register, i.e., |¢;) —> |1) ® |¢;). According to the encoding
convention defined by Eq. (38), this new qubit will be in
position 0. Next, the steps shown in Fig. 7 are followed in
reverse order, i.e., an X; gate is applied to the qubit in position
1, followed by a CXj( gate applied to the qubits in positions
1 and 0. This procedure yields the target state |¢,) described
by Eq. (99), up to an error given by the weight of ¢(x) outside
the interval [—%, % .

To increase the transfer protocol success probability to the
desired value, the procedure described above can be repeated
to add more qubits.

VI. CONCLUSIONS

Qumodes are bosonic quantum states that encode informa-
tion in the continuous basis formed by the eigenvectors of the
quadrature operators. We introduce a discrete representation
of the qumodes on the finite Hilbert space of DV devices,
along with the implementation of the quadrature operators
and the implementation of a universal set of CV gates on DV
devices. We construct the discrete qumode representation by
employing the Nyquist-Shannon expansion theorem, which
is applicable to qumode wave functions that have negligible
weight at large arguments. The errors associated with this
representation decrease exponentially with increasing the size
of the finite Hilbert space when the qumode can be truncated
in the boson number basis.
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We present two protocols for transferring qumodes be-
tween CV and DV devices. The first protocol transfers a CV
qumode to its discrete representation on a DV device. The
protocol has high fidelity when the measurement outcome
is confined to a specific interval. The probability of achiev-
ing high-fidelity transfer approaches one exponentially as the
number of qubits in the DV register increases.

The second protocol transfers a discrete DV qumode to a
CV device. The fidelity of the protocol depends on the mea-
surement outcome. If the initial CV device is prepared with
a rectangular wave function, the dependence of the transfer
fidelity and success probability on the number of DV qubits
is practically the same as that of the CV-DV transfer protocol.
For instance, in this case, the success probability approaches
one exponentially as the number of qubits in the DV device
increases. However, we find that even with alternative initial
CV states, which may be easier to prepare experimentally,
the DV-CV transfer protocol can be implemented with high
fidelity and high success probability, albeit requiring more DV
qubits.

The transfer protocols can be driven to the near-
deterministic regime by increasing the number of DV qubits.
This can be achieved by using ancillary registers that can
be discarded after the protocol is completed. We introduce
procedures for discarding qubits after CV-DV transfer and
for adding qubits before DV-CV transfer. These procedures
consist of single-qubit gates, CNOT gates, and squeezing
operations.

Alternative methods for transferring qumodes between CV
and DV devices may also be possible. For instance, a protocol
for transferring Fock states below the cutoff between the CV
and DV devices, along with a unitary transformation from
the Fock basis to the discrete quadrature basis on the DV
device, will be effective if the practical implementation of
these protocols is feasible. To the best of our knowledge, there
are no practical proposals in the literature for the implemen-
tation of such protocols. The number of gates necessary for
the transformation between Fock and quadrature bases on a
DV device scales as O(4") (unless more efficient approximate
unitaries can be found via variational methods). However, the
transfer of the Fock states between the CV and DV devices
appears even more challenging to implement. For example,
the Fock states can be transferred using a SWAP algorithm
or by a measurement-based protocol similar to the one used
here, where instead of the quadrature variables X and P, the
number operator and the phase operator are used as conjugate
variables [61]. Apparently, the most difficult problem is the
implementation of the phase operator [62—-64] and the trans-
formation from the number basis to phase state basis on CV
devices.

The work presented in this paper demonstrates the potential
of hybrid CV-DV quantum hardware for processing CV-
encoded information, opening research directions for hybrid
CV-DV systems and creating opportunities for developing
integrated quantum technology. We envision a wide range of
applications for this study. For example, CV-encoded data
from optical or cavity sensors can be transferred to qubit
QPUs and analyzed with QML methods that could be chal-
lenging to implement on CV devices. Non-Gaussian states
can be transferred from a DV device to a CV device, and

non-Gaussian gates can be realized by teleporting qubit gates
implemented on DV devices to CV devices by developing
protocols similar with the ones described in Refs. [23,65].
This would provide an efficient alternative to preparing CV
states and gates directly, which typically requires nontrivial
optimal pulse control [66]. Hybrid CV-DV cluster states can
be employed for quantum computation. The quantum tomog-
raphy of CV states can be reduced to an equivalent qubit
system tomography problem, by transferring the CV states
to DV devices. These are a few examples illustrating how
CV-DV hybrid quantum hardware, with the proposed transfer
protocols, could make quantum information processing more
efficient. We believe that this paper will enable the develop-
ment of another class of quantum algorithms using CV-DV
hybrid hardware in various fields such as quantum computing,
quantum networking, quantum sensing, quantum tomography,
and QML.
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APPENDIX A: NYQUIST-SHANNON EXPANSION
WITH SHIFTED GRID SAMPLING

Here we show that the Nyquist-Shannon expansion for
band-limited function remains valid if the sampling grid is
shifted by an arbitrary amount.

Let f(x) be a band-limited function, i.e., f (p) =0 for
|p| > L, where f (p) is the Fourier transform of f(x) and L
is a positive real number. The Nyquist-Shannon theorem [44]
implies

f@) =Y fulx —x),

i=—00

(AL)

where x; = iA,. The grid interval A, and the function u(x)
are defined by Eqgs. (7) and (8), respectively, with L = L, and
u=1.

Now, let us define the function i(x) as follows:

h(x) := f(x +), (A2)

where § is an arbitrary real number. Its Fourier transform,

h(p) = dxf(x+8)e ™ =P f(p),  (A3)

7|
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has support on the interval [—L, L], similar to f(p). The
Nyquist-Shannon theorem applied to A4(x) implies that
oo
h(x) =) h(xulx - x). (A4)

i=—00

Equation (A4) is equivalent to

fa+8) =Y flxi+8ulx—x). (A5)

i=—00

By changing the variable x + § — x in Eq. (AS), we get

f@) =Y fli+utx —x; —98). (A6)

I=—00

The band-limited function f(x) can be expressed as an infinite
sum with the sum terms proportional to the function sampled
on the grid points {iAy 4 6};cz. The parameter § is a real
arbitrary number.

APPENDIX B: SOME PROPERTIES
OF THE SINC FUNCTIONS

Here we present two properties of the sinc functions em-
ployed in the Nyquist-Shannon expansion of band-limited
functions that are useful to our study.

The Fourier transform of a sinc function is a rectangular
function. Thus,

/ u(x —x)e " dx = e PUR(pA, (Bl
where R(p)
_ 1 for pel[-L/, L/1t]
Ripy= {0 for |p| > L/u, (B2)

as can be directly checked.
The sinc functions u(x — x;) defined by Eq. (8) obey the
orthogonality relation:

/ ulx — xjulx — x)dx = A (B3)

Equation (B3) can be obtained by employing the Parseval-
Plancherel theorem and Eq. (B1).

APPENDIX C: SHIFTED FINITE FOURIER TRANSFORM

As described by Egs. (9) and (14), the Nyquist-Shannon
theorem implies that, when a boson cutoff can be imposed,
the wave function ¢(x) and its Fourier transform ¢(p) can
be expressed as finite sums. The sum terms are proportional

~~~~~~

tively. The Nyquist-Shannon expansion is valid for any grid
shift parameters —0.5 < 4y, §, < 0.5. The function sampled
at the position grid points and the function’s Fourier trans-
form sampled at the momentum grid points are connected via
shifted discrete Fourier transforms, as described by Egs. (18)
and (19).

To represent the qumode on a DV device, in Sec. III B we
construct a finite Hilbert space of dimension N, by defining a

basis {|j)}co,...n.—1) and the action of the discrete quadrature
operators in this basis. On this finite Hilbert space, the shifted
Fourier transform is defined as follows:

Nx_l
1 o Ne—1 Ne—1

Fip, = Uy (k. (C1)
VN

The explicit implementation of the shifted Fourier transform
on qubits is given in Appendix C 1.

When both shift parameters are zero, i.e., §; = §, = 0, we
obtained the centered discrete Fourier transform:

— — 1 NX71 2271 (+ Nx—1 Ny—1
F=Fro= e (e e T S (07)
0.0 “/]ka_%—oe 1)kl (C2)

The centered Fourier transform is used to define the dis-
crete momentum operator in Eq. (22). Note that the discrete
momentum operator defined in this way obeys the parity
symmetry-related equations

uF'XF = —P, (C3)
1 _ i}

—FPF =X, (C4)
nw

1 i}

—FPF ' =X, (C5)

"

similar to the equations satisfied by the continuous operator P
[23].
Employing Eq. (9), we can write

Nx_l
¢(xi + 814y = Z ¢(xj +8nA,)
j=0
X M[)C,' —Xj + (8)(1 - SxZ)Ax] + 0(6),

(Co)

The sets {¢(x; + 8,1)}; and {¢(x; + 8,2)}; are connected by
the operator Fs,, 5,F; s . This implies that

T 7|
T5.v|,5x2 = ]:5“,5,;]:812,6,,

N,—1
= Y ulx — x; + (8 — 82) AN} (j| + O(e) (CT)
i,j=0

when acting on the subspace defined by the cutoff N,.
In particular, the operator T, o acting on a discrete qumode
yields

Ne—1 Ne—1
Troo| VA Y $CpL) | =vVAL Y xj+ 8:A01)
j=0 Jj=0

+ O(e), (C8)

and provides access to the wave-function values on shifted
grid points by employing measurements in the DV device
computational basis.

1. Implementation of shifted discrete
Fourier transform on qubits

The shifted discrete Fourier transform reduces to the
implementation of the standard quantum Fourier transform
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sandwiched between single-qubit R* rotations. To show this,
we write Eq. (C1) as

—1
ﬁﬁx,ﬁ _elA(S 5 )[Z e*lkB((s )lk) (k|}QFT

k=0
Ny—1
> e Byl (C9)
with
21 (N, — 1 N, —1
A5, 8,) = ”( 6)( —8>, (C10)

N, 2 2

2w (N, — 1
B(§) = — -5, Cl1
) NX< . ) C11)

J

and

QFT = — J_ Zewku (C12)

k,j=0

The first term in Eq. (C9) is a phase factor. The third term in
Eq. (C9) is the standard Qquantum Fourier transform and its
implementation is described in Ref. [67]. The main computa-
tional cost for its implementation is given by the n,(n, — 1)/2
two-qubit CNOT gates.

The second and the fourth terms are diagonal opera-
tors. Their implementation requires only single-qubit rotation
gates. For example, considering the encoding of our basis
vectors on qubits, described by Eq. (39), we can write

Ny—1
. g —1 o —1—
Yo MOy = Y e R WO e, ) ko, Ky
k=0 ko.....kng—1=0, 1
ng—1 ng—1 B((S)
= [Taoyo1, + e 5@y (1),) = e ™D ]’[R~[ —i—2 } (C13)
q=0 q=0
{
where the R (6) rotation acting on qubit g is where
9z . . —ipoioloy
Ri(0) = /5% = ¢ 310)(0] + €2 [1)(1].  (Cl4) D pgr() =€ (D6)
L= — 23nq—4—p—q—r A3, D7
APPENDIX D: IMPLEMENTATION Hra * ®7)
OF CV GATES ON QUBIT DEVICES hy = — 2322 02 A, (D)

The CV gates are mapped on DV devices by replacing the
quadrature operators X and P with their discrete counterparts,
X and P, respectively. Here we present the explicit implemen-
tation of a set of gates which is sufficient for CV universal
quantum computation.

By using Eq. (40), we get

ng—1
e = T Ri(=2" "9 a.m), (D1)
q=0
with R defined by Eq. (C14).
Analogously,
nq 1 p—1
—i V2 —l )c
e—inX AL 1_[ Hzpq(nqu) (D2)
p=0 g=0
where
ZZpy(v) =€ "%, (D3)
Vpg =27 TTPTIAL (D4)

The two-qubit gate Z,, acts on qubits p and ¢ and can be
decomposed into two CNOT gates and one R® gate [68]. The
gate e~ "%” consists of n,(n, — 1) CNOT gates.

The cubic-phase gate reduces to

ng—1 p—14g-1 ng—1
e =TT TTT 1% itvar) ]_[ Ri(nky),  (D5)
p=0 ¢g=0 r=0

The three-qubit gate ZZ,,  can be decomposed into four
CNOT gates and one R® gate [68], and hence "X’ consists
of 2 sny(ng + 1)(ny + 2) CNOT gates.

Equation (22) implies that any gate G(P) function of the
momentum operator P, can be written as G(uX ) sandwiched
between two centered quantum Fourier transform:

G(P) = FG(uX)F". (D9)
In particular, we can write
e P = Femm X Fol, (D10)

The implementation of the gate e~ reduces to the imple-

mentation of the e~*'X* gate described by Eq. (D2), and
the implementation of the centered quantum Fourier gate de-
scribed by Eq. (C9) with §, =6, = 0.

The CPHASE gate couples two different modes. On a DV de-
vice, each mode is represented on a separate n, qubit register.
The CPHASE gate coupling mode i and mode j is implemented
as

ng—1ng—1
5% = T [[Zoas vy (D11
p=0 g=0
where
Zig; (V) = € 7%, (D12)
I A2ng—4—p—g A2
v = 2PN, (D13)
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FIG. 9. (a) The error of the standard decomposition of the
squeezing operator, ||err|| versus r./7, calculated by imposing a bo-
son occupation cutoff equal to 50. The norm ||err|| = max j |err [,
where err j; is the (j, k) matrix element of the operator err defined by
Eq. (E11). (b) Coefficients a and b defining the exact decomposition
of the squeezing operator described by Eq. (E12), determined by
solving numerically Eq. (E13).

The 7ZZ,,;;; gate acts on qubit p belonging to the qubit register
allocated for mode i and on qubit g belonging to the qubit
register allocated for mode j. This gate consists of anZ gates

or 2n CNOT gates.

APPENDIX E: SQUEEZING OPERATOR
We pay particular attention to the implementation of the
squeezing operator [56]
S(r) — ei%(XP-‘rPX) (El)
on a DV device. The discrete squeezing operator,

Sv(r) — ei%(XFLFPX)’ (Ez)

is used in the process of adding and discarding ancilla qubits
to the DV device, as described in Sec. V.

rliv2 _ip2 _iNTy2 aNTp2 T2 T2
S(r) = eS[XA—P] = mi g XTI P YK i P oy

The squeezing operator action on the quadrature operators
is described by

S'XS(r) =Xe ™", (E3)
S(r)'PS(r) = Pe". (E4)

Equation (E3) implies
S(r)'|x) = e?|e’x), (ES)

which is equivalent to

1x) = S(Nlg) = x(x) = e2p(xe"). (E6)

Since squeezing can increase the number of bosons by a
large amount, when mapping squeezing operations onto a DV
device, it is always important to check whether the number of
discretization points N, is large enough to accurately repre-
sent squeezed states. Assuming we have chosen an N, large
enough, the state |x) given by Eq. (E6) will be represented on
a DV device as follows:

N,y—1
X) = VA Y xienl). (E7)
j=0

This implies that

Ny—1 N,y—1
SrIWA; D dGepli) =AY p(xjelj).  (ES)
j=0

j=0

1. Implementation of the squeezing operator

While in CV devices the squeezing operation is imple-
mented directly by using different experimental methods
[69-72], such as optical parametric down-conversion, for ex-
ample [71], the implementation of the discrete squeezing
operator requires decomposition into gates that can be imple-
mented on DV devices.

Any gate which is a polynomial function of X and P can be
obtained from a universal set of gates, such as the one given by
Egs. (D1), (D2), (DS), (D10), and (D11) by using the operator
relation [24]

e*i@AeinBeiQAeiQB — eOZ[A,B] + 0(93) (E9)
In particular, since
(X2, P?] = 2i(XP + PX), (E10)
the squeezing operator can be written as
(E11)

where err = O(r./r). For illustration, in Fig. 9(a) we plot ||err|| versus r./r. The result has been obtained by employing

numerical calculations.

However, there is a better way to implement the squeezing operator. As described in the second part of this section, we have
found that S(r) can be exactly decomposed into a product of exponentials of X2 and P2. That is, we have

oK G TP i X i P i X i 4P forr >0
=
S(r) =1 _jahpr ;atdy2 ;b pr _jbrig2 _salrd p2 jatrh g2 (E12)
el e e e e Nt forr <0,
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where the real coefficients a(r) and b(r) satisfy the system of equations

a[d® (b +1)—2ab+b*+2]—b -0
st(a,b)
[a* (B2 +1)=2a3 b+a? (b2 +2)+b2] cot L <

a* 2 +D)abt4a? 4@ +3a® + Db 42 )

[a* —2(a2 +2)abt+4a? +(@* +3a2 + )2 1212 -4

[(a2+2)2~2(a2 +2)ab+(a* +3a2 + b2 |[(@? +2)ab+(a® +4)a2 +(@t +3a2 + 1)b2 2] -0
st(a,b) -

(E13)

r—

We solved Eq. (E13) numerically. The denominator st(a, b) =
VIa* —2(a* +2)ab + 4a2 + (a* +3a> + D)2 + 22 — 4
was included to stabilize the root finding. The coefficients
a(r) and b(r) are plotted in Fig. 9(b).

Finally, to implement the discrete squeezing operator de-
fined by Eq. (41), we replace X and P in Eq. (E12) with
X and P, respectively, and then use Eqgs. (D2) and (D10) to
implement the exponentials of X2 and P2

We will end this section by sketching the derivation of
Egs. (E12) and (E13). We start with the Baker-Campbell-
Hausdorff formula [73],

(E14)

where Z =A+ B+ 1[A, Bl + 5A. [A, B]l — (B, [A, B]]
+ ... The --- notation indicates terms proportional to all
possible higher-order commutators of A and B. Note that the
set formed by the operators

1 i i
= —[X*, P, e=-X?and, f=—-P El5
4[ 1, e ;X" an f 3 (E15)

is closed under the commutation operation, i.e.,
[h, e] = 2e, [h, f1=—-2f, and [e, f] = h. (E16)

The closure property described by Eq. (E16) and the Baker-
Campbell-Hausdorff formula imply that any product of the
exponentials of 4, e, and f can be written as the exponential
of a linear combination of #, e, and f. For example, we can
write

—ce —cf

7ae€7af€b€€bf€ e

— ex(a,b,c)eJr)'(a,b,C)f+z(a,b,c)h

e (E17)

where a, b, and ¢ are real numbers and x, y, and z are real
functions to be determined. Equations (E12) and (E13) for
r > 0 are derived by solving x(a, b, ¢) = y(a, b, c) = 0 and
z(a, b, c) = r. To find the solution, we notice that the com-
mutation relations given by Eq. (E16) are the same as the
commutation relations of the generators of the special linear
group SL,(R) [74]. These generators have a simple 2 x 2 real
matrix representation:

S P WA A

Using Eq. (E18) in Eq. (E17), we obtain a = c, together with
the nonlinear equations Eq. (E13). The r < 0 case follows
from the observation that the commutation relations described
by Eq. (E16) are preserved by the transformation

(ha evf) < (_h’ fv 6),

which implies that the second line in Eq. (E12) can be ob-
tained by replacing (r, X 2 P2 with (—r, P2, X?) in the first
line of Eq. (E12).

(E19)

APPENDIX F: EXPLICIT CALCULATION OF THE
MEASUREMENT PROBABILITY AND WAVE FUNCTION
OF DV-CV TRANSFER PROTOCOL

The DV-CV transfer protocol described in Sec. IV C takes
a DV state described by Eq. (45) to a CV state described by
Eq. (78) with

_ A, 1 k—pm\ - e
&(x)—,/Pr(pm)m/g< " )¢aper(k)e dk (F1)
_ Ap M 501t —i(t—X)Pm
—,/Pr(pm),/zﬂ / Baper(1)8(1ut — j1x)e Prdt. (F2)

In Eq. (F2),

1 .
8(t) = —= [ dkglk)e™ F3
&) N / g(k)e (F3)

and

1 ~ .
¢aPer(t) = E/dﬂpaper(z)enz
00 /Lf+2(j+1)Lf

¢aper (z )6

1
V2 LyR+2jLJR

T j=—c0

Z eleth( 1)]/

Va2 Ly

d;(z)eitZdz

—6) Y T e,

j=—o0

VAL Z 8(

j=—o00

—Ax¢><t)Z [ (

]——OO

2j + Dr
2L K

1) ]—i—err(N)

(F4)

> + err(Ny)

In Eq. (F4), we used the antiperiodicity of the qgaper(z) func-
tion described by Egs. (74) and (75), the Poisson summation
formula

o.¢]

P 2j+1
Z etj(TAJrn):Tﬂ Z 5()6—”( ]T+ )>’ (FS)

j=—00 j=—00

and

L/
N /_ Lﬁcﬁ(z)e’“dz = ¢(t) + err(N,), (F6)

where err(N, ) is of the order of the wave function $(z) weight
outside the interval [—L,/it, L/it].
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By employing Eq. (F4) in Eq. (F2), the teleported wave
function reads

! A S o —i(x;—x
0= Toitm| . 2 P 0l
+err(Nx). (F7)

Similarly, the probability to measure p,, given by Eq. (73)
reads

Pr(pn) = A, / dzlh(2)|?, (F8)

where

h(z) = \/% / d’aper(t)g(z + l”)e_”pmdt

X

Nezd

Equation (F9) implies

3 62 + pxj)e P+ err(Ny). (F9)

j==o00

Ap

Pripm) = & "

3 b xye i

i.j=—00

x fg*(z + ux)&(z 4 ux;)dz 4 err(Ny).  (F10)
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