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Nonrelativistic spatiotemporal quantum reference frames
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Quantum reference frames have attracted renewed interest recently, as their exploration is relevant and
instructive in many areas of quantum theory. Among the different types, position and time reference frames have
captivated special attention. Here, we introduce and analyze a nonrelativistic framework in which each system
contains an internal clock in addition to its external (spatial) degree of freedom and, hence, can be used as a
spatiotemporal quantum reference frame. We present expressions for expectation values and variances of relevant
observables in different perspectives, as well as relations between these quantities in different perspectives in
scenarios with no interactions. In particular, we show that even in these simple scenarios the relative uncertainty
between clocks affects the relative spatial spread of the systems.
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I. INTRODUCTION

In nonrelativistic classical mechanics, space and time are
absolute entities, existing independently of any physical ob-
ject. Time serves as a parameter according to which a physical
system evolves, and it is the same in every reference frame.
Investigation of electrodynamics, followed by the formula-
tion of Maxwell’s equations, caused some friction with this
notion. Maxwell’s equations are invariant not under Galilean
transformations but under Lorentz transformations, which do
not keep time as a universal parameter. Taking the operational
view that time is what is measured by clocks and clocks
are also subject to the laws of physics, Einstein resolved
the dispute between these two conflicting ideas by showing
that mechanical systems should also transform according to
Lorentz transformations. As a consequence, time is not the
same in every reference frame.

In nonrelativistic quantum mechanics of a single particle,
time serves as a Newtonian universal evolution parameter,
while the spatial coordinate becomes an operator associated
with a measurable quantity. Although the issue is more subtle
in the case of multiple particles, in which the systems live in
configuration space, this asymmetry signals a tension with the
theory of special relativity, where time and space are treated
on equal footing in Minkowski spacetime. This tension arises
from the lack of invariance properties within the algebra of
operators [1,2]. Relativistic versions of quantum mechanics
(Klein-Gordon and Dirac), where the number of described
particles and, hence, the number of degrees of freedom are
fixed, suffer from various problems and inconsistencies. So
far, the most successful and powerful theory that combines
both principles of quantum mechanics and special relativity is
relativistic quantum field theory (RQFT). In RQFT, space and
time coordinates are parameters and fields become operators
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describing an infinite number of degrees of freedom, while
particles are field excitations.

Moreover, in nonrelativistic quantum mechanics, there
have been discussions about the introduction of a time observ-
able since the early days of the theory, including the known
objection by Pauli [3], which can be resolved with the use
of positive operator-valued measures [4,5]. The possibility of
such an operator was discussed in terms of Heisenberg cut in
Ref. [6]. Alternative approaches related to these discussions
attempt to combine quantum mechanics with special relativity,
e.g., the study of relativistic quantum dynamics, introduced
by Steuckelberg in 1941 [7] and further developed after that
[8—10]. In these approaches, time becomes an operator asso-
ciated with a measurable quantity, called coordinate time, just
like space coordinates. However, in addition, these approaches
introduce an extra invariant and universal time parameter,
which is sometimes called historical or universal time and
serves as an evolution parameter like the one in nonrelativis-
tic classical and quantum mechanics. Using this framework,
several systems were described, e.g., relativistic Coulomb-like
and harmonic oscillator potentials [11] and relativistic space-
time string [12].

In this paper, the relevant approach for time is the Page
and Wootters framework [13]. Differently from Steuckel-
berg’s approach, the Page and Wootters framework introduces
relational dynamics from the constraint given by the Wheeler-
DeWitt equation with the use of clock systems. This
framework has gained considerable attention lately [14-30]
in the larger context of quantum reference frames [31-43],
where even the notion of a subsystem may depend on the
choice of reference frame [44]. We combine it with the
concept of spatial quantum reference frames (SQRFs). Specif-
ically, we consider a system of N particles, each with an
internal clock degree of freedom. This allows us to study the
expression for expectation values and variances of relevant
observables in a given perspective as well as relations be-
tween these quantities in different perspectives. As a particular
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consequence of this analysis, we show that relative uncertainty
between clocks generally affects the spatial distribution of
systems in a given perspective.

The remainder of this paper is structured as follows. In
Sec. II we briefly review the basics of spatial and temporal
reference frames. With this, we introduce our framework in
Sec. III, following up with an analytic study of expectation
values and variances of relevant observables in Sec. IV. Next,
in Sec. V we present some consequences implied by the anal-
ysis in Sec. IV. Finally, we conclude our paper and present
some prospective ideas in Sec. VI.

II. PRELIMINARIES

The fundamental concept behind this paper is the notion
of a frame of reference. In studies related to it, we typically
have a number of systems, some of which can be used as a
reference frame to describe the physics of the others. Before
any further consideration is made, the Hilbert space H",
called the kinematical Hilbert space, can be constructed as
a tensor product of the Hilbert space associated with each
individual system.

However, at this stage, a reference frame has not been
chosen yet, and the system must satisfy a constraint (or a list
thereof). We will consider in this paper the case with first-class
constraints. Then, not every vector in "™ will represent a
possible physical state [45]. This is the case because, in the
presence of a constraint C, we are interested in a subset of
vectors |W)PYS of the total space satisfying C|W)PYs = 0.
The resultant space of states that satisfy the constraint is the
physical Hilbert space HPM. Using the technique known as
group averaging [46-50], observe that, given |W)kn g 7{Kin,
the vector §(C)| W)X, where

5(C) = i/ ds ¢, (1)
2 Ge

satisfies the constraint C and, if no further constraints apply,

belongs to HP™*, In the above expression, G¢ refers to a set

of values that depend on the constraint C.

Within HP™s, there still exists a multiplicity of descriptions
of the systems since a frame of reference has not been chosen
yet. It turns out that this is a type of gauge freedom, and
choosing a frame is equivalent to fixing a gauge [40,51].

In this paper, we combine spatial and temporal quantum
reference frames. To better organize the presentation and
make the discussion less abstract, we first briefly review some
basics of each of them.

A. Spatial quantum reference frames

Consider a system of three particles, each with position
X; and momentum p;, where I € J and J := {A, B, C}. The
kinematic space associated with the joint system is HX" =
Ha ® Hp ® Hc- Since the idea is to use any of the particles as
a position reference frame, it is, in a sense, natural to impose
the momentum constraint [40]

Pr|W)Phs =0, 2)

where Pr = > 1e5 P1- The inclusion of this constraint implies
that the coordinates X; do not have a meaning by themselves.

B

S

FIG. 1. Illustration of a spatial perspective-dependent descrip-
tion when particle A is chosen to be a reference frame.

Instead, only their relative values with respect to each other
have a meaning. _
An arbitrary state in #*" can be written as

|k = /dpAdpsdpc\IJki“(pA,ps,pc)lpA,pg,pc>

= / dPy " (P)|P), 3)

where we have introduced P :={p;; [ € J} and dP =
]_[,ej dp;. However, because of the constraint in Eq. (2), a
physical state is of the form

WP = / dpaVi(PO\=Pis PA) e (4a)
= f dpsVs(ps)|—Pps P5) gy (4b)
= dewd@—pc,@m, (40)

where pg i= ;55 P1 forevery S € J, pg := P\ {ps}, and
Vi(pa) = W "(=pg. pg. po),
Ya(pp) = V" (pa. —pp. pe).
Ye(pe) = V" (pa, ps. —pe), (5)

or, in general,

Yi(pp) = / dp8(Pr)W " (P). (6)

Each of the three expressions in Eq. (4) includes a degree
of freedom that is now redundant, which is associated with
expressing |W)PMY from the perspective of different particles.
In case one of these perspectives is chosen, say, A’s per-
spective in Eq. (4a), this redundancy can be removed with
a projection onto |x4 = 0) [40], as illustrated in Fig. 1. The
resulting reduced state [y5) == /27 (x4 = O|W)PD* is

V) = /d@w(@)@), (7

which belongs to Hp ® H¢e and can be constructed. It is
noteworthy that x4 is a fixed parameter that can be arbitrarily
chosen. The choice of x4 = 0 is generally made for conve-
nience.

The inner product between |W)P"Ys and |®)P™S can be de-
fined as [40,48,49,51]

(WP @PYs) = KW [§(Pr )| D). (8)
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This construction is consistent with the usual requirement of
having a normalized wave function (in a given frame) and,
moreover, is independent of the choice of perspective. Indeed,
in momentum representation, the physical inner product can
be written as

(s, q,phyS)phys = / d&l/f,;f(&)d’fi(&)
- /d@vf;(@)%(@)

= / dpevi(pe)de(pe). )

Now, suppose the joint system composed of A, B, and C has a
dynamics governed by the Hamiltonian

A=) 3 ﬂ + Y V@ —&). 10

Ied 1,JeTI>J

In A’s reference frame, it becomes

ZPI

I;ﬁA

M +VGe k). (D)

where  V (%, £c) = Vea(Rp) + Vea(Rc) + Vep(fc — £5). In
fact, it can be shown [40] that H; governs the dynamics of

Vi), ie

d N
i 1a(©) = Hglyz (1)), (12)

where |z(0)) = [¥z).

B. Temporal quantum reference frames:
Page-Wootters framework

The framework introduced by Page and Wootters was pro-
posed as a solution to a time issue that arises in the canonical
quantization of general relativistic systems [13]. Specifically,
the quantization leads to the constraint

Hr|W)Phys = 0, (13)

known as the Wheeler-DeWitt equation [52]. This constraint
implies that the total system (supposedly the entire universe)
is an energy eigenstate and, hence, does not evolve in time. A
question then surfaces: How does one reconcile this with the
standard notion of time evolution?

Approaching this issue, Page and Wootters showed that the
standard dynamics could indeed emerge from this static sce-
nario in a relational way if the entire system was split into two
parts: The first, associated with H¢, is a clock and the other,
associated with Hpg, is the system whose dynamics will be
analyzed. Moreover, they assumed that HT =0+ I-Ze, where
@ is the Hamiltonian of the clock and Hp is the Hamiltonian
of system R.

In Hc, time states are defined as

1) = e P (14)

with the condition that det |t)(t]| = 1, where the set
G refers to the values necessary to parametrize the one-
dimensional group generated by @ [23]. In this expression,

as in this entire paper, we use units such that i = 1. With this,
it is possible to define the time operator

=/dtt [£)(z], (15)
G

and it holds that [7, ®] = il¢ and c|r) = —i|r) [23,28]. Ob-
serve that # and & are not necessarlly canonically conjugate,
i.e., a Heisenberg pair. This is the case because such pairs are
composed of Hermitian operators, but 7 is only guaranteed to
be symmetric. In fact, 7 is Hermitian only if (¢|t') = §(t —t')
for every ¢ and ¢/, in which case the clock is referred to as an
ideal clock. When this condition is not matched, 7 is the first
moment of a positive operator-valued measure [16,23].

While ideal clocks do not overcome Pauli’s objection (they
require the clock’s Hamiltonian to be unbounded from below),
they can be seen as approximations for clock systems with
large spectra. Moreover, their use is convenient since they
simplify mathematical derivations. For this reason, we assume
ideal clocks throughout this paper. With this choice, we also
omit G from the integral over ¢ in Eq. (15) since, in this case,
we have an integral over the entire real line.

With this set and defining |y (r)) = /27 (1| W)PDs,
Eq. (13) implies that (|H7|W)P™* = 0, which leads to

i%wf(r» = Hly (1)), (16)
which is the standard Schrodinger equation. The factor /27
is typically not introduced in the definition of | (¢)), and has
been included here for symmetry with the spatial reference
frames.

The inner product between |W)P"YS and |®)PY* is defined
as [16,23,48,49,51]

(quhys phyS)phyS — kin (\I’ |8(1‘7T)|(D)km
=(()lp@)), 17

where | (1)) = /27 (t| )P

It is noteworthy that, while the original formulation of
the framework assumed no interactions with the clock, this
framework has been extended to the interacting case [16].
Moreover, system R may be a multipartite system and even
include multiple clocks, each of which could be a potential
reference frame for time [18,19,24,26,28].

III. 1+ 1 SPATIOTEMPORAL QUANTUM
REFERENCE FRAMES

We now combine the two frameworks presented in the
previous section. More precisely, we consider a composite
system of three particles, each with degrees of freedom asso-
ciated with time (i.e., a clock) and space, with their respective
Hilbert spaces H¢, and Hg,, where I € J. Each particle /
has external degrees of freedom associated with the position
operator X; and its canonical conjugate momentum p;. More-
over, the internal clock of each particle / has a Hamiltonian
&y and a time operator 7y, built according to Page and Woot-
ters’ description. The full Hilbert space under consideration
is, then, H" = ), (H¢, ® Hg,), and an arbitrary element
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|lll)kin c Hkin iS
|p)kin = / dQ dP |2, P)V"(Q, P), (18)

where Q = {w;;1 € J}.

We assume the entire joint system satisfies the momen-
tum constraint in Eq. (2) and the Hamiltonian constraint in
Eq. (13). In the latter, H; denotes the total Hamiltonian of the
system, assumed to be of the form

AD
Ay :=Z<w,+2”—n;>. (19)
1€3

Hence, [Py, Hr] vanishes everywhere in 7", As a conse-
quence, 6(Pr) and §(Hr) also commute.! Then, unequivo-
cally, we can consider the map from " into HPh¥s:

| s [P . §(Pr)S(Hp )| W )N, (20)

Then, we can write, in general,
WP = / dQadP|Q, P)S(Hr)S(Pr)V ™R, P)  (21)
or, in perspective-dependent views,
0 = [ dandpslon = ~Hy. ws. pa = —pa. 1)
WY _H: wp, oc, —pi, P, PC)
= /d@d@wg = —Hp, wp, pp = —pp. Pp)
WM (wa, —Hg, o, pa. —Pg. Pc)
= [ dwcdpeloc = ~te. we. pe=-pe. pe)

WK (w4, wp, —He, pa, Pa, —Pc), (22)

where w; := Q \ {w;} and Hj is the “scalar version” of the
operator:
7 i
H = &y + =+ L = &y + K,
=2 ditg et ) o= ) artk
JEI) JEI(I) JEII)
(23)

where K; = pr/2m; + dorenn p3/2m;. As will be seen

soon, this is the effective Hamiltonian of the systems from

I’s perspective. By scalar version, we mean the eigenvalue of

the operator associated with the eigenstate |wj, p;)-
Denoting T

= / dwdpi8(Qr)8(PrV"(Q, P), (24)

'This would also hold if the Hamiltonian was of the form
52

Ay :=Z<ﬁu+2%’>+ > Vil - ).
1

1€3 1,JeTi0>J

However, for the argument to be more direct, we consider the nonin-
teracting case.

o~
S
>
—~

FIG. 2. Perspective in a spatiotemporal reference frame. In addi-
tion to its spatial degree of freedom, each particle is assumed to have
an internal degree of freedom identified as a clock. Here, system A is
chosen to be a reference frame. In this description, £z, ¢, 73, and ¢
are observables, while #4 is a parameter.

or, explicitly, for the systems A, B, and C,
Wz = WN"(—Hy, wp, wc, —pa. ps. P
Wz = W"wa, —Hg, wc, pa. —Pa Po).
Ve = Vw4, g, —He, pa. Pp. —Pc), (25)

we observe that Wy, W3, and W describe the same physical
state in 7P"*, However, they correspond to different perspec-
tives before the removal of the redundant degrees of freedom.

With this, we follow the procedure discussed in the previ-
ous section and define the state of the system conditioned on
the spatiotemporal state of one of the particles, say, A, which
will serve as a reference frame as a “ruler” and a “clock”
(illustrated in Fig. 2). Such a reduced state is

[Wa(ta)) = 27 (ta, x4 = O | W)P™S, (26)

where ¥z represents the state of systems B and C from A’s
perspective. In this picture, %7, p;, f;, and @; are observables,
where [ € J\ {A}, while t4 is a parameter of evolution.

In this definition, while #4 is a quantity to be varied for the
study of the time evolution of the systems from the perspective
of A, x4 = 0 is a fixed parameter used as a reference to give
relational meaning to the position of the other particles.

Applying the constraint in Eq. (13) and projecting it onto
|t4, x4 = 0), we obtain the Schrodinger equation

i%mg(m) = Hgl (1)) @7
Observe that, from the initial conditions, we have
Wa(ta)) = e |y (0)
=27 (ty = 0, x4 = Ofe~"Hi|y)Phys, (28)
Then, from Eq. (22), we obtain

[Ya(ta)) = /d% d£|%, &)e—ifAHA\yA
:/d% dpilog, pR)Valta, 05, pr),  (29)

where we have introduced

Vilta, 04, pa) = {0z, pal¥at)) = e Mg (30)
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Observe that, from the definition in Egs. (20) and (26), ap-
plying the constraints on a kinematical state and reducing the
resulting state to a perspective is equivalent to solving the
Schrodinger equation in Eq. (27).

Repeating the above steps, one may obtain a description
with respect to any subsystem. For example, the state from
B’s perspective is of the form

) = [ dogdpglon. p)vatn oppp) G
with

Yp(tp, wp. pp) = €W, (32)

which obeys the following Schrodinger equation:

d N
id—WB(tB)) = Hp|y3(1p)). (33)
Ip

Based on previous approaches derived from the coherent
group averaging technique [23,46-49,51], we introduce the
inner product

(WS @Physy = KOO S (Ar)S(Pr )| D). (34)

Observe that (WPhYS, PIYS) o= (yr(27) | (1)) for every I €
J, i.e., the normalization of reduced states is independent of
perspective.

IV. EXPECTATION VALUES, VARIANCES,
AND COVARIANCES

We now explore the perspective-dependent expressions
describing expectation values and variances of the relevant
operators in the framework just introduced. Different from the
simplification considered in the previous section, we will as-
sume a general number of subsystems, i.e., J :== {A, B, C, .. .}.

Recall that the expression for the expectation value of an
operator O; (that does not depend explicitly on time) from the
perspective of the system [ at an instant of time #; is

(On) (1) = (W) Ol (1)) (35)
Similarly, its variance is
a2(Opi(r) = (03), (1) — (O7); (1), (36)

When it is sufficiently clear, we omit the dependency on #;.
Moreover, for any integrable function f(£2, P) and for ev-
ery I,J € 7, it holds that

/ dQUPS(H)S(Pr)f(S, P)

= /dgdﬁ f(wr = —Hy, o1, pr = —pr, pr)

= [ai= [ am. 37

where  f; = f(w; = —Hj, 07, pr = —pr,py) and dr=

dﬂdﬂ.

A. Momentum and energy

We start by observing that the expectation value of the
momentum of subsystem / is time independent and indepen-
dent of the reference frame. Indeed, (e"/"7W*)p; (e 1) =

\Il}fp,\llj and then, for every t; € G,

(Pr)y = /dj‘lj}fpz‘l’j = /dk\V}EP/‘I’k = (Pr)k,  (38)
where J, K € J\ {I}. Moreover, using Eq. (37), we have

(Br)s = / 49 dPYRY (@, PYS(Pr)S(Hy )p1 WA (2, P)

== =— D (Px)- (39)
Ked\{I}

Furthermore, using the notion of covariance between
operators

cov(A, B) .= (AB) — (A)(B), (40)

we conclude, as shown in Appendix A, that the covariance
between p; and p,; (for I # J) in an arbitrary reference frame
M e J\{l,J}is

cov(pr, prm = —o*(pr)s — Z cov(pr, pL)s.  (41)
LeT\(1.J)
i.e., it can be computed in terms of quantities associated with
the reference frame of system J (or of system 7) alone.
Similarly, for the clocks’ energies, the expectation value of
I’s clock energy from J’s perspective satisfies

(&r); = /d,—\y}‘a),\lsz /dk‘l’,?wl‘l’k = (o). (42)

Moreover, as we show in Appendix A, the covariance be-
tween @; and @ (for I # J) in an arbitrary perspective M €
J\ {1, J} can also be given in terms of quantities associated
with the reference frame of system J (or system /) alone. More
precisely,

A~ A 2. A ~ A
cov(@y, W)y = —o“(&r)y — Z cov(@y, &)y
LeI\{1,J)

— cov(dy, Kj)y. (43)

B. Time

Since there is no interaction between the systems and the
clocks or even among different clocks, one might expect that
the “flow of time” is the same in every clock. This idea can be
indeed validated by the fact that

(1), (1) = Wyl ¥(tr)

= / dj\y}fenJHjid_a)I (e_llJHj \Ilj)

:/dj\I/J<ld—w1 —i—tJ)\IJj

= (i), (t; = 0) +1,. (44)
Moreover, as shown in Appendix B,
a2 (i, (1) = o2 (), 1ty = 0), 45)

i.e., the variance of a clock in a given frame is time inde-
pendent. This means that besides an initial offset between the
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FIG. 3. Representation of reciprocal temporal descriptions. In
general, the clocks are not synchronized but have the same variance
in each other’s reference frames.

clock’s average value, their main difference is associated with
their initial variance.

If the initial average value and variance of a clock 7 in
the reference frame J are known, according to Eq. (B3), the
reciprocal quantities are also known. The reciprocal temporal
expectation values are opposite,

(1), (t; = 0) = — (i), (t; = 0), (46)
and the variances coincide,
o), (ty) = o)), (47)

as proved in Appendix B and illustrated in Fig. 3.

C. Velocity

Before considering expectation values and variances of
systems’ positions in different reference frames, it is conve-
nient to introduce the (noncanonical) velocity operator. Based
on the standard notion that velocity is the time derivative of
the position, the velocity 9;; of a particle / in the reference
frame of system J is introduced as [53-56]
br
my '

. o eq_ P

Oy = i[Hy, %] = =4 (48)
my

This coincides with the definition of relative velocity between

I and J in the kinematical space. Indeed, the latter corresponds

to

oy = PL_PL (49)
mjy my

With this, it can be checked that (9;7); = ;; or, equivalently,
(Dy1)7 = 0yy7. Since it follows from the definition that d;; =
—1yy, it holds that

(ons), = —@nn)y (50)

which corresponds to an expected property of reciprocal
velocities.

D. Position

We are now ready to study a few properties of expectation
values and variances of position operators in different frames.
Details of the calculations presented here can be found in
Appendix C.

(#)1(0) # — (2,)(0) I 7y

FIG. 4. Representation of reciprocal spatial descriptions. Due to
the different reference frames for time associated with each system,
there is generally a shift that violates the antisymmetric position
expectation value and, moreover, the reciprocal spatial variance is
not the same.

To start, observe that the expectation value of X; in J’s
reference frame for some I # J satisfies

(X)) = WrE)Ix ()
im . 4w,
Z/dj\l‘;e”jH/ld—ple "H’\l/j
= (&), @ty = 0) + (Dgp) ;1. (1)

Then, on average, the expression for the position of particle
I is the same given by a free nonrelativistic classical particle.
Deviations from the classical case can be seen from the time
evolution of the variance of X;, which is

o2ty = o)ty = 0) — t;cov Ry, Dy )s(ty = 0)
+t70%(d7,),(t; = 0), (52)
where
Cov(A, B) == 3((AB + BA)) — (A)(B). (53)

When considering the reciprocal of expectation values,
the symmetry observed in Egs. (46) and (47) does not hold.
Indeed, it can be shown that the relation between the initial
expectation value of position in a given frame and its recipro-
cal, according to Eq. (C3), is

&)t =0) = —(&);(t; = 0) + (Dyuly), (1; = 0).  (54)

Finally, we can write the following for the initial variance of
a clock and its reciprocal:

o (&)t = 0) = o*(&)i (1 = 0)
— COv(Ry, Dyutp)i(ty = 0)
+ o2 (Dyufn)i(tr = 0). (55)

Then, as illustrated in Fig. 4, the reciprocal variance between
systems I and J is not the same. In particular, we note that the
state of a clock in a given perspective may affect the variance
of position and, hence, the spatial distribution of the latter in
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the perspective of the former. This aspect is one of our main
results and will be further explored in Sec. V B.

Before moving to the next section, we briefly discuss the
conditions for the reduction of an spatiotemporal quantum
reference frame (STQRF) into an SQRF. Intuitively, since the
SQRF has a single “classical” notion of time, this reduction
occurs when all clocks are synchronized and have zero relative
uncertainty. With the tools introduced here, we can formalize
this idea, as we do in Appendix D.

V. CLOCK RELATIVE UNCERTAINTY AND THE SPATIAL
DISTRIBUTION OF SYSTEMS

In this section, we illustrate two of the main results we have
just derived. In particular, we show how the temporal parts
of a system affect their spatial distribution upon a change of
reference frame. This is the case even though, for simplicity,
we assume no interactions with any of the temporal parts.

Consider a joint system of three subsystems (A4, B, and C),
each with spatial coordinates and individual clocks. Assume
the initial state of the system in a given frame, say A, is
of the form [/ (14 = 0)) = |65) ® |Ap) ® |c) ® |Ac), where
&) = [ dwi&(wp)ler) and [A;) = [dpia(p)lp;) for I =
B, C. Then, using Eq. (30), we identify

Yilta =0, w1, ps) = V"(—Hg, w4, —pa. pa)
= Ij2a&1(wp)ri(pr) (56)

and

Yilta, 0z, pg) = € Tl (@i (pr).  (57)

Taking the Fourier transform of the last expression, we write

1 .
— H,
Valta, 02 50) = 3 / d p e sPricre =ty

x Eg(wp)éc(@c)hp(pp)ic(pc).  (58)
Similarly, from Egs. (25), (32), and (56), we have

V5, wg, pg) = € " Eg(—Hp)Ec(wc)hp(—pp)ie(pe),
(59)

which has Fourier transform
1 . ;
V5. 05, Xp) = / dppe“rrrireretutls)
X8> B T B

x Ep(—Hp)éc(we)hg(—pg)ic(pc). (60)
|

Va(ta, wg, Xz) X eelesl gmaclocl gxp {—itA |:a)3 +wc +

T [x

This expression will be the basis for our analysis in this
section.

A. Frame dependency of entanglement

The form of the initial conditions just discussed reveals
that, while there was no entanglement between the systems
from A’s perspective, particles A and B may be entangled from
C’s perspective.

This can be seen from the factor Ag(— pi) in Eq. (60) since
it suggests that the state of systems A and C will generally
be mixed for an arbitrary Ag. To give a concrete example,
consider the special case in which &z and & are constant
functions, Ag(xg) = ¢*#, and Ac(xc) = 8(xc — xo), where
kg and xy are real constants. Then, following the analysis
presented at the beginning of this section, it can be checked
that

Yp(ts = 0, w5, x3) = € " 8(xc — x4 — X0). (61)

Observe that this function can be equivalently written as
e Hks(c=x0) §(x — x4 — x9). This means that A and C behave
individually as plane waves. However, when one is measured,
the other is localized a distance xy away from the location
of the measured particle. In the above scenario, we see that
particles that were not entangled in one frame become entan-
gled in the other. This fits the spatial quantum reference frame
treatment without using a dynamical time [35,38].

B. Clock states and spatial localizability of systems

We now turn our attention to the term &z(—Hj) in Eq. (60).
The Hamiltonian Hy depends on spatial and temporal quan-
tities of systems A and C. As a result, depending on &g the
various subsystems might be correlated in B’s perspective.
Another way to put it is by saying that the state of a clock
in a given perspective affects even the spatial distribution of
particles in the perspective of the system to which that clock
belongs.

To illustrate this, consider the case in which
Ag(xp) = (2/m ALY/ 4e=35/Agiaxs ) (xc) = efe¥e,  and
E(wp) o el where ke,go€e R, A >0, oy >0, and
I = B, C. According to Eq. (58), the wave function describing
particles B and C from A’s perspective at an arbitrary instant
of time ¢4 is

(ke + qo)? N a3

%
2my 2mg  2mc

kc+qo 20\7?
A(_mA + mg)] glkexc Hidors (62)

X T X T

4 2/4pA

B — 1,
W)

2ppa

where j1ap = (1/my + 1/mp)~" is the reduced mass of particles A and B. Using Eq. (60), the state of the system in B’s perspective
can be obtained. We analyze here the resulting state for w4, wc > 0. A similar analysis can be made for other relevant regions
of the spectrum associated with w4 and wc. In the aforementioned domain, the wave function describing particles A and C from
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B’s perspective at an arbitrary instant of time # is

'(ﬁg(l‘B, @g, JE) x e %@ exp {—(ilB + O[B)<(1)A + wc

b
X — €X —
A? 4 ap + itp eXp
4 2uap 2uap

Observe that even in the limit A — 0, when, in A’s perspec-
tive, particle B is localized at t4 = O [since Ag(xp) — §(xp)],
the terms associated with the spatial distribution of particle
A from B’s perspective (i.e., the terms in the last line of the
above equation) reveal that it has the form of a Gaussian for
any fg. This is due to the relative uncertainty of clock B in A’s
perspective. In fact, in the limit g — 0, where the relative
uncertainty between clocks A and B vanishes, it is possible
to obtain a localized state for system A at 73 =0 in B’s
perspective. Similarly, we may choose a different normalized
dependence of the clocks in w;. Consider the case Ap(xp) =
8(xg — x0), Ac(xc) = e*e*e, and & (wy) = recty, (wy), where
X0, k¢, and W are positive real constants, I = B, C, and

1 W Wi
T —A <I<F

recty, (z) = Wi . z. (64)
0, elsewhere

Let a=1/2uap, b=kc/mp, and c=wy+ wc+

k%/Z/LCB. If —% <c— Z—; < % the initial state of particles

A and C from B’s perspective is
. b
V(s = 0, g, xp) = Ec(w)e! et e tt)

sin[p* (x4 + x0)]
P (s + x0)

where pf = ,/4}’722 — [ll(c - % .
In the limit Wz — oo, p*™ — /Wj/2a, the result does not
depend on any wy. Precisely,

; (65)

(er by SILP g + 30)]
P (xa + x0)

This is the case because, in this limit, the relative uncertainty
between the clocks vanishes.

Observe that the results discussed here hold even though
we do not apply any relativistic correction and, moreover,
no interaction between the clocks and the spatial coordinates
takes place. In fact, this can be seen as a consequence of
the physical space not having the tensor product structure
from the kinematical space, and the tensor product notation
being used simply as a label for the systems [23]. More-
over, because of the relative uncertainty between the clocks,
the well-defined moment #4 = 0 in A’s perspective becomes
“fuzzy” in B’s perspective [19], hence the influence of the rel-
ative uncertainty between the clocks in the spatial distribution
of systems.

. it
lim e '
Wp— 00

~ 8(xa +x0).  (66)

VI. DISCUSSION AND OUTLOOK

In this paper, we have introduced a simple framework for
141 nonrelativistic spatiotemporal quantum reference frames,

[xa + (15 — iO!B)(kC—tq0 + 4L

ke + qo)? LG
T (kc + q0) + 90 4 e
ZmA 21"’13 2mc

2
m mp )] eikCXC_i(q(J"rk(f)xA. (63)

4(%2_{_ oy il/;)

2uap 2uap

(

which combines position reference frames with the Page-
Wootters approach. In our model, we have assumed each
physical system contains, in addition to an external degree
of freedom associated with its position, an internal degree
of freedom that can be used as a clock. With this, each
system can be used as a spatiotemporal reference frame
and, moreover, the remaining systems satisfy the Schrédinger
equation in the chosen perspective.

In Sec. IV we presented our main results, which consist
of the derivation of formal expressions for perspective-
dependent expectation values and variances associated with
space, time, momentum, and the clock’s energy degrees of
freedom. We also presented relations between these quantities
in different reference frames.

Recently, relativistic and nonrelativistic spatiotemporal
reference frames have been considered in the literature
[57-60]. While Ref. [59], like the present paper, investigates
a nonrelativistic framework, the authors consider a scenario
with a single clock system to be used as a reference for
time. One may think that this should indeed be enough for
a nonrelativistic treatment, in particular in scenarios without
interactions with the clock. However, as we have shown, the
clock states in one perspective influence the spatial degrees
of freedom of the systems when changing perspectives. For
example, when only the spatial frame is considered, if a par-
ticle B is localized in A’s perspective, then particle A is also
localized in B’s perspective [40]. However, in the spatiotem-
poral framework investigated here, this is not always the case.
Depending on the state of clock B in A’s perspective, particle
A might have a spatial spread in B’s reference frame even if
B is localized in A’s perspective, as shown in Sec. V. This
happens despite the notion of time in every clock being the
same in our paper, as discussed in Sec. IV B. In fact, it can be
observed that the Heisenberg dynamics of the time operator #;
in system /’s perspective is

di, A a
& = Wi =1, (67)
for every J # 1.

There are several directions that can be approached with
the framework studied here. For instance, one could consider
more general forms of the Hamiltonian Ay that include inter-
actions between the different parts of the system, including
the clocks. One could even consider a Hamiltonian whose in-
teracting terms are such that the Hamiltonian and momentum
constraints do not commute everywhere in the kinematical
Hilbert space.

Furthermore, the results presented here can be extended to
the 3+1 spatiotemporal scenario. In this case, the translational
invariance constraint becomes effectively three individual
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constraints, one for each spatial direction. Additionally, one
should also consider rotational invariance [61,62], which also
introduces one constraint per rotational direction. Interest-
ingly, let %] be the spatial coordinate of system / in the
direction s € R := {x, y, z} and let p; be its associated canon-
ical momentum. Consequently, P; = ZKE:I Py is tAhe total
momentum in the direction » € % and L} = )", 5 ¢4 is the
total angular momentum about the axis u € R with fj =
> v.sem €uvsty Py. Hence, it follows that

IPRAEDI N

J.KeJ
AU AS AT
= E E Euvs[xjp], p](]
J,KeT v,seR
=i E § €ursﬁj =i E Gurspys“a (68)
JeJ seR seR

where €,,; is the Levi-Civita symbol. Then, although these
operators do not commute everywhere in the kinematical
Hilbert space, they do commute everywhere in the hypersur-
face characterized by the translational invariance constraint.
As a result, the rotational invariance constraint can be added,
and the resulting physical Hilbert space coincides with the one
obtained with the Hamiltonian and the total linear momentum
constraints alone.

Finally, one could build the relativistic version of the
framework we have considered here. In other words, by con-
sidering a system in which each subsystem contains external
(i.e., spatial) degrees of freedom and an internal degree of
freedom that serves as a clock, one should aim at modifying
the constraints applied here in order to obtain the dynamics
and frame transformations in the relativistic regime.
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APPENDIX A: MOMENTUM AND ENERGY
EXPECTATION VALUES AND COVARIANCES

To derive the relation for the covariance between a pair of
momenta in Eq. (41), we use Egs. (38) and (39) to write

PPy =—Prdy Y, (Pr)y

LeI\[J}

=—(p;— D (b,

Led\{1.J}

(AD)

Moreover, we compute
(P1br)y = /dM‘IJ,EPlPJ‘IJM
= /dBdQS(PT)fS(HT)‘IJ*PlPJ‘I’

= - f dr¥ipr Y pLY;

Led\(J}

== Y Apipr)y=—(p7), — Y. (bibr)y-
LeT\W) LeT\{1,J)
(A2)
This allows us to write Eq. (41).
Now, to derive the covariance for a pair of clock energy op-

erators in Eq. (43), we first use the Wheeler-DeWitt constraint
to rewrite the expectation value in Eq. (42) as

(br); = /dj‘l’;wﬂl’i
= / drVi (wp)Vy

=- / dyVi (Hp); Yy

(A3)

With the above expression and Eq. (42), we write

(@ ulony =—ton, | D (@, + Ky,
Led\{J}

=—(@);— Y. (@) len), — (), K,

Led\{1.J}

Moreover, we compute

(o) = /dM‘I’qule‘I’M

Z/dBdQS(PT)S(HT)\p*wle\p

:/d,-\y;fw, > o+ K|y
Led\[J}
=— Z (@rdor)y — (@iK),
LeJ\(J}
= —(af), - Z (@), — (@Kj),.

Led\{I.J}

(A5)

With the last two expressions, we derive the relation in
Eq. (43).
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APPENDIX B: TIME EXPECTATION VALUES
AND VARIANCES

We start by deriving the variance of a time operator #; in
the reference frame of a system J seen in Eq. (45). For that,
we compute

. d? .
22 * ityHy —ityjHy
2) (1) = —/d,-\IJ—e H (e~ Mty ;)
( >J J d%

(i7),(tr = 0) + 265 (F),(t; = 0) + 1. (BI)

Together with Eq. (44), this leads to the expression for the
variance in Eq. (45).

Now, to derive the reciprocal relation for the expectation
values in Eq. (46), we observe that

i\y— = L\-Ilki"(wj = —Hj, w5, p; = —pj, p,)
dw; dwy - -
(3% 0% d(-H))
- (a_a), * d(—=Hj) Odwy )

[ =)
=[l—-—)v]|. (B2)
da)[ da)J J

In the last part of the above expression, the derivatives are
taken in the kinematical Hilbert space (before the reduction
to J’s perspective). This, together with Eq. (37), allows us to
write

n d d
@), (b = 0) = / d,—[w* f(id— _ i—)\lf}
wy d(l)j I
— (F(=), = 0) (B3)

for an arbitrary integrable real function f. In particular, if
f(x) = x, we are lead to Eq. (46), which we repeat here:

{f1);(ty = 0) = —{f)),;(ty = 0). (B4)

Moreover, if £(x) = x?, we have
(1), = 0) = (17),(t; = 0), (B5)
which, in turn, implies the reciprocal formula for the clocks’

variance in Eq. (47).

APPENDIX C: POSITION EXPECTATION VALUES
AND VARIANCES

To derive the expectation value of %; in J’s reference frame
in Eq. (51), we observe that

d d Py Pk
—~ H = — 2 LK
I Z @k + ZMJ + Z me

dpi dpi Ked\W) Ked\J)
=P Py, (el))
ny ny
and
. d
(), =0)= _/dj‘l‘}fl—‘l’i- (C2)
dpi

As aresult,

; d .
(&), (tr) = /dj\P;fe”foi_e—ltJHrq;j
dpi

—/d-\l]*[ dH‘ +'d W
) \ap Y ldPl d

d
= /df‘l’j[(vu)ﬂj +id—p1:|‘yi
= (&), (t; = 0) +1;,(dry1),, (C3)

which leads to Eq. (51).
Moreover, to derive the variance o2(%;);, we first compute

» d \*,
(JAC12>J(tJ)= /dj\p}kemH/<id_pl> ethHj\IJj

/d w7 4 2+t = (v1y)
Ui i V1)
T dpr ! dp; 1

d
+ (v”)jid_m) + tjz(vu)ﬂ vy
= <f€,2),(l‘1 = 0) + ((Dys%p) (7 = 0)
+ (&), (7 = 0) + tJ2<ﬁ12\J)J(tJ =0). (€4

The last two expressions lead to Eq. (52).
Now, observe that

i\Il‘,- = i\llki“(wj = _ij wy, py = —pPj, P )
dpl dPI - -
_ v, Yy A(—py) | 0¥y A(—Hj)
T apr d(—=py) Apr d(—=Hy) 9p;
d d d
(Gt o

Then, for an arbitrary real analytic function f, it holds that

(f&), (1, =0)

. d o d o d
:/dj U fli— —i— —vi— |¥
dp; dpy day 7
d d d
— [ a| e r(i= i < \w
/l|: f<ldpl ldPJ+vJ|llde) :|f
d d d
Y B I e o e
/ l{ f|: (ldPJ ldpl vll[ldaH)
+ = d )\
vif — — —
o da)J dw, I

= (f (=& + Dyyty)),(tr = 0). (Co)

With this, if f(x) = x, we obtain Eq. (54). Moreover, letting
f(x) = x?, we have

(87),ts = 0) = (82), (& = 0) — (Gs by + Dyyfiy),

x (tr = 0) + (03,47, = 0). (C7)
Finally, from Egs. (50) and (B3), we have
(Dpatr) ,(t; = 0) = (Dyyty),(t; = 0) (C8)
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and
(07,47), (11 = 0) = (87,17), 1y = 0). (C9)

Using this and Eqgs. (C3) and (C7), we are led to the relation
between the reciprocal spatial variances at initial instances in
Eq. (55).

APPENDIX D: SQRF LIMIT

Repeating the steps in Sec. IV D for SQRFs (described in
Sec. IT A), the expectation value of x; in J’s reference frame,
as a function of ¢, is of the form

Er)y @) = (Pr@)15 | Y7(2))

d
= / dpflﬁ}(Pj)e”H’ld—e iy (py)
piviipr o Pr

d
= /dﬂw;(ﬁ)<(vu)ﬂ + id—)Wj(ﬁ)
Di

= (&), (t = 0) + (0ns) 2, (D1)

where the expectation value at the initial instant of time is
given by
. w4
)yt =0)= | dpsj(ppi——V;(ps)
ASH A TS

= /d&[lﬁ*(iap, - iap,)‘ﬁ][{
= — (&)t = 0). (D2)

Moreover, as expected, it can be seen that the reciprocal
variances coincide, i.e., 0>(&);(t) = o>(&;);(), and the spa-
tial description is mirror opposite, i.e., (X7),;(t) = —(X;); ().
More generally, for an arbitrary analytic real function f of a
single variable, it holds that

(f@ED), @) = (f(=1)));(@). (D3)

The above expression contrasts with the analog expression in
STQRFs, derived in Appendix C, which is

(f@D), @ = 0) = (f(=%; + 0yuip)),(ty = 0).  (D4)

From the last two expressions, we see that there are two
ways for the STQRF to be reduced into a standard SQRF. The
first, which is not physically interesting, requires all systems
to have a fixed distance from one another (i.e., zero relative
velocity). The other possibility coincides with the intuitive
way to reduce to a SQRF: all clocks are synchronized and
have zero relative uncertainty. Indeed, this follows from the
condition that

i1y1(0)) =0 (D5)

for every I # J, which means that the states of all clocks in
a given perspective are a Dirac delta distribution centered at
ZEero.

To conclude, we note that, although the state in Eq. (D5)
is non-normalizable, it is always possible to use a limit
of normalizable wave packets to have that behavior as an
approximation.
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