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Noise decoupling for state transfer in continuous-variable systems
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2Quantum Systems, Data61, CSIRO, Clayton, Victoria 3168, Australia

(Received 20 September 2023; accepted 15 February 2024; published 4 March 2024)

We consider a toy model of noise channels, given by a random mixture of unitary operations, for state transfer
problems with continuous variables. Assuming that the path between the transmitter node and the receiver node
can be intervened, we propose a noise decoupling protocol to manipulate the noise channels generated by linear
and quadratic polynomials of creation and annihilation operators, to achieve an identity channel, hence the term
noise decoupling. For random constant noise, the target state can be recovered while for the general noise profile,
the decoupling can be done when the interventions are fast compared to the noise. We show that the state at the
transmitter can be written as a convolution of the target state and a filter function characterizing the noise and the
manipulation scheme. We also briefly discuss that a similar analysis can be extended to the case of higher-order
polynomial generators. Finally, we demonstrate the protocols by numerical calculations.
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I. INTRODUCTION

Utilizing continuous variables (CV) as tools for quantum
computing and manipulations has become one of the promis-
ing areas of research in the quantum information community
in the past decade [1,2]. There are several currently active
research aspects in this area, for instance, quantum key dis-
tribution [3–6], entanglement and resource theory [6–12],
quantum metrology and states discrimination [13–17], quan-
tum communication and state transfers [13,18–23], and noise
analysis for CV systems manipulation [12,20,24–32].

Despite the different perspectives, there is still room for
development and detailed investigation. For example, it ap-
pears that several techniques used in quantum manipulation
on finite systems are not translated into a set of tools for
controlling CV systems. One of the interesting topics in this
picture is the application of noise decoupling and control
normally used in solid-state physics [33,34] to CV systems.
The question is, how much can one adapt the tools for noise
control from finite systems to CV systems? This plays an im-
portant role in engineering the preparation, measurement, and
transfer of information. In this article, we partially contribute
by considering a state transfer problem via noisy channels and
introducing a decoupling protocol to gain noiseless channels.

The noise decoupling protocol is a technique of insertion
of a series of control operations interlacing a given noisy
channel in sequence, to subtract the noise contribution and
obtain a clean channel. It is well known in the context of
dynamical decoupling for open quantum dynamics where
the noise represents the influence from the environment on
the system and can be modeled via a unitary evolution of
the system environment [35–37]. In the simplest scenario,
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where the environmental degrees of freedom are represented
by stochastic functions, also known as classical noise repre-
sentation, the reduced map on the system can be considered as
a set of random unitary dynamical maps. Here, we consider a
similar setup with different parametrizations, i.e., using a path
distance as a dynamical parameter. For illustration, one can
consider communication using photons through fiber or free
space, in which the information is encrypted in continuous
degrees of freedom of the carrier light [2,18]. For instance,
the noise in the fiber can be the influence of the medium
[21,38,39], and the interventions here are simply repeater
nodes inserted along the path. In free space communication,
even though it is less practical to midflight intervene between
transmitter and receiver nodes, e.g., between the ground sta-
tion and a satellite, a similar picture arises through a protocol
of multistep forward and backward transmissions, in which
the first transmitter and the last receiver are treated as first and
final nodes of the communication while the intermediate steps
can be considered interventions. In these two scenarios, one
can expect a protocol of applying control operations at those
interventions and obtain a noise decoupling scheme for the
CV state transfer. This article aims to find relevant control sets
for the simplification models of the aforementioned problem.

The article is organized as follows. Formulations for CV
systems and the model of the noise channels are discussed
in Sec. II. In Sec. III A, we recall the basic description of
the dynamical decoupling protocol and we discuss the for-
mulation of such protocol in our system. The decoupling
protocol is elaborated in detail for the noisy displacement
channels—random noise channels with creation and annihi-
lation generators—both in the filter description in Sec. III C
and in the control group averaging picture in Sec. III D. We
further discuss the quadratic generators and the higher-order
generators in Sec. IV. Numerical illustrations of the protocol
are given in Sec. V, and finally, the conclusion is given in
Sec. VI.
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II. FRAMEWORK

In this section, we will introduce the setup of our systems
and the noise models. We begin with an overview of the
noise model and then discuss the mathematical framework
and formulation for the noise in our model. We will also
recall the Wigner representation of states and the phase space
transformations of the elementary noise operations.

A. Noisy transfer channels

The basic state transfer (or communication) scheme in
quantum information is a protocol to send a quantum state
ρ on a given Hilbert space H, from one node (transmitter) to
another (receiver). The channel through which the transfer has
been done is practically modeled as a completely positive and
trace preserving (CPTP) transformation C on a set of bounded
operators B(H). Then, the received state is formally written as
C[ρ]. In the ideal scenario, such a channel is known and the
information inside ρ can be extracted from the received state
by standard state tomography [14], or parameters characteri-
zation when only partial quantities are relevant.

However, when the communication involves disturbance
from the environment or the imperfection of the medium
encompassing the channel, the channel becomes partially un-
known, resulting in a noisy channel. The simplest model for
these channels is C�λ = E�λ ◦ C, where E�λ is a noise operation
modeled as a stochastic CPTP map on B(H), characterized
by a parameters vector �λ. We model the noise operation as a
random unitary operation equipped with a probability space
(�,μ) in which the map is represented by

Eλ =
∫

�

dμ(ωλ)Uωλ
, (1)

where Uωλ
[ρ] = Ûωλ

ρÛ †
ωλ

on a state ρ, and Ûωλ
is a unitary

element for the map Eλ (more on that in the next section).
The parameter λ, which is one dimensional, denotes a path
from the transmitter to the receiver and ωλ is a particular
noise configuration for a given path λ. The main task of noise
suppression is to modify the noisy channel Cλ in order to
achieve the noiseless channel C.

For simplicity, let the channel C be absorbed in the state
ρ; the problem then becomes equivalent to manipulating the
noise operation Eλ to approach an identity channel I. In this
picture, one simplest example is a communication wire where
the parameter λ associates the distance from the transmitter
node towards the receiver node, and the Eλ is noise at the
given position on the transfer path from the origin. In the
next section, we will consider the structure of this operator
in detail.

B. Continuous variables systems and noise operations

In this section, we will recall the framework on which we
are working in this article. Particularly, we first introduce the
continuous variable systems that we are interested in, namely,
optical systems, and then introduce the noise model.

1. Harmonic oscillator as continuous variable system

Let H be a Hilbert space of square-integrable complex-
valued functions on a real line, i.e.,

H = L2(R) =
{
ψ : R → C :

∫
R

|ψ (x)|2dx < ∞
}
. (2)

Following conventions in quantum mechanics of continu-
ous variables, we define position operator x̂ and momentum
operator p̂ on the Hilbert space H as multiplicative opera-
tor x̂ψ (x)=xψ (x) and derivative operator p̂ψ (x)= − i∂xψ (x),
respectively. The position and momentum operators follow
canonical commutation relation [x̂, p̂] := x̂ p̂ − p̂x̂ = i, where
i is the unit of imaginary numbers. In terms of position and
momentum operators, one can define an annihilation opera-
tor â := 1√

2
(x̂ + i p̂) and a creation operator â† = 1√

2
(x̂ − i p̂),

and a number basis {φn : n = 0, 1, . . .} where âφn = √
nφn−1

for n > 0 and âφ0 = 0 for a vacuum state φ0. Following the
canonical commutation relation of position and momentum
operators, one has [â, â†] = 1. We also use a Dirac notation
for the states and the dual states, i.e., |ψ〉 represents the
function ψ and |n〉 represents φn for n = 0, 1, . . . .

Furthermore, we define a displacement operator D̂(α) and
a squeeze operator Ŝ(z) as follows:

D̂(α) = exp(αâ† − α∗â), (3)

Ŝ(z) = exp[(z∗â2 − z(â†)2)/2]. (4)

Note that the displacement parameter α is a complex number
where the real part is to displace in position space and the
imaginary part is to displace in momentum space. Similarly,
the squeezing parameter z is a complex number. Here, for
the sake of simplicity and without loss of generality, we will
mainly discuss real positive squeezing parameters. On the
operation level we also write D(α)[ρ] = D̂(α)ρD̂†(α) and
S (z)[ρ] = Ŝ(z)ρŜ†(z) for a state ρ. We remark here that other
displacement and squeeze operators are unitary operators,
and when we assign the arguments to be random, these two
exemplify the random unitary noise.

2. Noise model

We consider noise generated by creation and annihilation
operators of degree 2. This is a direct generalization of dis-
placement noise and squeezing noise. We model this type of
noise by setting ωλ in Eq. (1) to be a map ωλ : 
 	→ (α
, z
) ∈
C2 for 
 lying on the path λ. We then consider the unitary
elements for the map Eλ of the form

Ûωλ
= Tλ exp

[ ∫ |λ|

0
Ĝ(ωλ(
))d


]
,

= Tλ exp

[ ∫ |λ|

0
Ĝ(α
, z
)d


]
, (5)

where |λ| denotes a path length,

Ĝ(α
, z
) = [ 1
2 (z∗


 â2 − z
(â†)2) + (α
â† − α∗

 â)
]
, (6)
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for a position 
 on the path λ, and Tλ is an ordering operator
with respect to the path λ defined by

Tλ[Ĝ(ωλ(
))Ĝ(ωλ(
′))] =
{

Ĝ(ωλ(
))Ĝ(ωλ(
′)), 
 � 
′

Ĝ(ωλ(
′))Ĝ(ωλ(
)), 
′ < 
.

For a simple communication wire, one can consider vari-
ables (x, p) for the transverse position of a photon carrying
a message, and the parameter 
 indicates the position along
the propagating (longitudinal) direction. The action generated
by Ĝ(α
, z
) is a contribution of the noise at the longitudinal
position 
 from the propagating origin. Hence, Eωλ

represents
the accumulation of noise during the propagation up to the
longitudinal position |λ| on the wire.

Despite its simplicity, the above model of the noise has
been employed to emulate several types of realistic envi-
ronmental disturbance in optical systems. For instance, the
model of noise with random displacement operators has
been used to display the detector noise with imperfect effi-
ciency [20,24,31], Gaussian thermal loss [40], or an error in
Gottesman-Kitaev-Preskill coding [41–43]. Other phenomena
that can be associated with squeezing noise include a gate
noise [25,26], channel noise induced crosstalk [27], atmo-
spheric noise in free space communication [28], or the photon
loss during a propagation [30]. Note that many situations men-
tioned here may incorporate both displacement and squeezing
types.

C. Wigner representation and Gaussian manipulation
framework

As we explained above, our formulation considers only
Gaussian operations, i.e., operations whose generators are at
most in the second order of the creation and annihilation
operators. We further assume that the state ρ is also given by a
mixture of coherent states. It then becomes useful to consider
here Wigner functions [1,44], where both coherent states (and
their mixtures) and Gaussian operations (and their averages)
can be illustrated as simple functions and their transforma-
tions on phase space. In particular, we express the Wigner
function of a density matrix ρ as

Wρ (x, p) = 1

2π

∫ ∞

−∞
dye−ipy

〈
x + y

2

∣∣∣∣ρ∣∣∣∣x − y

2

〉
. (7)

We also write the Wigner function with a single complex
argument as Wρ (α) = Wρ (x, p), where α = (x + ip)/

√
2.

We remark that the Wigner function is normalized, i.e.,∫
dx
∫

d p Wρ (x, p) = 1, but may be nonpositive.
In parallel, we employ a Wigner transformation for the

operator (a dual Wigner function), namely,

W G(x, p) =
∫ ∞

−∞
dyeipy

〈
x − y

2

∣∣∣∣Ĝ∣∣∣∣x + y

2

〉
= W G(α), (8)

for the operator Ĝ. Here, the expectation value of the operator
Ĝ reads

〈Ĝ〉ρ = tr(Ĝρ) =
∫

dx
∫

d p W G(x, p)Wρ (x, p)

=
∫

dα

∫
dα∗ W G(α)Wρ (α). (9)

For illustration, let us consider a mixture of coherent states ρ

ρ =
∑

r

prρr, (10)

where
∑

r pr = 1, pr > 0, and ρr = |βr〉〈βr |,
|βr〉 = D̂(βr )

∣∣ψσr

〉
,∣∣ψσr

〉 = ∫ ∞

−∞
dxψσr (x)|x〉,

ψσr (x) =
(

e−x2/σ 2
r

2πσ 2
r

)1/4

, (11)

with a complex number βr indicating the center of the Gaus-
sian state ρr on the phase space, equipped with a spreading
parameter σ 2

r , i.e., a displaced vacuum state of a harmonic
oscillator with modified variance. Even though the elements
ρr are Gaussian, the state Eq. (10) itself is not necessarily
Gaussian, and its Wigner function reads

Wθ (x, p) =
∑

r

prWr (x, p), (12)

Wr (x, p) := 1

π
e
− (x−θr )2

2σ2
r e−2σ 2

r p2
. (13)

The mixture of Gaussian state Eq. (10) is a well-known ex-
ample of a resourceful class of states called non-Gaussian
states [45,46]. One notorious example is a Gottesman-
Kitaev-Preskill state or a uniform mixture of infinitely many
displaced vacuum states with the same interdistance, which
is a promising candidate for fault-tolerant encoding [47]. We
remark that our noise operation Eq. (1) with the elements
Eq. (5) can disturb this type of state by deforming the mix-
ture coefficients, resulting in the deterioration of the useful
information.

In this representation, both displacement and squeeze op-
erators can be associated with transformations of Wigner
functions on phase space. For displacement operator D̂(α),
one can define an associate transformation on phase space
TD(α) as

TD(α′)[Wρ](α) := WD(α′ )[ρ](α) = Wρ (α + α′), (14)

and similarly the squeeze operator Ŝ(z) can be associated with
TS (z) via

TS (z′)[Wρ](α) := WS(z′ )[ρ](α). (15)

The exact form of the latter operation is complicated in gen-
eral, but one of the comprehensive cases is the case when the
squeezing parameter z is positive real, i.e., z = |z|, in which
the transformation corresponds to scaling of the phase space
axes. In particular,

TS (γ )[Wρ](x, p) = WS(γ )[ρ](x, p) = Wρ (e−γ x, eγ p), (16)

where γ = |z|.
The squeeze operators and their transformations are addi-

tive in the squeezing parameters, i.e., TS (γ1)TS (γ2) = TS (γ1 +
γ2) for γ1 and γ2 real positive. For complex squeezing param-
eters, one can reparametrize the squeeze operator into

Ŝ(z) = Ŝĉ(z)(γ ) = exp

[
γ

2
(ĉ(z)2 − ĉ†(z)

2
)

]
, (17)
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where we assume a Bogoliubov-like transformation ĉ(z) =
(
√

t â + √
râ†)eiθ , t, r > 0, and t + r = 1, and we write z =

γ (t − r)eiθ with γ > 0. The corresponding transformation on
the phase space similar to Eq. (16) can also be achieved for
real coordinates associated with the new operators ĉ(z) and
ĉ†(z). However, the additivity property does not hold for the
complex parameter. This can be easily seen from the depen-
dency of the parameters in the definition of ĉ(z) and ĉ†(z),
which can be different for different sections of the path.

Until now one can observe that in some expressions the
representation in real coordinate (x, p) is more transparent
than the complex coordinate α and vice versa. Hence, for
convenience, we will use real coordinate (x, p) and complex
coordinate α interchangeably throughout this paper.

III. NOISE DECOUPLING PROTOCOLS
FOR DISPLACEMENT NOISE

Here, we recall the general ideas of dynamical decoupling
(DD) protocol and briefly discuss the connection to our setup.
We then elaborate on the mechanism for inserting the control
operations in our toy model. We discuss the formalism for the
displacement noise as manipulation on phase space and then
we conclude by revisiting the DD descriptions for that case.

A. Dynamical decoupling scheme

Dynamical decoupling protocols [35–37] are a well-known
control tool for manipulation of signal generated or passed
through a system interacting with an environment. The princi-
ple is to interlace the dynamical evolution by additional local
cyclic unitary operators, leading to an effective Hamiltonian
where the system is decoupled from the environment.

In particular, consider a system S governed by a cou-
pled evolution to an environment B, Û0(t ) = e−it Ĥ0 , where
Ĥ0 = ĤS ⊗ 1 + 1 ⊗ ĤB + ĤSB =∑α Ŝα ⊗ B̂α and a separa-
ble initial state ρ(0) = ρS (0) ⊗ ρB(0). Note that Ŝα and B̂α

are operators acting locally on the systems and the environ-
ment, respectively. Dynamical decoupling is a technique of
perturbatively inserting a set of cyclic control operators Û1(t ),
equipped with Hamiltonian Ĥ1(t ), to modify the dynamics in
such a way that the effects of the noise are suppressed in the
asymptotic limit [37]. To do so, we define a control set CS ⊂
B(HS )—a set of bounded operators on the system that con-
tains Ĥ1(t ) such that Û1(t ) = T exp[−i

∫ t
0 duĤ1(u)] = Û1(t +

TC ) of a period TC, where T is a time order operation. It
is proven that, for arbitrary interaction ĤSB, by putting an
arbitrary fast control into the reduced evolution, the average
of an observable Â ∈ CS can be given by [36]

lim
N→∞

tr[ÂρS (NTC )] = tr[ÂρS (0)], (18)

where ρS (t ) = trB[Ûtot (t )ρ(0)Û †
tot (t )], and the controlled cou-

pled evolution reads Ûtot (t ) = T exp[−i
∫ t

0 duH (u)] with
H (t ) =∑α Û †

1 (t )ŜαÛ1(t ) ⊗ B̂α. If the control set can be ar-
bitrary, i.e., it covers the whole Hilbert space CS = B(HS ),
the expression Eq. (18) can be restated as limN→∞ ρS (NTC ) =
ρS (0). Let IS denote an interaction space or a space of all
effective local operators on the system S generated by all Ŝα

except ĤS. For a special case, the time integral of the control

operators Û1 reads∫ TC

0
duÛ †

1 (u)ISÛ1(u) = 0, (19)

which is a shorthand notation for
∫ TC

0 duÛ †
1 (u)ÂÛ1(u) = 0 for

all Â ∈ IS. In this case, if the interaction space IS is known,
one can have

lim
N→∞

ρS (NTC ) = e−iNTC HS ρS (0)eiNTC HS , (20)

where HS is a perturbed local Hamiltonian, i.e., a time average
of the local Hamiltonian ĤS,

HS = 1

TC

∫ TC

0
duÛ †

1 (u)HSÛ1(u).

In other words, the influence of the environment on the system
is removed asymptotically.

The procedure above is enabled by two mechanisms. The
first is the lowest-order Magnus approximation

Ûtot (NTC ) ≈ exp(−iNTCH0) = exp

[
−iN

∫ TC

0
duH (u)

]
,

which can be achieved within the given limit. The second is
the symmetry of the average induced by the control set CS.

This can be seen from writing Û1(t ) = ĝ j for t ∈ [ j�t, ( j +
1)�t ) and �t = TC/|G|, where G = {ĝ j} denotes a finite
group of unitary operators generating CS. The lowest-order
Hamiltonian can then be written as

H0 =
∑

α

Sα ⊗ B̂α =
∑

α

(
1

|G|
∑

j

ĝ†
j Ŝα ĝ j

)
⊗ B̂α. (21)

The group average of an individual term Sα commutes with G
and hence CS. The dynamical decoupling argument Eq. (18)
then follows automatically. Similarly, in the special case,
Eq. (19) can be re-expressed in terms of group average as

1

|G|
∑

j

ĝ†
jISĝ j = 0, (22)

being a condition for decoupling in Eq. (20).
The easiest example of this procedure is the Hahn spin echo

experiment, where one can decouple the influence of the ex-
ternal field from a spin at the time τ by inversion at τ/2 [48].
For instance, for spin dynamics generated by a Hamiltonian
Ĥω = Bωσ̂z, where Bω is a static random magnetic field, the
dynamical map reads Ûω(t ) = e−itBωσ̂z and we observe that the
inversion at τ/2 of the evolution Ûω(τ ) leads to

σ̂xÛω

(τ

2

)
σ̂xÛω

(τ

2

)
= e−i( τ

2 )Bωσ̂x σ̂z σ̂x e−i( τ
2 )Bωσ̂z = 1, (23)

since σ̂xσ̂zσ̂x = −σ̂z. The second inversion operator σ̂x is used
for simplicity. In this example the interaction space IS is
generated by the operator σ̂z, while the control space CS is
generated by σ̂x. In other words, one can consider {1, σ̂x}
a control group (given that the identity operator is a trivial
element), and hence the condition σ̂xσ̂zσ̂x = −σ̂z is simply the
group average

1
2 (1σ̂z1 + σ̂xσ̂zσ̂x ) = 0,
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i.e., the group average of the interaction space IS vanishes. For
a nonstatic magnetic field, one needs to incorporate the per-
turbation into the formulation as in the standard setup above,
and the decoupling can be achieved in the asymptotic limit.
We note here that this also exemplifies the case with classical
noise, as the environmental degree of freedom is represented
as a function, e.g., the magnetic field.

For CV systems, there are only a few studies on the ap-
plication of dynamical decoupling thereon. One of them was
done by Vitali and Tombesi in Ref. [32], where they consid-
ered a unitary evolution of two oscillators. It is observed that
such an evolution can be reversed by a perturbation of a local
parity operator on phase space; in this sense, the perturbed
Hamiltonian is the original Hamiltonian with a minus sign.
Another recent work by Arenz et al. [29] contains a detailed
description of the generic dynamical decoupling protocol for
CV systems coupled to another CV system, generalizing the
former observation. It is also stated that in general, unlike the
finite dimension cases, for arbitrary Hamiltonian, one cannot
find a control group or set such that the average concerning it
leads to a complete decoupling similar to condition Eq. (22).
In other words, a control group or set, if one exists, must
be designed according to the Hamiltonians, and only some
dynamics can be decoupled.

In our case, even though the noise is not described by
dynamical evolution, it shares a similar structure to the open
dynamics above, where in this case the time parameter t is
replaced by the path parameter 
. The noise in our case is
considered classical in this perspective since it is represented
by a stochastic function depicted in Eq. (1). In the following,
we will elaborate on this picture from the most straightforward
scenario where the noise is solely equipped with displacement
operators; then we will consider the more complex case of
squeezing noise; and finally, we will discuss our problem
concerning the noise operator of the compound form Eq. (5).
To do so we need to consider an intervention scenario in our
setup.

B. Truncations of noise channels and interventions upon them

Before exploring the manipulation scheme, let us first
discuss the physical picture of intervention in our problem.
Recall the unitary noise operator Ûωλ

, for a particular noise
configuration ωλ. Let us define a two-point propagator be-
tween point 
 and point 
′ on the path λ as Ûωλ;
′:
. As
previously discussed, the path λ can be thought of as a
transferring path across the communication channel; it is
then interesting to consider an additivity concerning the path
parameter

Ûωλ
= Ûωλ;|λ|:0 = Ûωλ;|λ|:
 ◦ Ûωλ;
:0, (24)

where 0 � 
 � |λ| and Ûω;0:0 = 1. These relations represent
the truncation of the channel, for a particular noise configu-
ration ωλ with respect to the path λ. One simple case for the
generator Ûωλ;λ:0 = TλeĜωλ ;
′ :
 satisfying the conditions above
is

Ĝωλ;
′:
 =
∫ 
′




Ĝωλ
(s)ds (25)

for some anti-Hermitian operator Ĝωλ
(
). Note that we use

the symbol 
 as a point on the path λ and also the path length
parameter 0 � 
 � |λ|.

The truncation Eq. (24) is possible by the pres-
ence of Tλ, which can be removed when commutativity
[Ĝωλ

(
), Ĝωλ
(
′)] = 0 holds for 0 � 
, 
′ � |λ|. These are the

special cases of displacement noise (z
 = 0) or real squeezing
noise [α
 = 0 and �(z) = 0]. In these two cases, the men-
tioned divisibility is related to the additivity of displacement
operators or squeeze operators with positive real parameters.
For more general noise beyond these simple cases, one can
remove the symbol Tλ with the help of additional techniques
and assumptions, e.g., Trotter product-like approximation and
limiting process, which will be discussed later.

By repeating the same mechanism for n steps, we obtain

Ûωλ
= Ûωλ;
n:
n−1 ◦ Ûωλ;
n−1:
n−2 ◦ · · · ◦ Ûωλ;
1:0, (26)

for |λ| =: 
n > 
n−1 > · · · > 
1 > 0, and one can define a
stochastic process �ω = (ωn, . . . , ω1) such that

Ĝωk := Ĝω;
k :
k−1 =
∫ 
k


k−1

Ĝω(
)d
. (27)

Let Ûωk = Ûω;
k :
k−1 = TλeĜωk and Uωk = Ûωk · Û †
ωk

. The ex-
pression Eq. (1) can then be re-expressed as

Eλ =
∫

�

dμ(ωλ)Eωλ
=
∫

�̃

dμ̃(�ω)
1∏

k=n

Uωk , (28)

where μ̃ is the distribution of �ω on a sample space �̃ induced
by μ on original space �.

With the structure given above, we can consider Eq. (28)
and discuss a manipulation thereon. We aim to perform some
engineering over intermediate processes to shape Eq. (28)
to achieve a noiseless one. In general, we transcribe such
mechanism as additional CPTP maps Ak =∑γk

Âγk · Â†
γk

in-
serted after the action Uωk at each time step 0 � k � n and the
element

∏1
k=n Uωk will be modified to

An ◦ Uωn ◦ An−1 ◦ Uωn−1 ◦ · · · ◦ A1 ◦ Uω1 ◦ A0. (29)

With these at hand, the noise-canceling procedure problem
is to choose the proper set of operations {Ak} (aka control
sequence) such that one can approximate the resulting oper-
ation Eq. (29) to an identity operation. For an illustration of
the setup including the application of intervention operations,
see Fig. 1. In the following, we will consider possible control
sequences for our particular noise model Eq. (5), by beginning
with a special case of displacement noise, followed by real
squeezing noise and an approximation for the general noise
from such a model.

C. Modification of the displacement noise

First let us consider the noise when there is only the dis-
placement part in the element Eq. (5), i.e., z = 0. Here, the
elements for the operations Eq. (29) of length n read

An ◦ D(αn) ◦ An−1 ◦ D(αn−1) ◦ · · · ◦ A1 ◦ D(α1) ◦ A0,

(30)

where αk corresponds to the process element ωk . Now de-
fine Mk and Nk via Ak = Mk ◦ Nk for 2 � k � n − 1. We
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(b)

(a)

ρ(0)

ρ(|λ|)

1

N−1

FIG. 1. Schematic of state transfer through a noisy channel with
noise decoupling protocols. (a) A generic setup of the problem
in which the state ρ(0) is transferred from a transmitter node to
the receiver node at the other end of the path λ, and the receiver
will obtain a state ρ(|λ|). The noise parameter can be described
as a complex plane (or more than a single plane) attached to each
point on the propagating path, which can be illustrated as a plane
orthogonal to the propagating direction. The circle cross symbols
depict the insertions of decoupling operators along the path where
their locations are denoted by the path length parameter 
. When
the decoupling operators cannot be placed along the communication
path, e.g., the transfer of state from a ground station to a satellite in
(b), one can adopt a repeating forward-backward method in which
two agents transfer the state back and forth and apply decoupling
operators before sending at intermediate time steps. The combined
transfers can be considered as a single transfer with noise decoupling
intervention.

choose the modification operations such that

Nk ◦ D(αk ) ◦ Mk−1 = D(skαk ) (31)

for 2 � k � n − 1, and write

N1 ◦ D(α1) ◦ A0 = D(s1α1), (32)

An ◦ D(αn) ◦ Mn−1 = D(snαn), (33)

where sk = (−1)k for 1 � k � n. It follows that

D(snαn) ◦ D(sn−1αn−1) ◦ · · · ◦ D(s1α1) = D
(

n∑
k=1

skαk

)
.

(34)

The state after the noise channel will read

E(Eαλ
[ρ]) = E

[
D
(

n∑
k=1

skαk

)]
[ρ], (35)

where E(X ) = ∫ X dμ̃(α1, . . . , αn) is a shorthand notation
for the average.

Now let us revisit the Wigner representation on phase
space. For a state ρ with a Wigner representation Wρ, one can
have

TD(
∑n

k=1 skαk )[Wρ](α0) = Wρ

(
α0 +

n∑
k=1

skαk

)
, (36)

where the last average is expected to be Wρ (α0) by our ma-
nipulation. We define a two-dimensional Fourier transform on
the phase space

F[ f ](β ) = F[ f ](ξ, ζ )

= 1

2π

∫ ∞

−∞
dx
∫ ∞

−∞
d peiβT α f (α),

= 1

2π

∫ ∞

−∞
dx
∫ ∞

−∞
d pei(xξ+pζ ) f (x, p), (37)

where F−1 denotes its inverse transform, and we write βT α =
xξ + pζ as a scalar product of real vector representations
of two complex numbers α = (x p)T � x + ip and β =
(ξ ζ )T � ξ + iζ , i.e., βT α = βα∗+βα

2 in terms of complex
numbers operations. Also,

[ f ∗ g](α) =
∫

dα′
∫

dα′∗ f (α′)g(α − α′)

denotes a (two-dimensional) convolution between functions
f and g. Employing shorthand notations for Fourier trans-
form Ĝ(β ) = F[G](β ) = F[G(α)], and its inverse transform
Ǧ(α) = F−1[G](α) = F−1[G(β )], here the state at the re-
ceiver becomes

E

[
Wρ

(
α0 +

n∑
k=1

skαk

)]

= E[F−1(e−iβT
0

∑n
k=1 skαkŴρ (β0))]

= 1

2π
[ fn ∗ Wρ](α0), (38)

where

fn(α0) = E[F−1(e−iβT
0

∑n
k=1 skαk )]. (39)

From Eq. (38) one can interpret the function fn as a noise
filter function where the convolution inside represents a de-
formation of the target object by the noise and modification
we implemented.

At this point let us note two directions one can handle this
issue. First, since the condition for perfect noise suppression
can be written as

fn(α) = 2πδ(α) = 2πδ(x)δ(p), (40)

the Dirac distribution on the phase space, the direct approach
is to modulate the filter function to achieve such a condition.
Indeed, one can also consider various sequences s1, . . . , sn
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apart from what we discussed, and manipulation thereon, and
attempt to modify the convolution function to achieve or at
least approximate the delta distribution. Another direction
is that, instead of engineering a noise cancellation protocol,
one can use the scheme above as a noise spectroscopy, by
injecting a known target state ρ and employing availability to
adjust s1, . . . , sn, and construct a collection of filter functions
fs1,...,sn . Later, one can use such a collection of filter functions
as a template for the reconstruction of an unknown target state
in the original problem. We left the second perspective for
further investigation and discussed only the first scenario.

To demonstrate the procedure of noise suppression, we
consider an important class of noise distributions, e.g., Gaus-
sian noise, where every moment can be characterized by first
and second moments [34]. Furthermore, without loss of gen-
erality, we assume that the distribution μ is balanced in such a
way that E(αk ) = 0 for k = 1, . . . , n, hence all odd moments
are also 0. It follows that

fn(α0) = E[F−1(e−iβT
0

∑n
k=1 skαk )]

= F−1

(
exp

{
−1

2

∑
kk′

sksk′E
[(

βT
0 αk
)(

βT
0 αk′

)]})
,

(41)

= F−1

[
exp

(
−1

2
βT

0 �nβ0

)]
, (42)

where

�n =
(

An Cn

Cn Bn

)
, (43)

An = 1

4

∫ |λ|

0
d


∫ |λ|

0
d
′Fn(
)Fn(
′)

× E(α
α
′ + α∗

α
′ + α
α

∗

′ + α
α
′ )

=
∫ |λ|

0
d


∫ |λ|

0
d
′Fn(
)Fn(
′)E(x
x
′ ), (44)

Bn = −1

4

∫ |λ|

0
d


∫ |λ|

0
d
′Fn(
)Fn(
′)

× E(α
α
′ − α∗

α
′ − α
α

∗

′ + α
α
′ )

=
∫ |λ|

0
d


∫ |λ|

0
d
′Fn(
)Fn(
′)E(p
 p
′ ), (45)

Cn = − i

4

∫ |λ|

0
d


∫ |λ|

0
d
′Fn(
)Fn(
′)E(α
α
′ − α
α
′ )

= 1

2

∫ |λ|

0
d


∫ |λ|

0
d
′Fn(
)Fn(
′)E(x
 p
′ + p
x
′ ), (46)

and

Fn(
) =
{−1, 
k−1 < 
 � 
k, k is odd,

1, 
k−1 < 
 � 
k, k is even.
(47)

Suppose that the covariance matrix �n can be made positive
definite, and the filter function can be reduced to [1]

fn(α0) = 1

2π
√

det(�n)
exp

[
−1

2
αT

0 �−1
n α0

]
. (48)

Note that when the matrix �n is not positive definite one
can still have filter function Eq. (39) but will not admit the
simple form Eq. (48). With this form at hand, it is transparent
that to approximate the perfect decoupling form of the noise
Eq. (40), one needs to modulate the filter in such a way that
det(�n) becomes smaller as n increases, providing a Gaussian
smearing for the ideal filter Eq. (40).

For illustration, let us consider a noise described by a
compound Poisson process (CPP) α(
) =∑N (
)

j=1 ξ j , where
{N (
) : 
 > 0} is a Poisson process of random jump number
with a rate η, and {ξ j : j � 1} obeys identical independent
Gaussian distribution (i.i.d. Gaussian) of phase space variable
with the mean 0 and the variance σ 2

0 . Assume that the number
of interventions n is larger than the number of jumps N (|λ|)
and assume that the jump only occurs at the intervention point

k on the path λ. Let us consider two extreme situations when
the number of jumps is equal to the number of interventions,
i.e., N (|λ|) = n, and the case when there are no jumps at all,
i.e., N (|λ|) = 0. For the first case since {ξ j : j � 1} is i.i.d.
Gaussian, one can follow the derivation Eqs. (39)–(48) and
obtain

fn(α0) = 1

2n(δ
)2πσ 2
0

e−|α0|2/2n(δ
)2σ 2
0 ,

where we assume that the interval between two adjacent time
steps is equal to δ
 = |λ|/n. For the second scenario, for
an even number of interventions n one can obtain the ideal
filter Eq. (40) since the term

∑n
k=1 skαk = α1

∑n
k=1 sk = 0 in

Eq. (39). For the odd n, one has
∑n

k=1 skαk = α1, and by
following the derivation Eqs. (39)–(48) one obtains

fn(α0) =
{

2πδ(α0), n is even,
1

2π (δ
)2σ 2
0

e−|α0|2/2(δ
)2σ 2
0 , n is odd.

(49)

The second extreme configuration above exemplifies the sit-
uation when one can expect a perfect decoupling since the
ideal filter Eq. (40) can be achieved. For the CPP case when
the number of jumps is Poisson distributed, one may not
expect the ideal filter distribution due to the interference of the
structure of the Poisson process. We skip the detailed analysis
and consider the related numerical examples in Sec. V. In the
following, we revisit the noise decoupling scheme introduced
in Sec. III A and show that the principle behind our proposed
protocol is simply the same as in the dynamical decoupling
scheme.

D. Noise decoupling perspective

Here, let us discuss the noise decoupling for the manip-
ulation scheme above. The introduction of the intervention
operations Eq. (31) is not arbitrary and the ability to modulate
noise to nullity is based on the principle of noise decoupling
introduced in Sec. III A. Note that for the displacement noise
D(α), the noise space IS (previously called interaction space)
is generated by operators x̂ and p̂ (or equivalently â and â†). It
is clear that, by definition, all displacement operators are the
elements of IS. The control space CS is generated by a group
GD = {1, �̂}, where 1 is an identity operator and �̂ is a parity
operator defined by �̂ψ (x) = ψ (−x) or �̂ϕ(p) = ϕ(−p) for
any wave functions ψ (x) or ϕ(p) [32,49,50]. As an action on
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the displacement operators, we have

�̂D̂(α)�̂ = D̂(−α) = D̂†(α) (50)

for arbitrary α.

The group theoretic average of the generators of the dis-
placement noise operators consequently reads

1
2 (1x̂1 + �̂x̂�̂) = 1

2 (1p̂1 + �̂ p̂�̂) = 0. (51)

In other words,
1

|GD|
∑

ĝ j∈GD

ĝ†
jISĝ j = 0, (52)

which is analogous to the special case in the original dynam-
ical decoupling protocol Eq. (22). By this argument, one can
have a decoupling scenario analogous to Eq. (20) when one
supposes a similar limit to the former expression. One can
notice that the condition Eq. (51) is simply an analog of the
group average in the Hanh spin echo experiment Eq. (23).
Here, the displacement in phase space is similarly inverted by
the parity operator as the spin precession direction is inverted
in the Hahn spin echo experiment.

We observe that the manipulation operators in Eqs. (31)–
(33) are indeed operations associated with elements of GS,

namely,

Nk =
{
1 · 1, even k,

�̂ · �̂, odd k,
, Mk =

{
�̂ · �̂, even k,

1 · 1, odd k,

(53)

for k = 1, . . . , n − 1, A0 = �̂ · �̂ and

An =
{

�̂ · �̂, even n,

1 · 1, odd n,
; (54)

in other words, one can simply set

Ak = �̂ · �̂ (55)

for k = 0, . . . , n. In this sense, the state at the receiver Eq. (38)
simply represents a counterpart of evolved state ρ(NTC ) in-
troduced in Sec. III A, where the noise generators Ĝω(
)
correspond to time-dependent Hamiltonians, which is more
general than the simple scenario in Sec. III A.

In the same inscription of ρ(NTC ), one can think of the
path parameter 
 as the time parameter t, the average over
noise degrees of freedom E as the partial trace over (classical)
bath degrees of freedom, and most importantly, the elemen-
tary noise operator Eq. (26) is analogous to the total time
evolution Ûtot (NTC ) where the interventions as in Eq. (29)
exhibit a control mechanism. Here, one can set TC = |GD| = 2
and n = NTC = 2N for some N. Recalling that Ĝωk = αkâ −
α∗

k â† for the displacement noise, Eq. (30) can be written as a
conjugation of the unitary operator

exp

(
N∑

m=1

∑
ĝk∈GD

ĝ†
kĜωk+2m−1 ĝk

)
= exp

(
N
∑

ĝk∈GD

ĝ†
kGkĝk

)
,

(56)

where Gk = 〈αk〉â − 〈αk〉â† with

〈αk〉 = 1

N

N∑
m=1

αk+2m−1. (57)

For path-parameter-independent generators, i.e., Ĝω(
) =
Ĝω(
′) for 
 �= 
′ or, consequently, αk = αk′ for k �= k′, it is
clear that the manipulated noise operator equals to an identity
channel for any number N, with the help of Eq. (52). Namely,
for path-independent displacement noise, the noise can be de-
coupled and suppressed completely by only one intervention
in the middle of the communication path. This resembles the
special case Eq. (20) as claimed.1

For path-dependent generators, although the complete sup-
pression of the noise might not always be the case, one can
still find situations for which the suppression holds. For in-
stance, assuming that the noise is ergodic and E(αk ) = E(α)
for all k (e.g., stationary), within the limit N → ∞, one can
claim that the time steps average of the noise parameters
Eq. (57) is identical to configuration average E(α) [51,52].
As a result, one can say that

lim
n→∞

n∏
k=1

Ak ◦ D(αk ) = I (58)

for Ak is given in Eq. (55) and when the noise is ergodic and
stationary.

Finally, we note that the similar analysis above can also be
extended to a more generic case with general interventions
Eq. (29). In particular, by setting TC = |G| for some con-
trol algebra such that the relation Eq. (52) holds and setting
n = NTC = N |G|, the manipulated noise operation in such
expression can be described as a conjugation of

Tλ exp

(
N
∑

ĝk∈GD

ĝ†
kGωk ĝk

)
, (59)

where Gωk = 1
N

∑N
m=1 Ĝωk . Here, by assuming that the noise

is ergodic and
∫
�̃

dμ̃Ĝωk = ∫
�̃

dμ̃Ĝω for all k (e.g., station-
ary), it follows that limN→∞ Gωk = ∫

�̃
dμ̃Ĝω, and by the

vanishing of average noise operator Eq. (52), one could expect
that

lim
n→∞

(
n∏

k=1

Ak ◦ Uωk

)
◦ A0 = I. (60)

The next section will discuss this scenario, as well as its
related spectroscopy filters, for the squeezing noise and the
combined noise introduced in Sec. II B.

IV. NOISE DECOUPLING PROTOCOLS FOR SQUEEZING
NOISE AND COMBINE NOISE

We have demonstrated the implementation of the DD pro-
tocol for the case of displacement noise. We will show that a
similar picture can be obtained for the squeezing noise with
real parameters. We further illustrate that, under the condition
that the control operations can be inserted arbitrarily fast
and the noise is stationary, one can also obtain a complete
decoupling in the asymptotic limit for the generic squeezing

1Note that the limit in Eq. (20) arises from perturbation formalism,
while in our case Eq. (56) automatically holds by the additivity
property of the displacement operators.
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noise and the noise generated by any quadratic polynomial
in creation and annihilation operators. Lastly, we give an
overview of a possible extension of the protocol to the case
for the noise operators generated by a polynomial in creation
and annihilation operators of a degree higher than two.

A. Manipulation on squeezing noise with real
positive squeezing parameters

Now let us consider the cases when there is only squeezing
noise, where we propose a control set inspired by the noise
decoupling perspective and then discuss the manipulation
in Wigner representation including filtering mechanism and
noise spectroscopy. We begin with the average of noise space
IS, which is, in this case, generated by â2 and (â†)2. Now we
consider

GS = {1, R̂ π
2

= e−iπ ââ†/2} (61)

as a control set.2 The average of the noise space for the set GS

is zero, i.e.,

1

|GS|
∑

ĝ j∈GD

ĝ†
jISĝ j = 0, (62)

since for a real number ω, eiωââ†
âe−iωââ† = eiωâ; or

1
2 (1â21 + R̂†

π
2
â2R̂ π

2
) = 1

2 (1(â†)21 + R̂†
π
2
(â†)2R̂ π

2
) = 0. (63)

In other words, the control set GS can be used to modify
squeezing noise, and a similar decoupling scheme within the
same spirit can be formulated as in the displacement noise.

From the operation picture, similar to the action of �̂,

which reverses displacement operators, the rotation R̂ π
2

does
reverse squeeze operators, i.e.,

R̂†
π
2
Ŝ(z)R̂ π

2
= Ŝ(−z) = Ŝ†(z), (64)

regardless of the parameter z. We will use this identity to
construct a filter similar to the case of displacement noise. To
do so, for the squeezing noise with manipulation

An ◦ S (zn) ◦ An−1 ◦ S (zn−1) ◦ · · · ◦ A1 ◦ S (z1) ◦ A0, (65)

one can set

Ak =
⎧⎨⎩R̂ π

2
· R̂†

π
2
, even n,

R̂†
π
2

· R̂ π
2
, odd n,

(66)

for k = 1, . . . , n, and A0 = R̂ π
2

· R̂†
π
2
. Specifically, in paral-

lel with the displacement noise, we define Mk and Nk via
Ak = Mk ◦ Nk for 2 � k � n − 1, and choose

Nk =
{
1 · 1, even n,

R̂†
π
2

· R̂ π
2
, odd n,

, Mk =
{

R̂ π
2

· R̂†
π
2
, even n,

1 · 1, odd n
(67)

2In principle, to make a clear comparison to the noise decoupling
scheme, one should consider a cyclic group {1, R̂ π

2
, R̂ 3π

2
, R̂π }. Al-

though the set GS is not a cyclic group, it suffices to consider this set
for the control of squeeze operators since the squeeze operators have
twofold symmetry, making the action of R̂2

π
2

similar to that of 1, and

R̂3
π
2

to R̂ π
2
, respectively.

for k = 1, . . . , n − 1, and A0 and An are defined as above.
Finally, we arrived at

S (snzn) ◦ S (sn−1zn−1) ◦ · · · ◦ S (s1z1), (68)

where sk = (−1)k for k = 1, . . . , n.

However, unlike the displacement noise, without further
assumption, Eq. (68) cannot be combined trivially into a
squeeze operation with a parameter comprising the parts.
Hence, from now on, we focus on real positive parameters
zk = γk > 0, and later will consider an approximation for
general squeezing parameters within an appropriate limit. We
write

S (snγn) ◦ S (sn−1γn−1) ◦ · · · ◦ S (s1γ1) = S
(

n∑
k=1

skγk

)
.

(69)

Clearly, for the path-independent noise, only one intervention
or n = 2 suffices to decouple the noise from the state at
the receiver. For the path-dependent noise, without limiting
procedure, it leads to a convolution between the target state
and a filter function constituted by noise operations and our
modification operations.

Recall that

TS(
∑n

k=1 γk )[Wρ](α0) = Wρ (e−�n x0, e�n p0), (70)

where �n =∑n
k=1 skγk . For the filter picture in this case one

may write

E[Wρ (e−�n x0, e�n p0)] = 1

2π
[ fn ∗ Wρ](x0, p0), (71)

where for x �= 0 and p �= 0,

fn(x, p) =
∫ ∞

−∞

∫ ∞

−∞
e−i(r ln |x|+t ln |p|)E[ei�n (r−t )]drdt, (72)

otherwise, we write

fn(x, p) =

⎧⎪⎪⎨⎪⎪⎩
∫∞
−∞ e−it ln |p|E[ei�nr]dt, x = 0 and p �= 0,∫∞
−∞ e−ir ln |x|E[e−i�nt ]dr, x �= 0 and p = 0,

1, x = p = 0.

(73)

The form of the filter function here is obtained simply by
changing variables from (x, p) to (u, v) = (ln |x|, ln |p|) for
x �= 0 and p �= 0, followed by performing Fourier transform
concerning new variables and using the same analysis as in the
case of displacement noise. We skip the detailed analysis of
the filter functions and revisit the cases of nonadditive noise.

B. Manipulation on squeezing noise with complex
squeezing parameters

For squeezing noise with complex parameters, as previ-
ously discussed, one can no longer employ the additivity of
the actions on phase space in the case of positive real param-
eters. To overcome this issue one needs to consider large n
limit, or equivalently when the quantity δ
 = max1�k�n(
k −

k−1) approaches zero. With this one can sloppily suppose a

032404-9



FATTAH SAKULDEE AND BEHNAM TONEKABONI PHYSICAL REVIEW A 109, 032404 (2024)

Trotter-like limit for Eq. (68) as

n∏
k=1

S (skzk ) ≈ S
(

n∑
k=1

skzk

)
(74)

for large n. Following this, one can derive a filter for the noise
similar to the case of positive squeezing parameters.

In general, the relation Eq. (74) may not hold since the
operators involved in the actions are unbounded. However, the
range of the parameters is controlled by the distribution μ̃,

which is usually supposed to concentrate in some relevant re-
gion, and provides a reasonable approximation for the relation
Eq. (74). Roughly speaking, by setting R = max1�k�n |zk|, the
difference between the left- and righthand sides in Eq. (74) is
controlled by O{exp[R2(δ
)2]}. The contribution from large
R2 is suppressed by the small mass μ̃ around its region while
the the contribution (δ
)2 vanishes within the limit. In other
words, for squeezing noise with complex parameters, it is
possible to choose a set of parameters to achieve the filter
picture for the noise decoupling scheme via Eq. (74), at least
in the sense of approximation.

C. Displacement and squeezing combine noise and observations
on non-Gaussian noise

Now let us briefly discuss the condition for the generic
noise in our model Eq. (5). First, recall the form of generator
Eq. (6),

Ĝ(α
, z
) = [ 1
2 (z∗


 â2 − z
(â†)2) + (α
â† − α∗

 â)]. (75)

It can be seen that the noise space IS is generated by
{â, â†, (â)2, (â†)2}. We define

G = {1, R̂ π
2
, R̂π , R̂ 3π

2
}, (76)

leading to

1

|G|
∑
ĝ j∈G

ĝ†
jISĝ j = 0, (77)

and hence G can be termed as a control group for the generic
noise in our model. Note that control operators in the cases
of displacement noise and squeezing noise are also generated
by G. By employing the control operators from the group G
and using the limiting procedure similar to Eq. (74), one will
be able to formulate a similar analysis as in the displacement
noise, e.g., noise decoupling picture Eq. (60) or the filter for
noise spectroscopy Eq. (38).

Lastly, let us consider a possible extension of the noise be-
yond the second order in creation and annihilation operators—
non-Gaussian noise. For Gaussian noise (our model), one can
see that the control space is simply generated by a cyclic
group of rotation with fundamental angle π

2 . Now we show
that one can construct a control group for non-Gaussian noise
also from this principle. In particular, let us consider a noise
operator Eq. (5) with the replacement of the elementary gen-
erators by

Ĝ(bm, . . . , b1) =
m∑

k=1

[bk (
)âk + b∗
k (
)(â†)k], (78)

a degree m polynomial in the creation and annihilation op-
erators with (random) complex coefficients bk (
) and b∗

k (
)
for k = 1, . . . , m. The noise space in this case is generated
by {âk, (â†)k}m

k=1. Now we set ĝ1 = R̂ π
m

= e−iπ ââ†/m and the
group

G = {ĝj
1 = R̂ jπ

m

}2m−1

j=0 , (79)

generated by g1. Since ĝ†
1âĝ1 = eiπ/mâ, it follows that

2m−1∑
j=0

(ĝ†
1) j (â)pĝj

1 =
(

1 − e2ipπ

1 − eipπ/m

)
âp = 0

for p � m. Hence, we will have

1

|G|
∑
ĝ j∈G

ĝ†
jISĝ j = 0, (80)

or the group G here can be considered as a control group for
the noise with the generators Eq. (78) as claimed.

V. NUMERICAL EXAMPLES

In this section, we test our protocol numerically. We con-
sider a channel with total length |λ| and numerically calculate
the dynamics of ρ(
), for 
 ∈ [0, |λ|], under the effect of noise
and the external control intervention. Initializing our system
in a pure state results in a mixed state ρ(
) due to the noise.
To quantify the effect of the noise, we calculate the fidelity of
ρ(
) compared to ρ(0) via

F (
) : = F [ρ(
), ρ(0)]

=
(

Tr
√√

ρ(
)ρ(0)
√

ρ(
)
)2

. (81)

In the ideal case, i.e., in the absence of noise, ρ(
) = ρ(0)
and the fidelity is 1 for all 
. Because noise reduces fidelity,
the aim is to demonstrate that our control protocol results in
higher fidelity than the no-control scenario.

For the sake of simplicity, we choose that the initial state
is a vacuum state with density operator ρ(0) = ρvac = |0〉〈0|;
this state represents the ground state of a harmonic oscillator.
The Wigner function of ρvac is a symmetric Gaussian function
with standard deviation σ0 as

Wρvac (x, p) = 1

π
e
− x2+p2

2σ2
0 . (82)

In the following subsections, we will look at displacement
noise, squeezing noise, and the combination of both. We quan-
titatively examine our control protocol in each instance.

A. Displacement noise

In this subsection, we consider that the noise is only a
random displacement noise D̂(ζ ), such that by knowing the
state ρ(
), we calculate the state at 
 + d
 via

ρ(
 + d
) = D̂(ζ )ρ(
)D̂(ζ )†, (83)

where ζ is a random complex number: ζ = ζr + iζ j . We
model the noise by taking ζr and ζ j to be random real val-
ues from a CPP. The use of CPP entails that we assume
ζ jumps between different values and is constant between

032404-10



NOISE DECOUPLING FOR STATE TRANSFER … PHYSICAL REVIEW A 109, 032404 (2024)

FIG. 2. Numerical demonstration of noise suppression of ran-
dom displacement. The top row shows the Wigner function of (a) the
vacuum state, the initial state at 
 = 0, (b) the average of 200 trajecto-
ries of the final state in the lack of intervention at 
 = |λ|, and (c) the
average of 200 trajectories of the final state with the intervention at

 = |λ|. Note that the asymmetry in (b) is due to the finite number
of trajectories. The dashed circle is a contour for the vacuum state
where the Wigner function is at 10% of its maximum. We resketched
the same circle on (b) and (c) for ease of comparison. (d) Fidelity
between the state at 
/|λ| and initial state. Blue represents fidelity
without intervention and green represents intervention. Thin lines
are for individual trajectories of noise and the blue(green) thick line
shows the average fidelity without(with) intervention.

jumps. In terms of Wigner function dynamics, this means that
the Wigner function moves in the direction of ζ for some
time and a jump in ζ is associated with changing direction.
Moreover, CPP is defined by a rate η that determines how
quickly the values of ζr and ζi change, and a probability
distribution function (pdf) from which new ζ ’s are chosen.
In our numerical simulation, we employ a Gaussian pdf with
a standard deviation of σ � σ0. Furthermore, we choose a
slowly varying noise with η � 0.3.

The effect of such displacement noise on a vacuum state
is shown in Fig. 2, where its subfigure (a) shows the Wigner
function of the vacuum state and the dashed circle is a contour
where the Wigner function is at 10% of its maximum. Fig-
ure 2(b) shows the Wigner function of average density matrix
ρ(|λ|), where the average density matrix is defined as

ρ(
) =
M∑

ζ=1

ρζ (
). (84)

Here, in our numerical calculation, we choose η = 0.2 and
σ = 0.05. We averaged over M = 200 noise realizations. The
thin blue lines in Fig. 2(d) show the fidelity of ρ(
), compared
to ρ(0) for 200 noise trajectories, and the thick blue line is the
average fidelity. As a result, the numerical calculation shows
a rapid drop in fidelity due to random displacement noise.

To suppress the noise, we use our protocol and apply multi-
ple interventions, such that in the presence of an intervention,

FIG. 3. Demonstration of noise suppression of random squeez-
ing noise. The details are the same as Fig. 2.

Eq. (83) becomes

ρ(
 + d
) = D̂(ζ )Âρ(
)Â†D̂(ζ )†, (85)

where Â is either 1 or �̂ following Eq. (54).
Figure 2(c) depicts the Wigner function of ρ(|λ|) when 50

interventions have been applied. The similarity of the Wigner
function with the initial state’s Wigner function is apparent.
Furthermore, thin green lines in Fig. 2(d) show F (
) for 200
noise trajectories that involve intervention, and the thick green
line is the average of them. Using our intervention strategy
obviously resulted in improved fidelity. One can also observe
that perfect fidelity cannot be achieved in our numerical exam-
ple. This can be seen from the expression Eq. (38), where one
can achieve perfect decoupling only when the effective filter
function is a delta distribution, which is not the case in our
example. However, it is suggested that our decoupling proto-
col can modify the states and suppress the noise contribution,
reflecting the increase in fidelity.

B. Squeezing noise

In this subsection, we investigate our suppression protocol
for squeezing noise. We first consider the case where only the
squeezing noise Ŝ(ξ ) is present, i.e., no displacement noise.
We write a similar equation to Eq. (83) for the effect of the
squeezing noise as

ρ(
 + d
) = Ŝ(ξ )ρ(
)Ŝ(ξ )†. (86)

The controlled state with intervention follows

ρ(
 + d
) = Ŝ(ξ )Âρ(
)Â†Ŝ(ξ )†, (87)

where here Â is either π
2 rotation or −π

2 following Eq. (66).
For the sake of illustration, we consider that ξ is a ran-

dom real number. This can be easily generalized to complex
numbers. Moreover, similar to displacement noise, we con-
sider CPP for ξ with a rate 0.2 and a Gaussian pdf with
a standard deviation 0.1. Figure 3 shows the result of our
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FIG. 4. Demonstration of noise suppression of combined dis-
placement and squeezing noise. The details are the same as Fig. 2.

numerical calculation for squeezing noise and its suppression
using our protocol. Similar to the displacement case, the top
subfigures—from left to right—show the Wigner function of
the initial state, a final state without intervention, and a final
state with the noise suppression protocol. Figure 3(d) shows
the fidelity F (
) for different noise trajectories without(with)
intervention in thin blue(green) lines, and the thick lines are
the average fidelity. Similar to displacement noise, our nu-
merical calculation demonstrates that our noise suppression
protocol results in improved fidelity.

Now, we consider the scenario where both displacement
and squeezing noise are presented. The dynamics of the sys-
tem without interventions follows

ρ(
 + d
) = D̂(ζ )Ŝ(ξ )ρ(
)Ŝ(ξ )†D̂(ζ )†, (88)

and the dynamics with interventions follows

ρ(
 + d
) = D̂(ζ )Ŝ(ξ )Âρ(
)Â†Ŝ(ξ )†D̂(ζ )†. (89)

In this case, following the discussion in the previous section,
we use intervention elements defined in Eq. (76). The result
is shown in Fig. 4. Because both types of noise are present in
this simulation, we lowered the standard deviation by a factor
of

√
2; this makes the comparison fair. Again, our numerical

shows improvement in fidelity using our suppression protocol.

C. Effect of number of interventions

In all previous numerical demonstrations, we used n = 50
interventions for each realization of the noise. Here, we run
the simulation of our noise suppression protocol for a range
of n from 1 to 100, using 100 noise realizations, and calculate
the average final fidelity, i.e., F (|λ|). Our result is shown in
Fig. 5, where the points are our numerical simulation and solid
lines are logistic curve fits of the points. As we expect, by
increasing the number of interventions, the average fidelity
gets closer to its theoretical maximum 1. Note that we choose
a logistic curve fit to guide the eye and do not provide any
analytical reason for such a curve. Finding the actual curve

FIG. 5. This shows improvement of fidelity vs the number of
interventions for squeezing noise (orange squares), Displacement
noise (blue circles) and combined displacement and squeezing noise
(green triangles). Data points are the result of the simulation and
solid lines are logistic curve fit to data.

might be useful for experimental consideration of our proto-
col, although we leave this for future investigation.

VI. CONCLUSIONS

We considered state transfer problems with continuous
variables where the channel by which the state passes is noisy.
This problem is inspired by quantum communication by using
continuous degrees of freedom in real physical settings, e.g.,
a photon carrying information via optical fiber or free space
communication between satellite and ground stations, where
in both cases one can expect a distortion of the signals by the
noise from the medium. We modeled such noise as a random
mixture of unitary operations. The noisy propagators of the
state can be interpreted similarly as random unitary channels,
where in this case we employ the path length as a dynamical
parameter. We introduced a noise decoupling protocol based
on this analogy, where we suppose that the path between
the transmitter node and the receiver node can be intervened,
allowing us to insert control operations to modify the effective
generator of the propagators in such a way that the effect of
the noise vanishes, i.e., to achieve an identity channel.

We provided detailed analyses for the noise channels gen-
erated by linear and quadratic polynomials of creation and
annihilation operators. We observed that the target state can
be recovered for the general noise profile when the random
variables do not depend on the path length, while for the case
with path-dependent but ergodic and stationary noise, such
a situation can be achieved for fast interventions. Further-
more, in principle, a similar analysis can be extended to the
case of higher-order polynomial generators. We demonstrated
our results numerically, where one can see the increase in
fidelity improved by the proposed interventions. This suggests
a promising technique of noise decoupling protocols to im-
prove the efficiency of communication tasks in real physical
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settings, e.g., fiber and free space communications, as previ-
ously mentioned.

Finally, we remark here that, in our noise model and the
similar model literature, the noise comprises two components:
the noise generators and the noise profile. The dynamical
decoupling technique only deals with the noise generators
and analytically avoids the errors caused by the noise char-
acteristics by using the limit procedure and the consideration
in an asymptotic regime. In practice, this type of error is
important and has been studied in the field of quantum control
for several decades in the name of dynamical pulse optimiza-
tion. A similar limitation of the technique remains in the CV
case; we can find a control group for, i.e., non-Gaussian noise
generators; however, to enable the complete decoupling in the
generic scenario, one needs to employ the limit procedure,
e.g., the Trotter product-like approximation, and has to ac-
cept the practical error given by the approximation. In this
work, we have shown that the basic principle of dynamical

decoupling can be applied and one can find control sets for
higher-order noise generators. It is then interesting to consider
transferring techniques such as control optimization from dy-
namical decoupling to noise decoupling in CV systems and
develop a practical noise decoupling protocol in CV com-
munication systems. We left these open questions for further
studies.
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