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We investigate the homogeneous superfluid mixtures of a Bardeen-Cooper-Schrieffer (BCS) superfluid orig-
inating from pairing two-species fermionic atoms and superfluidity stemming from condensation of bosonic
atoms. By integrating out the freedoms associated with the BCS superfluid, we derive the fermion-mediated
interactions between bosons, which is attractive and can be tuned from long range in the BCS region to short
range in the region of Bose-Einstein condensation of molecular dimers. By analyzing the Bogoliubov spectrum
and the damping rate of bosonic superfluid, we map out the phase diagram spanned by the boson-fermion mass
ratio and the boson-fermion coupling strength, which consists of a phase separation region and two phase-mixing
regions with and without Landau damping. The three different phases can coexist at a tricritical point, which
moves toward a low boson-fermion mass ratio and a high boson-fermion scattering length as the fermion-fermion

interaction strength is tuned up on the BCS side.
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I. INTRODUCTION

Mediated interactions play a crucial role in our un-
derstanding of nature. In particle physics, all fundamental
interactions are mediated by gauge bosons [1]. In condensed-
matter physics, phonon-mediated electron-electron attractions
are responsible for the formation of Cooper pairs, whose
condensation leads to the phenomena of conventional super-
conductivity [2]. Ultracold atoms have emerged as an ideal
platform for engineering the interatomic interactions [3-5],
testing the fundamental physics [6], and exploring the novel
many-body quantum phenomena [7]. Of particular interest
are the experimental observations of the fermion-mediated
long-range interactions between bosons in Bose-Fermi mix-
tures in weakly interacting [8—10] and strongly interacting
regimes [11,12]. This has sparked new interests in theoretical
investigating of physics associated with the fermion-mediated
interactions in various physical systems. These include study-
ing the stability conditions for weakly interacting Bose-Fermi
mixtures at zero temperature [13,14] and at finite temperatures
[15], investigating mediated interactions with strong coupling
theories [16,17] and effective field theories [18], and tailoring
long-range interactions for quantum simulators [19].

Superfluid mixtures of bosonic and fermionic atoms have
been the focus of both theoretical [20-28] and experimental
[29-33] research over the past years. These double-superfluid
systems provide fascinating opportunities to explore the in-
terplay between excitations of distinct statistics and mediated
interactions. A Bose-Fermi superfluid mixture possesses two
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gapless bosonic modes resulting from the spontaneous break-
ing of internal gauge symmetries of Bose superfluid and Fermi
superfluid, respectively, and gapped fermionic excitations that
describe the Cooper pair breaking [23,34,35]. One of the key
questions to ask is how fermion-mediated interactions reshape
our understanding of this exciting system. While existing
experiments [29,33] on double-superfluid mixtures indicate
damping of dipole modes, searching for well-defined quasi-
particle excitations in interacting quantum matter represents
one of the cornerstones of modern physics [36]. Superfluid
mixtures of Bose-Fermi gases offer promising prospects to
elucidate the physics of such quasiparticles.

In this work, we are trying to address this question by
conducting the following studies: First, we start from the
functional integral representation of the partition function of
the system. By tracing out the fermions, we obtain an effective
action entirely in terms of degrees of freedom associated
with bosons, so that we can isolate the effects of fermion-
mediated interactions on the bosons. Second, we examine how
the induced interactions modify the Bogoliugov spectrum of
bosons and lead to the damping of quasiparticles. Third, we
map out the phase diagrams emphasizing the roles of the
boson-fermion mass ratio and the boson-fermion interaction
strength. Finally, by determining the behaviors of the tricrit-
ical point as a function of interfermion scattering length, we
can completely characterize the topology of the phase diagram
without recourse to extensive numerical treatment.

II. MODEL AND FORMALISM

We consider a homogeneous mixture of bosons and popu-
lation balanced spin-1/2 fermions, described by the following
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grand canonical Hamiltonian:

H= [ d3r[ S U e + 80 d W + gV U

o=1.
t 8B ¢
+ g+ -0 ¢T¢¢} @)
where h; = —2h—,;v2 — Wi, i =B or F denotes bosons or

fermions with mass m;, and u; represents the chemical po-
tential. ¢ and v, are the field operators for bosons and
fermions with spin o =1 and |, respectively. In Bose
gases, g = 4mwh’ag/mp, where positive s-wave scattering
length ap characterizes the repulsive interaction strength
between bosons. In Fermi gases, g is the interaction
strength between fermions and is assumed to be attractive,
leading to Bardeen-Cooper-Schrieffer (BCS) pairing. gpr =
2 hagp (mIEl +mgl) accounts for the interaction strength
between fermions and bosons, with agr being the correspond-
ing s-wave scattering length. For convenience, we define the
Fermi momentum kr = (37%nr)'/3, with np being the num-
ber density of Fermi gases, the Fermi velocity vy = hkr/mp,
and the corresponding Fermi energy Ep = hi*k%/2mp. We
adopt the natural units by setting i = kg = 1 for the sake of
simplicity from now on.

Within the framework of the imaginary-time field inte-
gral [37], we can cast the partition function of the system
as Z = [ D[y,, ¥ 1DI¢*, ¢le™S, with the action given by
S=[JdtIH + [ dr(Y, Vo d: o + ¢*0:4)]. where p=
1/T is the inverse temperature. By performing a Hubbard-
Stratonovich transformation, we introduce a bosonic field
A(r,t), which serves as an order parameter [38] en-
capsulating the relevant low-energy degrees of freedom
for fermions. After carrying out the functional integra-
tion over the Grassmann fields, we can obtain an effective
action Seir = [ drd’r[¢*(3; + hs + Lo*¢)p — |A*/gr] —
Trin M + Trh, with h = —V2/2mp — up + gerd*¢, where
the matrix M reads

(o +h  —-A
an(gt ) e

So far, the above formal manipulation of the partition function
is exact.

To facilitate the evaluation of the traces by benefiting
the translational invariance, we transform the above to the
momentum-frequency representation [g = (q, @,)]. By mak-
ing the Fourier expansions A = Ag+ ) 40 Age* (we set
Ay to be real) and ¢p*¢ = po + > 440 pge™ with space-time
coordinate x = (r, t), and defining the inverse Green’s func-
tion G~ = —0; 4+ (V?/2mp + pur — gprp0)o; + Aoy, with
o, and o, being the Pauli matrices, we can write M =
—G~! 4+ M, where the matrix M, is

S
. :
47#0 By 8BEL

This allows one to write Trln M = Trln(—G™") +
Trin (I — GM,), with the unit matrix /, and to perform
the series expansion —Trln[/ — GM,)] =), Tr[(GM, Y1/1,

with the positive integer [. For I =1 and [ =2, we
have

Tr(GMy) = M(0) ) G(k) =0, (4a)
k

Tr(GM,)* = Z GOM (—q)G(k + @M1 (q).  (4b)
kq

For [ > 3, the related terms are usually related to the in-
duced three-body or more than three-body interactions for
bosons, which can be neglected for the dilute gases considered
in this work. Therefore, up to the level of random-phase ap-
proximation, the effective action contains up to the quadratic
order of the fluctuating fields A’q‘ and A,, which can be inte-
grated out to yield an approximate effective action solely in

terms of fields of Bose gases:

Seff = /d‘[d3l'(]5* (37 + hB + 873¢*¢)¢

n Shr S Aol
- (@p—gpg + BV | D& — p
k

q#0 F

—Trin(=G™")+ ) InT'(g), 5)
q

where V represents the volume occupied by the system, and
SNsR = Y g InT'~!(g) is the so-called Noziefes—Schmitt-Rink
(NSR) correction [39,40]. The extension of the original NSR
theory to the superfluid phase below the transition temperature
T. has already been done by other researchers [41-48]. We
have defined T1(q, z) = I (q, z) + [1¢(q, z), where T1; =
—|Ao|*(INA? + 221 B* — 2221,AB) /(I by — 21},) and z =
iw, is the polarization function, describing the response of
the superfluid Fermi gases under external density perturbation
(w, is the bosonic Matsubara frequency). And I' ! (¢) and the
parameters in the polarization function are given as follows:

O ETE E+E
Aq,2) = ; EE P 4B (62)
E E_ 1
B =Y =L (6b)

—~ E.E. 22— (E:++E )

E{+E_E.E_—E£& +|Af
Mpn(q.2) = Y FE  7-G.iEy @ ©

P
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~ E.E. 22— (E4+E.) E,
(6d)
Ey +E_E.E_+&& —|A> 1
I»(q,z) = + —,
(9. 2) Xp: E.E. 22— (E,+E ) E
(6e)
1 E§_ +E§,
1 7)) = , 6
12(q, 2) §E+E_Z2_(E++E_)2 (6)
I (q.2) =Iih — I, (6g)

where £ is a shorthand notation for momentum p + q/2,
Ep = P*/2mp — pr + garldol®, and Ey = V& + |Aol*. It is
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interesting to notice that our approach recovers the same
form of density-density correlation function T1(q, @ + i0")
obtained in studying collective modes with the dynamical
BCS model formulated with a diagrammatic approach [49]
and in studying dissipation of a moving impurity with time-
dependent Bogoliugov-deGennes equations [50] in superfluid
Fermi gases. It involves two contributions, one is from the
pair-breaking excitations and the other is from the collective
excitations.

We perform the standard Bogoliugov decomposition by
writing ¢ = ¢ + ¢, where ¢9 and ¢ are the mean-field
and fluctuating parts of the bosonic field, respectively. By
retaining the fluctuating fields up to quadratic order, we
approximate the effective action as S = So + S + Snsr,
where Sy is the mean-field action and S, is the Gaussian
action containing the quadratic orders of ¢ and ¢*. Employing
Q = —1In Z/BV, we obtain the grand potential density of the
system at mean-field level as

1A

8B
QY = —pslgol” + T ldol* — ——
8F

1 2
— _ _ - —BEx
+ v Ek (6x — Ex) BV Ek In(l+e 7). (1)

In principle, one should use the full grand potential 2 to
determine the order parameters and the chemical potentials
self-consistently, which will give quantitatively satisfac-
tory results but it is numerically cumbersome. Here we
undertake a compromise approach where quantum fluc-
tuations are completely neglected but it is numerically
tractable. We use the mean-field grand potential to deter-
mine equilibrium values of the order parameters and the
chemical potentials, as it is self-consistent at mean-field
level [51,52]. Effects of quantum fluctuations can be taken
into account on top of the mean-field solutions [48,53,54].
Minimization of Q© with respect to Ay gives the gap
equation —1/gr = (1/V) )", tanh(BEx/2)/(2Ex). The ther-
modynamic relation ny = —9Q®/dur gives the number
equationng = (1/V) ), [1 — tanh(BEx/2)&/Ex]. These two
equations determine the order parameter Ag = A§ and the
chemical potential ur = u§ + gprngp self-consistently, where
A§ and puy are the solutions in the absence of cou-
pling with bosons, and np is the number density of Bose
gases. The saddle-point condition 9Q®/d¢s = 0 leads to
the Hugenholz-Pines theorem [55], yielding the relation
Up = gphp + gprnr. At zero temperature, the corresponding
ground-state energy density is found from the relation Eéo) =
QO + ppng + ugns, yielding

E((;O) =anpEr + g?Bnlzg ~+ gprnpng, (8a)
U 3 1A

a(n) = -5 — 3
EF Skpll EF

1 | Aol
—Ex ). 8b
t o E ;<sk+ o (8b)

In the above, we have expressed the bare coupling pa-
rameter gr in favor of the physical scattering length a
via the prescription 1/gr = mp /(4mwa) — (1/V) ), 1/(2€x),
with €, = k?/(2mp). As seen above, the dimensionless

Fra —

0 2 4 6 8 10

FIG. 1. The spatial distribution of 73 scaling of the induced inter-
action potential 7*Viyq(r) [in units of g.d(Er)] between two bosons
with the relative coordinate r for three typical interaction parameters
kra = —1, 0, and 1, corresponding respectively to the regions of
BCS, unitarity, and BEC. d(Er) = mpky /7 is the density of states
of free Fermi gases at the Fermi energy.

coefficient () is fully determined by the coupling parameter
n = 1/(krpa). Typically, in the deep BCS limit, we have o
approaching 3/5, recovering the well-known result for free
fermions [13,56].

To ensure the stability of the system, we require that the
Hessian matrix 82E((;O)/8n,-8nj with i, j = F, B constructed for
the ground state to be positive definite, which leads to an upper
bound for fermion density of

5323 30 1 ,0?
a3 < #[a _38e _,,z_ozf], ©)
ME gy 5'9n 10" an

which is a generalization of the mechanical stability con-
dition for Bose-Fermi mixtures [56]. Noticing that the
sound velocity of the BCS system can be determined via
V2 = (np /mp)azEéO)/ dn%, we obtain an equivalent stabil-
ity condition for the system against phase separation as
np < v’mrpgp/gyr, which has been checked consistently in
numerics.

III. RESULTS AND DISCUSSION

Inspecting the effective action in Eq. (5) and the
polarization function, one can obtain the Hamiltonian
describing the induced two-body interactions between
bosons through coupling with fermions, that is, Hjg =
(g%}F/z) Zq;ﬁO Zk,p Hq¢]i+q¢l’)—q¢p¢k7 where 1—Iq = H(‘L 0)
is the polarization function evaluated at the static limit at
zero temperature. Correspondingly, an induced pairwise in-
teraction potential between two Bose atoms with the relative
coordinate r is given by Viy(r) = Zq;eo g%F quiq'r. The 3
scaling behavior of the induced potential *Vi,q is presented
in Fig. 1. The essential features of the fermion-mediated
interaction potential are remarkable: On the BCS side with
1/kra = —1, the potential shows an oscillating power-law
behavior (1/r%), a signature of the oscillatory Ruderman-
Kittel-Kasuya-Yosida (RKKY) type interaction [57]. The
RKKY interaction originally describes the effective inter-
action between two localized magnetic impurities due to
the polarization of the conduction electrons near the Fermi
surface. For Bose-Fermi mixtures, the effective interaction
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potential between bosons mediated by a single species
fermions is predicted [58-60] to be of RKKY type in real
space, where it decays at 1/r* at large spatial separation and
shows the Friedel oscillations at a period of 1/2kr, imprinted
by the density of the Fermi gases. At unitary with 1/kra = 0,
the potential still shows power-law behavior, but with small
range. On the Bose-Einstein condensation (BEC) side with
1/kpa = 1, the potential decreases to zero rather quickly as
expected, as at the BEC limit it has been shown to induce an

attractive Yukawa potential (e~¥2/¢ /r) that falls off exponen-
tially beyond the healing length & [61-63].

The Gaussian action for the bosonic fluctuating fields
can be compactly written as S, = % » 7 CD;led)q by defin-
ing a column vector &, = (¢, ¢* q)T and an inverse matrix
QB_I =€, + A, — iw,0, + A 0y, with €g = q*/2mp and A, =
(gBB + g%F I1,)ng. The quasiparticle spectrum w(q) and the
damping rate y(q) can be obtained by seeking solutions
of the secular equation detGg "(q, @ — iy) =0 with sub-
stitution of I1,|iw, — @ + i0'. By analytic continuation to
real frequency (iw, — @ + i0"), one obtains the polarization
function I1(q, w), whose imaginary part provides essential
information for the damping of the excitations of Bose gases.
The imaginary part of the polarization is closely related to the
pole of I, which corresponds to the excitation spectrum of
the superfluid Fermi gases.

In Fig. 2(a), we show two types of excitation at the unitary
limit, where both pair-breaking excitation and collective ex-
citation are important. The pair-breaking excitation spectrum
wpy corresponds to the poles of ITyy(q, z), namely, wp, =
E. + E_. It is a single-particle continuum, and its minimum
wm(q) denotes the threshold energy to break a Cooper pair
with center-of-mass momentum q. The shaded region denotes
that the imaginary part of the polarization differs from zero
and is referred to as the pair-breaking continuum. The collec-
tive spectrum w0 (q) can be found by seeking the poles of
M.(q, 2), yielding I11(q, @) (q, @) — w?I}(q, w) = 0. The
collective excitation spectrum exhibits characteristic linear
energy-momentum behavior at small momentum ¢ as it is
a sound mode, and it lies below the pair-breaking thresh-
old. The behaviors of the imaginary part of the polarization
function for three typical momenta g/kr = 1.0, 1.5, and 2.0
are shown in Fig. 2(b). For ¢/kr = 1.0 and 1.5, they have
the same threshold energy 2A,, below which ImIl(g, w)
vanishes, while for g/kr = 2.0 > 4u{, the threshold energy
is given by wg = vV(¢?/4 — u°)? + A3. The magnitude of
ImI1(q, ) reaches maximum right after the threshold energy
and decreases quickly with increasing energy.

The behaviors of the Bogoliubov spectrum w(g) and
the damping rate y(g) for three typical mass ratios r,, =
mp/mp are shown in Figs. 2(c) and 2(d). At small momen-
tum, the spectrum is phononlike with the sound velocity
given by ¢ = v/(gg + g3 Io)ng/mp. For r,, = 1, as shown
in Fig. 2(c), there is a cusp in the spectrum resulting from
the avoid-crossing of collective modes of the Fermi superfluid
and the Bose superfluid. For sufficiently large momentum
g, both spectrums for r,, =1 and r, = 1.5 are entering
the pair-breaking continuum, signifying that the Bogoliubov
quasiparticle achieves finite lifetime due to damping effects.
The damping occurs when the quasiparticle energy reaches

——/kr =10
- - —q/kp=15

1 2 1 2
q/kF Q/kF

FIG. 2. Physics of excitations and damping at the unitarity where
1/kpa = 0. Shown in the upper panels are properties of the po-
larization function. (a) The shaded region is the range where the
imaginary part of the polarization differs from zero and is referred
as the pair-breaking continuum. wy, denotes the threshold for the
pair-breaking excitation, and w., is the collective excitation. (b) The
imaginary part of the polarization function ImII(q, @) [in units of
d(Er)] as a function of frequency w for given typical momen-
tum amplitudes g. Shown in the lower panels are properties of the
Bogoliubov quasiparticles. (c) The excitation energy w/Er and
(d) the Landau damping rate y /Ep for three typical mass ratios:
rm = 1.0, 1.5, and 2.7. d(Er) = mpkg /m? is the density of states of
free Fermi gases at the Fermi energy. The relevant parameters chosen
here are krap = 0.1, kpagr = 0.05, and ng/np = 1.

the threshold energy wy,, swiftly reaches its maximum, and
decreases gradually for increasing momentum. Remarkably,
there exists a critical mass ratio r, = 2.7, above which
Bogoliugov excitations can achieve infinite lifetime with no
damping. This special line of spectrum for r,,, = 2.7 intercepts
the curve of the threshold energy at a critical momentum, ¢,
and the damping vanishes for arbitrary momentum, as shown
in Fig. 2(d).

We are now in position to construct a phase diagram for
the system. The stability constraint marks the transition line
between stable phase mixing and phase separation (PS) into
fermions and bosons [25,56,64,65], which remains the same
for different number density ratios ng/ng, as shown in Figs. 3
and 4, corresponding to 1 /krpa = —1 (BCS side) and 1/kra =
O (unitarity limit), respectively. In the stable-phase-mixing
region, we can further classify it into regions accommodating
quasiparticle excitations with and without damping, termed as
damped and QP, respectively. To map out the phase boundary
separating the damped region and the QP region, one needs to
require that at the phase boundary the quasiparticle spectrum
w(q) is the tangent line to the threshold energy wy,(q), which
simultaneously determines both the critical momentum ¢, and
the critical mass ratio r,, illustrated previously in Fig. 2(c).
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FIG. 3. (a) Phase diagram spanned by the boson-fermion mass
ratio and the coupling strength kragr at 1/krarr = —1 (BCS side).
It has three regions: phase separation (PS), quasiparticle with infinite
lifetime (QP), and a damped region where the quasiparticle has finite
lifetime due to damping. For the given boson-fermion density ratio,
the three regions meet at a tricritical point (TP). (a), (b) The evolution
of the tricritical point (¥, kpaz) as a function of the boson-fermion
density ratio ng/ng.

At the BCS side with 1/krpa = —1, as shown in Fig. 3(a),
the largest boson-fermion coupling strength kparp one can
achieve to sustain a homogenous phase increases sharply,
reaches a peak with kparpg = 0.27 at mg/mp = 1, and de-
creases slowly with increasing boson-fermion mass ratio r,,.

0.3 ' ' '
(a)
PS TP
& 0.2 R -
.
3 =t
—np/Np =
Al -onp/np =38 -
..........‘nB/np =16
0 \
0 1 !
2.7
(b)
2.6
&
a8
~
2.5
2.4
; - 20 0 10 20
ng/nr np/ng

FIG. 4. (a) Phase diagram spanned by the mass ratio and the
boson-fermion coupling strength krapr at 1/krpapr = 0 (unitarity).
It has three regions: phase separation (PS), quasiparticle with infinite
lifetime (QP), and a damped region where the quasiparticle has finite
lifetime due to damping. For the given boson-fermion density ratio,
the three regions meet at a tricritical point (TP). (a, b) The evolution
of the tricritical point (rI¥, krakl) as a function of boson-fermion
density ratio ng/ng.

2.8

(©
2.7t

_nB/np =0.1
[ |---np/np =10
25 ..........7LB/T],F =16

-1 -0.5 0 -1 -0.5 0
1/k‘FG 1/kFa

FIG. 5. (a), (b) Evolution of the TP (r*, krajF) as a function of
1/kra. (c) Evolution of the critical momentum ¢'* at the TP as a
function of 1/kra.

As the boson-fermion density ratio np/np increases, the
regime of QP diminishes, giving way to the damped region.
The tricritical point (TP) (7, krar,) where the three phases
meet can be tuned to move with the density ratio ng/ng,
as shown in Figs. 3(a) and 3(b). The tricritical point moves
toward a high boson-fermion mass ratio and a low boson-
fermion coupling strength when ng/np increases.

At the unitarity limit where 1/kpa =0, as shown in
Fig. 4(a), the phase boundary line between the phase mix-
ing and the phase separation varies smoothly with increasing
boson-fermion mass ratio mg/mg. The phase diagram accom-
modates large portions of the QP region, as the boundary
for the boson-fermion mass ratio could reach mg/mp = 2.65
when ng/np — 0. As ng/nr increases, the TP moves toward a
low mass ratio r,, and a high boson-fermion coupling strength
krapr, in stark contrast to the case of 1/kpa = —1.

How the interaction parameter 1/kra controls the motion
of the tricritical point becomes an interesting thing to investi-
gate. This is shown in Fig. 5. For all three typical density ratios
ng/nr = 0.1, 8, and 16, the critical mass ratio r¥ decreases
as one tunes up the BCS coupling strength 1/kra, as seen
in Fig. 5(a). Conversely, the critical boson-fermion coupling
strength krapr increases as one ramps up the BCS coupling
strength 1/kra, as seen in Fig. 5(b). What is striking is that
the behavior of the TP as a function of the density ratio
ng/nr shows a reverse trend when it touches a critical BCS
coupling strength roughly at 1/krpa = —0.16. However, the
critical momentum ¢!¥ follows the same trends for both the
BCS coupling strength and the density ratio, as evident in
Fig. 5(¢).

IV. CONCLUSIONS

In summary, we have investigated the superfluid mixtures
of bosonic and fermionic atoms. By using the functional inte-
gral method to trace out the fermionic degrees of freedom, the
effective action of the system shows that the induced inter-
actions mediated by fermions between bosons are attractive
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interactions, and it shows long-range behavior in the BCS
regime that gradually becomes short-ranged when it is driven
toward the BEC limit. By analyzing the Bogoliubov spectrum
and the damping rate of bosonic superfluid, we have mapped
out the phase diagram in the parameter space spanned by
the boson-fermion mass ratio and the boson-fermion coupling
strength, which shows that the stable-phase-mixing region
can be further classified by damping of excitations, leading
to a tricritical point in the phase diagram. A series of new
features arising from fermion-mediated interactions have also
been identified. The predicted damping rate can be probed
experimentally via two-phonon Bragg spectroscopy [66]. Ex-
perimental verification of the predicted phase diagram will

constitute an important step along the lines of searching for
well-defined quasiparticle excitations in these systems. We
hope that our work can add new excitement to the surging
field of cold-atom physics involving fermion-mediated inter-
actions.
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