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We show that the methods for quantification of system-environment entanglement that were recently de-
veloped for interactions that lead to pure decoherence of the system can be straightforwardly generalized
to time-dependent Hamiltonians of the same type. This includes the if-and-only-if criteria of separability, as
well as the entanglement measure applicable to qubit systems, and methods of detection of entanglement by
operations and measurements performed solely on the system without accessing the environment. We use these
methods to study the nature of the decoherence of a qubit-oscillator system. Qubit-oscillator entanglement is
essential for developing bosonic quantum technology with quantum non-Gaussian states and its applications
in quantum sensing and computing. The dominating bosonic platforms—trapped ions, electromechanics, and
superconducting circuits—are based on the time-dependent gates that use such entanglement to achieve new
quantum sensors and quantum error correction. The steplike time dependence of the Hamiltonian that is
taken into account allows us to capture the complex interplay between the buildups of classical and quantum
correlations, which could not be replicated in time-independent scenarios.
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I. INTRODUCTION

The study of the generation of entanglement between a
system and its environment is typically hard, because of the
size and limited accessibility of the environment. The envi-
ronment can be complex, but a single oscillator accessible
only through a single qubit behaves as an environment, too.
Although methods to calculate entanglement directly from
a density matrix are available for two qubits [1-4], when
either of the systems becomes large proper quantification
of entanglement requires many-parameter optimization [5,6].
The only available direct tool is Negativity [7,8], but being
based on the positive-partial-transpose (PPT) criterion [9,10]
it does not capture bound entangled states [11-16] and is still
numerically demanding for larger systems.

Recently, large progress has been made which allows
efficient study of entanglement generation for a class of
system-environment (SE) Hamiltonians that lead to pure de-
coherence (PD) of the system, as long as the initial state is
of product form and the system of interest is in a pure state
(the state of the environment can be arbitrary). The pure de-
phasing types of interactions are essential in current quantum
technology with superconducting circuits [17], trapped ions
[18], electromechanical oscillators [19], and, for a long time,
cavity QED [20].

First, the system-environment state at a given time can
now be qualified as separable or entangled with relative ease
[21,22] and it has been shown that this type of interactions can
lead to two distinct types of entanglement for larger systems
[22]. Furthermore, understanding of the nature of the corre-
lations that can be formed during the evolution allowed the
design of schemes that detect this type of entanglement that
are operated solely on the system of interest with no need to
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access the environment [23-26]. The schemes work, because
the buildup of entanglement leaves a distinct trace on the state
of the environment (which is related to the equivalence of this
entanglement with quantum discord from the point of view
of the environment [27]), which can in turn affect the system
evolution. The ease with which such entanglement can be
detected suggests that any quantum algorithm operated in a
noisy setting will react differently to decoherence of quantum
and of classical origins. This has already been shown on the
simplest algorithms, such as teleportation [28,29] and spin
echo [26].

Beyond being a resource for quantum technology, this type
of Hamiltonian describes the most fundamental type of de-
coherence [30] that is not accompanied by energy exchange
between the system and the environment. It has been widely
used in fundamental studies of the nature of decoherence, and
forms the basis for quantum Darwinism studies and inves-
tigation of the nature of the quantum-to-classical transition
today [31-41]. Furthermore, this type of decoherence tends
to dominate in realistic solid-state systems where the energy
of environment quanta is much smaller than the energy-level
separation in the system of interest, such as excitonic and elec-
tronic states confined in quantum dots [42—48] and various
types of spin qubits [49-54].

In this paper we show that the methods previously devised
for pure decoherence can be generalized to time-dependent
Hamiltonians of the same type, because time dependence does
not change the nature of the correlations that can be gener-
ated in any fundamental way. This includes the if-and-only-if
criteria of separability for a single qubit system [21], and
for a system of any size [22], as well as the single qubit
entanglement (QE) measure [55]. Also all of the schemes
for entanglement detection [23-26], which are a direct
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consequence of the form of the separability criteria, can be
used in case of a time-dependent interaction.

As described above, it is of special interest for the study
of hybrid solid-state-optical systems, such as superconduct-
ing transmon qubits [56-60] and trapped ions [61-68]. The
biggest difference with respect to standard solid-state qubits
here is the possibility of engineering and control of the inter-
action with the optical environment. This means that for such
systems, the interaction can be specially tailored to control
the level of entanglement buildup between the system and
its environment in order to be used as a resource [69,70],
e.g., for decoherence control [29,71,72], and hence a deeper
understanding of such entanglement is critical.

We use the time-dependent methods for the study of qubit-
environment entanglement (QEE) generated via a tunable
Hamiltonian which describes the interaction with a single
bosonic mode that is used for the description of both a trans-
mon qubit interacting with microwave cavity photons [56,57]
as well as trapped ions interacting with mechanical oscillator
modes [66], or electrically controlled mechanical modes [19].
For these systems, the interaction leads to pure decoherence
and it is experimentally controllable to a high extent. We
change the interaction in a steplike manner between systems
that do not lead to entanglement generation of the qubit with
an initial mixture of Fock states and systems that do. Both
the nonentangling and entangling interactions lead to decoher-
ence of the qubit, but regardless of the similarities in the qubit
evolution for the two interactions studied separately, their
nature is very different. This is visible when the interactions
act consecutively on the qubit, which leads to the buildup
of quantum correlations affecting entanglement-driven deco-
herence, and vice versa. We observe nontrivial effects such
as the simultaneous growth of coherence and entanglement
at certain time periods, as well as the nonentangling Hamil-
tonian driving entanglement when it is preceded by a time
when the interaction is entangling. These effects could not be
observed using the time-independent methods, even though
the evolution of the density matrix is obtained in a series of
time-independent steps, because any correlations (quantum or
classical) formed between the system and the environment
preclude their application.

The paper is organized as follows. In Sec. II we introduce
the time-dependent pure dephasing Hamiltonian and describe
the formalism to obtain the resulting time evolution that
we use in the rest of the paper. In Sec. III we show how the
time-independent separability criteria for system-environment
entanglement (SEE) are generalized to the time-dependent
scenario. This holds true also for the qubit-environment en-
tanglement measure and we use it in Sec. IV to study the
evolution of entanglement between a transmon or trapped-ion
qubit and its environment. Section V concludes the paper.

II. THE HAMILTONIAN AND THE EVOLUTION

We are interested in time-dependent Hamiltonians that de-
scribe SE evolution which leads to PD of the system when
the degrees of freedom of the environment are traced out.
To this end we must first specify the general form of such
Hamiltonians. The general conditions for PD evolutions hold
regardless of time dependence, namely that the free system

Hamiltonian must commute with the interaction term, but now
time dependence imposes that this condition must be fulfilled
at all times ¢ and ¢':

[Hs(t), Hin(t)] = 0. (1)

Here we assumed that the full SE Hamiltonian is of the form
Hpp(t) = Hs(t) + He (t) + Hin(¢), where the first two terms
on the right-hand side describe the free Hamiltonians of the
system and the environment, respectively, while the third term
describes their interaction.

The commutation relation (1) translates into limitations on
the possible forms of the system and interaction Hamiltonian.
Most importantly its fulfillment requires that there exists a
well-defined and time-independent pointer basis of the sys-
tem, which we will denote as {|i)}, with i =0,...,N — 1,
where N is the dimension of the system. Hence the time
dependence of the system Hamiltonian has to be limited to
the eigenvalues, while the time dependence of the interaction
is fully described by environmental operators. We can now
explicitly write the most general form of a time-dependent PD
Hamiltonian:

Hen (1) = ) li(il @ Vi(0), )

where only the environmental operators V;(r) are time depen-
dent. They describe contributions to the Hamiltonian from all
three terms and can be written as

Vi(t) = i(t) + He (t) + Vi(2), A3)

where &;(7) is the eigenvalue of Hy(¢) corresponding to pointer
state |i) and V;(¢) are environmental operators which describe
the effect of a given system pointer state on the environment,
obtained by writing the interaction Hamiltonian in the form

Hin (1) = Y 1i)il ® Vi(t). )

Once the general form of PD Hamiltonians is specified,
one can easily find the form of the evolution operator, which
is analogous to the time-independent PD evolution operator
[21,22]:

Oen(t) =Y 1)l ® wi(e). (5)

The critical difference here lies in the form of the conditional
evolution operators of the environment ;(¢) which are given
by

W;(t) = Texp[—%f dt/Vi(t')i|, (6)
0

where Texp[...] denotes the time-ordered exponential func-
tion. It is important to note here that although the operators
(6) can have a much more complicated structure than their
time-independent counterparts, they are still unitary operators.

Having found the evolution operator, one can write the
SE density matrix at time ¢ for any initial conditions. For
a product initial SE state with a pure system state given
by [¥(0)) = Zi ¢ili) and an arbitrary initial state of the
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FIG. 1. Circuit representing entanglement generation during
pure decoherence. The system state is initially in a superposition
of pointer states (3, ¢;i)) and the environment is in an arbitrary,
possibly mixed state R(0). The interaction acts as a gate W;;(¢) on the
environment which is conditional on the pointer state of the system,
|7), yielding the system-environment state at time ¢, 6 (¢), given by
Eq. (7).

environment described by the density matrix R(0), this is
given by

6) =) ekl (il ® Rij(@), (7)

ij
with
Rij(6) = @i(ORO)D] (0). ®)

The effect of the interaction, which can be interpreted as a
conditional gate, where the evolution of the environment is
conditional on the pointer state of the qubit, is illustrated in
Fig. 1.

III. SYSTEM-ENVIRONMENT ENTANGLEMENT

The SE density matrix (7) has exactly the same structure
as the one studied in Ref. [22] in order to qualify SE states
obtained during time-independent PD evolution as entangled
or separable. This structure, together with the fact that the
conditional evolution operators of the environment (6) are
unitary, allows us to directly transcribe the complete set of
separability conditions from time-independent PD Hamiltoni-
ans to the time-dependent case. The proofs from Ref. [21] for
QEE, and the generalized proofs for SEE of Ref. [22], hold for
time-dependent PD described by the Hamiltonian (2) as long
as the initial SE state is of product form with a pure initial
state of the system [which is required to obtain Eq. (7)].

If the system under study is a qubit, there exists a unique
separability criterion for pure dephasing [21], namely a qubit
is separable from its environment if and only if

Roo(t) = Ry1 (1), &)

where Ry(t) and R, (r) are given by Eq. (8). Otherwise
there is QEE in the system. This makes checking for QEE
particularly straightforward and allows for the existence of an
entanglement measure which can be calculated directly from
a density matrix obtained during PD evolution [55].

This measure is also valid for time-dependent PD Hamil-
tonians, since it retains all of the properties that have been
proven in Ref. [55] for the time-independent case (and gen-
eralizing the proofs to time-dependent PD Hamiltonians is
straightforward because the structure of the SE density matrix
is the same in both cases). The measure is zero if and only if
the SE state is separable, has a well-defined maximum value
(equal to 1) that is reached for the same set of states as by

entanglement measures using the convex-roof construction,
is invariant under local unitary operations, and is monotonic
under local operations that preserve the structure of the SE
density matrix (7) (otherwise it does not exist). It is given by

E@t) = 4lcol’lcr’[1 — F(Roo(1), Rii(@1)],  (10)
where F(p1, p2) = [Tr//p1 ,ozx/ﬁ]2 is the fidelity. Hence

the amount of entanglement that forms between a qubit
and its environment during PD depends on the initial qubit
coherence, |p91(0)|> = |co|?|c1|?, and evolves proportionally
to how different the state of the environment becomes for the
two qubit pointer states.

For larger systems, there are two types of separability cri-
teria and a system of size N; there exist N — 1 independent
criteria of the first type and (N — 1)(N —2)/2 indepen-
dent criteria of the second type [22]. If any one of the
following criteria is broken at time ¢ this means that there is
entanglement between the system and the environment at this
time.

Separability criteria of the first type state that for all i # j
we must have

Ri(t) = R;;(1), (11)

meaning that at a given time the state of the environment under
the condition that the qubit is in pointer state |i) is the same as
its state when the qubit is in state |j). The QEE criterion is a
separability criterion of this type.

Criteria of the second type are more abstract in interpreta-
tion and relate to commutation between pairs of conditional
evolution operators. Namely, they state that for all 7, j, k, [ we
must have

i (1) (1), (1)) (1)] = O (12)

for separability. These criteria are related to internal SE coher-
ences and criteria of this type do not exist if the system under
study is a qubit.

Incidentally, conditions of the first type (11) cannot be
broken when the initial density matrix of the environment is
a fully mixed state, but conditions of the second type (12)
can. This means that if a system is a qubit (so there are no
conditions of the second type), PD interactions cannot lead
to entanglement with a maximally mixed environment, but
for larger systems it is possible. This was shown for a qutrit
system in an example in Ref. [22].

Entanglement which is accompanied by the violation of
any criterion of the first type (11) can be detected experi-
mentally, because it manifests itself directly in the state of
the environment. One could measure observables on the
environment to witness SEE, but such measurements are
hard in general (with the actual experimental feasibility de-
pending strongly on the physical system under study). Yet,
for time-independent PD Hamiltonians, it has been shown
that the operation of simple algorithms on the system with-
out the need to access the environment is sufficient for the
detection of QEE in many situations for qubits [23,24] and
for larger systems [25]. Since there is no qualitative change
in the SE density matrix (7) which is obtained as a result
of a time-dependent Hamiltonian, the schemes introduced in
Refs. [23-25] can be operated as entanglement witnesses also
in time-dependent scenarios.
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IV. TRANSMON QUBIT AND MICROWAVE CAVITY OR
TRAPPED ION AND MECHANICAL OSCILLATOR MODE

As an example we will study the evolution of entangle-
ment using the measure (10) for an interaction Hamiltonian
which can describe the effective coupling of a superconduct-
ing transmon qubit to the microwave cavity modes, as well
as the interaction between a qubit defined on a trapped ion
and the environment of a mechanical oscillator mode. The
Hamiltonian is given by [18,56,57]

H(t) =6, @ {[a(t)a’ +a*(t)al + pa'a+y()). (13)

Here, 6, is the appropriate Pauli operator acting on the qubit
subspace, while operators @' and & are creation and anni-
hilation operators in the subspace of the environment. Time
dependence is explicitly marked when applicable and y (¢) is
responsible for free evolution of the qubit.

The Hamiltonian (13) can be easily rewritten into the PD
form given by Eq. (2), withi = 0, 1 and

Vo1 (1) = £la@)a" +a*@)al + Ba'a+y@)). (14

Since the environmental operators V /1(t) not only commute,
but differ only by the sign, it is easy to show that the functions
Wo,1(¢) commute at any given time:

Vilwo(t), i (1)] = 0, 15)

since Wy(t) = ﬁ)f(t). This does not translate however into
them commuting at different times as it would in time-
independent cases.

In the following, we will be considering the simplest case
in terms of the time dependence of the Hamiltonian (13),
namely such that the parameter «(¢) is a step function. We
assume that initially «(#) = O until time #;, then it is constant
o(t) = « for duration #,, and again «(t) = O for a time dura-
tion t3:

0 fort € [0, 1)
at) =« fort €[, 1 + 1) (16)
0 fortelt+1n,t+tH+1]

The actual value of y(¢) is irrelevant, since it does not in-
fluence the generated entanglement, or the evolution of the
degree of qubit coherence (absolute value of the off-diagonal
element of the density matrix). We choose the step-function
time dependence of the Hamiltonian, because it allows us
to observe behaviors of the time evolution of entanglement
which are not possible for time-independent Hamiltonians,
while its simplicity allows for a straightforward interpretation
of the observed results in terms of the generation of different
types of correlations between the qubit and the environment.
For this scenario the conditional evolution operators of the
environment Wy (¢), with k = 0, 1, consist of three parts:

Wy (1) = Wy (13) Wy (1) Wy (11), a7

where the operators W (#;), over time durations #; defined by
Eq. (16), are given by

iy (1) = AP, (182)
DR),(1) = PP T ipaar (18b)

with

b0/ (1) o> Bt
= F—-sin —,
0/1 + B2 7

. * .
Yoy (t) = %(eﬁﬂ’ —1)a - %(ei%f” ~1a.

We will consider two types of initial states for the envi-
ronment, while the qubit will always initially be in an equal
superposition state. First, the environment will be initially at
a thermal equilibrium of Fock states, meaning the Gibbs state
corresponding to the Hamiltonian Ay = I'a’a, and later we
will show plots for coherent states for comparison.

In Fig. 2 QEE measured by Eq. (10) is plotted by the solid
lines as a function of time. Complementarily, the absolute
value of the qubit coherence normalized by its initial value,
ggll—(((’))), is plotted using dashed lines. Figures 2(a)-2(d) contain
the evolution for the three-step time dependence of Hamilto-
nian (13) with the parameter o changing as given by Eq. (16)
at ft/h = Bty /h =2 and Bt/h = B(t; +t2)/h = 4 which are
marked by gray vertical lines on the plots. Figure 2(a) contains
zero-temperature results, while progressively higher tempera-
tures are taken into account in Figs. 2(b)-2(d): k3T /T" = 0.5,
1, and 2, respectively.

Let us first note that there are no qualitative changes in
the evolution of entanglement when the temperature is in-
creased, but there is a stark difference in the decoherence
before time #; is reached at zero temperature (which is the
only situation when the first part of the evolution does not
display decoherence). This is because for # < #; decoherence
is not an outcome of the generation of entanglement between
the qubit and its environment, but rather the establishment of
classical correlations between them. For pure states, classical
correlations cannot be generated through a unitary evolution
and thus decoherence is not possible at zero temperature.

Entanglement starts being generated after B¢/h = 2 be-
cause terms of the Hamiltonian (13) with o £ 0 which are
responsible for the conditional evolution of the environment
do not commute with Roo(#;) = Ry (r;). After time Bt/h =4
when o is again set to zero, the qubit-environment inter-
action is nevertheless capable of driving the evolution of
entanglement, because of the QE correlations that have been
established in the previous phase of the evolution. Note that
the third part of evolution is different both for entanglement
and coherence, which manifests itself most visibly in the sharp
change observed at §t /i = 4.

For comparison, we have additionally plotted the evolution
of entanglement and coherence for the same Hamiltonian,
but without time dependence, with « = 0 in Fig. 2(e) and
with o # 0 in Fig. 2(f) (here the evolution starts at 8¢/ = 2
in order to ease the comparison between these curves and
analogous evolution that has been preceded by an interac-
tion with « = 0). The plots correspond to kg7 /I" =2 as in
Fig. 2(d). The oscillatory behavior observed in Figs. 2(e) and
2(f) would also be present in the time-dependent evolution
[Figs. 2(a)-2(d)] if the transition times between different val-
ues of o were chosen longer, as this is a trivial consequence
of only one bosonic mode being taken into account. Compar-
ison of Figs. 2(e) and 2(f) shows that there is no qualitative
change in the evolution of coherence, even though the nature
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FIG. 2. Evolution of QEE (solid lines) and normalized qubit
coherence (dashed lines) for the initial Gibbs state of the environ-
ment at different temperatures: (a) kg7 /I" =0, (b) kg7 /" = 0.5,
(¢) kgT /T =1, and (d) kgT /T = 2. Vertical dashed lines denote the
times when parameter « is changed froma = Otow # Oat Bt /h =2
and back from o # 0 to @ = 0 at ft/h = 4. The Hamiltonian pa-
rameters are set to «/f8 = (1 +i)/2 for @ # 0. (e) Evolution with
constant Hamiltonian and o = 0 for kg7 /T = 2. (f) Evolution with
constant Hamiltonian with /8 = (1 +i)/2 for kzT /T" = 2. The plot
is shifted for easier comparison and the evolution starts at 8¢ /i = 2.

of the decoherence is fundamentally different, as one is the
result of classical SE correlations being established, while
the other is driven by entanglement generation. Quite surpris-
ingly, when the switch between the two types of interactions
is made in Fig. 2(d), we observe a stark qualitative change
in decoherence, due to the interplay of classical and quantum
correlations, even though the actual generations of entangle-
ment in Figs. 2(d) and 2(f) resemble each other closely.
Because of the time dependence of the Hamiltonian (13)
we are able to observe specific features of entanglement
evolution which are otherwise rare. First there is a transi-
tion between decoherence classical in nature and decoherence
which is induced by QEE, as described above, but in several

FIG. 3. Evolution of QEE (solid lines) and normalized qubit
coherence (dashed lines) for the initial coherent state of the envi-
ronment with (a) ¢ = 0.5¢7/4, (b) ¢ = 0.25¢/*, and (c) ¢ = 0.5.

time instances we see that the qubit coherence can grow at
the same time as entanglement does. This is only possible at
finite temperatures and is the outcome of the competition be-
tween quantum and classical decoherence mechanisms. This
is most distinct just after B¢/h =2 when the classical de-
phasing process leads to the enhancement of qubit coherence
due to the unitary nature of the QE evolution and the single
bosonic mode taken into account, while « () = const ensures
the establishment of quantum correlations which start to lead
to qubit decoherence.

It is important to note here that although the way that the
time dependence of the Hamiltonian is taken into account
allows us to obtain the QE evolution by superposing time-
independent evolution operators, time-independent methods
for the quantification or qualification of QEE would not be
sufficient here. This is because the SE states at fr/h =2
and 4 contain SE correlations (classical for g¢t/h =2 and
both quantum and classical for f/h = 4) and do not fulfill
the requirements for initial SE states in the time-independent
methods.

For completeness in Fig. 3 we plot the evolution of entan-
glement and coherence analogous to the plots in Fig. 2 for the
situation when the initial state of the environment is a coherent
state:

) = e 2Pt e 40) (19)

where ¢ is a complex number. The panels correspond to dif-
ferent values of ¢, and it varies only in amplitude between
Figs. 3(a) and 3(b) and only in phase between Figs. 3(a) and
3(c). This yields to a stark difference between the observed
curves in the first phase when o = 0 between Figs. 3(a) and
3(b) which diminishes in the later phases, while between
Figs. 3(a) and 3(c) the biggest difference in the evolution is
in the third phase, when the parameter « is again set to zero.
Nevertheless, the most important difference manifests it-
self in the comparison between Figs. 2 and 3, since these
differences are most distinctly qualitative. For coherent states,
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o = 0 does not preclude the generation of SEE from the initial
product state, so entanglement is generated throughout the
evolution. This exemplifies that in the generation of entangle-
ment, not only the SE interaction is important, but its interplay
with the initial state of the environment plays a critical part.

As a last remark in this section, it is relevant to note that
although the type of time dependence that has been included
in the example under study is as simple as possible, it is
sufficient to demonstrate nontrivial properties of the evolution
of entanglement. These results could not be obtained outside
of the time-dependent formalism. Furthermore modeling time
dependence as a number of small, consecutive steps is a
fairly standard procedure [19,73], so in principle the same
method could be used to model any time dependence in the
Hamiltonian.

V. CONCLUSION

We have shown that the whole array of methods developed
for the qualification and quantification of entanglement that
can be generated during the joint evolution of a system and
its environment which leads to pure decoherence of the sys-
tem can be generalized to time-dependent pure-decoherence
Hamiltonians. This is because the SE density matrix obtained
during such an evolution is qualitatively the same as in the
time-independent case and the nature of the correlations that
can be formed does not change. Hence, the same criteria for
the qualification of SE states as separable or mixed can be
used.

Nevertheless, time dependence in the Hamiltonian allows
for a much more complex evolution of entanglement, e.g.,
in the extreme case interactions that only lead to buildup of
classical correlations during decoherence can be interchanged
with interactions that rely on entanglement generation. We
demonstrate this studying an interaction Hamiltonian that is
used to describe a transmon qubit interacting with a mi-
crowave cavity as well as a trapped ion interacting with
mechanical modes. Such systems are good examples of sys-
tems that effectively undergo pure decoherence while the
environment is engineered and the parameters of the interac-
tion can be experimentally manipulated.

We use a steplike time dependence of the Hamiltonian,
changing from an interaction which is nonentangling for an
initial thermal-equilibrium state of the environment, to an
entangling one, and back. This allows us to show the stark
change in both the nature and time dependence of the deco-
herence and of entanglement. In the first part of the evolution,
decoherence is not an effect of entanglement generation, but
of the formation of classical correlations between the system
and the environment. Once the interaction is switched to en-
tangling, there is an interplay between classical and quantum
correlations which is reflected in the decoherence, that can
now display counterintuitive behaviors, such as the reversal
of decoherence while entanglement grows. In the third part,
when the entangling part of the evolution is switched off,
we still observe entanglement evolution, and we show that
entanglement can grow in this phase to higher levels than the
maximum obtained while the entangling interaction is turned
on. This is again due to the interplay of quantum and classical
correlations that are present in the system at the moment when
the nature of the interaction is changed.

It is important to stress here that the nontrivial features of
the presented results could not be replicated without the use
of time-dependent methods. The evolution of coherence for
the entangling Hamiltonian is very different if it is not pre-
ceded by a period of classical-correlation-driven decoherence.
Similarly, the fact that entanglement evolves and can grow
in the third part of the evolution would not be possible if it
were not preceded by a period of the evolution when SEE is
generated.
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