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There exist two families of superradiance phenomena: relying on free electrons or on correlated emission by
ensembles of atoms. Here we investigate emission from ensembles of atoms driven by coherently shaped free
electrons. This interaction creates superradiance emerging from both the atoms’ and the electrons’ coherence—
with emission intensity that scales quadratically in both the number of atoms and number of electrons. This
phenomenon enables electrons to become probes of quantum correlations in matter, with high temporal and
spatial resolution.
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I. INTRODUCTION

Electron microscopy is ubiquitous in imaging and spec-
troscopy of matter [1–3]. Recent advances propose using
temporal [4–6] and spatial electron shaping [7–9] to affect
electron-matter interactions, such as cathodoluminescence,
which is the emission of light by free electrons impinging
on matter [10–16]. Cathodoluminescence is central in modern
electron microscopy, providing detailed information on opti-
cal properties of samples. The idea that cathodoluminescence
can be enhanced by shaped electrons has received a recent
burst of interest [17–26].

At the core of our understanding of enhanced cathodolu-
minescence by shaped electrons is the coherent interaction
between a single two-level system and shaped free electrons.
This interaction was first investigated using a semiclassical
theory [17,18], proposing coherent control of the two-level
system and enhancement of cathodoluminescence [17]. Soon
after, the fully quantum regime of this interaction was revealed
[19–21,25], leading to unique possibilities for imaging the
coherent state of matter [20], resolving the wave function of
the emitting free electrons [23], and performing homodyne-
type measurements [24]. In all these works, the enhanced
electron-matter interaction scales quadratically in the num-
ber of electrons, similar to the phenomenon of electron
superradiance [27–33]. Electron superradiance describes the
constructive interference in the radiation field or near field
of multiple electrons, when they are phase locked to each
other. This type of superradiance is the source of coherent
radiation in celebrated examples such as free-electron lasers
[32], klystrons [31], synchrotrons [27–29], and certain Smith-
Purcell sources [30].

*These authors contributed equally to this work.

Atomic Dicke superradiance, which differs from electron
superradiance, is the collective radiation by multiple excited
atoms that exhibits faster rates of spontaneous emission com-
pared to individual atoms [34,35]. Throughout the paper, we
use the word “atom” to refer to any emitter from which su-
perradiance can occur, including actual atoms, molecules, and
quantum dots. Atomic superradiance plays an important role
in quantum optics [36,37], relativity [38], astrophysics [39],
and condensed matter [40]. However, atomic superradiance
has never been considered in the context of cathodolumi-
nescence. It remains unknown how the superradiant atomic
system interacts with free electrons and whether atomic cor-
relations can additionally enhance cathodoluminescence.

Here we consider the interaction of shaped electrons with
a many-body system, finding an interplay of atomic and elec-
tron superradiance, which results in a drastic enhancement of
cathodoluminescence. We present a quantum theory of the
interaction between an ensemble of Na atoms and Ne free
electrons, capturing the effect of free-electron-induced super-
radiance (Fig. 1). Depending on whether the atoms are in the
superradiant state or not, and whether the free electrons are
shaped or not, we identify four possible regimes of cathodolu-
minescence, with emission intensity I scaling as NaNe, NaN2

e ,
N2

a Ne, or N2
a N2

e [Figs. 1(a)–1(d)]. The last regime is the focus
of this work. This regime occurs when the atoms emit coher-
ently after excitation from shaped electrons, with an interplay
of both electron- and atomic-superradiant effects. The super-
radiant phenomena happening here can be detected not only
in the emission of light but also in the energy spectrum of the
electrons, as discussed further in [41]. The preliminary results
that led to our work here were presented in [42].

Let us discuss how the double-superradiant regime
[Fig. 1(d)] arises. The shaped electrons interact with the
atomic system coherently such that the excitations they in-
duce accumulate in a coherent manner [17,20,21]. Thus, the
total energy of the atomic system after the excitation by Ne
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FIG. 1. Double-superradiant cathodoluminescence. (a,b) Emission intensity of the nonsuperradiant atomic system after the interaction with
unshaped (σ = 0.0) and comb electrons (σ = 3.0), respectively. The emission intensity from a single electron (Ne = 1) does not depend on
the electron shape. The atomic system is nonsuperradiant: the atoms are excited independently and are not in phase, leading to incoherent
thermal emission. (c,d) Emission intensity of the superradiant atomic system after the interaction with unshaped (σ = 0.0) and comb electrons
(σ = 3.0), respectively. The atomic emission from unshaped electron excitation has no phase, but the atoms are correlated. This leads to
an incoherent Poissonian Wigner function of the emitted light. Comb electrons induce a coherent excitation. For a small number of comb
electrons, the emission is a coherent state as shown in (d). However, a large number of comb electrons take the atomic system close to the fully
excited state, and the emitted light gets close to a Fock state. The plots assume g = 0.1 and Na = 15 [the coupling constant g is defined below
after Eq. (3)]. Note: the Wigner functions shown here are schematic and for illustrative purposes only.

electrons will be proportional to N2
e . If we assume that the

electrons have the same interaction with all the atoms, then the
excited state is described by Dicke symmetric states [34]. The
resulting collective emission follows the Dicke theory, with
peak emission intensity proportional to N2

a instead of Na for
independent spontaneous emission when we keep the energy
per atom fixed [35]. Indeed, the intensity of the superradiant
emission is Na times more intense compared to the case of
independent spontaneous emission. Since the emission inten-
sity depends on the initial excitation, we get both effects of
atomic and electron superradiance being combined so that I
scales as N2

a N2
e . We note that the lifetime of the emission

pulse strongly depends on the number of atoms Na (accord-
ing to Dicke’s theory of superradiance), but is only weakly
affected by the number of electrons Ne since the lifetime is
independent of the energy in the case of a perfectly symmetric
excitation.

The shaping of electrons discussed in this work is possible
thanks to the recent advances in ultrafast electron microscopy

experiments, and specifically the advent of photon-induced
near-field electron microscopy (PINEM) [2,4,5,43–48].

II. INTERACTION BETWEEN FREE ELECTRONS AND A
MANY-BODY ATOMIC SYSTEM

In this section, we develop the theory of the interac-
tion between free electrons and an ensemble of atoms. We
model each atom as a two-level system, which is the stan-
dard approach for the description of both the electron-atom
interaction [17,20–22] and superradiance [34]. We assume
that before the interaction with electrons all atoms are in
the ground state. We should note that the electron can un-
dergo multiple competing transitions including excitations of
core levels in the atoms and emission of bremsstrahlung [49]
(elaborated upon in [20]). These competing transitions occur
with smaller probabilities for shaped electrons as the shaping
makes the interaction resonant for the specific atomic tran-
sition that matches the shaping frequency [17]. Furthermore,
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when looking at the cathodoluminescence signal, neglecting
the competing transitions is even more relevant since the
two-level emission is further enhanced by superradiance [34].
Achieving the conditions of superradiance requires having the

distance between atoms smaller than the wavelength of the
emitted light and electron-atom interaction length.

We denote the ground and excited states of every single
atom by |g〉 and |e〉. The Dicke symmetric states are

|0〉 ≡ |ggg . . . gg〉,
|1〉 ≡

√
1/Na (|egg . . . gg〉 + |geg . . . gg〉 + . . . + |ggg . . . ge〉), (1)

. . .

|Na〉 ≡ |eee . . . ee〉.
The Hamiltonian of a single electron interacting with the superradiant system (in analogy to [20]) reads

H = −ih̄v∂z + h̄ω0

2
Sz + eγ

4πε0
· (d⊥ · r⊥ + d‖z)S+ + (d∗

⊥ · r⊥ + d∗
‖ z)S−

(γ 2z2 + r2
⊥)3/2 . (2)

The first two terms describe the Hamiltonians of the
free electron and the superradiant system, respectively. S± =∑

i(σ
x
i ± iσ y

i ), Sz = ∑
i σ

z
i are the symmetric operators, with

σ
x,y
i the Pauli operators of the ith atom. v is the average

velocity of the electron, γ is the relativistic factor, and h̄ω0

is the transition energy of the two-level atoms. The third
term in Eq. (2) describes the interaction between the electron
and the atoms with transition dipole moment d, having the
perpendicular d⊥ and parallel d‖ components relative to the
electron trajectory. The distance between the electron and the
atoms is r⊥; the elementary charge is e and vacuum permit-
tivity is ε0. Equation (2) is valid under the paraxial-electron
approximation, which is justified in all relevant experiments
(e.g., [1–3]), considering that typical electron energy values
(∼100 keV) are much larger than typical transition energies
(h̄ω0 ∼ 1 eV).

Under the above conditions, we use the Magnus expansion
(up to first order) [50] to describe the scattering matrix of the

interaction between one electron and the many-body atomic
system;

U = e−i(gbS++g∗b†S−), (3)

where b and b† are the electron energy shift operators, reduc-
ing and increasing the electron energy by quanta of h̄ω0. g is
a dimensionless coupling coefficient that according to [17,20]
equals

g = ed⊥ω0

2πε0 h̄γ v2
K1

(
ω0r⊥
γ v

)
+ i

edzω0

2πε0h̄γ 2v2
K0

(
ω0r⊥
γ v

)
.

The result in Eq. (3) is valid when |g| � 1, which describes
all known practical situations.

We express the scattering matrix equation (3) in the sym-
metric states’ basis:

〈m|U |n〉 ≡ bn−mUmn,

Umn =
√

m!n!(N − n)!(N − m)!
n∑

k=0

(−1)k (cos |g|)N−m+n−2k (i sin |g|)m−n(sin |g|)2k

k!(n − k)!(m − n + k)!(N − m − k)!
. (4)

Considering all the atoms initially in their ground state, the postinteraction atomic density matrix after tracing out the electron
is

ρkl
f =

∑
m,n

〈ψe|b(m−k)−(n−l )|ψe〉Ukmρmn
i U †

nl , (5)

where |ψe〉 is the wave function of the electron before the
interaction. We emphasize that, by contrast with the standard
case of a fully excited atomic ensemble, Eq. (5) accounts more
generally for an atomic state with a different number of atoms
excited (labeled by m).

Equation (5) provides the density matrix of the atoms after
their interaction with a single electron of any arbitrary wave
function |ψe〉. To show double superradiance [Figs. 1(c) and
1(d)], we apply Eq. (5) Ne times sequentially. Each iteration

obtains a new atomic density matrix that serves as the ini-
tial condition for the interaction with the next electron. This
procedure is correct when the electron pulse duration and the
electron-atoms interaction duration are much shorter than the
superradiance time and the emitters coherence time T ∗

2 . To
justify this assumption, consider typical pulses of Ne = 10
electrons in a duration of τ = 1 ps, which is much shorter than
even the faster superradiant times (e.g., t ∼ �−1N−1

a ∼ 67
ps, estimated for Na = 15 atoms with an intrinsic lifetime
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FIG. 2. Analogy between electron-driven and light-driven superradiance. The excitations of the superradiant atomic system by a Fock
and a coherent light state are analogous to the excitations by an unshaped and a comb electron, respectively. This analogy is correct because
unshaped free electrons and Fock states of light entangle with the atomic system, while comb electrons and coherent light do not entangle
with the atomic system. In cases of entanglement, the atomic system loses its coherence after the interaction (diagonal density matrix, top
row). In cases of no entanglement, the information about the phases between different atomic states remains unchanged after the interaction
(off-diagonal elements in the density matrix, bottom row).

of �−1 ∼ 1 ns). A theory able to capture effects beyond
this assumption, accounting for many-electron states in a
nonsequential fashion, remains an open challenge for future
research.

III. EFFECT OF THE ELECTRON SHAPE ON THE
MANY-BODY ATOMIC SYSTEM

We now show how the electrons’ shape impacts the atomic
state. The electrons’ shaping is defined by the moments 〈bn〉
(i.e., bunching factor [51]). The electron that has all |〈bn〉| = 1
has the most coherent interaction with atomic systems. To
realize |〈bn〉| ≈ 1, we need electrons of wide coherent energy
uncertainty, or equivalently, comb electrons [52], made from a
sequence of coherent energy peaks [53–55]. The phase of the
wave function should scale linearly in energy (as created us-
ing established techniques [53,54]). Thus, we consider comb
electron states such as

|ψe〉 = 1√
norm

∑
n

eiφne− n2

2σ2 |ψn〉, (6)

where φ ∈ [0, 2π ] is an arbitrary phase, σ is the dimension-
less comb bandwidth, and |ψn〉 is unshaped electron states
with central energy E0 + nh̄ω:

|ψn〉 = 1√
norm

∫
dEe− (E−E0−nh̄ω)2

22 (h̄ω)2 |E〉. (7)

Here  is the dimensionless width of the unshaped
electron (typically we have  < h̄ω, e.g., in electron mi-
croscopy [1]). Normalization yields 〈ψm|ψn〉 = δmn. The input
electrons in conventional electron microscopes, termed un-
shaped electrons, have σ < 1, and can be shaped into comb
electrons with σ ∼ 3 [53,54]. Much larger σ values were
demonstrated [52,56], but without satisfying the linear-phase
requirement. We will generally assume a resonance con-
dition, h̄ω = h̄ω0, meaning that the electrons match the
frequency ω0 of the transition for the two-level atoms. The
effect of breaking such resonance condition is investigated
later.

Figure 2 compares the atomic density matrix after interact-
ing with unshaped (σ < 1) and shaped comb electrons (σ ∼
3). The effect of such interactions is analogous to excitations
by a many-photon Fock state and a coherent state of light,
respectively. Thus, the electrons can emulate excitations by
quantum photonic states such as Fock states. The creation of
such “electron Fock states” is much simpler than the creation
of Fock light states (being the initial electron state from typi-
cal electron guns [1]).

Free electrons can be also used to control the postinter-
action quantum state of the atoms, and in turn, the quantum
state of the light subsequently emitted from the atoms (Wigner
functions shown in Fig. 1). In Fig. 1(a), nonsuperradiant atoms
emit incoherent light in ordinary cathodoluminescence. The
emission is thermal and does not have a definite phase because
of averaging over a large number of independent atoms. In
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FIG. 3. The effect of electron shaping on inducing correlations between atoms. (a) The electron energy spectrum before the interaction for
different energy bandwidths σ of the shaped electron. A wider bandwidth corresponds to stronger bunching. (b) The atomic density matrix
after the electron interaction for different bandwidths σ . (c) The average atomic excitation energy following an interaction with Ne electrons
as a function of their energy bandwidth σ . The narrow energy bandwidth electron excitation scales as Ne, while the wide energy bandwidth
electron excitation scales as N2

e . In the limit of a perfect energy comb (σ → ∞), the excitation energy is the largest possible and can be
computed exactly (dashed line). Parameters are as in Fig. 1.

Fig. 1(b), the thermal emission can be enhanced by electron
superradiance, but since the atoms are still independent, the
light emission phase remains random. In Fig. 1(c), superradi-
ant atoms emit light with Poissonian statistics and uncertain
phase when driven by unshaped electrons. The uncertainty
in the phase of the emission is caused by the entanglement
between unshaped electrons and atoms.

In Fig. 1(d), in contrast with the above, only the superra-
diant emission triggered by shaped electrons creates coherent
states of light with a fixed phase. This phase is then locked to
the shaped electrons’ phase. For a weak excitation, the emitted
light will be mostly in a coherent state, whereas for a fully
excited state the emitted light will be close to a Fock state.

The case of a single electron interacting with a superradiant
atomic system is also a particular case of Fig. 1(d), as long as
the electron is preshaped. In this case, the emission will have
a certain phase, but without electron superradiance since Ne =
N2

e = 1. Similarly, the interaction of multiple shaped electrons
with a single atom will cause the emission of a coherent state,
but without atomic superradiance since Na = N2

a = 1.

The same effects described here for a (quantum) comb
electron wave function are also relevant for (classical)
bunched electrons, whose classical temporal distribution is
analogous to the wave function shape. The classical interac-
tion time is similarly related to the comb electron’s phase φ

[from Eq. (6)], determining the phase of the emitted light.
Thus, the word “shaping” applies both to the quantum wave
function and classical distribution. Curiously, this is a prob-
lem for which, thanks to its discrete nature, the quantum
description of the electron-atom interaction is simpler than the
classical one, and thus preferable.

The influence of the electron bandwidth σ (or bunch
width) on the postinteraction atomic state is shown in Fig. 3.
The probability of the atoms’ excitation increases (by Ne)
for broader electron energy envelopes [Fig. 3(a)]. A similar
classical-quantum correspondence appears in electron-light
interactions, which also depend on the electron energy band-
width [57].

The average excitation energy of the atomic system after an
interaction with Ne electrons reads (details in the Appendix)

〈E〉 = Na

(λNe+ − λ
Ne− )(1 − 〈b2〉)|sin |g|| − (λNe+ + λ

Ne− − 2)
√

(1 − 〈b2〉)2sin2|g| − 16〈b〉2cos2|g|
4
√

(1 − 〈b2〉)2sin2|g| − 16〈b〉2cos2|g|
, (8)
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e .

where

λ± = 1
2 (3cos2|g| − 1 − 〈b2〉sin2|g| ± sin |g|

√
(1 − 〈b2〉)2sin2|g| − 16〈b〉2cos2|g|).

For unshaped electrons (σ � 1) we get 〈E〉 =
Na
2 (1 − cosNe 2|g|), which for a weak excitation Ne|g| � 1

approximates as 〈E〉 ≈ NaNe|g|2. For an ideal comb (σ � 1),
we get instead 〈E〉 ≈ Nasin2Ne|g|, which for a weak
excitation approximates as 〈E〉 ≈ NaN2

e |g|2. That is, the
atomic excitation energy scales as Ne for unshaped electrons
and as N2

e for comb electrons. The full numerical evaluation
of Eq. (8) is shown in Fig. 4.

IV. FREE-ELECTRON-INDUCED SUPERRADIANT
EMISSION

To analyze the superradiance by the atomic system, we
note that the electrons (shaped or unshaped) excite only sym-

metric states. Due to the short atoms-electrons interaction
duration (typically < 1 ps), we can split the dynamics into
two sequential steps: (1) calculate the atomic density matrix
after the interaction with Ne electrons according to Eq. (5);
then (2) use this density matrix as the initial condition for a
conventional calculation of Dicke superradiance [34–36].

The following calculation can be used to analyze both
electron-driven and light-driven superradiance. We should
emphasize that here “driven” and “induced” refer to the initial
atom excitation stage, whereas the consequent emission is
then spontaneous. Let us call ρ(0) the postinteraction atomic
density matrix, as obtained from Eq. (5). The time evolution
of the atomic density matrix during the superradiance is given
by [34–36]

dρmn(t )

dt
= −�(m(N − m + 1) + n(N − n + 1))ρmn(t )

2
+ �

√
(m + 1)(N − m)(n + 1)(N − n)ρ (m+1)(n+1)(t ), (9)
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where � is the rate of spontaneous emission of an individual
atom. The emission intensity is obtained through energy con-
servation as

I = − d

dt

(
h̄ω0

2
〈Sz〉

)
= −h̄ω0

N∑
m=0

m
dρmm(t )

dt
. (10)

Beyond the intensity, we can characterize quantum cor-
relations of the emitted light using the model developed in
[36,37], and generalized to yield the full Wigner function
[58,59]. We use this development to show the Wigner function
of the emitted light in Fig. 1.

V. DISCUSSION

We expect the phenomenon of double superradiance to
be accessible in current experimental setups. Specifically,
promising candidate setups are quantum dot platforms in
which atomic superradiance or superfluorescence have been
reported when driven by light [60]. Driving these materials
using shaped free-electron pulses could initiate the process
we predict above. Such an observation would access the hard-
to-reach coherent interaction between electrons and atoms or
other types of quantum emitters.

Indeed, while the interactions between electrons and atoms
are ubiquitous, e.g., in electron loss spectrometry and elec-
tron microscopy, these interactions are generally incoherent.
The coherent interaction of electrons with atoms, in which
the energies of the electrons and atoms are resonant and
the phase of the electrons is imprinted on the atoms, of-
fers exciting prospects. Previous theoretical works in this
field (e.g., [17,20,21]) showed that the electron-atom inter-
action depends on the electrons’ shape. However, this effect
remained inaccessible experimentally because of the weak
interaction (typical |g| ∼ 10−2 − 10−3) in realistic systems.
The intensity of emission from individual atoms is similarly
weak (I ∝ |g|2 < 10−4). Double superradiance could resolve
this challenge by enhancing the interaction by NaNe times
(e.g., 150 times for Na = 15 and Ne = 10). Such enhance-
ment can help surpass competing decoherence channels that
so far prevented the observation of coherent electron-atom
interactions.

Double superradiance may also help demonstrate the so far
unobserved influence of electrons’ shape on electron-atoms
interactions. The strength of the interaction and the conse-
quent emission depend on the shape as shown in Figs. 3 and
4. The shape also alters the quantum state of the emitted
light (e.g., photon statistics), which can be extracted using
quantum optical characterizations such as g(2) and homodyne
measurements.

A proposal for the experimental implementation of double
superradiance is illustrated in Fig. 5. The electrons are pre-
shaped into an energy comb using interactions with intense
laser light [53,54]. These shaped electrons then interact with
the atomic system, inducing emission that is collected and an-
alyzed to extract the classical time-dependent intensity of the
emitted light, for example, using a streak camera. Quantum
properties of the light such as its Wigner functions (Fig. 1) can
be extracted, for example, using homodyne schemes that rely
on a local oscillator based on the shaped electrons or on the

FIG. 5. Experimental schemes for measuring double-
superradiant cathodoluminescence. Schematic setups of an
ultrafast (a) transmission or (b) scanning electron microscope (TEM
or SEM). A pulse of electrons can be photoinduced and shaped using
a laser and a coupling structure, e.g., dielectric laser accelerator
structures [61,62] or a set of mirrors [52]. Each shaped electron
pulse excites an ensemble of atoms. The atoms then relax through
superradiant emission, which can be collected and characterized
in various ways, such as a streak camera for combined spectral
and temporal information. The electrons’ energy spectra can be
simultaneously measured for additional information, as shown
recently in [63,64].

laser that shaped them (as in [24]). Such experiments can be
implemented in ultrafast (laser-driven) transmission or scan-
ning electron microscopes—Figs. 5(a) and 5(b), respectively.

Looking forward, free electrons may become prime can-
didates to investigate superradiance with high spatial and
temporal resolution beyond the limits enforced by con-
ventional light excitations. The spatial resolution of light
excitations is typically limited by the wavelength, i.e., hun-
dreds of nanometers, making it impossible to selectively
trigger superradiance in small regions of a target sample. By
contrast, electrons enable triggering superradiance in selected
small regions of the sample, thanks to their short de Broglie
wavelength (down to a few nanometers in scanning electron
microscopes and even to subnanometer in transmission elec-
tron microscopes).

The temporal resolution of resonant light excitations
is typically limited to hundreds of femtoseconds because
shorter pulses involve broader bandwidths that are mostly
out of resonance for the intended transition. In contrast,
electrons carry higher energies so they can have the broad
energy bandwidth required for forming attosecond pulses
[65] while maintaining a resonant excitation of the intended
transition.

Altogether, we envision that using electrons instead of
light could provide alternative methods to control many-
body quantum systems. Double-superradiant cathodolumines-
cence can also give access to unique superradiance-related
imaging capabilities, even for matter in nonequilibrium
states.
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APPENDIX

1. Interaction of an arbitrary electron state with a superradiant ensemble of atoms

The Hamiltonian of the interaction between a single two-level atom and an arbitrary electron state can be described by the
following Hamiltonian (according to [20]),

H = −ih̄v∂z + h̄ω0

2
σz + e

4πε0
· (d⊥ · r⊥ + d‖z)σ+ + (d∗

⊥ · r⊥ + d∗
‖ z)σ−

(z2 + r2
⊥)

3
2

, (A1)

where the first two terms describe the Hamiltonians of the free electron and the two-level atom. The σ ’s are the Pauli operators of
the atom. v is the average velocity of the electron and h̄ω0 is the energy of a two-level atom. The third term in Eq. (2) describes
the interaction between the electron and the atoms with the transition dipole moment d, composed of a component perpendicular,
d⊥, and parallel, d‖, to the electron’s trajectory. The distance between the electron and the atom is r⊥, the elementary charge is
e, and vacuum permittivity is ε0.

Equation (A1) can be easily generalized to the case of a superradiant ensemble of atoms if we consider them in a volume
small enough that they have the same coordinate:

H = −ih̄v∂z + h̄ω0

2
Sz + e

4πε0
· (d⊥ · r⊥ + d‖z)S+ + (d∗

⊥ · r⊥ + d∗
‖ z)S−

(z2 + r2
⊥)3/2 , (A2)

where S± = ∑
i(σ

x
i ± iσ y

i ), Sz = ∑
i σ

z
i are the symmetric operators, with σ

x,y,z
i the Pauli operators of the ith atom. We separate

the Hamiltonian in Eq. (2) into two parts: the free Hamiltonian, H0 = −ih̄v∂z + h̄ω0
2 Sz, and the interaction Hamiltonian, H1 =

e
4πε0

· (d⊥·r⊥+d‖z)S++(d∗
⊥·r⊥+d∗

‖ z)S−
(z2+r2

⊥ )3/2 . Then in the interaction picture, the Hamiltonian has the following form:

VI = e
iH0t

h̄ H1(t )e− iH0t
h̄ .

This Hamiltonian can be simplified and takes the form

VI(t ) = e

4πε0
· [d⊥ · r⊥ + d‖(z + vt )]S+eiω0t + [d∗

⊥ · r⊥ + d∗
‖ (z + vt )]S−e−iω0t

[(z + vt )2 + r2
⊥]

3
2

. (A3)

The scattering matrix can be written in terms of the Magnus
expansion [50],

U = exp

( ∞∑
k=1

�k

)
, (A4)

where

�1 = − i

h̄

∫ +∞

−∞
dtVI (t ),

�2 = − i

h̄

∫ +∞

−∞

∫ +∞

−∞
dt1dt2[VI (t1),VI (t2)],

�3 = − i

h̄

∫ +∞

−∞

∫ +∞

−∞
dt1dt2

∫ +∞

−∞
dt3({VI (t1), [VI (t2),VI (t3)]

+ VI (t3), [VI (t2),VI (t1)]}). (A5)

We assume that only �1 contributes to the resulting scat-
tering matrix, and we neglect all other contributions. We will
justify this assumption below. Consequently, the scattering
matrix has the following form,

U = e−i(gbS++g∗b†S−), (A6)

where b = e−iω0
z
v , b† = eiω0

z
v , and

g = ed⊥ω0

2πε0 h̄v2
K1

(ω0r⊥
v

)
+ i

edzω0

2πε0 h̄v2
K0

(ω0r⊥
v

)
. (A7)

Now let us justify the assumption discussed after Eq. (S5).
If we calculate all other contributions �k , we find that

�k ∼ gkSν, ν ∈ (x, y, z). (A8)

Thus, if we assume that |g| � 1, the main contribution is
due to �1.

2. Scattering matrix of the interaction

We introduce the basis of symmetric states of Dicke
superradiance, describing an ensemble of undistinguish-
able two-level atoms. Specifically, denoting by |g〉 and |e〉
the single-atom ground and excited states, respectively, the
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symmetrized many-body states |0〉, |1〉, . . . |Na〉 with 0, 1, and Na excitations, respectively, read
|0〉 ≡ |ggg . . . gg〉
|1〉 ≡

√
1/Na(|egg . . . gg〉 + |geg . . . gg〉 + . . . + |ggg . . . ge〉) (A9)

. . .

|Na〉 ≡ |eee . . . ee〉,
We can represent the scattering matrix from Eq. (A6) in terms of symmetric states,

〈m|U |n〉 ≡ bn−mUmn, (A10)

where

Umn =
√

m!n!(N − n)!(N − m)!
n∑

k=0

(−1)k (cos |g|)N−m+n−2k (i sin |g|)m−n(sin |g|)2k

k!(n − k)!(m − n + k)!(N − m − k)!
.

After tracing out an electron with an initial density matrix
ρmn

initial, the superradiant system can be described by

ρkl
final =

∑
m,n

〈ψelectron|b(m−k)−(n−l )|ψelectron〉Ukmρmn
initialU

†
nl ,

(A11)

where |ψelectron〉 is the wave function of the interacting elec-
tron.

3. Gaussian comb electron

We define the Gaussian comb electron as

|ψelectron〉 = 1√
norm

∑
n

eiφne− k2

2σ2 |ψn〉, (A12)

where |ψn〉 = ∫ dE e
−(E−En )2

22 |E〉, φ ∈ [0, 2π ] is an arbitrary
phase, and norm is the normalization of the wave function. We
note that En = E0 + nh̄ω, where ω is the energy shift between
different peaks. It follows that

〈bk〉 = 1

norm
eiφk

∑
n,m

e− (n2+m2 )
2σ2 e− [ξk+(n−m+k)]2

42 , (A13)

where ξ = (ω0 − ω)ω−1 is the dimensionless difference in
frequency between atomic transition ω0 and electron comb
frequency ω. By substituting the Gaussian comb electron in
Eq. (A11) it is possible to obtain the atomic density matrix
following the interaction with Ne consequent electrons. For
this purpose, we need to consequently apply Eq. (A11) Ne

times on the initial ground state of the atomic system. In this

way, Eq. (A11) was used to produce the plots in Figs. 2 and 3
of the main text.

4. Average energy of the excitation

The total atomic energy reads

Ê = h̄ω0

∑
i

σ
(i)
+ σ

(i)
− =

∑
i

Êi.

Due to symmetry, the single-particle state of each
atom with index i is the same. Thus, 〈Ê〉 = Na〈Êi〉 =
Nah̄ω0Tri[σ

(i)
+ σ

(i)
− ρi]. To compute 〈Êi〉, we need to find the

single-particle density matrix of atom i after the interaction
with the electrons. To this end, we first write the total density
matrix (of all atoms plus one electron) after their interaction,
namely,

ρtotal,post = Uρtotal,preU
†.

The single-particle density matrix of the ith atom after
the interaction with one electron is obtained by tracing out
everything else, namely,

ρi,post = Tratoms except ith[Trelectron(Uρtotal,preU
†)].

While this expression appears complicated, it is linear, and
can thus be written as⎛

⎜⎜⎜⎜⎝
ρ00

i

ρ01
i

ρ10
i

ρ11
i

⎞
⎟⎟⎟⎟⎠

post

= M

⎛
⎜⎜⎜⎜⎝

ρ00
i

ρ01
i

ρ10
i

ρ11
i

⎞
⎟⎟⎟⎟⎠

pre

,

where the matrix M needs to be found. Matrix M is the same
as if the electron would interact only with ith atom, since the
entanglement and collective effects do not alter the energy of
the excitation. Thus, M reads

M =

⎛
⎜⎜⎜⎜⎝

cos2|g| i〈b〉 sin |g| cos |g| −i〈b〉∗ sin |g| cos |g| sin2|g|
i〈b〉∗ sin |g| cos |g| cos2|g| 〈b2〉∗sin2|g| −i sin |g| cos |g|〈b〉∗
−i〈b〉 sin |g| cos |g| 〈b2〉sin2|g| cos2|g| i〈b〉 sin |g| cos |g|

sin2|g| −i〈b〉 sin |g| cos |g| i〈b〉∗ sin |g| cos |g| cos2|g|

⎞
⎟⎟⎟⎟⎠.
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FIG. 6. The comparison of the numerically calculated average excitation energy (red line) as a function of electrons’ number Ne and
analytically obtained average energy (red line) according to Eq. (A13) for different σ of the electron comb. The calculations show that the
analytical formula completely coincides with numerics. The energy is normalized to Nmax = Nah̄ω0.

Crucially, M does not does not depend on the state of the atoms (the quantities 〈b〉 and 〈b2〉 only depend on the electron). The
linear map can thus be iterated to account for the sequential interaction with Ne electrons. Considering atoms initially in their
ground state, we thus find ⎛

⎜⎜⎜⎝
ρ00

f

ρ01
f

ρ10
f

ρ11
f

⎞
⎟⎟⎟⎠ = MNe

⎛
⎜⎜⎜⎝

1

0

0

0

⎞
⎟⎟⎟⎠,

which can be solved exactly upon diagonalizing M. The energy then reads 〈E〉 = Na h̄ω0ρ
11
f . Namely, in the case of the zero

comb’s phase (i.e., φ = 0 and 〈b〉 = 〈b〉∗):

〈E〉 = Na

(λNe+ − λ
Ne− )(1 − 〈b2〉) sin |g| − (λNe+ + λ

Ne− − 2)
√

(1 − 〈b2〉)2sin2|g| − 16〈b〉2cos2|g|
4
√

(1 − 〈b2〉)2sin2|g| − 16〈b〉2cos2|g|
,

λ± = 1

2
(3cos2|g| − 1 − 〈b2〉sin2|g| ± sin |g|

√
(1 − 〈b2〉)2sin2|g| − 16〈b〉2cos2|g|). (A14)

As sanity check we calculate the average energy according to analytical equation (A14) and according to the numerical
procedure defined in Eq. (A11). The results are the same as shown in Fig. 6.

5. Emission from the excited system

We calculate the emission in two sequential steps: (1) We calculate the atomic density matrix after the interaction with Ne

electrons according to Eq. (A11); (2) then we use this density matrix as the initial condition ρ(0) for Dicke superradiance. ρ(0)
is found as the postinteraction atomic density matrix using Eq. (A11). The time evolution of the atomic density matrix during
superradiance is given by the following equation [35],

dρmn(t )

dt
= −�/2[m(Na − m + 1) + n(Na − n + 1)]ρmn(t ) + �

√
(m + 1)(Na − m)(n + 1)(Na − n)ρ (m+1)(n+1)(t ), (A15)

where � is the rate of spontaneous emission of an individual atom and Na is the number of atoms. The emission intensity is
obtained through energy conservation as I = −h̄ω0

∑N
m=0 m dρmm (t )

dt .
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Specifically, the intensities in Figs. 1(c) and 1(d) of the main text are calculated using Eqs. (A11) and (A13). We also calculate
the Wigner functions of the emitted light using the connection between atomic and emitted light correlations derived by Bonifacio
et al. [36]:

〈a†m
an〉 ∼ 〈Sm

+Sn
−〉. (A16)

Equation (A16) gives the ring-shaped Wigner function for a Gaussian electron with σ � 1 and the coherent-state Wigner
function for σ ∼ 3, as displaced in Figs. 1(c) and 1(d), respectively.

For comparison, we also calculate the emission from a nonsuperradiant system, which is displayed in Figs. 1(a) and 1(b).
In this case, the intensity of emission can be described as the emission of a single atom multiplied by the number of atoms Na.
Thus, we need to solve Eqs. (A11) and (A13) for Na = 1 and then multiply the resulting intensity by the actual number of atoms
Na. The Wigner functions in Figs. 1(a) and 1(b) are thermal, since we assume the atoms to be in equilibrium and independent of
each other.
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