
PHYSICAL REVIEW A 109, 023108 (2024)

Vector parameters in atomic ionization by twisted light: Polarization of the electron and residual ion
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The electron and ion properties observed in photoionization inherit the symmetry properties of both a target
and radiation. Introducing symmetry breaking in the photoionization process, one can expect to observe a
noticeable variation of the vector correlation parameters of either an outgoing photoelectron or a residual ion.
One of the ways to violate symmetry is to irradiate matter by twisted radiation, which involves an additional
screw. In the paper we present an extension of the approach developed in Phys. Rev. A 108, 023117 (2023)
for photoelectron angular distribution to the other vector correlation parameters, specifically, photoelectron
spin polarization, orientation, and alignment of the residual ion. Usually two conditions are needed to produce
polarized photoelectrons: a system possesses a helix and a presence of noticeable spin-orbital interaction. Here,
we investigate whether a twisted light brings an additional helicity to a system. As an illustrative example we
consider ionization of a valence 4p shell of atomic krypton by circularly and linearly polarized Bessel light. The
photoelectron spin components are analyzed as a function of the cone angle of twisted radiation.
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I. INTRODUCTION

The technique of laser radiation generation has been devel-
oping in very diverse directions to reach higher frequencies,
brighter intensities, shorter durations, pulse with a chirp, or a
definite carrier envelope phase (CEP). Among these, twisted
light—i.e., pulses with definite projection of orbital angular
momentum possessing a nonuniform intensity profile struc-
ture, a complex surface of the constant phase, and internal
flow patterns—plays an important role [1,2]. Today a twisted
light is available in a broad range of energies from the optical
region up to the vacuum ultraviolet (VUV) range [3–12]. A
manifold of generation techniques have been developed and
successfully applied: spiral phase plates [13,14], holograms
[15], q plates [16], axicons [17], integrated ring resonators
[18], on-chip devices [19], and Archimedean spirals [20,21].
Among a variety of twisted light types, Laguerre-Gaussian
[22,23] and Bessel [24,25] beams are usually distinguished.

For the interaction of a twisted light with matter in the
gas phase, both experimental [26] and theoretical researches
have been performed for different targets: atoms [27–29],
molecules [30,31], and ions [32,33].
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The availability of UV twisted radiation makes possible
traditional photoelectron spectroscopy, such as the measure-
ments of photoelectron angular distribution (PAD) or spin
polarization with twisted radiation. Because the twisting
violates the selection rules [34], it may affect photoelec-
tron angular distribution and spin polarization in a very
sophisticated way, and the creation of a general theory of
photoionization is highly desirable. In Ref. [32] the general
formalism of ion photoionization by the twisted Bessel light
was developed for the hydrogen-like system with Coulomb
wave functions. The photoexcitation of atoms by the Bessel
beams has been already discussed in Ref. [35]. Recently, the
manifestation of nondipole effects in PADs due to irradiation
of atoms by the Bessel light was analyzed in Ref. [36], and the
present work is the extension of this approach to other vector
correlation parameters of photoionization.

It is reasonable to consider the vector characteristics of
a system, such as angular distribution of the reaction prod-
ucts, in terms of a certain spherical harmonic (or Wigner
D-function) [37]. Twisted radiation modifies the character-
istics, causing redistribution of terms with different ranks.
Involving to consideration a particle polarization—either pho-
toelectron or photoion—makes an observable physical picture
much more vivid because of a competition between odd and
even parameters.
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Being a fundamental property of particles, spin carries the
basis for many processes at different levels of matter, from the
bottom with single elementary particles to the top with macro-
scopic objects. The possibilities of practical applications are
quite wide—spintronics, ionic traps, laser cooling, quantum
computers [38–43]—and will most likely expand.

Although gaseous targets are the most common species
for photoionization experiments, production and detection
of spin-polarized electrons emitted in such processes carries
difficulties in comparison with the ionization of condensed
matter since atoms and molecules in a gas target have predom-
inantly random orientation and the medium itself is sparse.

In conventional photoionization two conditions are nec-
essary for observation of nonzero spin polarization of
photoelectrons: (a) the process contains a helix (axial vector)
and (b) essential spin-orbit interaction. While the directions
of the axial vectors correspond to possible photoelectron spin
components, a noticeable spin-orbit interaction makes it pos-
sible to resolve spin states of the residual ion or of the electron
in continuum.

There are some well-known examples:
(1) The Fano effect for the spin orientation of the pho-

toelectron ejected by circularly polarized plane-wave light
[44–46]. Electrons are to be collected over the full solid angle
of 4π . The helix is provided by the light helicity, and the
only possible photoelectron spin component is parallel to the
light beam propagation direction. On the contrary, the linearly
polarized plane-wave light does not generate the integral spin
polarization at all because of lacking the helix.

(2) Spin polarization observed in angle-resolved experi-
ments on electron emission from unpolarized atoms by the
influence of linearly polarized plane-wave light (so-called
dynamic polarization) [47]. Considering the electric dipole
approximation, the helix is provided by the vector product of
the electric field and the direction of the electron emission,
therefore the only allowed spin component is normal to them
[48,49].

(3) Same as (2) but with circularly polarized plane-wave
light (so-called polarization transfer). In this case an ad-
ditional helix appears due to the presence of light helicity,
and generally speaking all three possible photoelectron spin
components could be observed.

It leads to the idea that the introduction of new distinguish-
able directions into a photoionization process may violate the
symmetry of a system and bring new (or change already ex-
isting) photoelectron spin components. This direction can be
formed by a molecular frame [47], by a strong field [50–54],
or by light consisting of components with proportional fre-
quencies [55–57].

In this work we expected to find spectacular manifestation
of photoelectron spin polarization during photoionization of
atoms by twisted (Bessel) light. In our case the necessary
helix is provided by the “twistedness” of light itself. Besides,
we have chosen ionization of a krypton 4p shell since ionic
states [Ar]4s24p−1

3/2 and [Ar]4s24p−1
1/2 are energetically split

quite enough (∼0.67 eV [58]) to be experimentally resolved.
The article is organized as follows. In Sec. II we briefly

recall the matrix element evaluation procedure in the case of
many-electron atom irradiation by twisted light and construct
expressions for photoelectron and photoion statistical tensors

in different coordinate systems. In Sec. III we present and
discuss results on PADs and spin polarization of photoelec-
trons ejected by the circularly and linearly polarized Bessel
light in 4p-shell ionization of atomic krypton. Atomic units
are used throughout the paper until otherwise specified.

II. GENERAL EQUATIONS

Let us consider an emission of a photoelectron with
momentum p and projection of spin onto its propagation
direction ms:

h̄ω + A(αiJiMi ) → A+(α f J f M f ) + e−(pms), (1)

where A(A+) denotes a state before (after) ionization, i.e., an
atom or an ion; h̄ω is the photon energy; Ji, f and Mi, f are the
total angular momenta and their projections of the initial and
final (atomic and ionic) states; and αi, f are all other quantum
numbers needed for the state specification.

A. The twisted-wave matrix element

We chose for analysis photoionization by the Bessel light
propagating along the (quantization) z axis. For this case, the
Bessel state is characterized by projections of the linear mo-
mentum kz and the total angular momentum (TAM) onto the z
axis mtam. The absolute value of the transverse momentum,
κ⊥ = |k⊥|, is fixed; together with kz it defines the energy

of the photons ω = c
√

κ2
⊥ + k2

z . As shown in Ref. [32], this
Bessel state is described by the vector potential

Atw
κ⊥mtamλ =

∫
uλeikraκ⊥mtam (k⊥)

d2k⊥
4π2

, (2)

where

aκ⊥mtam (k⊥) = (−i)mtam eimtamφk

√
2π

k⊥
δ(k⊥ − κ⊥), (3)

and uλ is the polarization vector with helicity λ = ±1.
The vector potential of twisted light of any polarization

is a combination of the basis components (2) taken with ap-
propriate weights ελ:

∑
λ ελAtw

κ⊥mtamλ. For example, “linearly
polarized” in the xz plane, Bessel light can be obtained with
ε±1 = ±i/

√
2 [59]. It should be mentioned that the polariza-

tion structure of the twisted beam is a tricky question itself
and was a subject of fruitful discussion [60,61].

The Bessel state characterized by Eqs. (2) and (3) can
be understood as a coherent superposition of plane waves in
momentum space with their wave vectors k = (k⊥, kz ) lying
on the surface of a cone with opening angle tan θc = k⊥/kz

(see Fig. 1).
Using the vector potential (2), we obtain the matrix element

for photoionization:

M (tw)
Miλ mtamM f

(p; θc, b⊥)

=
∫

aκ⊥mtam (k⊥) e−ik⊥b⊥ M (pl)
MiλM f

(k, p)
d2k⊥
4π2

, (4)
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FIG. 1. Overview of the Bessel beam parameters, position of a
target atom, and schematic intensity profile in the xy plane.

where M (pl)
MiλM f

(k, p) is the conventional plane-wave matrix
element in the j j-coupling scheme. Therefore,

M (pl)
MiλM f

(k, p) =
√

2π
∑
LM p

∑
κμJt Mt

iL (iλ)p

× [lL]

[Jt ]

(
l0, 1

2 ms | jms
)

(Jf M f , jμ | Jt Mt )

× (JiMi, LM | Jt Mt ) D j∗
μms

( p̂) DL
Mλ(k̂)

× 〈(α f J f , εκ )Jt ||Hγ (pL)||αiJi〉, (5)

and D j
mm′ (k̂) is the Wigner D-function (see, for example,

Ref. [62]); k̂ = (φk, θk, 0) defines the direction of the incident
(plane-wave) photon; p̂ = (φp, θp, 0) is the propagation direc-
tion of the photoelectron; and κ = j + 1/2 for l = j ± 1/2 (l

is the orbital angular momentum of the electron) defines the
Dirac angular-momentum quantum number. Note that projec-
tion of total photoelectron momentum μ and the whole system
momentum Mt are in the laboratory coordinate system. The
notation [abc...] ≡ √

(2a + 1)(2b + 1)(2c + 1)... and stan-
dard designation for the Clebsch-Gordan coefficients are used.
Operator Hγ (pL) is responsible for the interaction between
the atomic electron and magnetic (p = 0) or electric (p = 1)
photon with multipolarity L. Note that the reduced matrix
element 〈(α f J f , εκ )Jt ||Hγ (pL)||αiJi〉 includes the scattering
phase dependence (see Ref. [36] for details). In Eq. (4) the
factor e−ik⊥b⊥ with b⊥ = (bx, by ) specifies the position of the
target atom regarding the quantization axis of the incident
light (see Fig. 1).

Applying two vector potentials (2) obtained for different
TAM projections and different helicities, one can derive the
matrix element of photoionization by twisted light of any
polarization:

M (tw)
MiM f

(p; θc, b⊥) =
∑

λ

ελ M (tw)
Miλ mtam=m+λ M f

(p; θc, b⊥), (6)

in terms of the matrix elements (4).

B. Observable parameters

We consider the target (atom) to be initially unpolarized
and distinguish cases when polarization of the photoelectron
and photoion is detected. Therefore, we average the photoe-
mission probability over initial magnetic quantum number
Mi and sum incoherently either over final magnetic quantum
number M f or ms. Evaluation of the angle-resolved spin po-
larization of a macroscopic (i.e., consists of atoms randomly
and uniformly distributed within the xy plane) atomic target
can be performed by averaging the product of matrix elements
corresponding to specific quantum numbers of electron spin
projection ms, m′

s (4) over the impact parameter:

dσ
(tw)
msm′

s

dp
(θp, φp; θc) = N 1

2Ji + 1

∑
MiM f

∑
λ,λ′

ελε
∗
λ′

∫
M (tw)

Miλ mtam=m+λ M f
(p; θc, b⊥) M (tw)∗

Miλ′ mtam=m+λ′ M f
(p; θc, b⊥)

db⊥
πR2

= N 1

2Ji + 1

∑
MiM f

∑
λ,λ′

ελε
∗
λ′

∫
M (pl)

Mi λ M f
(k, p) M (pl)∗

Mi λ′ M f
(k, p) ei(λ−λ′ )φk

dφk

2π
, (7)

where the parameter R defines the “size” of a target and is assumed to be much larger than the characteristic size of the Bessel
beam intensity profile patterns. The evaluation of the prefactor N requires redefinition of the concept of cross section [63] and
is not a subject of the current investigation, because here we are interested in the nondimensional parameters.

To simplify Eq. (7), we first substitute the matrix elements (5) and obtain integral∫
dφk ei(λ−λ′ )φk Ds

λ−λ′, q(k̂−1) = 2π ds
qq(θc)δq, λ−λ′ , (8)

where k̂
−1 ≡ (0, θc, φk ) and d j

mm′ (θc) is small Wigner D-function (see, for example, Ref. [62]).
One can see that parameter b⊥, which may be essential to account for a complex internal structure of a twisted light consisting

of concentric rings of high and low intensity, is smeared out for a macroscopic target.
In this way we obtain the expression for the component of the angle-resolved spin density matrix elements:

dσ
(tw)
ms,m′

s

dp
(θp, φp; θc) = 2πN

2Ji + 1

∑
k,q,kl

Dk∗
q qs

(φp, θp, 0) dk
qq(θc)

∑
LL′ pp′

(−1)1/2−m′
sδq,ξ ρkξ [pL, p′L′]

× (1/2 ms, 1/2 − m′
s | ksqs)(kl 0, ksqs | kqs)BpL,p′L′

[kl , ks, k], (9)
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where the dynamical parameter

BpL,p′L′
[kl , ks, k] =

∑
κκ ′Jt J ′

t

(−1)Ji−Jf +L′− j′+l ′ [ll ′ j j′LL′Jt J
′
t kl ks](l0, l ′0 | kl0)

⎧⎨⎩ l 1/2 j
l ′ 1/2 j′
kl ks k

⎫⎬⎭
×

{
Jt J ′

t k
L′ L Ji

}{
Jt J ′

t k
j′ j Jf

}
〈(α f J f , εκ )Jt ||Hγ (pL)||αiJi〉 〈(α f J f , εκ

′)J ′
t ||Hγ (p′L′)||αiJi〉∗ (10)

does not depend on the polarization parameters and remains the same in any coordinate system, and

ρkξ [pL, p′L′] =
∑
λλ′

ελε
∗
λ′ iL−L′

(iλ)p(−iλ′)p′
(−1)L′+λ′

(Lλ, L′ −λ′ | kξ ) (11)

is the statistical tensor of the photon with definite multipolarity and type. Remember the general connec-
tion between density matrix ρ(ama, a′m′

a) and statistical tensor ρkq[a, a′] of the same momentum a: ρkq[a, a′] =∑
(−1)a′−m′

a (ama, a′ − m′
a | kq)ρ(ama, a′m′

a). Therefore, the photoelectron statistical tensor as a function of (θp, φp; θc) is

ρ
(tw)
ksqs

[1/2, 1/2] =
∑

kq

Dk∗
q qs

(φp, θp, 0) dk
qq(θc)

∑
LL′ pp′

ρkq[pL, p′L′](kl0, ksqs | kqs)BpL,p′L′
[kl , ks, k]. (12)

In Eq. (10) and below, constructions in curly brackets are standard notations for 6 j and 9 j symbols.
For constructions (11) the usual tensor’s permutation rule is fair: ρkξ [pL, p′L′] = (−1)L−L′+ξ ρ∗

k−ξ [p′L′, pL]. Additionally, for

the dynamical parameters (10), BLp,L′ p′
[kl , ks, k] = (−1)kl +ks+k+L−L′

BL′ p′,Lp[kl , ks, k]∗. The permutation connection for (12) is
ρ

(tw)
ksqs

[1/2, 1/2] = (−1)qsρ
(tw)∗
ks−qs

[1/2, 1/2]. If one puts ks = 0, qs = 0 into (12), the equation turns to the PAD and coincides with
Eqs. (19) or (27) from Ref. [36] up to normalization. Since we are interested in dimensionless parameters of angular anisotropy
and spin polarization, we do not normalize the density matrix and its trace is proportional to ionization probability. The form of
Eqs. (9) and (12) is convenient because it clearly separates the dynamical factor (10) depending on target details (atom, ionizing
shell, photon energy, etc.) from the kinematic (geometrical) factor (11) depending on polarization, orientation, and others.

Following a similar way with a minor difference in summing over ms instead of M f and integrating over the electron emission
angle, one may easily obtain the statistical tensor components for the residual ion:

ρ̄
(tw)
k f q f

[Jf , Jf ] = δkk f δqq f d
k
qq(θc)

∑
LL′ pp′

ρkq[pL, p′L′]B̄pL,p′L′
[k] (13)

with the dynamical parameter

B̄pL,p′L′
[k] =

∑
κκ ′Jt J ′

t

(−1)Ji+J+L′−Jf − j−J ′
[LL′Jt J

′
t ]

{
Jt J ′

t k
L′ L Ji

}{
Jt J ′

t k
Jf Jf j

}
× 〈(α f J f , εκ )Jt ||Hγ (pL)||αiJi〉 〈(α f J f , εκ

′)J ′
t ||Hγ (p′L′)||αiJi〉∗. (14)

The ratios of the components (13) define polarization (orien-
tation and alignment) of the ion.

The Cartesian components of electron spin polarization are
related to the statistical tensors in the same coordinate system:

Sz = ρ10[1/2, 1/2]

ρ00[1/2, 1/2]
, (15)

Sx = −i
ρ11[1/2, 1/2] + ρ1−1[1/2, 1/2]√

2ρ00[1/2, 1/2]
, (16)

Sy = − ρ11[1/2, 1/2] − ρ1−1[1/2, 1/2]√
2ρ00[1/2, 1/2]

, (17)

and PAD is defined by

W =
√

2ρ00[1/2, 1/2]. (18)

For the coordinate system used in (12) the z component is
along the photoelectron emission direction, the x component
is in the plane formed by the direction of electromagnetic field
propagation and of electron emission (tangential component),

and the y component is orthogonal to these vectors (normal
component) (see coordinate systems marked by red in Figs. 2
and 3).

In dipole approximation the explicit forms of Eqs. (12) are

ρ
(tw)
00 = ρE1

00 B[0, 0, 0]

+
∑

q

D2∗
q0(φp, θp, 0) d2

qq(θc)ρE1
2q B[2, 0, 2] (19)

ρ
(tw)
10 =

∑
q

D1∗
q0(φp, θp, 0) d1

qq(θc)ρE1
1q B[0, 1, 1]

−
√

2

5
D1∗

q0(φp, θp, 0) d1
qq(θc)ρE1

1q B[2, 1, 1] (20)

ρ
(tw)
11 =

∑
q

D1∗
q1(φp, θp, 0) d1

qq(θc)ρE1
1q B[0, 1, 1]

+ 1√
10

D1∗
q1(φp, θp, 0) d1

qq(θc)ρE1
1q B[2, 1, 1]

− 1√
2

D2∗
q1(φp, θp, 0) d2

qq(θc)ρE1
2q B[2, 1, 2]. (21)
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FIG. 2. Coordinate systems used in analysis of ionization by
circularly polarized Bessel beam: laboratory coordinate system
S(x, y, z); photoelectron coordinate system Sp(xp, yp, zp), in which
statistical tensors (22)–(24) are written; and coordinate system
S′(x′, y′, z′) obtained from Sp after the Euler’s angles rotation ωcirc =
{0; −θp; 0}, in which statistical tensors (29)–(31) are written.

Here and below, for brevity we put BE1,E1[kl , ks, k] ≡
B[kl , ks, k], ρ

(tw)
kq [1/2, 1/2] ≡ ρ

(tw)
kq and ρkq[E1, E1] ≡ ρE1

kq .
According to the permutation rules for dynamical parame-
ters, it is obvious that B[0, 0, 0], B[2, 0, 2], B[0, 1, 1], and
B[2, 1, 1] have only real parts, but B[2, 1, 2] is completely
imaginary.

For the circularly polarized beam ε±1 = 1, ρE1
00 = 1/

√
3,

ρE1
10 = ±1/

√
2 (responsible for transfer of polarization),

ρE1
20 = 1/

√
6, and thus

ρ
(tw)
00 = 1√

3
B[0, 0, 0] + 1√

6
P2(cos θp) P2(cos θc)B[2, 0, 2]

(22)

FIG. 3. Coordinate systems used in analysis of ionization by lin-
early polarized Bessel beam: laboratory coordinate system S(x, y, z);
photoelectron coordinate system Sp(xp, yp, zp), in which statistical
tensors (32) and (33) are written; coordinate system S′(x′, y′, z′) ob-
tained from Sp after two subsequent Euler’s angles rotations: ω

(1)
lin =

{0; −θp; −φp} and ω
(2)
lin = {0; π/2; 0}, in which statistical tensors

(36)–(38) are written.

ρ
(tw)
10 = ±1√

2
cos θp cos θc

(
B[0, 1, 1] −

√
2

5
B[2, 1, 1]

)
(23)

ρ
(tw)
11 = −1

2
sin θp

{
∓ cos θc

(
B[0, 1, 1] + 1√

10
B[2, 1, 1]

)
+ 1√

2
cos θp P2(cos θc)B[2, 1, 2]

}
, (24)

where Pn(x) is the Legendre polynomial of the n-th order.
Similar to the case of plane-wave ionization, Eqs. (22)–

(24) possess axial symmetry with respect to the beam
propagation direction. No additional spin component appears,
but the dependency of them on the opening angle θc is differ-
ent. For example, the imaginary part of Eq. (24) turns to zero
at θc = arccos(1/

√
3), while the real part is conserved and the

electron is polarized in the xz plane.
The orientation and alignment of the residual ion for

twisted and plane radiation are connected as

A(tw)
10 = ρ̄

(tw)
10 [Jf , Jf ]

ρ̄
(tw)
00 [Jf , Jf ]

= cos θc A10 ; (25)

A(tw)
20 = ρ̄

(tw)
20 [Jf , Jf ]

ρ̄
(tw)
00 [Jf , Jf ]

=
(

3 cos2 θc − 1

2

)
A20. (26)

Therefore, the orientation drops with cone angle slower than
the alignment. Remember a presentation of polarization in
terms of population nM f of sublevels with definite magnetic
quantum number M f :

Ak0 = [Jf ]

∑
M f

(−1)Jf −M f (Jf M f , Jf − M f | k0)nM f∑
M f

nM f

. (27)

Therefore, Eqs. (25) and (26) may be understood as averaged
over a macroscopic target population of different magnetic
sublevels.

Statistical tensors under the Euler angles’ rotation ω =
{α; β; γ } transforms as [62]

ρ̃k′q′ [ j, j′] = δkk′
∑

q

ρkq[ j, j′]Dk∗
qq′ (ω). (28)

In order to discuss the case of photoionization by a cir-
cularly polarized Bessel beam in the laboratory coordinate
system, it is sufficient to transform the photoelectron coor-
dinate system Sp(xp, yp, zp) into the system S′(x′, y′, z′) in
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such a way that the z′ axis aligns with the z axis. That could be done by Euler’s rotation ωcirc = {0; −θp; 0} (see Fig. 2), and
then the statistical tensors’ components in the case of circular polarization become

ρ̃
(tw)

00 = ρ
(tw)
00 (29)

ρ̃
(tw)

10 =
√

2 sin θp Reρ (tw)
11 + ρ

(tw)
10 cos θp = ±cos θc√

2

(
B[0, 1, 1] −

√
2

5
B[2, 1, 1]P2(cos θp)

)
(30)

ρ̃
(tw)

11 = cos θp Reρ (tw)
11 − sin θp√

2
ρ

(tw)
10 + i Imρ

(tw)
11 = ± sin θp cos θp

2
√

2

(
3√
5

cos θcB[2, 1, 1] ∓ i P2(cos θc)ImB[2, 1, 2]

)
. (31)

The part of (30) without angle dependency on θp is the only component which is conserved at integration over the photoemission
direction, which is very similar to the Fano effect [44–46] in the case of ionization by the plane-wave beam. The second term
of (30) provides the angular dependency of the spin component oriented along the beam propagation direction. The form of
(31) allows for clearly distinguishing the real part, responsible for the spin component in the plane of electron emission, and the
imaginary part, responsible for the component orthogonal to it.

For the light linearly polarized along the x axis ε±1 = ±i/
√

2, ρE1
00 = 1/

√
3, ρE1

20 = 1/
√

6, ρE1
2±2 = −1/2, and thus

ρ
(tw)
00 = 1√

3
B [0, 0, 0] + 1√

6
B [2, 0, 2]

{
1 − 3 sin2 θp cos2 φp − 6 sin2(θc/2)(cos2 θp − sin2 θp cos2 φp)

+ 3

2
sin4(θc/2)(5 cos2 θp − 1 − 2 sin2 θp cos2 φp)

}
(32)

ρ
(tw)
11 = − 1√

2
B [2, 1, 2] sin θp

{
cos θp cos2 φp + i cos φp sin φp − 2 sin2(θc/2)(cos θp(1 + cos2 φp) + i cos φp sin φp)

+ sin4(θc/2)

(
cos θp

(
5

2
+ cos2 φp

)
+ i cos φp sin φp

)}
. (33)

Note that because statistical tensors ρ1q are forbidden for
linear polarization, there is no transfer polarization in this
case.

The ratio −√
2B[2, 0, 2]/B[0, 0, 0] at θc = 0 is the con-

ventional angular anisotropy parameter β of PAD. Three
important notes should be mentioned: (1) there is no ten-
sor component with qs = 0, which means that there is
no spin component oriented along the photoelectron emis-
sion direction, as it is for plane-wave ionization [49,64];
(2) accounting for the fact that B[2, 1, 2] is imaginary,
the coordinates n′

x = {sin θp cos φp, sin θp sin φp, cos θp}, n′
y =

{− sin φp, cos φp, 0}, and substituting θc = 0 into Eq. (33),
one can check that there is no spin component oriented along
the polarization vector in the case of plane-wave ionization
[49,64]; and (3) since real and imaginary parts of Eq. (33) de-
pend on the opening angle θc in a different way, an additional
spin component oriented along the linear polarization vector
appears for the twisted light.

For the linearly polarized twisted light there are only
second-rank components of the polarization:

A(tw)
20 =

(
3 cos2 θc − 1

2

)
A20 ; (34)

A(tw)
2±2 = cos4(θc/2)A2±2. (35)

As it is for circularly polarized light, the dependency of differ-
ent components of polarization on the cone angle is different.

In order to look carefully at the component of photo-
electron spin polarization oriented along the polarization,
it is constructive to switch into the system where new
axis z′ is along the polarization vector (original x axis).
The corresponding rotation is performed using Eq. (28) via
two subsequent rotations: ω

(1)
lin = {0; −θp; −φp} and ω

(2)
lin =

{0; π/2; 0} (see Fig. 3). After that transformation, the statis-
tical tensors’ components become

ρ̃
(tw)

00 = ρ
(tw)
00 (36)

ρ̃
(tw)

10 = −
√

2
(
cos θp cos φp Reρ (tw)

11 + sin φp Imρ
(tw)
11

) = cos θp sin θp sin φp

2
ImB[2, 1, 2] sin2 θc

2

(
5 sin2 θc

2
− 4

)
(37)
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ρ̃
(tw)

11 = sin θp Reρ (tw)
11 + i

(
cos φp Imρ

(tw)
11 − sin φp cos θp Reρ (tw)

11

)
= sin θp cos φp√

2
ImB[2, 1, 2]

{
sin θp sin φp cos4 θc

2
− i cos θp

(
1 − 4 sin2 θc

2
+ 7

2
sin4 θc

2

)}
. (38)

All spin components arising for the linearly polarized
twisted beam are determined by the only dynamical parameter
B[2, 1, 2]. The component (37) arises only for twisted radia-
tion and does not exist for plane radiation.

While the physical meaning of a photoelectron spin is
unambiguous, the orientation and alignment need additional
discussion for the macroscopic targets. The ionic polarization
parameters may be interpreted in the same way as for the elec-
tron: assuming that a detector registers ions in the state with
particular projection M f to a quantization axis and casting an
appropriate combination (27). On the other hand, in reality,
an ionic polarization is detected via some subsequent pro-
cess. Our analysis has shown that if this subsequent process
applying to determine the polarization does not involve the
twisted light (for example, Auger decay or fluorescence), then
the target averaged parameters (25), (26), (34), and (35) may
be used in the usual way. However, if the process applied to
determine polarization involves the twisted light (for exam-
ple, subsequent ionization of the ion or laser-assisted Auger
decay), then the equation becomes inapplicable.

III. RESULTS AND DISCUSSION

To illustrate the effects of twisting inprinted into a vector
correlation, i.e., photoelectron angular distribution and spin
polarization, we consider valence 4p-shell ionization of kryp-
ton in the energy range below 90 eV not reaching the 3d-shell
ionization thresholds [58]. The initial state of neutral kryp-
ton was prepared using the multiconfiguration Hartree-Fock
method as a pure [Ar]4s24p6 1S0 state by means of MCHF
code [65]. After that, the [Ar] core was frozen and used
to obtain 4s and 4p orbitals of final ionic state [Ar]4s24p5,
optimizing them on the 2P term. The subsequent Breit-Pauli
diagonalization procedure [66] was used in order to construct

FIG. 4. Simulated according to the present theoretical model (see
text), anisotropy parameter β for the PAD due to photoionization of
a krypton atom for final ionic states Kr+4p5 with Jf = 3/2 (solid
blue line) and Jf = 1/2 (dotted red line). Experimental data are taken
from Ref. [69].

j-split states [Ar]4s24p5 2P3/2, 1/2. After that, we applied the
B-spline R-matrix approach [67] to calculate photoioniza-
tion amplitudes of the process (1) with the use of measured
4p3/2,1/2 subshell ionization thresholds [58]. The quality of
the model is sufficient to describe reasonably the behavior of
the dipole anisotropy parameter β of the PAD due to krypton
4p-shell photoionization (see Fig. 4). The model predicts the
dipole Cooper minimum at ∼82 eV, which is close enough to
the more precise calculations of Ref. [68].

In Fig. 5 we present the ratio of the dynamical parame-
ters (10) to zero-rank B[0, 0, 0], because specifically these
parameters determine the vector correlation characteristics.
Quite typically, the dipole angular anisotropy parameter β ∼
B[2, 0, 2]/B[0, 0, 0] behaves in the same way for ioniza-
tion into the Jf = 3/2 and Jf = 1/2 final ionic state (blue
line in Figs. 5(a) and 5(b)), while spin polarization pro-
portional to B[kl , 1, k]/B[0, 0, 0] possesses an opposite sign
and approximately twice smaller value for Jf = 3/2 [70].
The component B[k = {0, 2}, 1, 1]/B[0, 0, 0] is formed by
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FIG. 5. Photon energy dependencies of the dynamical parame-
ters relative to the value of B[0, 0, 0] for final ionic states of Kr+ 4p5

with Jf = 1/2 (a) and Jf = 3/2 (b). Vertical dashed gray lines cor-
respond to photon energies selected for analysis (see text).
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FIG. 6. PAD (first column) and photoelectron spin component along the field propagation direction Sz (second column), in the direction of
electron momentum projection to the xy plane Sx (third column) and in the direction perpendicular to field propagation and electron momentum
Sy (fourth column) as a function of polar emission angle θp and cone angle θc in the case of krypton atom ionization by circularly polarized
Bessel light.

transfer of polarization in terms of Ref. [47], and appears
due to the circularly polarized component of the radiation.
The component B[2, 1, 2]/B[0, 0, 0] is dynamical polariza-
tion, and appears due to fine-structure splitting. It has been
the subject of a number of investigations that typically dynam-
ical polarization is smaller than polarization transfer [64,71–
76]. The component B[0, 1, 1]/B[0, 0, 0] (red dashed line in
Fig. 5) is the only one which is conserved after integra-
tion over the photoelectron emission angle and therefore for
the detectors which collect all of the electrons. There is a
Cooper minimum in the εd j ionization amplitude near 80 eV
which governs the zero of B[2, ks, k]/B[0, 0, 0] (blue, orange,
and black lines in Figs. 5(a) and 5(b)). In the opposite, the
component B[0, 1, 1]/B[0, 0, 0] which contains εs 1/2 ampli-
tude manifests a maximum at this energy. One can see that
B[2, 0, 2]/B[0, 0, 0] in Fig. 5 approaches very close to the
minimal possible value −√

2 at energy 40 eV. To reach this

value, the ratio of εs 1/2 and εd 3/2 amplitudes should be
real and equal 1/

√
2 (for Jf = 1/2) and −√

5 (for Jf = 3/2).
Substituting this ratio into Eqs. (10), one gets zero for all of
the spin components. Therefore, the crossing of all curves near
40 eV is not occasional. For Jf = 3/2 (Fig. 5(b)) there are two
εd 3/2(5/2) amplitudes, and the explanation is a bit trickier
but still fair. To apply the same discussion, we need to assume
weak dependency of continuum wave function on quantum
number j. Then, the ratio of ionization amplitudes into d5/2
and d3/2 tends to 3.

In Fig. 6 the PAD and spin components due to ionization of
krypton by the circularly polarized Bessel light are presented
as a function of the polar emission angle θp and cone angle θc

for different photon energies marked in Fig. 5 by the vertical
lines. Presented results are calculated for residual ions in the
state Jf = 1/2, and the results for Jf = 3/2 are easily deduced
by comparison of Figs. 5(a) and 5(b).
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FIG. 7. PAD (first column) and photoelectron spin component along the field polarization Sz (second column), in the field propagation
direction Sx (third column), and in the direction perpendicular to them Sy (fourth column) as a function of polar emission angle θp and cone
angle θc in the case of krypton atom ionization by linearly polarized Bessel light. The angle φp = 45◦.

The probability of electron emission (Fig. 6, first column)
caused by plane-wave light (θc tends to zero) is maximal in the
plane perpendicular to the propagation direction, but the max-
imum turns to minimum when the cone angle increases. For
the photon energy 82.5 eV, the PAD is practically uniform be-
cause β ≈ 0. The component parallel to the field propagation
direction Sz (second column) may form a quite complicated
pattern if B[2, 1, 1]/B[0, 0, 0] is essential: for this target (4p
shell of krypton) it corresponds to low energy 16.9 eV (see
Fig. 6, upper row). When the ratio B[2, 1, 1]/B[0, 0, 0] drops,
the angular pattern becomes more uniform and the minima
at θp = 90◦ completely disappears at 82.5 eV. Thus, the zero
spin at θp = 45◦ for low energy (second column, first row)
is dynamical and depends on the ionization amplitudes. Two
other components lie on the plane perpendicular to the field
propagation direction: Sx (third column) is parallel to the
projection of electron momentum to this plane, and Sy (fourth
column) is orthogonal. Both possess a maximum at θp = 45◦

according to Eq. (24). Remarkably, while Sz and Sx decrease
with cone angle, the Sy component has a more complicated
pattern with a zero point at cos θc = 1/

√
3 (marked by the

horizontal line), and for the cone angle above this value the
spin changes orientation.

In Fig. 7 the PAD and spin components due to ionization
of krypton by the linearly polarized Bessel light are presented

as a function of polar emission angle θp and cone angle θc at
the fixed azimuth angle φp = 45◦ for different photon energies
marked in Fig. 5 by the vertical lines (for residual ion in the
state Jf = 1/2). Since the photoemission is caused by linearly
polarized radiation, the transfer mechanism does not con-
tribute and the attitude of spin polarization is lower than in the
case of circularly polarized radiation. In ionization by plane-
wave linearly polarized radiation, spin polarization cannot be
oriented either along the polarization vector or along electron
emission. The last component does not appear for the twisted
radiation either [see Eq. (33)]. Remarkably, spin orientation
along polarization is allowed and increases with cone angle θc

(see Fig. 7, second column). The other two component Sx,y

behave in a different way as a function of the cone angle.
Besides, Sy manifests a zero at sin2(θc/2) = (4 − √

2)/7 and
changes orientation after that. It is also interesting to note that
PAD defined by Eq. (18) in the case of the linearly polarized
Bessel beam coincides exactly with that of the circularly po-
larized Bessel beam at φp = 45◦ (see first columns of Figs. 6
and 7). That directly (but not quite evidently at the same time)
follows from the comparison of Eqs. (22) and (32).

IV. CONCLUSIONS

In the current work we present an investigation of pho-
toelectron and photoion polarization in an ionization caused
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by the twisted Bessel light. More precisely, we obtain the
equations for electron spin polarization, ionic orientation, and
alignment in terms of photoionization amplitudes within a
j j-coupling scheme in general form and in the dipole approx-
imation. The equations are applicable for the extended target
with uniform distribution of atoms. The photoelectron spin is
considered in two coordinate systems related to photoelectron
emission and the beam propagation direction. That allows us
to analyze in great detail dependencies on the twisted light
cone angle.

As for plane-wave radiation, in the case of the circu-
larly polarized beam there is a spin component oriented
along the beam propagation direction which is conserved
after integration over the photoemission direction. In the
case of twisted radiation, the angular dependency of this
component is dynamically connected with the cone angle.
We show that the lowest ranked polarization parameter, e.g.,
ion orientation, and the components coplanar to the beam
propagation and emission directions (conserved part of Sz

and tangential components) monotonically decrease with the
cone angle, while the orthogonal to the plane component be-
haves as the second Legendre polynomial, possesses a zero at
cos θc = 1/

√
3, and changes the orientation for the wider cone

angle.
For the linearly polarized twisted radiation the results

are even more intriguing: similar to plane-wave radiation,
the spin is orthogonal to the electron emission direction,
but a component oriented along the polarization vector,

which does not exist in the conventional plane-wave case,
appears.

As an illustrative example we consider photoionization of
the 4p shell of atomic krypton in the dipole approximation
within the j j-coupling scheme. It was found that even though
the continuum is assumed to be smooth, some interesting spin
polarization component patterns as a function of photoelec-
tron polar emission angle θp and Bessel beam cone angle
θc are observed. The more specific energy (spectroscopic)
dependency is observed for the circularly polarized beam in
the component oriented along the propagation direction. For
the other component, energy dependency follows for the value
of the dynamical parameters.
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