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There was an oversight in our original derivation of the proof that the general solution is a squeezed thermal state. We have
since realized that the coupled Eqs. (71)–(73) are not valid for a general nonlinear Hamiltonian but only for a restricted set of
Hamiltonians, which we will describe below.

We first note that Eq. (B1) in Appendix B is incorrect and should be replaced with

Dml = − 1
2 (Eml + Elm). (1)

This follows from setting the sum of the coefficients in front of the b†
mb†

l operators in Eqs. (57) and (63) equal to zero and noting
that Dml = Dlm. Using the matrix elements Dml defined in Eq. (58), we obtain the equation

∑
μ

UmμUlμ

(
ṙμ + i

2
φ̇μ sinh(2rμ)

)
eiφμ = −

√
xmxl

xmxl − 1
(Eml + Elm), (2)

which should replace Eq. (B2) in the original text. In the paper, we derived Eq. (B3) by multiplying Eq. (B2) by U ∗
μmU ∗

μl and
summing over m and l . Using Eq. (2) above, this leads to

ṙμ + i

2
φ̇μ sinh(2rμ) = −e−iφμ

∑
k,p

√
xkxp

xkxp − 1
(Ekp + Epk )U ∗

kμU ∗
pμ. (3)

We now recognize that this equation is a necessary but not sufficient condition. This can be seen by putting Eq. (3) back into
Eq. (2), to obtain

∑
k,p

√
xkxp

xkxp − 1
(Ekp + Epk )

∑
μ

UmμUlμU ∗
kμU ∗

pμ =
√

xmxl

xmxl − 1
(Eml + Elm). (4)

One can easily show that this will not be satisfied by a general unitary matrix U . Therefore, Eq. (3) is correct only for particular
unitary matrices U that satisfy Eq. (4). Consequently, Eqs. (71)–(73) are not valid for all nonlinear Hamiltonians of the form
given in Eq. (16) in the original paper.

We now show that Eqs. (71)–(73) are valid for the important subset of systems where the nonlinear coupling matrix G only
couples each mode to only one other mode, and no mode is coupled to itself. An important example of such a system is a
side-coupled ring resonator with either third-order or second-order nonlinearity [1,2]. In this case, the nonlinear parameter can
be written as a block-diagonal matrix,

G =

⎡
⎢⎢⎢⎢⎣

0 G12 0 0 · · ·
G12 0 0 0
0 0 0 G34

0 0 G34 0
...

. . .

⎤
⎥⎥⎥⎥⎦, (5)

where Gi j are numbers that quantify the coupling between the two modes i and j. The factorization of this nonlinear parameter
is given by

G = U

⎡
⎢⎢⎢⎢⎣

G12 0 0 0 · · ·
0 G12 0 0
0 0 G34 0
0 0 0 G34
...

. . .

⎤
⎥⎥⎥⎥⎦U T, (6)
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where U is a block-diagonal unitary matrix given by

U = 1

2

⎡
⎢⎢⎢⎢⎣

1 − i 1 + i 0 0 · · ·
1 + i 1 − i 0 0

0 0 1 − i 1 + i
0 0 1 + i 1 − i
...

. . .

⎤
⎥⎥⎥⎥⎦. (7)

Putting this U into Eq. (38) in the text, the squeezing parameter matrix is given by

z =

⎡
⎢⎢⎢⎢⎣

0 z12 0 0 · · ·
z12 0 0 0
0 0 0 z34

0 0 z34 0
...

. . .

⎤
⎥⎥⎥⎥⎦ = U

⎡
⎢⎢⎢⎢⎢⎣

r12eiφ12 0 0 0 · · ·
0 r12eiφ12 0 0
0 0 r34eiφ34 0
0 0 0 r34eiφ34

...
. . .

⎤
⎥⎥⎥⎥⎥⎦

U T, (8)

where z12 = r12eiφ12 and z34 = r34eiφ34 . Because z is block-diagonal, the density operator solution for this case will be a separable
product of two-mode squeezed thermal states, where each two-mode squeezing operator has a single squeezing parameter and
squeezing phase. For example, the squeezing parameter and squeezing phase for the first pair of modes is r1 ≡ r12 and φ1 ≡ φ12,
and the second pair of modes is r2 ≡ r34 and φ2 ≡ φ34, etc. The differential equations for the squeezing amplitudes, squeezing
phases, and thermal photon numbers are given by Eqs. (71)–(73) in the text. But in order to use those equations, we have to
show that Eq. (4) is satisfied for the U given by Eq. (7). It is sufficient to show that Eq. (4) is satisfied for each 2 × 2 block of
U . Putting the 2 × 2 matrix elements into Eml in Eq. (65) of the text, it is easy to show that E11 = E22 = 0 for each block. Using
this in Eq. (4), we obtain for m = 1, l = 2 or m = 2, l = 1,

2(E12 + E21)(U11U21U
∗
11U

∗
21 + U12U22U

∗
12U

∗
22) = (E12 + E21). (9)

Evaluating the left-hand side of this equation using the U matrices given in Eq. (7), one can easily show that this equals the
right-hand side, which shows that Eq. (4) is satisfied for the U given in Eq. (7).

Therefore, for a nonlinear interaction matrix that takes the form given in Eq. (5), all of the equations and results given in our
paper remain correct, except for the numerical results presented in Sec. VII, which are not valid because the G matrix given in
Eq. (113) is not of the form given in Eq. (5). As mentioned above, our Eqs. (71)–(73) are valid for a ring resonator system [1].
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