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We consider the scenario of an emitter embedded in a nonideal cavity. Using an input-output approach to
describe the open system, we show that an effective dissipative coupling between the emitter and the cavity
can emerge because of their interaction with a common photonic environment. The underlying mechanism is
independent of the nature of the emitter and exists even at zero temperature; hence our results provide a pathway
for accessing a range of non-Hermitian phenomena in a variety of light-matter coupled systems. In particular, we
show that the effective dissipative coupling can lead to the phenomenon of level attraction between the emitter
and cavity mode when the radiative decay rates exceed the conventional Rabi coupling. Our model thus provides
a possible explanation for the anomalous dispersions and negative mass observed in recent photoluminescence
measurements in semiconductor microcavities. Finally, we show that our effective non-Hermitian system can
produce hybrid light-matter exceptional points and bound states in the continuum.
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I. INTRODUCTION

In quantum optics, the spontaneous emission of radia-
tion is understood as arising from the coupling between an
emitter and the vacuum of the electromagnetic field in its
surroundings [1]. Importantly, this means that the spontaneous
emission is not an intrinsic property of the emitter, but can be
controlled (enhanced or inhibited) by placing the emitter in
an optical cavity, thus modifying its electromagnetic environ-
ment [2–5]. This fact is at the heart of the research field of
cavity quantum electrodynamics [6–8].

In the ideal case, there are negligible interactions between
the cavity and the outside electromagnetic environment, al-
lowing one to achieve a strong coupling between an emitter
and a cavity photon mode. Here, the eigenstates at low ex-
citation density consist of superpositions between the emitter
and bare cavity photon states—the so-called polariton states.
In practice, however, the cavity cannot be perfect and the
light-matter-coupled system is affected by the external envi-
ronment. In this context, there are two effects: the damping
of the cavity, which has been extensively studied theoretically
for the Jaynes-Cummings model [9–12], and the possibility
for the emitter itself to emit radiation outside of the cavity
[13–16]. Such dissipative effects are generic and have been
similarly modeled for a range of scenarios beyond the original
case of an atomic emitter, such as semiconductor microcavi-
ties with either two-level systems [17–20] or bosonic modes
[21–23] as emitters. However, to our knowledge, these previ-
ous works have always assumed that the decay channels for
the emitter and the cavity photon are independent.

In this paper, we consider the situation in which the emitter
and the cavity photon interact with a common photonic envi-
ronment, a scenario which is readily realized in a nonideal
cavity [Fig. 1(a)]. As we show, this gives rise to an effective
dissipative coupling between the cavity photon and emitter,
which is analogous to the induced interactions between two

oscillators immersed in the same medium [Fig. 1(b)]. In prin-
ciple, this configuration only requires a mirror that is not
perfect: it is independent of the nature of the emitter and
exists even when the environment is at zero temperature.
Therefore, our findings are of potential relevance for a variety
of experimental platforms. To be concrete, we consider the
system to be a planar semiconductor microcavity that hosts
cavity photons and excitons [24], and we use an input-output
approach [25,26] to describe the open quantum system. In par-
ticular, we find an effective dissipative light-matter coupling
that can lead to level attraction between the exciton and cavity
mode. This effect provides a plausible and simple explanation
for the recently observed anomalous dispersions in planar
semiconductor microcavities [27,28], as well as earlier reports
of level attraction in quantum dot cavities [29–31]. We also
demonstrate the existence of hybrid light-matter exceptional
points (EPs) and bound states in the continuum (BiCs) in our
model.

The paper is organized as follows. The model and formal-
ism are introduced in Sec. II. In Sec. III, we present the results
obtained by making use of the memoryless approximation.
Finally, in Sec. IV we extend the model to include nonradia-
tive losses and calculate the reflection and absorption spectra.
A brief summary and our conclusions are given in Sec. V.
Additional information and technical details are provided in
the Appendices.

II. THEORETICAL DESCRIPTION

A. Model

We employ a system-environment decomposition, as is
customary for the description of open quantum systems, and
hence we start with a total Hamiltonian of the form Ĥ =
ĤS + ĤE + ĤSE . Here, ĤS and ĤE correspond to the sys-
tem of interest and the environment, respectively, while ĤSE
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FIG. 1. (a) Sketch of the hybrid light-matter system under con-
sideration. It consists of a semiconductor layer embedded in a planar
optical cavity. One of the mirrors is not perfect, which allows the
emitter and the cavity photon to interact with the common photonic
environment via the couplings κ . Panel (b) illustrates the analogy
with two coupled oscillators immersed in a common medium.

describes the system-environment coupling. To be concrete,
we consider the system illustrated in Fig. 1(a). It consists of
two-dimensional excitons and cavity photons described by the
Hamiltonian

ĤS =
∑

k

[
εC

k ĉ†
kĉk + εX

k x̂†
kx̂k + gR(x̂†

kĉk + ĉ†
kx̂k )

]
. (1)

Here, ĉk (ĉ†
k) and x̂k (x̂†

k) are bosonic annihilation (creation)
operators of cavity photons and quantum-well excitons, re-
spectively, with in-plane momentum h̄k. The kinetic energies
at low momenta are εC

k = ε0 + h̄2k2/2mC + δ and εX
k = ε0 +

h̄2k2/2mX , where k ≡ |k| and mC (mX ) is the cavity photon
(exciton) mass, while δ is the photon-exciton detuning and
ε0 is the exciton transition energy. gR is the Rabi coupling,
and we assume that the rotating wave approximation holds
(ε0 � gR).

We consider the environment to be the electromagnetic
field outside of the cavity. To describe this photonic bath, we
use the following Hamiltonian:

ĤE =
∫

dq
∑

k

εE
k,qê†

kqêkq, (2)

where êkq (ê†
kq) are annihilation (creation) operators for pho-

tons outside the cavity with in- and out-of-plane wave vectors
k and q, respectively, and εE

k,q = h̄c
√

k2 + q2 is the corre-
sponding photon kinetic energy.

Since we consider the situation where both the emitter and
the cavity photons interact with the photonic environment, we
describe the system-environment interaction with a Hamilto-
nian of the form ĤSE = ĤXE + ĤCE with

ĤXE =
∫

dq
∑

k

(
κX

k,qê†
kqx̂k + H.c.

)
, (3a)

ĤCE =
∫

dq
∑

k

(
κC

k,qê†
kqĉk + H.c.

)
. (3b)

ĤXE encodes the fact that the probability of an exciton to
recombine by emitting a photon directly to the environment
is nonzero [32]. In particular, this can become the dominant
process for the radiative recombination of the emitter when
the cavity mode and emitter frequencies are not resonant
(i.e., the opposite of the Purcell effect [2]). ĤCE describes the

cavity-environment coupling that exists even in the absence of
the semiconductor layer. Crucially, the form of ĤSE allows for
interference effects to take place when the couplings κX

k,q and
κC

k,q are both nonzero. This is an essential difference between
the present model and those which consider independent envi-
ronments for the emitter and the cavity (e.g., Refs. [13–23]).
For each in-plane wave vector, the scenario we consider is
analogous to the problem of two coupled oscillators immersed
in a common medium illustrated in Fig. 1(b).

B. Input-output formalism

1. Time dependent equations

To obtain the time evolution of the system, we use an
input-output approach [25,26], which allows us to describe
the response to an arbitrary input such as a coherent field. The
key idea is to start from the Heisenberg equations of motion
for the system and bath operators, and then eliminate the bath
operators by using their initial conditions, i.e., the input, as
detailed below. The Heisenberg equations of motion for the
system operators are

ih̄∂t ĉk = [ĉk, ĤS] +
∫

dq κC∗
k,qêkq, (4a)

ih̄∂t x̂k = [x̂k, ĤS] +
∫

dq κX∗
k,qêkq. (4b)

In the same way, one obtains the evolution equations for the
bath operators:

ih̄∂t êkq = εE
k,qêkq + κC

k,qĉk + κX
k,qx̂k. (5)

The formal solution of Eq. (5) is of the form

êkq(t ) = e− i
h̄ εE

k,q (t−t0 )êkq(t0)

+ 1

ih̄

∫ t

t0

dt ′e− i
h̄ εE

k,q (t−t ′ )[κC
k,qĉk(t ′) + κX

k,qx̂k(t ′)
]
.

(6)

If one defines input and output operators as

êI
kq = lim

t0→−∞ e
i
h̄ εE

k,qt0 êkq(t0), (7a)

êO
kq = lim

t→∞ e
i
h̄ εE

k,qt êkq(t ), (7b)

one can use Eq. (6) to obtain the following relation:

êO
kq = êI

kq + 1

ih̄
κC

k,qĈk
(
ωE

k,q

) + 1

ih̄
κX

k,qX̂k
(
ωE

k,q

)
. (8)

Here, Âk(ω) = ∫
dt eiωt âk(t ) corresponds to the Fourier

transform of the operator âk(t ) and ωE
k,q = εE

k,q/h̄. We can see
that Eq. (8) relates the output operator to those of the input
and the system.

Inserting Eq. (6) into Eq. (4) and taking the limit
t0 → −∞, one obtains the following equations for the
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system operators:

ih̄∂t ĉk = [ĉk, ĤS] − i
∫ ∞

−∞
dt ′�CC

k (t − t ′)ĉk(t ′) − i
∫ ∞

−∞
dt ′�CX

k (t − t ′)x̂k(t ′) + F̂C
k (t ), (9a)

ih̄∂t x̂k = [x̂k, ĤS] − i
∫ ∞

−∞
dt ′�XX

k (t − t ′)x̂k(t ′) − i
∫ ∞

−∞
dt ′�XC

k (t − t ′)ĉk(t ′) + F̂ X
k (t ). (9b)

Here, both the Langevin-like force operators F̂ X,C
k (t ) and the

damping terms �AB
k (τ ) originate from the interaction with the

common photonic environment (3) and are not captured in
ĤS . Importantly, we see that �CX

k (τ ) in Eq. (9) induces an
additional coupling between the excitons and cavity photons.
Explicitly, one has

�AB
k (τ ) = θ (τ )

1

h̄

∫
dq κA∗

k,qκ
B
k,qe− i

h̄ εE
k,qτ , (10)

and the “force” operators are related to the input operators as

F̂C
k (t ) =

∫
dq κC∗

k,qe− i
h̄ εE

k,qt êI
kq, (11a)

F̂ X
k (t ) =

∫
dq κX∗

k,qe− i
h̄ εE

k,qt êI
kq. (11b)

2. Frequency domain

Taking the Fourier transform of Eq. (9), we arrive at the
matrix equation

M(k, ω)

(
Ĉk(ω)

X̂k(ω)

)
=

(
F̂C

k (ω)

F̂X
k (ω)

)
. (12)

Here, X̂k(ω), Ĉk(ω), and F̂k(ω) denote the Fourier trans-
forms of the operators x̂k(t ), ĉk(t ), and F̂k(t ), respectively,
and

M(k, ω) =
(

h̄ω − εC
k + i�̃CC

k (ω) −gR + i�̃CX
k (ω)

−gR + i�̃XC
k (ω) h̄ω − εX

k + i�̃XX
k (ω)

)
.

(13)

We note that M−1 corresponds to the single-particle Green’s
matrix of the system, modified by the interaction with the
common photonic environment (see Appendix A). �̃AB

k (ω)
denotes the Fourier transform of �AB

k (τ ) and takes the form

�̃AB
k (ω) = π

h̄

∫
dq κA∗

k,qκ
B
k,qδ

(
ω − ωE

k,q

)

+ i

h̄
P

∫
dq

κA∗
k,qκ

B
k,q

ω − ωE
k,q

, (14)

where P denotes the Cauchy principal value. The Fourier
transforms of the force operators are related to the input oper-
ator as

F̂C
k (ω) = 2πκC∗

k,qp
ρk(ω)êI

k,qp
, (15a)

F̂X
k (ω) = 2πκX∗

k,qp
ρk(ω)êI

k,qp
, (15b)

where the wave vector qp is defined by the resonance condi-
tion ω = ωE

k,qp
and we have introduced

ρk(ω) = (
∂qω

E
k,q

)−1

q=qp
. (16)

Physically, ρk(ω) corresponds to the photon environment den-
sity of states. It is real and well defined when ω > ck, while
when ω < ck, it is not possible to emit radiation outside of
the cavity since there are no free photon modes. Inserting
Eqs. (12) and (15) in Eq. (8), one obtains the following input-
output relation:

êO
k,qp

= S(k, ω)êI
k,qp

, (17)

where

S(k, ω) = 1 − i
2πρk(ω)

h̄

∑
i, j

[M(k, ω)]−1
i j κ i

k,qp
κ

j∗
k,qp

. (18)

Here, [M(k, ω)]−1
i j corresponds to the i j element of M−1.

One can check that |S(k, ω)| = 1, and therefore the transfor-
mation (17) is unitary. This implies that the output operators
obey the same Bose commutation relations as the input op-
erators. However, it is interesting to remark that the fact that
we have a single common photonic bath with a given density
of state ρk is important for this unitarity property. Indeed,
in the different scenario where the emitter and cavity photon
interact with independent matter and photon baths with differ-
ent dispersion relations (i.e., different densities of states), the
resulting input-output transformation cannot be unitary since
it is not equivalent to have an input from the matter or from
the photon bath. This subtlety seems to have been missed in
Ref. [26], and must be accounted for to calculate reflection or
absorption, as discussed in Sec. IV.

While these observables cannot be properly defined in a
model with a single environment, one can use Eq. (12) to
calculate the power spectrum:

I (k, ω) = 〈Ĉ†
k(ω)Ĉk(ω) + X̂ †

k (ω)X̂k(ω)〉, (19)

which encodes the emission spectrum of the system for a
given input of the environment, such as a coherent drive. We
note that in the absence of the environment, the right-hand
side of Eq. (12) is zero and the power spectrum vanishes, as it
should.

III. MEMORYLESS APPROXIMATION
AND NON-HERMITIAN EFFECTS

The set of evolution equations in (9) implies that the sys-
tem operators ĉk and x̂k at time t are affected by their past
at times t ′ < t through the functions �AB

k (τ ). However, such
memory effects disappear if we take the couplings κ in Eq. (3)
to be independent of q, and approximate �CC

k (τ ) 
 γC
k δ(τ ),

�XX
k (τ ) 
 γ X

k δ(τ ), and �CX
k (τ ) 


√
γC

k γ X
k δ(τ ), where γC

k

and γ X
k correspond to the photon and exciton linewidths,

respectively. These can be related to the model parameters via
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(see Appendix B)

γC
k = πρk

(
ωX

0

)∣∣κC
k

∣∣2
/h̄, γ X

k = πρk
(
ωX

0

)∣∣κX
k

∣∣2
/h̄ (20)

where we have used ρk(ω) 
 ρk(ωX
0 ), with ωX

0 = ε0/h̄, and
we have assumed that arg(κC∗

k κX
k ) = 0, since the two parts

of the system (cavity-photon and exciton) are located at the
same place. Such a memoryless approximation is also referred
to as the Markov approximation [25], and we expect it to be
accurate when εC

k , εX
k � γC

k , γ X
k .

Within this approximation, the matrix (13) simplifies to

M(k, ω) =
(

h̄ω − zC
k −g̃k

−g̃k h̄ω − zX
k

)
, (21)

where we have introduced zC,X
k = εC,X

k − iγC,X
k , and g̃k =

gR − i
√

γC
k γ X

k . We can see that the matrix takes the form
M(k, ω) = h̄ω1 − Hk, where Hk can be interpreted as an
effective non-Hermitian Hamiltonian [33]. Crucially, the
imaginary part of the off-diagonal coupling is a consequence
of the common environment, and would be absent in the
typically assumed case of independent environments [26].

Solving det[M] = 0, one obtains the complex eigenvalues

h̄ωL,U
k = 1

2

(
zC

k + zX
k ±

√(
zC

k − zX
k

)2 + 4g̃2
k

)
. (22)

The power spectrum (19) can be calculated analytically and
reads

I (k, ω) =
Ak(ω)γC

k + Bk(ω)γ X
k + Dk(ω)

√
γ X

k γC
k

|h̄ω − h̄ωL
k |2∣∣h̄ω − h̄ωU

k

∣∣2 nk(ω),

(23)

where nk(ω) = π h̄ρk(ωX
0 )〈êI†

k,qp
êI

k,qp
〉 is proportional to the

photon distribution in the input field and we have defined

Ak(ω) = 4
(|g̃k|2 + ∣∣h̄ω − zX

k

∣∣2)
,

Bk(ω) = 4
(|g̃k|2 + ∣∣h̄ω − zC

k

∣∣2)
,

Dk(ω) = 8Re
[(

2h̄ω − zC
k − zX

k

)
g̃∗

k

]
.

We emphasize that γC
k and γ X

k only account for radiative
decay into the common photonic environment. In realistic sys-
tems, there can also exist nonradiative photonic and excitonic
losses. As we show in Sec. IV, these allow for absorption
to take place and can be incorporated into Eqs. (21)–(23)
by adding additional decay rates in the definition of zC

k , zX
k .

Importantly, the absorption spectrum can exhibit qualitatively
similar features to the power spectrum. Here, we focus on
the regime where such nonradiative losses are negligible with
respect to γ X

k and γC
k . To shorten the notation in the dis-

cussion below, we introduce the k-dependent photon-exciton
energy and linewidth detunings δεk = Re[zC

k − zX
k ], and

δγk = −Im[zC
k − zX

k ].

A. Level attraction and anomalous dispersions

In the limit of negligible Rabi coupling, the argument of the
square root in Eq. (22) can give rise to level attraction when
δεk �= 0 and γC

k ∼ γ X
k . In particular, this effect provides a

plausible and relatively simple explanation for recent puzzling
photoluminescence measurements in semiconductor cavities

FIG. 2. Anomalous dispersions. The color plots show the power
spectra I (k, ω) (color scale in arbitrary units). The dashed white lines
correspond to the real parts of Eq. (22) and the dashed-black lines
represent the bare exciton and cavity photon kinetic energies εX

k and
εC

k . (a) δ/γ C = 3. (b) δ/γ C = 2. The other parameters used for both
panels are nk(ω) = 1, γ X /γ C = 1.8, gR/γ X = 0, mC/mX = 0.

[27–31] which reported anomalous level attraction [34]. In
the opposite limit of strong Rabi coupling, gR � γC

k , γ X
k , δεk ,

the argument of the square root in Eq. (22) gives rise to level
repulsion and to the conventional lower and upper polariton
modes [37]. Finally, we note that when γ X

k /γC
k → 0, one

recovers the case where the only radiative decay channel is
from the cavity mode, as considered in Refs. [9–11].

In order to illustrate the phenomenon of level attraction and
to highlight how this can, in turn, lead to anomalous dispersion
relations in planar cavities, we have plotted in Fig. 2 two ex-
amples of power spectra. For the purposes of this illustration,
we have used decay parameters independent of the in-plane
wave vector γC,X and a vanishing Rabi coupling gR/γC,X 
 0.
The dispersion shown in panel (a) resembles the observation
of Ref. [27], which reported an anomalous inverted parabolic
behavior, i.e., a negative effective mass, of the lower line
around k = 0. While this effect was originally believed to
have a many-body origin [27], it is not predicted by a recent
more microscopic many-body theory [38]. The dispersion
displayed in panel (b) resembles that reported in Ref. [28],
in which the inverted parabolic behavior of the lower line
was observed at k �= 0. We note that the power spectrum
calculated here is not strictly equivalent to an experimental
photoluminescence spectrum, as in such measurements some
relaxation and partial thermalization take place which tends to
favor the occupation of the lower-energy states.

It is worth noticing that the single-mode version of the
model in the regime gR/γC,X 
 0 is potentially relevant for
semiconductor quantum-dot cavities. As such, a dissipative
coupling mediated by the common photon environment could
also have played a role for the level attraction reported in pho-
toluminescence measurements in these systems [29–31]. In
particular, we note that the observations of Ref. [29] could not
be fully explained by their model, and that the paper evokes
some “unknown mode-pulling effects.” We emphasize that
the present mechanism is solely due to the common photonic
environment, which was not considered in Refs. [27–31],
and it does not rely on material or temperature-dependent
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FIG. 3. Vicinity of a bound state in the continuum. (a) Power
spectra for different detunings. (b) Dynamics of |〈x̂0〉|2 with ini-
tial conditions 〈x̂0(0)〉 = 1, 〈ĉ0(0)〉 = 0, and vacuum environment.
The solid colored lines correspond to the same detunings used in
panel (a) and the dashed black line corresponds to δ = δBiC given in
Eq. (25b). The other parameters used in both panels are gR/γ C = 3,
γ X /γ C = 0.3, k = 0.

properties of solid-state emitters, nor on the pumping
procedure.

B. Exceptional points and bound states in the continuum

Aside from the connection with recent experiments, the
present model embeds additional interesting special cases.
First, we note that exceptional points [39–41] can arise when
the square root in Eq. (22) vanishes [42]. This occurs when
the following conditions for the photon-exciton detunings are
both satisfied:

δEP
εk

= ±2
√

γC
k γ X

k , δEP
γk

= ∓2gR. (24)

We note that these conditions would remain valid in the
presence of an additional exciton broadening once it is incor-
porated into δγk and that, when γ X

k = 0, Eq. (24) corresponds
to the condition for the so-called weak- to strong-coupling
crossover [17,48]. EPs at such a crossover have been reported
recently in Ref. [49] which relied on a polarization dependent
Rabi splitting. In our case, the Rabi coupling is constant and
we have an in-plane isotropy such that Eq. (24) can give rise
to rings of EPs which, to leading order in mC/mX � 1, occur
at h̄kEP =

√
2mC (δEP

εk
− δ) [50].

Another interesting configuration appears when δεk =
δBiC
εk

≡ gRδγk/
√

γC
k γ X

k , in which case the imaginary part of
ωL

k in Eq. (22) vanishes exactly. As a consequence, the cor-
responding modes remain undamped [53], which corresponds
to the realization of bound states in the continuum [59,60]
(i.e., these states remain localized within the cavity despite
the fact that they coexist with the continuum of photonic
modes outside the cavity). These arise from the interference
between two resonances (exciton and cavity photon) and are
thus hybrid light-matter analogs of the BiCs proposed in
Refs. [59,61]. Like the EPs above, the condition δεk = δBiC

εk

in a planar cavity can give rise to a ring of BiCs occurring
at h̄kBiC =

√
2mC (δBiC

εk
− δ). To our knowledge, such a ring

has not been reported in BiC realizations in other platforms
[60,62].

In Fig. 3(a), we have plotted the power spectrum at k = 0
for different values of δ/δBiC. We can see that as the detuning

approaches δBiC the width of the lower-energy peak decreases
and its amplitude increases. At exactly δ = δBiC, the width
vanishes and the power spectrum (23) diverges as (ω − ωL

0 )−2

[63]. To illustrate the impact of the BiC condition on the
dynamics, in Fig. 3(b), we have plotted the amplitude of
the exciton field as a function of time for the corresponding
detunings. In this figure, we have used the solution of the
memoryless equations of motion given in Appendix C with
〈x̂0(t = 0)〉 = 1, and the environment and cavity mode in their
vacuum state as initial conditions. We can observe damped
oscillations at short times, while at long times, we see that the
closer δ is to δBiC, the lower is the decaying slope. At δ = δBiC,
the time-dependent amplitudes can be expressed as

|〈ĉ0(t )〉|2 = 1 + e− 2γ

h̄ t − 2e− γ

h̄ t cos
[

̃
h̄ t

]
γ 2

γCγ X , (25a)

|〈x̂0(t )〉|2 =
γC

γ X + γ X

γC e− 2γ

h̄ t + 2e− γ

h̄ t cos
[

̃
h̄ t

]
γ 2

γCγ X ,

(25b)

with γ = γC + γ X and ̃ = gRγ /
√

γCγ X . We can clearly see
that the amplitudes remain finite as t → ∞ when γC, γ X �= 0.
In other words, the probabilities to find the emitter or the
cavity excited do not vanish in the long-time limit, which
contrasts with the conventional behavior of damped vac-
uum Rabi oscillations in the absence of a common photonic
environment.

IV. ADDITIONAL LOSSES, REFLECTION,
AND ABSORPTION

In the presence of a single photonic environment, one can-
not formally describe absorption or reflection. Indeed, in the
absence of any other loss channels, all input photons eventu-
ally return into the same environment, and thus the reflection
is necessarily unity. Therefore, to describe the absorption and
reflection within the input-output formalism, one must include
some additional losses in the model.

In realistic planar semiconductor cavities, there are several
sources of nonradiative losses. For example, inhomogeneities
of the mirrors can cause scattering of cavity photons into
guided modes, while lattice phonons can cause scattering of
excitons into nonradiative exciton states. We will model these
by adding two independent baths with which the exciton and
the cavity photon can interact:

Ĥm =
∫

dq
∑

k

[
εm

k,qm̂†
kqm̂kq + (

κm
k,qm̂†

kqx̂k + H.c.
)]

, (26a)

Ĥγ =
∫

dq
∑

k

[
ε

γ

k,qγ̂
†
kqγ̂kq + (

κ
γ

k,qγ̂
†
kqĉk + H.c.

)]
. (26b)

Here, εm
k,q and ε

γ

k,q correspond to the single-particle energies
in the distinct matter and photon baths, respectively, and m̂kq

and γ̂kq denote their annihilation operators.
The derivation provided in the Sec. II can be straightfor-

wardly generalized to include these additional baths, and one
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obtains the modified matrix equation

M′(k, ω)

(
Ĉk(ω)

X̂k(ω)

)
=

(
F̂C

k (ω) + F̂γ

k (ω)

F̂X
k (ω) + F̂m

k (ω)

)
, (27)

with

M′(k, ω) = M(k, ω) + i

(
�̃

γ

k (ω) 0

0 �̃m
k (ω)

)
. (28)

We can see that Eq. (27) has a similar structure as Eq. (12),
with the presence of the additional baths included in �̃m

k (ω),
�̃

γ

k (ω) and F̂m
k (ω), F̂γ

k (ω). In particular, we note that it gives
rise to additional complex terms on the diagonal of the matrix
M′ with respect to M. Similarly to Eq. (14), these additional
terms read

�̃m
k (ω) = π

h̄

∫
dq

∣∣κm
k,q

∣∣2
δ
(
ω − ωm

k,q

)

+ i

h̄
P

∫
dq

∣∣κm
k,q

∣∣2

ω − ωm
k,q

, (29a)

�̃
γ

k (ω) = π

h̄

∫
dq

∣∣κγ

k,q

∣∣2
δ
(
ω − ω

γ

k,q

)

+ i

h̄
P

∫
dq

∣∣κγ

k,q

∣∣2

ω − ω
γ

k,q

, (29b)

with ωm
k,q = εm

k,q/h̄, and ω
γ

k,q = ε
γ

k,q/h̄. In the same way as

Eq. (15), the operators F̂m
k (ω) and F̂γ

k (ω) are given by

F̂m
k (ω) = 2πκm∗

k,qm
ρm

k (ω)m̂I
k,qm

, (30a)

F̂γ

k (ω) = 2πκ
γ ∗
k,qγ

ρ
γ

k (ω)γ̂ I
k,qγ

. (30b)

Here, however, ρm
k (ω) and ρ

γ

k (ω) correspond to the density
of states of the additional baths, m̂I

kq and γ̂ I
kq denote their

respective input operators, and qm and qγ are defined by the
resonance conditions ω = ωm

k,qm
and ω = ω

γ

k,qγ
.

A. Generalized input-output relations

Due to the presence of the additional baths, the input-
output relations are also modified. These can be expressed in

a matrix form as⎛
⎜⎜⎝

êO
k,qp

m̂O
k,qm

γ̂ O
k,qγ

⎞
⎟⎟⎠ = S (k, ω)

⎛
⎜⎜⎝

êI
k,qp

m̂I
k,qm

γ̂ I
k,qγ

⎞
⎟⎟⎠. (31)

S (k, ω) is a 3 × 3 matrix, and its elements are

S11(k, ω) = 1 − i
2πρk(ω)

h̄

{
[M′(k, ω)]−1

11

∣∣κC
k,qp

∣∣2

+ [M′(k, ω)]−1
22

∣∣κX
k,qp

∣∣2

+ [M′(k, ω)]−1
12 κC

k,qp
κX∗

k,qp

+ [M′(k, ω)]−1
21 κX

k,qp
κC∗

k,qp

}
, (32a)

S22(k, ω) = 1 − i
2πρm

k (ω)

h̄
[M′(k, ω)]−1

22

∣∣κm
k,qm

∣∣2
, (32b)

S33(k, ω) = 1 − i
2πρ

γ

k (ω)

h̄
[M′(k, ω)]−1

11

∣∣κγ

k,qγ

∣∣2
, (32c)

S12(k, ω) = −i
2πρm

k (ω)

h̄

{
[M′(k, ω)]−1

12 κC
k,qp

κm∗
k,qm

+ [M′(k, ω)]−1
22 κX

k,qp
κm∗

k,qm

}
, (32d)

S13(k, ω) = −i
2πρ

γ

k (ω)

h̄

{
[M′(k, ω)]−1

11 κC
k,qp

κ
γ ∗
k,qγ

+ [M′(k, ω)]−1
21 κX

k,qp
κ

γ ∗
k,qγ

}
, (32e)

S21(k, ω) = −i
2πρk(ω)

h̄

{
[M′(k, ω)]−1

21 κC∗
k,qp

κm
k,qm

+ [M′(k, ω)]−1
22 κX∗

k,qp
κm

k,qm

}
, (32f)

S31(k, ω) = −i
2πρk(ω)

h̄

{
[M′(k, ω)]−1

11 κC∗
k,qp

κ
γ

k,qγ

+ [M′(k, ω)]−1
12 κX∗

k,qp
κ

γ

k,qγ

}
, (32g)

S23(k, ω) = −i
2πρ

γ

k (ω)

h̄
[M′(k, ω)]−1

21 κ
γ ∗
k,qp

κm
k,qm

, (32h)

S32(k, ω) = −i
2πρm

k (ω)

h̄
[M′(k, ω)]−1

12 κm∗
k,qm

κ
γ

k,qγ
. (32i)

We note that in the absence of the common environment (i.e.,
when κX

k,q = 0 and κC
k,q = 0), one recovers the input-output

relation obtained in Ref. [26] in the case of two independent
baths for the cavity photons and the excitons. However, as
we mentioned above, the transformation S cannot be unitary
when the different baths are not equivalent.

B. Reflection and absorption

In order to introduce the notions of reflection and absorp-
tion one needs to use the conservation of the total particle
number in the baths. This is given by the relation

∫
dω

[
ρk(ω)

〈
êO†

k,qp
êO

k,qp

〉 + ρm
k (ω)

〈
m̂O†

k,qm
m̂O

k,qm

〉 + ρ
γ

k (ω)
〈
γ̂

O†
k,qγ

γ̂ O
k,qγ

〉]
=

∫
dω

[
ρk(ω)

〈
êI†

k,qp
êI

k,qp

〉 + ρm
k (ω)

〈
m̂I†

k,qm
m̂I

k,qm

〉 + ρ
γ

k (ω)
〈
γ̂

I†
k,qγ

γ̂ I
k,qγ

〉]
. (33)
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The fact that the three baths are different is accounted for by
the density of states.

In a reflection or absorption experiment, one excites the
system from the photonic environment outside of the cavity
while the other baths are initially in their vacuum states;
hence, one has 〈êI†

k,qp
êI

k,qp
〉 �= 0 and the other input averages

are zero. One can then use Eq. (31) to express the output
averages in term of the input ones such that Eq. (33) reduces to

ρk(1 − |S11(k, ω)|2) − |S21(k, ω)|2ρm
k − |S31(k, ω)|2ργ

k = 0,

from which we can deduce the reflection and absorption
spectra:

R(k, ω) = |S11(k, ω)|2, (34a)

A(k, ω) = |S21(k, ω)|2 ρm
k

ρk
+ |S31(k, ω)|2 ρ

γ

k

ρk
. (34b)

We note that the relation R + A = 1 is respected, as it should,
in the absence of any transmission. [We recall that no trans-
mission can occur in the scenario we consider since only one
mirror is not perfect, as schematized in Fig. 1(a).]

Within the memoryless approximation, the absorption
spectrum can be expressed as

A(k, ω) = γ
γ

k Aγ (k, ω) + γ m
k Am(k, ω), (35)

with

Aγ (k, ω) = 4
γC

k

∣∣h̄ω − zX
k

∣∣2 + γ X
k |g̃k|2∣∣h̄ω − zL

k

∣∣2∣∣h̄ω − zU
k

∣∣2

+ 8
√

γ X
k γC

k

Re
[
g̃∗

k

(
h̄ω − zX

k

)]
∣∣h̄ω − zL

k

∣∣2∣∣h̄ω − zU
k

∣∣2 , (36a)

Am(k, ω) = 4
γC

k |g̃k|2 + γ X
k

∣∣h̄ω − zC
k

∣∣2

|h̄ω − zL
k |2|h̄ω − zU

k |2

+ 8
√

γ X
k γC

k

Re
[
g̃∗

k

(
h̄ω − zC

k

)]
∣∣h̄ω − zL

k

∣∣2∣∣h̄ω − zU
k

∣∣2 . (36b)

Here, we have zX
k = εX

k − iγ X
k − iγ m

k and zC
k = εC

k − iγC
k −

iγ γ

k , and the additional photon and matter decay parameters
γ

γ

k and γ m
k are defined in a similar way as γ X

k and γC
k with

γ m
k = πρm

k

(
ωX

0

)∣∣κm
k

∣∣2
/h̄, γ

γ

k = πρ
γ

k

(
ωX

0

)∣∣κγ

k

∣∣2
/h̄. (37)

Since in an absorption experiment the input is from the
common photonic environment, the analytical expression we
obtained previously for the power spectrum (23) remains valid
once the additional decays are included in zX

k and zC
k . One

can then observe that the power spectrum is related to the
absorption spectrum as

I (k, ω) = [Aγ (k, ω) + Am(k, ω)]nk(ω). (38)

Interestingly, we can see that the contributions from Aγ (k, ω)
and Am(k, ω) are weighted by the nonradiative loss strengths
in the absorption spectrum (35) but not in the power spectrum.
This difference is related to the fact that there are two indepen-
dent channels for absorption to take place, while the power
spectrum can be defined in the absence of these nonradiative
channels.

FIG. 4. Absorption spectra. The color plots are obtained from
Eq. (35). The dashed white lines correspond to the real parts of
the eigenvalues [Eq. (22)] and the dashed-black lines represent the
bare exciton and cavity photon kinetic energies εX

k and εC
k . In both

panels, the nonradiative decay parameters are γ γ /γ C = γ m/γ C =
0.15. All the others parameters are identical to the ones used in
Fig. 2.

In Fig. 4, we have plotted the absorption spectra using
the parameters used in Fig. 2 and symmetric nonradiative
decay parameters γ γ /γC = γ m/γC = 0.15. Apart from the
different color scale, we can see that the absorption spec-
trum exhibits similar features as the power spectrum, as
expected. This demonstrates that, in principle, one can ex-
perimentally access the anomalous dispersions in absorption
measurements.

V. CONCLUSIONS

We have demonstrated that the presence of a common pho-
tonic environment can lead to an effective dissipative coupling
between light and matter in a nonideal cavity. Using a memo-
ryless approximation, we have obtained analytical results for
the power spectrum and the complex eigenenergies of this
open system. This allowed us to highlight a potential con-
nection with recent experiments that have reported anomalous
level attraction, and to provide simple conditions under which
rings of EPs and BiCs are expected. Furthermore, we have
extended the model to incorporate nonradiative losses, thereby
demonstrating that level attraction and anomalous dispersions
could be probed in absorption experiments.

Our results open up intriguing perspectives. The inclu-
sion of nonlinearities, which are system dependent, could
unveil novel regimes to generate photon antibunching in cav-
ity systems [21,64–67]. Furthermore, to our knowledge, the
possibility for the emitters and the cavity modes to inter-
act with a common photonic environment is not accounted
for in the usual models for single-photon sources [68–70]
or laser theories [71], and it could be interesting to inves-
tigate whether it affects some of their properties. In this
context, one expects that the hybrid light-matter BiC condition
could favor low threshold lasing as evidenced with photonic
BiCs [60,62,72].
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APPENDIX A: CONNECTION TO THE
GREEN’S-FUNCTION FORMALISM

In this Appendix, we highlight the connection between the
matrix M derived in the main text and the Green’s matrix of
the system in the presence of a common environment. The
system single-particle retarded Green’s matrix can be defined
as

G(k, t ) =
(

GCC (k, t ) GCX (k, t )

GXC (k, t ) GXX (k, t )

)

= − i

h̄
θ (t )

(
〈ĉk(t )ĉ†

k(0)〉 〈ĉk(t )x̂†
k(0)〉

〈x̂k(t )ĉ†
k(0)〉 〈x̂k(t )x̂†

k(0)〉

)
,

(A1)

where the averages are taken over the vacuum. The cavity pho-
ton and exciton Green’s functions correspond to the diagonal
elements of this matrix. It is also convenient to introduce the
following system-environment retarded Green’s functions:

GeC (k, q, t ) = − i

h̄
θ (t )〈êkq(t )ĉ†

k(0)〉, (A2a)

GeX (k, q, t ) = − i

h̄
θ (t )〈êkq(t )x̂†

k(0)〉. (A2b)

Taking the time derivative of Eq. (A1) gives

ih̄∂t G(k, t ) = δ(t )

(
〈ĉk(t )ĉ†

k(0)〉 〈ĉk(t )x̂†
k(0)〉

〈x̂k(t )ĉ†
k(0)〉 〈x̂k(t )x̂†

k(0)〉

)

− i

h̄
θ (t )

(
〈ih̄∂t ĉk(t )ĉ†

k(0)〉 〈ih̄∂t ĉk(t )x̂†
k(0)〉

〈ih̄∂t x̂k(t )ĉ†
k(0)〉 〈ih̄∂t x̂k(t )x̂†

k(0)〉

)
.

(A3)

One can then use the equations of motion for the system
operators to reexpress the second term on the right-hand
side. Since the total Hamiltonian considered here only con-
tains single-body couplings, the elements of this term can be
expressed as linear combinations of single-particle Green’s
functions.

Making use of the equations of motion for the system
operators (4), and Fourier transformation, one can obtain

h̄ωGCC (k, ω) = εC
k GCC (k, ω) + gRGXC (k, ω)

+
∫

dq κC∗
k,qGeC (k, q, ω) + 1, (A4a)

h̄ωGXX (k, ω) = εX
k GXX (k, ω) + gRGCX (k, ω)

+
∫

dq κX∗
k,qGeX (k, q, ω) + 1, (A4b)

h̄ωGXC (k, ω) = εX
k GXC (k, ω) + gRGCC (k, ω)

+
∫

dq κX∗
k,qGeC (k, q, ω), (A4c)

h̄ωGCX (k, ω) = εC
k GCX (k, ω) + gRGXX (k, ω)

+
∫

dq κC∗
k,qGeX (k, q, ω), (A4d)

where GAB denotes the Fourier transform of GAB. The same
procedure applied to the system-environment Green’s func-
tions (A2) gives

h̄ωGeC (k, q, ω) = εE
k,qGeC (k, q, ω) + κC

k,qGCC (k, ω)

+ κX
k,qGXC (k, ω), (A5a)

h̄ωGeX (k, q, ω) = εE
k,qGeX (k, q, ω) + κC

k,qGCX (k, ω)

+ κX
k,qGXX (k, ω). (A5b)

We can now inject the system-environment Green’s function
obtained from Eq. (A5) into Eq. (A4) and obtain the matrix
equation(

h̄ω − εC
k + i�̃CC

k (ω) −gR + i�̃CX
k (ω)

−gR + i�̃XC
k (ω) h̄ω − εX

k + i�̃XX
k (ω)

)

×
(GCC (k, ω) GCX (k, ω)

GXC (k, ω) GXX (k, ω)

)
= 1, (A6)

where 1 is the identity matrix. In Eq. (A6), one can recognize
the matrix M(k, ω) given in Eq. (13) of the main text, and ob-
serve that it corresponds to the inverse of the system retarded
Green’s matrix in frequency space.

APPENDIX B: MEMORYLESS APPROXIMATION

The set of evolution equations in (9) shows that the system
operators ĉk and x̂k at time t are affected by all their past at
times t ′ < t . This influence is encoded in the functions �AB

k (τ )
defined in Eq. (10). As mentioned in the main text, one can
simplify these equations by using a memoryless approxima-
tion. One can motivate this approximation by inspecting the
functions �AB

k (τ )

�AB
k (τ ) = θ (τ )

1

h̄

∫ ∞

−∞
dq κA∗

k,qκ
B
k,qe− i

h̄ εE
k,qτ (B1)

= θ (τ )
1

h̄

∫ ∞

0
dω ρk(ω)κA∗

k,qp
κB

k,qp
e−iωτ . (B2)

We expect the system-environment coupling strengths to be
non-negligible only when the environment frequencies are in
the vicinity of the system ones. Since the relevant frequencies
are large (these are in the vicinity of the emitter frequency
ωX

0 = ε0/h̄), we can neglect the frequency dependence of
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κA
k,qp


 κA
k and take ρk(ω) 
 ρk(ωX

0 ). Then one has∫ ∞

0
dω ρk(ω)κA∗

k,qp
κB

k,qp
e−iωτ


 e−iωX
0 τ

∫ ∞

−∞
dω ρk

(
ωX

0

)
κA∗

k κB
k e−iωτ (B3)

= 2πρk
(
ωX

0

)
κA∗

k κB
k δ(τ ), (B4)

and thus one can approximate

�AB
k (τ ) 
 π

h̄
ρk

(
ωX

0

)
κA∗

k κB
k δ(τ ). (B5)

Assuming arg(κC∗
k κX

k ) = 0, in this approximation, Eqs. (9)
reduce to

ih̄∂t ĉk = zC
k ĉk + g̃kx̂k + F̂C

k , (B6a)

ih̄∂t x̂k = zX
k x̂k + g̃kĉk + F̂ X

k , (B6b)

with zC,X
k = εC,X

k − iγC,X
k and g̃k = gR − i

√
γC

k γ X
k and the de-

cay parameters

γC
k = πρk

(
ωX

0

)∣∣κC
k

∣∣2
/h̄, γ X

k = πρk
(
ωX

0

)∣∣κX
k

∣∣2
/h̄. (B7)

This leads to a simplification of the matrix (13) into (21) in
the main text. In addition, within this approximation the force
operators in frequency space (15) read

F̂C
k (ω) = 2πκC∗

k ρk
(
ωX

0

)
êI

k,qp
, (B8a)

F̂X
k (ω) = 2πκX∗

k ρk
(
ωX

0

)
êI

k,qp
, (B8b)

and one has〈
F̂A†

k (ω)F̂B
k (ω)

〉 = 4π h̄ρk
(
ωX

0

)√
γ A

k γ B
k

〈
êI†

k,qp
êI

k,qp

〉
. (B9)

APPENDIX C: FIELD AMPLITUDE DYNAMICS

Assuming that the environment is initially in its vacuum
and using the memoryless approximation, one can calculate
analytically the evolution of the system field amplitudes. Tak-
ing the average of the evolution equations in (B6), one has

ih̄∂t 〈ĉk〉 = zC
k 〈ĉk〉 + g̃k〈x̂k〉, (C1a)

ih̄∂t 〈x̂k〉 = zX
k 〈x̂k〉 + g̃k〈ĉk〉. (C1b)

The solutions are of the form

〈ĉk(t )〉 = 1

h̄ωU
k − h̄ωL

k

{
e−iωU

k t
[〈x̂k(0)〉g̃k + 〈ĉk(0)〉(h̄ωU

k − zX
k

)] − e−iωL
k t
[〈x̂k(0)〉g̃k − 〈ĉk(0)〉(h̄ωU

k − zC
k

)]}
, (C2a)

〈x̂k(t )〉 = 1

h̄ωU
k − h̄ωL

k

{
e−iωU

k t
[〈ĉk(0)〉g̃k + 〈x̂k(0)〉(h̄ωU

k − zC
k

)] − e−iωL
k t
[〈ĉk(0)〉g̃k − 〈x̂k(0)〉(h̄ωU

k − zX
k

)]}
. (C2b)

Using the initial conditions 〈ĉk(0)〉 = 0 and 〈x̂k(0)〉 = 1, one
can obtain Eq. (25) for δ = δBiC and k = 0.

It is interesting to note that the model used to fit the
experimental Rabi oscillations reported in Ref. [73] con-
tains a phenomenological “upper polariton decay/dephasing”

term that seems to act as the present dissipative coupling
(Im[g̃]) in the evolution equations for the field amplitudes
(C1). This suggests that the mechanism introduced in our
paper could also have played a role in this time-resolved
experiment.
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