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Transverse spin and energy flow in Kerker scattering
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In this paper, we investigate the characteristics of transverse spin and energy flow in Kerker scattering by a
high refractive-index nanosphere based on the rigorous Mie scattering theory. It is found that the spin is quasi-
transverse to the direction of energy flow everywhere in Kerker scattering and the magnitude of transverse spin is
much larger than that in Rayleigh scattering due to the phase shift between scattered light of electric and magnetic
dipoles. For the incidence of a linearly polarized plane wave, the transverse spin predominantly determines the
direction of energy flow due to the spin-momentum locking effect in the near field. In the far field, the curl
relationship between the energy flow and spin angular momentum density is validated analogously to structured
guided waves. These findings help deepen understandings of unidirectional scattering and will be beneficial for
the design of photonic nanoantennas.
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I. INTRODUCTION

Light scattering by small particles is of fundamental signif-
icance in a wide range of physics, such as astronomy, imaging,
climate studies, etc. Despite it is an old topic, novel scatter-
ing phenomena and theories are still emerging fostered by
the flourishing field of photonics nowadays. In recent years,
controlling the angular distribution of scattered light by a
particle has been a hot topic in the optics community, of which
unidirectional scattering has attracted a lot of attention for its
potential applications in nanoantennas [1,2], particle position-
ing with subatomic precision [3], and photovoltaic devices [4].
In 1983, Kerker et al. [5] found that the backward scattering
by a magnetic sphere is strongly suppressed under some con-
ditions, namely, Kerker’s conditions of equal permittivity and
permeability, where the scattered light of electric (ED) and
magnetic dipoles (MD) with the same amplitude cancels each
other out in the backward direction through destructive inter-
ference. Several approaches [6–8] were proposed to steer the
direction of scattered light since Kerker’s work. Whereas most
natural materials possess weak magnetism, materials with
high refractive indices or engineered metamaterials provide a
platform for exotic light manipulation through the interference
of multipole modes.

On the other hand, there has been growing interest in light
beams carrying spin angular momentum (SAM) and orbit
angular momentum (OAM). At subwavelength scales, many
optical phenomena, such as propagation, diffraction, and fo-
cusing, are affected by the spin-orbit interactions of light. A
lot of work has been devoted towards connections between
optical spin and momentum [9–11], showing that the con-
version between SAM and OAM can be achieved by several
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methodologies, such as the tight focusing of light by a high-
numerical-aperture lens system [12] and scattering by a small
particle or aperture [13]. In these works, it was demonstrated
that the spin direction may be transverse to the propagation
direction in coherent and incoherent structured beams [14–17]
while it is along the propagation direction for paraxial beams.
The transverse spin has an intrinsic relationship with the
energy flow, known as the optical spin-to-momentum lock-
ing effect. Recently, Yuan and co-workers proved that the
transverse spin and energy flow can be arranged in a form
analogous to Maxwell’s equation for structured guided waves,
showing that there is a curl relationship between transverse
spin and energy flow [18]. This type of transverse spin was
also observed in light scattering by particles. Saha et al. [19]
studied the evolution of SAM of light scattered by a sphere
from the near field to far field. Triolo et al. [20] systematically
analyzed the spin-momentum locking effect in the near field
of metal particles supporting localized surface resonances.
These works are a direct manifestation of extraordinary trans-
verse spin of evanescent waves in the near field of scattered
light, raising the question of how the transverse spin influ-
ences the energy flow of Kerker scattering. In this paper, the
characteristics of transverse spin and energy flow of Kerker
scattering by a high refractive-index nanosphere in the far and
near fields are investigated based on the rigorous Mie scat-
tering theory. The results presented here will help deepen the
understandings of spin controlled unidirectional scattering.

II. THEORY

The schematic of the scattering problem is shown in Fig. 1.
A high refractive-index nanoparticle assumed to be a sphere
located in an x-polarized plane wave propagating in the z
direction scatters light in different directions. According to

2469-9926/2024/109(2)/023518(7) 023518-1 ©2024 American Physical Society

https://orcid.org/0000-0002-5574-327X
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.109.023518&domain=pdf&date_stamp=2024-02-14
https://doi.org/10.1103/PhysRevA.109.023518


ZHAOLOU CAO AND CHUNJIE ZHAI PHYSICAL REVIEW A 109, 023518 (2024)

FIG. 1. Schematic of unidirectional scattering of an x-polarized
beam by a high refractive-index nanosphere. PL: polarization; PV:
Poynting vector; NS: nanosphere; SL: scattered light; SAM: spin
angular momentum. The Cartesian coordinate system (x, y, z) is at-
tached to the sphere and its origin is located at the sphere center.
The corresponding spherical system (r, θ, ϕ) is used throughout the
following text.

the Mie scattering theory, the scattered light for a spherical
particle in an x-polarized plane wave is given by

Es =
∞∑

n=1

En
[
ianN(3)

eln − bnM(3)
oln

]
, (1)

Hs = 1

Z0

∞∑
n=1

En
[
anM(3)

eln + ibnN(3)
oln

]
(2)

in the spherical coordinate system following the nota-
tions of Bohren and Huffman [21], where Z0 = (μ0/ε0)1/2

is the vacuum impedance, ε0 and μ0 respectively stand
for the permittivity and permeability of vacuum, En =
inE0(2n + 1)/n(n + 1), E0 denotes the electric field ampli-
tude, M and N denote vector spherical harmonics, and an

and bn are conventional Mie scattering coefficients. Detailed
expressions of the six components [Er, Eθ , Eϕ, Hr, Hθ , Hϕ] of
the nth term of electromagnetic field in the spherical coordi-
nate system of (r, θ, ϕ) are given in Appendix A.

The SAM (S) of a three-dimensional electromagnetic field
including the contribution of both electric and magnetic fields
is given by

S = 1

4ω
Im[ε0E ∗ ×E + μ0H ∗ ×H], (3)

where ω = 2πc/λ; c is the light speed and λ is the wave-
length.

Since we focus on scattering by nanoparticles much
smaller than the wavelength, only a1 associated with an ED
and b1 associated with a MD to need be considered. In the
far field of conventional Mie scattering, it is well known that
the SAM should be along the direction of Poynting vector
like a plane wave or spherical wave even when the radial
components of Er and Hr are taken into account. However, it
is different for Kerker scattering, where a1 = b1. In this case,
Eqs. (A3)–(A8) can be simplified to

Er = 2E1a1 cos ϕ sin θ
−ieikr

(kr)2 , (4)

Eθ = E1a1 cos ϕ
eikr

kr
(cos θ + 1), (5)

Eϕ = −E1a1 sin ϕ
eikr

kr
(cos θ + 1). (6)

Hr = 2E1a1

Z0
sin ϕ sin θ

−ieikr

(kr)2 , (7)

Hθ = E1

Z0
a1 sin ϕ

eikr

kr
(cos θ + 1), (8)

Hϕ = E1a1

Z0
cos ϕ

eikr

kr
(cos θ + 1) (9)

in the far field, where k = 2π/λ, r is the propagation distance,
and the spherical Hankel function of the first order is asymp-
totically expressed as

h(1)
1 (ρ) = −eiρ

ρ
, (10)

dh(1)
1 (ρ)

dρ
= −ieiρ

ρ
(11)

in the far field (ρ → ∞).
It can be figured out that the electric field is linearly polar-

ized in the transverse plane when the radial component (Er )
is not considered, as Eθ /Eϕ = − cos ϕ/ sin ϕ is a real number.
Similar expressions can be obtained for the magnetic field.
Since there is a phase delay of π/2 between Er and transverse
components (Eθ and Eϕ) analogous to the evanescent wave in
the total reflection of a plane wave at a planar interface, the
direction of SAM is always perpendicular to the propagation
direction except at the singularity in the backward direction,
demonstrating that the spin is always transverse in the far
field.

To account for the impact of inhomogeneous SAM on the
energy flow [20], an additional spin momentum is required
to be introduced into the Poynting vector in the Mie scatter-
ing problem. The energy flow p = P/c2, where P = Re(E ×
H∗)/2 is the Poynting vector and c is the light speed, can be
decomposed into two parts: one for the contribution of orbital
energy flow density (po) and the other for the contribution of
spin momentum density (ps), given by

p = po + ps, (12)

po = 1

4ω
Im[ε0E ∗ ·(∇)E + μ0H ∗ ·(∇)H], (13)

ps = 1

2
∇ × S. (14)

It was recently demonstrated that there is a curl relation-
ship between energy flow and transverse spin with a form
analogous to Maxwell’s equation for several structured guided
modes [18], such as cosine beam, Bessel beam, Weber beam,
and Airy beam. While Eq. (14) indicates the inhomogeneity
of SAM produces a spin momentum, the inhomogeneity of
energy flow leads to transverse SAM, given by

∇ × p = 2k2St , (15)

where the subscript t denotes the transverse component. Since
the SAM is transverse in the far field of Kerker scattering,
the validity of the curl relationship was examined analytically.
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Substituting Eqs. (4)–(9) into Eq. (15), one obtains

p = Re(E × H∗)/c2

= Re
[
Eθ H∗

ϕ − EϕH∗
θ EϕH∗

r − ErH∗
ϕ ErH∗

θ − EθH∗
r

]
/c2

=
[

E2
1 |a1|2

Z0c2k2r2
(cos θ + 1)200

]
, (16)

∇ × p = 2E2
1 |a1|2

Z0c2k2r3
[00(cos θ + 1) sin θ ], (17)

and

S = ε

4ω
Im[E∗

θ Eϕ − E∗
ϕ Eθ E∗

ϕ Er − E∗
r EϕE∗

r Eθ − E∗
θ Er] + μ

4ω
Im[H∗

θ Hϕ − H∗
ϕ HθH∗

ϕ Hr − H∗
r HϕH∗

r Hθ − H∗
θ Hr]

= ε

ω

E2
1 |a1|2
k3r3

[00sin θ (cos θ + 1)]. (18)

After substituting ω = kc and ε = 1
Z0c into Eq. (26), the

curl relationship is validated. The results suggest that the
scattered light in the far field of Kerker scattering is similar
to structured guided waves to some extent. It was conjectured
that transverse spin is pervasive in a structured light field and
originates from the inhomogeneities (intensity, phase, polar-
ization) [18]. In the case of Kerker scattering in the far field,
the energy flow given by Eq. (16) is along the radial direction
but inhomogeneous along the polar direction in the far field.
As a result of the curl relationship, the inhomogeneity indi-
cates the rotation of polarization and hence transverse spin
along the azimuthal direction, which requires a phase shift
of Er with respect to Eθ and Eϕ . The analysis can also be
applied to a separate ED or MD, where the light is linearly
polarized in the transverse plane. For a more general case of
Mie scattering (a1 �= b1), the phase shift between a1 and b1

produces longitudinal spin with a magnitude much larger than
that of transverse spin. As Eq. (15) works only for the trans-
verse spin, the curl relationship is not valid for the scattered
light in a general Mie scattering problem. Nevertheless, Eq.
(23) offers a convenient approach to distinguish transverse and
longitudinal SAM in the total SAM.

III. RESULTS AND DISCUSSION

In the near field, the radial components of electric and
magnetic fields may have much larger magnitudes than those
of transverse components, resulting in different phenomena
of SAM and energy flow from that in the far field. For a
nanoparticle with a relative permeability approximating to 1,
the magnitude of b1 is much smaller than that of a1. In this
case, the scattering problem can be reduced to Rayleigh scat-
tering, where the forward and backward scattering determined
by the ED have nearly the same magnitude. In order to achieve
unidirectional scattering by destructive interference, a high
permeability is required to increase the magnitude of b1.

Without loss of generality, we considered the scattering
of an x-polarized plane wave with [Ex, Ey, Ez] = [1010, 0, 0]
by a nanosphere with a radius of 20 nm, refractive index of
3.5, and relative permeability of 3.5 in the air. The results
for Kerker scattering [Figs. 2(a) and 2(b)] are compared with

those of Rayleigh scattering by a nanosphere with the same
radius and refractive index, but relative permittivity of 1,
which can be approximated as an ED [Figs. 2(c) and 2(d)].
In the far field of Kerker scattering, the radial and azimuthal
components of electric field vanish, while the magnitude of
polar component decreases gradually with the increase of θ ,
as shown in Fig. 2(a). As expected, the electric field is zero
in the backward direction. Meanwhile, the near-field light
field shows a more complicated pattern in Fig. 2(b). At θ =
90◦, the radial and polar components respectively have the
maximum and minimum magnitude. As the two components
are symmetric to θ = 90◦, there is no sign of the far-field
directional scattering in the near field. By comparison, polar
components of electric fields show the same pattern in the
near and far fields for Rayleigh scattering in Figs. 2(c) and
2(d). As the radial component is nearly zero in the far field, a
quasi-symmetry to the xOz plane is observed in the near field

FIG. 2. Scattering of a nanosphere with a relative permeability of
3.5: (a) far-field electric field magnitude in the xOz plane (r = 1 mm,
ϕ = 0◦), Er = 0, Eϕ = 0. (b) Near-field electric field magnitude in
the xOz plane (r = 30 nm, ϕ = 0◦), Eϕ = 0. (c) and (d) are the same
as (a) and (b), but for a nanosphere with a relative permeability of 1.
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FIG. 3. (a) The azimuthal component of SAM density at r = 30 nm in the xOz plane. Three-dimensional SAM distribution in the near field
of (b) Kerker and (c) Rayleigh scattering. The SAM inside the particle is not plotted and the color bar shows the logarithmic value of SAM
magnitude. The arrow direction represents the SAM direction, while the arrow length is set to be the fourth root of SAM magnitude for better
illustration of direction. A hard threshold of e−8Smax is applied to avoid the singularity of zero SAM for the logarithmic calculation, where Smax

is the maximum value of SAM magnitude.

like that in the far field, indicating that the near-field energy
flow of Kerker scattering should be quite different from that
of Rayleigh scattering.

Although the incident plane wave is linearly polarized, the
elliptically polarized scattered light reveals a nonzero SAM.
The SAM of Kerker and Rayleigh scattering are compared
in Fig. 3. The SAM should be transverse in the xOz plane
since the azimuthal component of electric field is zero. Due
to the phase retardation of electromagnetic field between the
ED and MD, the maximum magnitude of |Sϕ| for μ1 = 3.5
is much higher than that for μ1 = 1. As the electric and
magnetic contribution to the radial (polar) component cancel
each other, the SAM should be along the azimuthal direction
[see Appendix B and Eq. (18)]. While Sϕ does not change
its sign between 0◦ and 180◦ in Kerker scattering, it ap-
pears as a sinusoidal curve and is 0 at θ = 105◦ in Rayleigh
scattering, exhibiting two additional zero-SAM points in the
side direction. Note that the exact direction of the two addi-
tional zero-SAM points varies with the propagation, which
changes from 105 ° at r = 30 nm to 97◦ at r = 45 nm to 95◦
at r = 60 nm and forms two zero-SAM curves. The variation
originates from the superposition of the MD, although its
magnitude is much smaller than that of the ED. The difference
in the existence of zero-SAM points produces a significant
difference in the three-dimensional SAM distribution in the
near field of Kerker and Rayleigh scattering, as shown in
Figs. 3(b) and 3(c). The SAM magnitude decreases rapidly
with the propagation since it is significantly affected by the
radial component of electric field. As optical vortices at zero-
SAM points indicate the change of SAM direction, the SAM
only rotates about the z axis in Kerker scattering, while it
rotates about both the z-axis and zero-SAM curves in the side
direction in Rayleigh scattering.

The intrinsic optical spin-momentum locking effect is then
examined in the near field of Mie scattering. Figure 4 shows
the energy flow, decomposed into spin and orbit components,
at r = 30 nm from the sphere center. The negative value of
the radial component of energy flow at θ > 90◦ suggests that
the energy does not necessarily spread out but may spread
towards the sphere center in Fig. 4(a). The far-field scattered
light is thus weak in the backward direction. As the polar
component of energy flow is always non-negative, the energy
flows from the forward direction to the backward direction

outside the sphere. It can be found that the energy flow is
predominantly determined by its spin component in Kerker
scattering, where the spin and orbit components are generally
in the opposite direction. As the scattered light propagates into
the far field, the spin components gradually attenuate and the
energy flow is mainly determined by its orbit component in the
far field, which is validated but not explicitly given in a figure.
A similar explanation can be made for Rayleigh scattering.
The counteraction between spin and orbit components leads
to a weak energy flow in Figs. 4(c) and 4(d), where the radial
component is positive in the forward direction and negative
in the backward direction. This type of energy flow results
in a slightly lower intensity of scattered light in the back-
ward direction than that in the forward direction, as shown in
Fig. 2(c). Therefore, transverse spin plays an important role in
reshaping the energy flow in the near field of light scattering.

Figure 5 gives the three-dimensional energy flow in the
near field of Kerker and Rayleigh scattering. In Kerker scat-
tering [Figs. 5(a)–5(c)], the direction of energy flow generally
agrees with that of the spin component, which is towards

FIG. 4. (a) Radial and (b) polar components of the energy flow
at r = 30 nm in the xOz plane for μ1 = 3.5. (c) and (d) are the same
as (a) and (b) but for μ1 = 1. The azimuthal component is zero for
both Kerker scattering and Rayleigh scattering. SC: spin component;
OC: orbit component; EF: energy flow.
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FIG. 5. Three-dimensional energy flow in the near field: (a) energy flow, (b) spin component, and (c) orbit component for Kerker scattering;
(d), (e), and (f) are the same as (a), (b), and (c), but for Rayleigh scattering. The color bar shows the logarithmic value of the magnitude of
energy flow and its component. The arrow direction and length are plotted in the same manner as that in Fig. 3. The direction cosine between
SAM and Poynting vector for (g) Kerker scattering and (h) Rayleigh scattering.

the backward direction. Due to the contribution of MD, the
energy flow of Kerker scattering is quite different from that
of a spherical wave in the region of 100 × 100 × 100 nm. By
comparison, the energy flows in the same manner as that of a
spherical wave in Rayleigh scattering at the boundary of the
region in Fig. 5(d). According to the spin-momentum locking
effect, the direction of energy flow should be perpendicular to
that of localized transverse SAM. However, it may not work
in the near field of light scattering as the scattered light is a
mixture of evanescent and propagating waves. The direction
cosine, denoted as α, between two vectors, denoted as V1 and
V2, is employed as a metric to quantitatively characterize the
angle between SAM and energy flow, given by

α = V1 · V2

‖V1‖‖V2‖ . (19)

The spatial distribution of direction cosine between SAM
(V1) and Poynting vector (V2) is given in Figs. 5(g) and 5(h).
The maximum of absolute direction cosine is 1.8 × 10−4 at
y = ±50 nm in Kerker scattering and 0.33 at y = ±50 nm in
Rayleigh scattering. The near-zero direction cosine indicates
that the SAM direction is approximately perpendicular to the
energy flow in the near field of Kerker scattering. In contrast,
the scattered light is linearly polarized and the energy flow
is always along the radial direction in the near field for a
single ED (see Appendix B). As the scattered light is the

superposition of that of ED and MD, the difference between
Kerker scattering and Rayleigh scattering originates from the
influences of the MD. According to Eqs. (B3)–(B8), the phase
shift of light from ED and MD is π/2 for both polar and
azimuthal components in the near field of Kerker scattering.
In this case, the SAM and the energy flow are perpendicular
to each other due to the spin-momentum locking effect (see
Appendix B). The energy flow [Eq. (B12)] can be naturally
decomposed into two parts: one flows outside towards the
radial direction [the second term on the right-hand side of
Eq. (B12)] and the other is highly confined in the near field
[the first term on the right-hand side of Eq. (B12)]. It is
interesting to find that the curl relationship in Eq. (15) is
valid for the energy flow going outside and SAM. Consid-
ering the SAM is always transverse in the far field of Kerker
scattering, it can be concluded that the spin is quasi-transverse
everywhere in Kerker scattering. It should be mentioned that
the conclusion is only valid for the incidence of a linearly
polarized plane wave.

IV. CONCLUSION

In conclusion, we investigate the energy flow and trans-
verse spin in the near and far fields of Kerker scattering and
find several interesting features. The superposition of ED and
MD with the same magnitude significantly reduce the mag-
nitude of longitudinal SAM in Kerker scattering compared
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with that of Rayleigh scattering. Due to the spin-momentum
locking effect, the energy flow is reshaped to steer the angular
distribution of scattered light. It is further demonstrated that in
Kerker scattering, the spin is quasi-transverse to the Poynting
vector in both the near and far fields. The present study helps
deepen the understanding of unidirectional scattering, and the
results can be conducive to exploring novel mechanisms and
designing nanoantennas.
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APPENDIX A

In Eqs. (1) and (2), the Mie scattering coefficients are
expressed as

an = μm2 jn(mx)[x jn(x)]′ − μ1 jn(x)[mx jn(mx)]′

μm2 jn(mx)
[
xh(1)

n (x)
]′ − μ1h(1)

n (x)[mx jn(mx)]′
, (A1)

bn = μ1 jn(mx)[x jn(x)]′ − μ jn(x)[mx jn(mx)]′

μ1 jn(mx)
[
xh(1)

n (x)
]′ − μh(1)

n (x)[mx jn(mx)]′
, (A2)

where jn(x) and h(1)
n (x) are respectively the spherical Bessel

and spherical Hankel functions, m is the relative refractive in-
dex, x = kr0, k = 2π/λ is the wave number, r0 is the particle
radius, and μ and μ1 are respectively the relative permeability
of the surrounding medium and particle. The six components
of the nth term of electromagnetic field in the spherical coor-
dinate system of (r, θ, ϕ) can then be obtained as

Er = iEnan cos ϕn(n + 1) sin θπn(cos θ )
h(1)

n (kr)

kr
, (A3)

Eθ = iEnan cos ϕτn(cos θ )

[
krh(1)

n (kr)
]′

kr

− Enbn cos ϕπn(cos θ )h(1)
n (kr), (A4)

Eϕ = −iEnan sin ϕπn(cos θ )

[
krh(1)

n (kr)
]′

kr

+ Enbn sin ϕτn(cos θ )h(1)
n (kr), (A5)

Hr = iEnbn

Z0
sin ϕn(n + 1) sin θπn(cos θ )

h(1)
n (kr)

kr
, (A6)

Hθ = i
Enbn

Z0
sin ϕτn(cos θ )

[
krh(1)

n (kr)
]′

kr

− Enan

Z0
sin ϕπn(cos θ )h(1)

n (kr), (A7)

Hϕ = iEnbn

Z0
cos ϕπn(cos θ )

[
krh(1)

n (kr)
]′

kr

− Enan

Z0
cos ϕτn(cos θ )h(1)

n (kr), (A8)

where special angular functions πn(cos θ )=P(1)
n (cos θ )

sin θ
and

τn(cos θ )= dP(1)
n (cos θ )

dθ
are defined using associated Legendre

polynomials P(1)
n (cos θ ) for convenience.

APPENDIX B

In the near field (ρ → 0), the spherical Hankel function of
the first order is asymptotically expressed as

h(1)
1 (ρ) = −i

ρ2
, (B1)

dh(1)
1 (ρ)

dρ
= 0.5 + 2i

ρ3
. (B2)

The simplified light field is given by

Er = 2E1a1 cos ϕ sin θ
1

(kr)3 , (B3)

Eθ = −E1 cos ϕ

(kr)2

(
a1 cos θ

kr
− ib1

)
, (B4)

Eϕ = E1 sin ϕ

(kr)2

(a1

kr
− ib1 cos θ

)
, (B5)

Hr = 2E1b1

Z0

sin ϕ sin θ

(kr)3 , (B6)

Hθ = −E1

Z0

sin ϕ

(kr)2

(
b1 cos θ

kr
− ia1

)
, (B7)

Hϕ = −E1 cos ϕ

Z0(kr)2

(
b1

kr
− ia1 cos θ

)
. (B8)

For a single electric dipole (b1 = 0), the SAM is zero since
both the electric and magnetic fields are linearly polarized.
Meanwhile, the Poynting vector P = Re(E × H∗)/2 is almost
purely imaginary, so the time-averaged energy flow is zero.

For Kerker scattering (a1 = b1), the scattered light is ellip-
tically polarized with the orientation of major axis dependent
on the position. The components of SAM and energy flow are
expressed as

Sr = 0, (B9)

Sθ = 0, (B10)

Sϕ = ε0|E1a1|2 sin θ

ω(kr)5 , (B11)

pr = |E1a1|2 cos θ

2Z0c2(kr)6 + |E1a1|2 cos θ

2Z0c2(kr)4 , (B12)

pθ = |E1a1|2 sin θ

Z0c2(kr)6 , (B13)

pϕ = 0. (B14)
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While the SAM is always along the azimuthal direction,
the energy flows towards the radial and polar directions. While
SAM and the energy flow are still perpendicular to each other,
the curl relationship in Eq. (15) is not valid. However, it is
found that the curl relationship does exist between the SAM

and part of the energy flow, viz.,

∇ × p = 2k2S, (B15)

where p = [pr2, 0, 0], S = [0, 0, Sϕ], and pr2 is the second
term on the right-hand side of Eq. (B12).
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