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Scandium Kα and Kβ x-ray spectra with ab initio satellite intensities and energy eigenvalues
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Characteristic x-ray spectra offer insight into the structure and composition of atoms and molecules at a
fundamental level where discrepancies in asymmetry, peak energy, and shape between theory and experiment
motivate investigations. This work calculates highly convergent electron wavefunctions using the multiconfig-
uration Dirac-Hartree-Fock method and reveals the capability of recreating x-ray spectra from first principles,
with eigenvalue convergence of order 0.1 eV and amplitude convergence of order 1–4%. The canonical Kα and
Kβ transitions, [1s] → [2p] and [1s] → [2p], respectively, where square brackets denote hole states, are not
sufficient to recreate major features present in the data. Shake-off satellites, where the transitions take place
in the presence of a secondary nl hole, are necessary to account for observed asymmetries. The probabilities
for these shake-off events are determined and used to obtain ab initio satellite intensities. The Auger effect
is considered for these satellite intensities through an Auger suppression factor. This work presents the full
energy eigenvalue spectrum for several scandium transitions: [1s2] hypersatellites (Kαh and Kβh), the n = 2
Kα3,4 and Kβ equivalent satellites, and double shake-off satellites. Calculations are compared with deconvolved
experimental data using several fitting models which yield compelling goodness of fit χ2

r = 1.14 for Kα and
χ 2

r = 1.72 for Kβ. The selected best model is chosen through the statistical F -test and this model is fitted with
raw (not deconvolved) experimental data with χ 2

r = 0.92 (Kα) and χ 2
r = 1.31 (Kβ).

DOI: 10.1103/PhysRevA.109.022809

I. INTRODUCTION

Investigations of characteristic atomic spectra have been
central to the modern physics of each generation from Bohr’s
model to relativistic effects found in spin splitting fine struc-
tures and investigations of the proton radius [1]. Performing
theoretical calculations from first principles for characteristic
x-ray spectra of atoms is an essential part of quantum mechan-
ics, atomic physics, and quantum electrodynamics (QED).
Further to studies into fundamental physics, the ability to
reconstruct x-ray spectra has industrial applications wher-
ever x-ray fluorescence (XRF) is important, such as biology
[2], food science [3], nanomaterials [4], geochemistry [5],
archaeology [6], and environmental science [7].

Satellites in x-ray spectra are observed as a profile with a
degenerate energy centroid to the main, or diagram, profile.
Often satellite lines are inferred due to the presence of asym-
metries within a single profile which implies the existence of
several non-well-resolved spectra. A satellite line was first ob-
served by Siegbahn and Stenstrom [8–12]. Wentzel proposed
the shake-off hypothesis to explain satellites, where a sec-
ondary electron is emitted into the continuum during the initial
ionization altering the potential the Kα transitions (2p → 1s)
take place in. Bloch [13] applied the sudden, or adiabatic,
approximation to calculations of shake events, which was
expanded on by Åberg [14].
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To calculate the probability of a shake-off event the sudden
or adiabatic approximation is used. This states that the cross
section for an initial and final atomic wavefunction is inde-
pendent of the kinetic energy of the initial perturbation, or
the transition takes place with no intermediate wavefunction.
During the initial perturbation of the core electron, 1s for a K
transition, another electron from some nl shell is ejected into
the continuum. This alters the canonical Kα transitions from
hole states [1s] → [2p] to an nl shake-off satellite transition
of [1snl] → [2pnl], and similarly for Kβ and all other char-
acteristic spectra, where square brackets denote hole states.

Calculations performed a priori for shake-off spectra are
scarce and, when performed, rely on significant simplifica-
tions. This is due to the presence of complex spin-coupling
states from extra electron holes in an open-shell core hole
quantum state. When shake-off spectra are modeled, they
typically have free relative intensities, limiting the strength
with which one can claim that shake events definitively create
satellite lines and asymmetries [15].

Over the last three decades, investigations for copper
Kα have been fruitful, especially because Cu Kα is the
most well measured of all x-ray spectra, providing an ideal
forum for theoretical inquiry [16–28]. Unlike copper, scan-
dium studies are rare. It is not a dominant laboratory x-ray
fluorescence source and its low-energy x rays make crys-
tal diffraction difficult, yet it is important for mining and
chemical applications [29,30]. There are few works mea-
suring scandium characteristic x-ray spectra [31–37]. Only
three studies perform theoretical investigations of scandium
x-ray spectra [15,33,38]. In the most recent of these, Dean
et al. [15] computed eigenvalues for scandium Kα and Kβ—
including the diagram lines, the n = 3 satellite lines, and
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the 4s satellite line. However, they did not obtain ab initio
shake-off probabilities, nor high-energy satellites, nor double
shake-off satellites. Scandium offers unique insight into theo-
retical studies of computational atomic physics due to its lone
3d electron which can exist in many quantum states, m� ∈
{−2,−1, 0, 1, 2}. This provides many possible spin-coupling
states, which add complexity to the computations and there-
fore a strong test of the capabilities of state-of-the-art atomic
physics.

This work is directly relevant for the wider x-ray physics
community [39], Auger electron spectra [40], shake-up satel-
lites in photoelectron spectra [41], synchrotron science studies
[42], and x-ray free electron laser studies [43]. It demonstrates
the potential for accurate characterization and diagnosis of
rare earth elements [44], cognate with scandium. Furthermore,
the methods outlined in this work and the advances in the
multiconfiguration Dirac-Hartree-Fock method are of interest
in fields including atomic clocks [45,46], QED-sensitive tran-
sitions [47], and hyperfine transitions [48].

II. THEORY

We use the multiconfiguration Dirac-Hartree-Fock
(MCDHF) framework to calculate the transition eigenenergies
and relative probabilities of the diagram and shake-off
satellite lines [49,50]. This method is well tested in many
fields including highly charged ions [51], photoionization
studies [52], high-Z elements [53], physical chemistry
[54], and atomic physics [55,56]. MCDHF calculations are
performed iteratively to achieve self-consistent wavefunctions
minimizing the Dirac Hamiltonian:

HD = cα · p + βmc2 + V (r) (1)

for the Hermitian 4 × 4 matrices α1, α2, α3, and β, the particle
momentum p, and some potential V (r).

This work uses the GRASP software package [57], which
is well documented [57–59] and has proven successful in
providing good understanding of experimental atomic spectra
[60] and other studies [61,62]. The finite size of the nucleus is
accounted for [49,63]. Our implementation of the GRASP soft-
ware includes an Lowe-Chantler-Grant-Welton self-energy
[64] and self-energy screening approximations [65].

The Hartree-Fock, or self-consistent field, method is a
process for approximating the wavefunction for a many-body
system. It has widespread use in computational physics and
chemistry for obtaining wavefunctions for complex molecules
[66] and nuclear physics with the Hartree-Fock-Bogoliubov
method [67]. It can use different forms of the initial wave-
function, such as Gaussian orbitals [68], and can solve for
wavefunctions in the presence of strong electric fields [69].

In spherical polar coordinates, (r, θ, ϕ), eigenstates of the
Dirac Hamiltonian from Eq. (1) have the 4-spinor form

φ(r, θ, ϕ) = 1

r

(
P(r)χκm(θ, ϕ)

iQ(r)χ−κm(θ, ϕ)

)
, (2)

where the 2-spinors, χκm(θ, ϕ), are eigenfunctions of j2, l2,
and jz with eigenvalues of j( j + 1)h̄2, l (l + 1)h̄2, and mzh̄,
respectively, and P(r) and Q(r) are the large and small radial
components of the wavefunction, respectively.

For a many-body quantum system, we begin with a Slater
determinant which is the antisymmetrized product of the one-
electron wavefunctions in Eq. (2):

ψ (r1, . . . , rN ) = 1√
N!

∣∣∣∣∣∣∣
φ1(r1) · · · φN (r1)

...
. . .

...

φ1(rN ) · · · φN (rN )

∣∣∣∣∣∣∣
, (3)

where rn is the radial coordinate, (rn, θn, ϕn), for the nth elec-
tron. For an N-electron atom the configuration state functions
(CSFs), |γ , Jπ , M〉, are built from linear combinations from
these Slater determinants. Treating the atom as an isolated
atom with no preferred axis yields eigenvalues of J2 and Jz

as J (J + 1)h̄2 and Mh̄, respectively. This assumption will be
discussed in detail in Sec. VIII. The overall parity of the state
is given by π , and γ represents all other quantum numbers
required for the specific CSF.

Finally, a normalized linear combination of CSFs defines
an atomic state function (ASF):

|, Jπ , M〉 =
∑
J,γ

C,γ |γ , Jπ , M〉, (4)

where the ASF includes all possible angular momenta, and 

defines all other quantum numbers for the particular ASF.
So far, this only includes products of single-electron

central-field orbitals. Assuming the central core of the atom
is dominated by spherically symmetric closed orbitals allows
this to be a good initial estimate for an iterative, self-consistent
method. The Davidson algorithm is used to solve for the
large and small radial components from Eq. (2), P(r) and
Q(r), respectively [49,70]. This iterative process obtains a
final wavefunction from a linear combination of CSFs with
stationary energy with respect to variations in radial wave-
functions and mixing coefficients [71].

These formulas are generic for both closed or open electron
shells. However, the mathematics is greatly simplified when
the shells are fully occupied. For scandium, the lone 3d elec-
tron can exist in many quantum states, m� ∈ {−2,−1, 0, 1, 2},
which all increase the number of spin-coupling possibilities
and therefore configuration state functions. This increases
the complexity and lowers the probability of obtaining con-
vergence during the self-consistent iterative process. The
approach is fully relativistic using j j coupling core wavefunc-
tions with GRASP and the LCG-Welton self-energy [57,64,72].

Once wavefunctions are obtained for the occupied orbitals,
the multiconfiguration active set approach is implemented to
ensure that electron-electron correlation effects are accounted
for. This method allows canonically unoccupied electron or-
bitals to be a part of the active set, which is to say that
CSFs are included where an excitation from an occupied to an
unoccupied shell is permitted. For these calculations, we allow
up to two excitations from the n � 3 subshells into subshells
{4p, 4d, 4 f , 5s, 5p, 5d, 5 f , 6s}. This results in a vast number
of allowed CSFs but ensures convergence of the wavefunc-
tion and a small energy shift due to electron correlations.
The necessity of including these excitations can be seen in
Fig. 1, where excitations allowed to higher subshells provide a
convergence of the wavefunctions and the energy eigenvalues.
Convergence is a key metric in any self-consistent process and
we explore this in greater detail in Sec. IV.
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FIG. 1. The Sc Kα 3p shake-off satellite ([1s3p] → [2p3p]) at
three different levels of expanding the active set. The numbers of
configuration state functions (CSFs) in both the final and initial
states are presented. The inclusion of the multiconfiguration active
set expansion clearly improves the structure of the energy eigenvalue
spectrum, from a spread-out, incorrect distribution of eigenvalues to
a Kα structure with two discernible peaks. Notably, there is great
consistency between the 5s and 6s levels, and these spectra fit data
much better than the 4s level of computation.

Finally, biorthogonalization of the initial and final wave-
functions allows energy eigenvalues to be obtained. The
initial and final ASF for the canonical Kα transitions are
the electron configurations {1s12s22p63s23p63d14s2} and
{1s22s22p53s23p63d14s2}, respectively. For an nl shake-off
satellite transition, an nl hole exists in both the initial and final
states. The outcome is similar for Kβ transitions where the 3p
subshell relaxes into the 1s.

III. ENERGY EIGENVALUE SPECTRA

Figures 1–9 display results for the Sc Kα canon-
ical, diagram, transition [1s] → [2p]; seven single
shake-off satellite transitions, [1snl] → [2pnl] for
nl ∈ {1s, 2s, 2p, 3s, 3p, 3d, 4s}; and two double shake-off
satellites [1sn1l1n2l2] → [2pn1l1n2l2] for n1l1n2l2 ∈ {4s4s =
4s2, 3d4s}. All these results are also shown for Kβ with the
substitution 2p → 3p. For the diagram transitions in both
Kα and Kβ profiles, we label several clusters of eigenvalues,
which may offer insight when comparing different transitions.
For example, in Fig. 2 the two clusters α21 and α22 defined in
the diagram transitions remain clear in the 3p and 4s satellite
transitions and the 4s2 double satellite transitions in Fig. 4.
These clusters do not exist for the 3d and 3d4s satellites since
they have too few eigenvalues for the separation of the α1

or α2 group. The near-degenerate single shake-off satellites
along with the diagram transitions are presented in Figs. 2
and 3 for Kα and Kβ, respectively.

The complete lists of all transitions for both Kα and
Kβ transition eigenvalues are presented in the Supplemental
Material [73]. The lists contain the initial and final states, the
energy of the eigenvalue along with the Einstein AL coefficient

FIG. 2. Sc Kα eigenvalue spectra for the diagram ([1s] → [2p])
and near-degenerate single nl shake-off satellites ([1snl] → [2pnl]).
The calculations have been computed at the 6s level of the active
set expansion. The intensities (amplitudes) are relative within each
transition. For the diagram transitions, we have designated groupings
of eigenvalues to different clusters which may aid in comparison with
other transitions.

in the length gauge, the total angular momentum J number, the
parity P value, and the g f factor. The diagram lines are also
presented with the cluster that each eigenvalue belongs to.

For Kα transitions, the structure and energy of the diagram
transitions are similar to the 4s and 3s satellite transitions.
This leads to challenges when fitting experimental data, as
the profiles overlap very closely. Dean et al. ([15], Fig. 15)
showed the overlap between the diagram and 4s satellite
profile which led to them not using this transition in their

FIG. 3. Sc Kβ eigenvalue spectra for the diagram ([1s] → [3p])
and near-degenerate single nl shake-off satellites ([1snl] → [3pnl]).
The calculations have been computed at the 6s level of the active
set expansion. The intensities (amplitudes) are relative within each
transition. We have labeled groups of eigenvalues with a cluster
identifier which may help in comparison to other transitions.
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FIG. 4. Sc Kα eigenvalue spectra for the two most dominant
double shake-off satellites: 4s2 and 3d4s shake-off satellites. The
diagram transitions are presented for comparison.

fitting. Transitions like these ab initio intensity calculations
are essential and enable the fitting of the transitions, which
we perform in this work.

There are several interesting features when comparing the
Kβ transitions to the Kα ones. The Kβ 3p shake-off satellite
is not significantly higher in energy than the diagram, as
opposed to the same satellite in Kα. The 3s and 4s satellites
for Kα are very similar to the diagram transitions, which is
not the case for Kβ.

The near-degenerate double shake-off satellites along with
the diagram line for both Kα and Kβ are presented in Figs. 4
and 5, respectively. The structure of Kα remains intact even
with the addition of these extra hole states. However, for the
Kβ 3d4s shake-off satellite transition, the β1 and β3 peaks
become much closer in energy and the separated peak struc-
ture cannot be observed. In general, the Kα transitions have a
much clearer structure than the Kβ.

The separated peak structure in Sc Kα appears to be lost
when the n = 2 electron is shaken off in the high-energy
shake-off satellites. The n = 2 shake-off satellites are often as-
sociated with the Kα3,4 satellite and our calculations represent

FIG. 5. Sc Kβ eigenvalue spectra for the two most dominant
double shake-off satellites, together with the diagram line.

FIG. 6. Sc Kα, eigenvalue spectra for the n = 2 shake-off satel-
lites which are responsible for the Kα3,4 satellite in the 3d transition
metals. The diagram transitions have been presented for comparison.
There is no clear Kα1 and Kα2 structure present in these spectra.

a prediction since these transitions have not been observed
using photonic incident energy. Some scandium multiple hole
transitions have been observed, including the n = 2 shake-off
satellite, but from heavy ion (30 MeV) bombardment and
not photonic (x-ray) perturbation [74]. Recent work on the
Kα3,4 spectrum in copper has shown that our MCDHF pro-
cess can obtain accurate eigenvalue spectra that fit the best
high-resolution experimental data well [60,75]. Figure 6 gives
the eigenvalue spectra for the n = 2 shake-off satellites, or the
Kα3,4 satellite. The Kβ counterpart is presented in Fig. 7. For
the 3d transition metals, the Kβ n = 2 shake-off satellite is
often close in energy to the valence to core Kβ2,5, 3d → 1s,
forbidden transition [28]. Studies of the Kβ n = 2 satellite

FIG. 7. Sc Kβ n = 2 shake-off satellites and the diagram
transitions for comparison. These transitions overlap with the
valence-to-core Kβ2,5 transition ([1s] → [3d]), which means theo-
retical calculations are necessary for resolving the two transitions.
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FIG. 8. Sc Kα double 1s ionization hypersatellite (Kαh) spec-
trum. As with the n = 2 satellites for Kα3,4, no empirical data exist
for this transition. A previous result for this transition reported a
single energy rather than an eigenvalue spectrum; the two results are
within 1 eV of this work’s peak energy [77].

are therefore important for parsing between the two different
transitions when they overlap.

The final eigenvalue spectra determined herein are for the
1s shake-off satellite transitions, often called hypersatellites,
Kαh and Kβh in other 3d transition metals. As with the n = 2
shake-off satellites, these have not been observed in scandium
with photonic incident energy. These are presented in Figs. 8
and 9 for Kα and Kβ, respectively.

Costa et al. have presented theoretical calculations using
multiconfiguration Dirac-Fock theory [76,77]. These were re-
ported as a single value from the statistical average of all
the transitions, rather than presenting the full spectrum of
eigenvalues. Their work presents the energies as the shift from
the diagram line, which we assume is the value taken from
Deslattes et al. [38]. Their value for Sc Kαh

1 = 4306.84 eV
compares incredibly well with ours of Sc Kαh = 4306.51 eV.
However, we do not distinguish between the splitting of Kαh

1
and Kαh

2 in this work, which is a topic for future work since
we observe the breakdown of strict α1 and α2 structure, which
is not observed in the previous work by Costa et al. [76,77].

For Sc Kβh, Costa et al. report an energy of 4729.59 eV,
which is roughly 3 eV greater than our statistical average of
4726.80. Unlike Kα, Costa et al. do not make the distinction
between Kβh

1 and Kβh
3 . Overall, more work is needed on the

hypersatellites of all 3d transition metals, scandium included.
However, this requires new high-precision and well-resolved
experimental data first.

FIG. 9. Sc Kβ double 1s ionization hypersatellite (Kβh) spec-
trum. As with the n = 2 satellites, no empirical data exist for this
transition. Similar to the Kαh spectrum, the Sc Kβh has previously
been presented with theoretical calculations obtaining a single value,
rather than a spectrum of eigenvalues, and that result is within 3 eV
of this work’s peak energy [76].

IV. CONVERGENCE CRITERIA

GRASP uses an iterative process minimizing the Dirac
Hamiltonian, which requires convergence with the self-
consistent field (SCF) approach [49,50,57]. The expan-
sion of the active set begins with the ASF produced
by only considering the ground-state CSFs up to the 4s
level; then wavefunctions are built, allowing two excita-
tions from the ground-state orbitals into some nl shell,
nl ∈ {4p, 4d, 4 f , 5s, 5p, 5d, 5 f , 6s}. Therefore, we investi-
gate two meanings of convergence: the convergence of a
single wavefunction during the SCF approach, and the con-
vergence of eigenvalues as the active set is expanded.

To determine convergence for a single wavefunction,
the ratio of the Einstein A coefficient calculated in two
gauges is presented and values close to unity indicate a
good level of convergence. The two gauges chosen are the
length (Babushkin) and velocity (Coulomb) gauges, with ra-
tio AL/AV . This gauge freedom should have no impact on
physical observables, so the closer to unity the AL/AV ratio
is, the greater confidence we have in the convergence of the
wavefunction during the SCF procedure.

Convergence during the expansion of the active set can
be done regarding several key metrics. For tests of conver-
gence between calculations during the active set expansion,
our key metrics are the shift in the peak (most intense) energy
eigenvalue and the shift across all energy eigenvalues. These
can be done qualitatively by qualitative observation of the
shift in energy eigenvalues as in Fig. 1 or quantitatively. In
the case of shifts of a large number of energy eigenvalues
a center-of-mass (weighted mean) approach is useful. It en-
ables a single value to encompass an effective energy shift,
using information from every eigenvalue, but with stronger
weighting for the more intense eigenvalues. We present the
change in the center-of-mass energy eigenvalues as a function
of active set expansion for each calculated transition in Fig. 10
for the Kα transitions. The Kβ equivalent is presented in the
Supplemental Material [73]. According to this metric, typical
incremental convergence is 0.02 to 0.09 eV for all Kα and Kβ

satellites. While most transitions appear to converge consis-
tently towards a smaller change as the active set is expanded,
the 1s, 2s, 2p, and 3d4s diverge between 0.02 and 0.08 eV at
the 5 f to 6s level. The reasons for this are not yet clear and are
a source for future work. Other than the 3d4s double shake-off
satellite, the three transitions that feature this divergence are
the complex inner shell shake-off transitions. Other work has
found similar issues with convergence for these transitions
in copper Kα [28], and could perform calculations to higher
levels of the active set. However, scandium with its 3d lone
electron adds many spin-coupling states, increasing the com-
putational requirements for each active set expansion and we
are unable, at present, to run calculations up to greater than
the 6s expansion.

There are many more metrics one can use and that are
critical for demonstrating convergence and we present a com-
prehensive summary in the Supplemental Material [73]. We
include tables of the shift in center-of-mass energy from the 5s
to the 6s expansion; the shift in the peak (greatest g f ) energy
from the 5s to the 6s expansion level; the weighted mean
AL/AV ratios from the 4s to 6s expansion level; the AL/AV
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FIG. 10. This figure plots the energy shift, �ECoM , of the cen-
ter of mass energy for the energy eigenvalue spectra for the Kα

transitions. In the equation �ECoM (nl ) = ECoM (nl ) − ECoM (n−l−),
the nl value represents the x axis as the orbital that the active set
has been expanded to, and n−l− represents the previous level. All
transition center-of-mass energies have been plotted, with the label nl
representing the nl shake-off satellite, and nlnl representing a double
shake-off satellite.

ratios for the peak eigenvalue from the 4s to 6s expansion
level; and the fractional change in the intensity factor, g f . All
of these are presented in the Supplemental Material [73].

There is a significant change in the energies from the
4s to the 4 f expanded active set levels, resulting in shifts
an order of magnitude larger than from 4 f to 6s levels of
expansion, and, therefore, we typically leave the 4s to 4 f
shift out of the plots. Typically, the energy convergences are
between 0.01 and 0.1 eV, peak and weighted mean; AL/AV

ratios are between 0.7% and 3.8%; and the g f factors converge
between 1% and 3%. The Kα results are usually better than
the Kβ results which is consistent with other similar studies
and supports later claims when fitting results are better for Kα

than Kβ.
The AL/AV ratio is an important test of convergence but is

more meaningful when paired with the fractional change in
just one of the gauges since the AL/AV ratio may hide signif-
icant movements in the two values. The fractional change in
the AL coefficient is introduced as a weighted mean for each
transition from the 4 f to the 6s expansion level.

We may also consider the change in the intensities as the
expansion of the active set is performed. These values range
over orders of magnitude depending on the intensity of the
eigenvalue; therefore, we consider ratio of each eigenvalue’s
g f at the nl expansion level to the previous, n−l−.

These convergence tests result in 11 tables in the Supple-
mental Material [73], five for Kα and six for Kβ.

V. AUGER PROCESSES

An excited state atomic system can relax via the emission
of a photon (radiative relaxation), an electron (nonradiative
relaxation), or a combination of the two, usually referred
to as a radiative Auger emission. Previous work has shown

the importance of calculating the ratios of nonradiative to
radiative rates to correctly map the shake-off probabilities
to satellite intensities [60]. The Cu Kα3,4 satellite spec-
trum has had several works that calculate energy eigenvalues
which agree with the experimental values for energy [21,28].
However, the shape of the Cu Kα3,4 spectrum is not mod-
eled well by theoretical predictions, which suggests that the
ab initio intensities calculated from shake-off probabilities
are incorrect [21,28,78]. This issue was resolved by Melia
et al. after performing ab initio Auger rate calculations to
determine an Auger suppression factor [60]. This suppression
factor uses rate calculations to determine the probability that
an nl shake-off event leads to an nl shake-off satellite, the
[2pnl] → [1snl] transition, or if the nl hole is filled by an
Auger process before the Kα transition takes place, therefore
not observing the shake-off satellite.

Due to the importance of these values in copper Kα3,4,
we perform similar calculations for scandium but for the
near-degenerate shake-off holes, n ∈ {3, 4}. The radiative
and nonradiative rates for these satellites are presented in
Table I. The nonradiative, Auger, emission rates are calculated
through the RATIP program, which is used in conjunction with
GRASP [79,80]. The name given for the Auger transitions fol-
lows standard IUPAC notation where the first letter represents
the initial hole orbital, the second is for the original orbital of
the relaxing electron, and the last represents the orbital of the
ejected electron.

Table I shows that the Auger decay channels for the [1s3p]
or [1s3d] initial states are tiny. However, the [1s3s] initial state
has an Auger decay rate of 0.074 eV/h̄ and a radiative Kα 3s
shake-off satellite transition rate of 0.086 eV/h̄. Therefore, we
expect the ab initio 3s shake-off probability to be overesti-
mating the shake-off satellite intensity and we must reduce
the satellite intensity by an Auger suppression factor. This is
due to the 3s orbital hole in the [1s3s] initial hole state having
approximately the same probability to be filled by an Auger
emission before the Kα transition as the Kα transition taking
place with the 3s vacancy present. The Auger suppression
factor for the 3s shake-off satellite is taken by dividing the
radiative rate by the sum of both radiative and nonradiative
rates: 0.086/(0.086 + 0.074) = 0.538, which is unitless. For
each of the fits the new, Auger-corrected value for the satellite
intensities will be used.

VI. SHAKE-OFF PROBABILITIES
AND SATELLITE INTENSITIES

Each x-ray profile is composed of several individual tran-
sitions, the diagram, and nl shake-off satellites. To recreate
experimental spectra from the energy eigenvalue spectra
presented in the previous section, the relative intensities of
each transition must be calculated. Shake-off events have
been proposed as the source of satellite transitions in x-ray
data and many energy eigenvalue calculations exist
[15,18,20,27,28,33–35,41,81–83]. However, ab initio
calculations of shake-off probabilities are rare within
the literature [25–28,78,84]. More work in both energy
eigenvalues and relative intensities must be done before
a good understanding of anomalous asymmetries can be
claimed.

022809-6



SCANDIUM Kα AND Kβ X-RAY SPECTRA … PHYSICAL REVIEW A 109, 022809 (2024)

TABLE I. Calculated rates for radiative (photon emission) and nonradiative (Auger electron emission) processes for transitions involving
a shake-off event (secondary ionization) from the n = 3 and 4s orbitals. These values lead to an Auger suppression factor which must be
multiplied by the calculated shake-off satellite probabilities to better calculate an ab initio shake-off satellite intensity. The Auger suppression
factor multiplies the values of ab initio shake-off probabilities to determine the ab initio satellite intensity.

Initial hole(s) Final hole(s) Type Name Rate (eV/h̄)

[1s] [2p] Radiative Kα diagram 0.342
[1s3s] [2p3s] Radiative Kα 3s satellite 0.086
[1s3s] [1s3p3d] Nonradiative M1M2,3M4,5 0.030
[1s3s] [1s3p4s] Nonradiative M1M2,3N1 0.021
[1s3s] [1s3d4s] Nonradiative M1M4,5N1 0.015
[1s3s] [1s4s4s] Nonradiative M1N1N1 0.008

Total M1 (3s) Auger rate: 0.074
[1s3p] [2p3p] Radiative Kα 3p satellite 0.162
[1s3p] [1s3d4s] Nonradiative M1M2,3M4,5 < 0.001

Total M2,3 (3p) Auger rate: < 0.001
[1s3d] [2p3d] Radiative Kα 3d satellite 0.119
[1s3d] [1s4s4s] Nonradiative M4,5N1N1 < 0.001

Total M4,5 (3d) Auger rate: < 0.001

Mukoyama and Taniguchi performed early calculations for
shake-off probability using nonrelativistic wavefunctions and
other approximations [78]. Kochur et al. provided similar
equations for their shake-off probabilities with more recent
computations [84]. These studies used the adiabatic approx-
imation, which assumes that the ejection of the core (1s)
electron occurs suddenly and without interaction with the rest
of the wavefunction. The post- and pre-ionization wavefunc-
tions are identical other than the loss of the core electron;
however, post-ionization the wavefunction is no longer in an
eigenstate of the new Hamiltonian. Therefore, the immedi-
ate post-ionization wavefunction relaxes into an eigenstate
of the post-ionization Hamiltonian and during this relaxation
process there is a nonzero probability that a second electron
is ejected into the continuum. Experimental characteristic
reference spectra should be measured within this adiabatic
limit, where the perturbing energy far exceeds the edge
energy.

Let the states ϕi be eigenstates of the ground-state, pre-
ionization, atomic Hamiltonian, H . For some perturbation
ionizing the atom in the adiabatic, or sudden, limit the
Hamiltonian will shift immediately to some post-ionization
Hamiltonian, H ′. The adiabatic assumption results in the sys-
tem remaining in state ϕi which is not an eigenstate of the
new Hamiltonian, H ′. Rather, if the eigenstates of the new
Hamiltonian are ϕ′

i the initial states can be represented as an
expansion over the new states:

|ϕi〉 =
∑

j

ci j |ϕ′
j〉 =

∑
j

〈ϕ′
j |ϕi〉|ϕ′

j〉, (5)

where ci j = 〈ϕ′
j |ϕi〉 represents the probability for the sys-

tem in an initial state, ϕi, to be in a new state ϕ′
j after the

sudden change of the Hamiltonian. So the overlap integral
between the original, neutral-atom wavefunction and the new,
ionized wavefunction is the necessary matrix element. The
overlap integral is calculated from the large and small radial
components from Eq. (2), which are outputs from GRASP. A
single hole in the 1s orbital represents the canonical ionization
before a Kα transition representing the diagram lines, where a

doubly ionized wavefunction where the hole states are [1s, nl]
represents the probability of an nl shake-off. The wavefunc-
tions are computed using the MCDHF method as outlined
in the previous section. The shake-off probability is defined
such that the sum of all shake events and the diagram (no
shake) equals unity. This results in a correspondence between
shake-off probability and the resulting satellite line intensity
relative to the full spectrum.

This method requires an atomic wavefunction for each
initial and final ASF which can be cumbersome and time-
consuming. Nguyen et al. proposed an approach requiring
only two wavefunctions, the neutral atom and the [1s] ion
[28,28]. Their equation is written with the κ quantum number,
κ = (l − j)(2 j + 1):

pnκ = 1

Mnκ

⎛
⎜⎝1 −

∣∣∣∣∣∣
∑

j

c jd j〈ϕBnκ |ϕAnκ〉M jnκ

∣∣∣∣∣∣
2
⎞
⎟⎠, (6)

where pnκ is the probability of shake-off per electron in the
nκ state, Mnκ is the number of electrons in the nκ state,
and c j and d j are the mixing coefficients for the two states.
Equation (6) overlooks the possibility for two or more elec-
trons to be removed, so, in order to obtain the specific number
of shake-off events during a transition, the binomial theory is
used to obtain Eq. 29 from Ref. [28]:

P(X = k) =
(

Mnκ

k

)(
1 − (1 − pnκ )

1
Mnκ

)k
(1 − pnκ )

Mnκ −k
Mnκ , (7)

where P(X = k) is the probability that k electrons are re-
moved from the nκ state. This equation has been derived from
the same starting equation as our Eq. (5) and, therefore, should
obtain similar results. Very similar values are achieved for
single shake-off probabilities. For completeness, we present
our results with results from both Eqs. (5) and (7) in Table II.

Table II contains our ab initio shake-off probabilities de-
rived using both Eqs. (5) and (7); the values provided by
Mukoyama and Taniguchi [78] and Kochur et al. [84]; and
the values obtained through semiempirical means from Dean
et al. [15]. Dean et al. calculated the energy eigenvalues of the
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TABLE II. Results of semiempirical derived shake-off probabilities and theoretical ab initio shake-off probabilities. There is good
consistency between the ab initio results but the semiempirical results are all larger than the theoretical ones. Taken as satellite intensities, the
percentages are relative to the full spectrum. Methods of Eqs. (5) and (7) agree closely except for the double shake-off events. We recommend
using values from Eq. (5).

nl shake-off (%) [1s] [2s] [2p] [3s] [3p] [3d] [4s] [3d4s] [4s2]

Semiempirical results using Sc Kα experimental data

Dean et al. [15,31] 2 13 10

Semiempirical results using Sc Kβ experimental data

Dean et al. [15,32] 3 13 18 2

ab initio Theory

Mukoyama and Taniguchi [78] 0.006 0.194 1.016 0.936 7.76 4.98 15.16

Kochur et al. [84] 0.37 1.81 1.75 9.14 6.01

This work [Eq. (7)] 0.192 0.366 1.51 1.32 8.80 6.46 16.1 0.596 1.43

This work [Eq. (5)] 0.188 0.357 1.60 1.21 8.74 6.58 16.5 0.783 1.85

Normalized satellite intensities including Auger suppression

nl shake-off satellite intensity (%) Diagram [3s] [3p] [3d] [4s]

Eq. (5) with Auger suppression and renormalized 65.31 0.684 9.12 6.91 17.3

diagram transitions and the n = 3 and 4s satellite transitions.
Using experimental data [31,32], they fit the eigenvalue spec-
tra with free intensities, and the best fit normalized intensity
was offered as the semiempirical shake-off probability. Diffi-
culties in resolution meant they could not fit the 4s shake-off
for the Kα data, and the Kβ value is much smaller than ex-
pected. There is a decent agreement with both theory and the
two experiments with the 3s and 3p shake-off intensities. But
the semiempirical 3d shake-off intensity is much larger than
expected and not consistent between the two experimental
data sets.

VII. COMPARISON WITH EXPERIMENT

Having defined and demonstrated a high level of conver-
gence, we now investigate the validity of these theoretical
results by comparing to experimental data. Three data sets ex-
ist which would make suitable comparison with the presented
theoretical calculations, those of Anagnostopoulos et al. [33],
Ito et al. [34,35], and Dean et al. [31,32]. The highest reso-
lution data for Sc Kα [31] and Sc Kβ [32] are within the 1σ

uncertainties of the other two [33–35], which indicates that the
same conclusions for the validity of fitting should be achieved
regardless of the data set chosen. The Dean et al. data set is
an absolute measurement whereas the other two are relative
measurements. Furthermore, the Dean et al. data sets contain
well-defined experimental errors with an uncertainty of 2 parts
per million, or 0.01 eV for Kα, and 0.009 eV for Kβ. For these
reasons, we compare to the Dean et al. data set.

The shake-off satellite intensities used for the fitting of the
theory are presented in the last row of Table II. These are the
same as the shake-off probabilities from Table II except for
the 3s shake-off satellite intensity since this is now multiplied
by the Auger suppression factor.

A subshell resolved transition, t , is the spectrum of
eigenvalues for a diagram, or nl shake-off satellite, so
t ∈ {Diagram, 3s, 3p, 3d, 4s}. The eigenvalues within each
transition are the fine-structure resolved eigenvalues. The
eigenvalue spectra for a given subshell resolved transition, t ,
create a profile by assigning each n energy eigenvalue with a

Lorentzian profile, Ln(En, cn, γt ), the peak energy, En, being
the n energy eigenvalue, the area being the relative intensity
of the eigenvalue, cn, and the full width at half maximum
(FWHM), γ , being a constant for each eigenvalue within the
transition. Each of these Lorentzian profiles will be summed
to achieve a profile for the particular transition. The cn in this
equation is the normalized intensity of each n eigenvalue in
the spectrum.

The model, It , for each subshell-resolved transition, t , con-
taining N total eigenvalues is therefore

It (E ; γt ) =
N∑

n=1

L(En,t , cn,t ; γt ). (8)

And the full spectrum, composed of the diagram transitions
and nl shake-off satellite transitions is the sum of each It with
relative amplitude, At

I (E ) =
∑

t

At It (E ; γt ), (9)

where At is the intensity of each transition taken from the last
row of Table II. So Eq. (8) represents the spectrum created
within one panel of Fig. 2, and Eq. (9) represents the spectrum
when adding the spectrum from each panel in the same figure.

We make conclusions regarding the effectiveness of recre-
ating the spectrum with ab initio methods using χ2 reduced
(χ2

r ) goodness-of-fit measures and F -tests. Fitting to exper-
iment expects the need for fitting parameters. The energy
shift parameter, �Et , and intensity scaling parameter, �At ,
are the two parameters we consider and are included for each
transition:

I (E ) =
∑

t

At (1 + �At )It (E + �Et ; γt ). (10)

The models in this work have the Lorentzian width, γt , as a
free parameter. This work aims to investigate the ability of
MCDHF theory to calculate from first principles the shake-off
satellite intensities and the eigenvalue energy spectra. Here-
inafter, widths will be free parameters.
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FIG. 11. Model 1 for Sc Kα, where only the Lorentzian FWHM
and Gaussian experimental width are free parameters. The Kα′′ fea-
ture is seen roughly 3 eV greater than the Kα1 and the 3p satellite
energy is roughly 1 eV too low to fit this well as suggested by
Shigeoka et al. [85]. Circular labels are placed under the α1 and α2

peaks to aid in distinguishing. Only one peak is labeled for the 3s
satellite since it has very low intensity and is very spread out with
no obvious two-peak structure. The goodness-of-fit measure obtains
χ 2

r = 2.49.

By fitting the calculated eigenvalue spectra and intensities
to experiment for Sc Kα and Kβ with only widths as free pa-
rameters, we obtain χ2

r of 2.49 and 3.29, respectively (Fig. 11
for Kα and Fig. 13 for Kβ). This represents a successful fit
in the field of x-ray spectra of complex open-shell atomic
systems.

FIG. 12. Model 3(3p), allowing only the 3p satellite energy to
shift by at most 0.4 eV. There is a notable improvement in χ2

r from
2.49 to 1.14 compared with the model with all parameters fixed
to theoretical prediction, with the addition of only one extra free
parameter allowing the Kα′′ satellite to be better accounted for. This
is our recommended model. The same circular labels as Fig. 11 are
provided to aid in discerning the different satellites.

FIG. 13. The Sc Kβ profile with the fitting of model 1 where the
diagram and four shake-off satellite intensities and energies are fixed
to the ab initio theory.

To help determine the validity of our calculated shake-off
probabilities and energy eigenvalues, we perform the fitting
with several models. The parameters that we either alter or
fix are the energy shift parameter, �Et , and intensity scaling
parameter, �At . Model 1 keeps all parameters, other than
widths, fixed to theoretical predictions. Model 2 keeps the
energy eigenvalues fixed to theory (�E = 0), while allowing
the area, At (shake-off probabilities), to be free. Model 3
allows energies to shift from theoretical predictions, while fix-
ing area to theoretical predictions (�A = 0). Model 4 enables
widths, energies, and probabilities to be free parameters. We
include models that only allow one transition’s parameters to
be free and in these instances follow the model number by
the transition in parentheses. For example, keeping everything
fixed except allowing the Kα 3p shake-off satellite energy
eigenvalues to shift (�E3p �= 0) is labeled model 3(3p).

Each eigenvalue energy shift is allowed to shift by up to
0.4 eV (Kα) or 0.5 eV (Kβ), corresponding to the local con-
vergence level up to 0.09 eV and noting that the Kβ theoretical
spectra show weaker convergence. Similarly, theoretical con-
vergence criteria for intensities and probabilities at 0.7% to
2.4% (Kα) or 1.0% to 3.8% (Kβ) suggest possible intensity
limitations of theory at up to the 5% level. Hence we expect,
if there are significant changes to eigenvalue or intensity, that
they lie within these limits.

The results of these models are given in Secs. VII A and
VII C. Presented are the values of �E , �A, the FWHM, and
the χ2

r . Plots of the fits are also shown for the fixed models,
model 1, and the best model which is chosen through a Fisher
F-test, in Sec. VII B.

A. Sc Kα

Figures 11 and 12 present two of the Kα models, and
results for �E , �A, the FWHM, and the χ2

r for all models
are presented in Table III.
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TABLE III. Results of five different key models for the Kα spectrum, with the shifts in energy and intensity relative to the ab initio theory,
the fitted widths, and χ 2

r . The satellite transitions are referenced just by their nl shake-off orbital.

Kα Transition

model Parameter Diagram [3s] [3p] [3d] [4s] χ2
r

1 �A (%)
All fixed �E (eV) 2.49
Fig. 11 FWHM (eV) 1.18 3.28 2.01 1.49 2.36
2 �A (%) −0.32 +0.06 +2.43 +0.50 −4.64
�A � 5% �E (eV) 1.57

FWHM (eV) 1.25 3.12 2.54 1.64 2.13
3(3p) �A (%)
�E3p � 0.4 eV �E (eV) +0.39 1.14
Fig. 12 FWHM (eV) 1.18 3.21 1.97 1.55 2.07
3 �A (%)
�E � 0.4 eV �E (eV) +0.14 −0.05 + 0.36 −0.27 −0.35 0.83

FWHM (eV) 1.06 3.09 1.87 1.57 2.39
4 �A (%) −0.22 + 0.04 +1.03 +0.46 −4.23
Both �A � 5% �E (eV) +0.08 −0.02 + 0.31 −0.29 −0.14 0.76
and �E � 0.4 eV FWHM (eV) 1.24 2.90 1.91 1.64 2.04

Importantly, model 1 shows significant limitations in four
spectral regions:

(1) Around the Kα1 peak, 4090.5 eV, there is a particular
combination of amplitude and width error, possibly due to the
diagram spectrum, the 4s satellite, or other satellite spectral
limitations.

(2) Around the Kα′′ feature, 4092.5–4093.5 eV, the model
particularly suggests that the 3p satellite feature is too low in
energy and too broad in width.

(3) A peak around 4087.5 eV only appears on decon-
volution, perhaps relating to the 3p satellite or due to the
deconvolution.

(4) The absence of a peak around 4083.5 eV is possibly
related to the 4s or 3d satellite structure or correlated shifts.

If we permit the intensities to vary within an assumed
possible uncertainty from our ab initio theory, model 2, with
five extra free parameters, ten total, we obtain χ2

r = 1.58, su-
perior to all previous work. Instead, if the intensities are fixed
to theory but the energies may shift with model 3 (ten free
parameters) then the fit has χ2

r = 0.83. This fit is extremely
favorable over model 2. We also defined model 4 where both
energies and intensities vary, with a total of 15 free parameters
and the best fit, χ2

r = 0.76.
A χ2

r less than one suggests possible overfitting. So we
have defined model 3(3p) which only lets the 3p shake-off
satellite energy shift. The eigenvalues for the 3p satellites shift
by 0.39 eV and the fit, χ2

r = 1.14, is far superior to both the
earlier semiempirical fits and theoretical fits. This defines a
portable standard for experiments and is presented in Fig. 12.

A larger parameter shift may yield an improved χ2
r , but

may be nonphysical and suggests a deficiency of theory or
experiment or the comparability of the two. For the Sc Kα fits,
parameter shifts are bounded by |�E | � 0.4 eV, and |�A| �
0.05, or 5%. Both of these are plausibly physical given the
convergence achieved in the wavefunctions. Having many
free parameters allows a low χ2

r given the data accuracies.
However, so many parameters may be neither physical nor
meaningful.

B. Fisher F-tests for Sc Kα modeling

As the models include more free parameter shifts of eigen-
value or amplitude compared with theoretical prediction, the
χ2

r lowers. However, does this demonstrate a better model, or
is it simply a byproduct of including more (possibly nonphys-
ical) free parameters? We use Fisher F -tests to compare these
different models. F -tests and related measures are based on
the above-mentioned χ2 and χ2

r and the degrees of freedom
and changes of degrees of freedom. The F -test is said to pass,
signifying that the new model is a better representation of data
than the previous, if the F statistic is greater than the critical
value of the F distribution for some level of confidence. The
F statistic is

F = �χ2Ndof

χ2�p
, (11)

where Ndof is the number of degrees of freedom in the model,
and �p is the difference in the number of free parameters
between the two models. Since the F -test is a comparative
test, we compare all models to model 1 where all parameters
are fixed and it gives a χ2

r of 2.49 and a nonreduced χ2 of
2563. Table IV presents the F statistic and the relevant critical
F value for the given comparison. The strongest model is
the one not only with the best fit represented by the smallest
χ2

r but also the best ansatz, which is often demonstrated by
having fewer free parameters in the fitting function.

Table IV shows that the F statistic is greater than the
critical F value for all the models, indicating they are all better
theoretical models for the data to the null hypothesis case of
all parameters being fixed. An F -test tests directly between
a base model and models that have more free parameters.
One can interpret the ratio between the critical F value and
the F statistic as an indication of how successful a model
has been, and in this way have a measure of significance
between two models. However, it is cleaner to perform the
F -test directly between these other models which is why com-
parisons are also made between model 2 and model 4, between
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TABLE IV. Results of the comparative F -test between model 1
and the other four models for the Kα spectrum and model 2 with
model 4; model 3(3p) with models 3 and 4; and model 3 with model
4. Model 3(3p), where all values are fixed to ab initio theory except
the 3p shake-off satellite energy eigenvaluesm provides the strongest
model hypothesis.

Kα Critical F value F statistic

Model 2 to 1 10.1 70.9
Model 3 to 1 10.1 129
Model 3(3p) to 1 10.6 526
Model 4 to 1 9.7 67.4
Model 2 to 4 4.56 5.09
Model 3(3p) to 3 7.88 4.21
Model 3(3p) to 4 7.56 0.93
Model 3 to 4 4.56 6.85

model 3(3p) and models 3 and 4, and between model 3 and
model 4.

Overall, the Sc Kα spectrum has been well modeled with
ab initio theory with only a width-free parameter, with χ2

r =
2.49. Including only one extra free parameter and letting the
3p shake-off satellite energy to shift by +0.39 eV results in
a remarkable fit of χ2

r = 1.14. This strongly supports the
MCDHF approach for reconstructing x-ray spectra for com-
plex open-shell atoms.

C. Sc Kβ

The method for obtaining fits and comparing them to the
experiment is the same for the Sc Kβ profile. In Fig. 13, model
1 is presented as the case with only widths as free parameters,
and in Fig. 14, model 3 (all energies free) is presented as
the most successful model according to the F -test. All tested
models have their F -test scores when compared to model 1,
and all models are superior to model 1. As with Kα, some
select comparisons are shown in Table VI which are even

FIG. 14. The Sc Kβ profile with the fitting of model 3 where all
transition energies are allowed to shift by up to 0.5 eV. This is the
best model according to the Fisher F -test (Table VI).

more important for the Kβ profile since there is no clear
best-performing F -test model as in the Kα case.

More models are tested for Kβ than Kα since with Kα

there was an obvious choice in allowing the 3p satellite profile
shift in energy which led to the 3(3p) model and a better fit of
the Kα′′ feature. This is not the same for Kβ. It is much less
obvious what shifts, or scales, should obtain a low χ2

r and a
suitable ansatz with as few free parameters as possible. There-
fore, in addition to all the Kα models, we include models
3(3d) and 3(D) in which only the 3d or diagram transitions,
respectively, are allowed to shift. There is no strong candidate
for the best model, with model 3(3d), model 3(D), and model
3 all showing roughly the same ratio of F statistic to F value.
The results of �A, �E , and FWHM for all seven models are
presented in Table V.

None of the models describes the spectrum for Kβ to the
same level of precision as achieved for Kα. This is consistent
with all other work in the literature which finds that ab initio
calculations of Kα spectra for transition metals are more accu-
rate than their Kβ counterparts. What is not obvious is which
model is the best when considering the desire for as few free
parameters as possible. Models 3, 3(D), and 3(3d) all have
the same order of magnitude in the ratio between the critical
F value and the F statistic with model 3 being slightly better.
This suggests that the energy has not converged as well for
the Kβ transitions as it has for Kα, which is supported when
considering the convergence criteria in Sec. IV and the values
in the Supplemental Material [73].

We suggest that for future studies of the Sc Kβ spectrum,
the model values are used for portable spectral parameters.

D. Raw data modeling

These results are extremely promising. However, most re-
searchers should ask if their theory or models apply to the
actual experimental data, i.e., the nondeconvolved spectra.
To ensure the effectiveness of using theoretical models to
recreate realistic data with nonzero Gaussian width we fit our
theoretical models to the raw data for Sc Kα and Kβ from
Refs. [31] and [32], respectively.

We have performed the fit by replacing the Lorentzian
profiles from Eqs. (8)–(10) with Voigt profiles. A Voigt profile
is the convolution between a Lorentzian and a Gaussian. All
models have undergone this process with the extra fitting pa-
rameter of Gaussian width. The F -tests have been recalculated
and show no change in which model provides the best fit in
Table VII. Figures 15 and 16 present the fits to raw data for
Kα and Kβ, respectively. The values of the fitting parameters
are presented in Table VIII.

VIII. DISCUSSION

The greatest source of error in the Kα fits appears to come
from discrepancies around the Kα′′ peak. This is the small
shoulder in the data roughly 3 eV higher than the main Kα1

peak. This feature has been observed in several experiments
for 3d transition metals and is larger in lower-Z elements
[85,86]. The satellite was hypothesized to originate from the
3p shake-off satellite by Scott [87]. Our theoretical calcu-
lations and fits reinforce this view, due to the 3p satellite
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TABLE V. Results of seven different fitting models for the Kβ spectrum. Presented are the shifts in energy, intensity, and the fitted widths
along with the χ 2

r goodness-of-fit measure. Some models fit better than others. However, a formal F -test is presented in Table VI to determine
which model is superior. The satellite (sat.) transitions are referenced by their nl shake-off orbital.

Kβ Transition

model Parameter Diagram 3s sat. 3p sat. 3d sat. 4s sat. χ2
r

1 �A (%)
All Fixed �E (eV) 3.29
figure 13 FWHM (eV) 1.35 2.58 2.28 1.75 2.53
2 �A (%) −0.32 +0.02 +2.43 +0.35 −4.89
�A � 5% �E (eV) 2.53

FWHM (eV) 1.43 3.04 2.29 1.64 2.03
3 �A (%)
�E � 0.5 eV �E (eV) +0.34 −0.24 + 0.43 +0.04 −0.45 1.72
figure 14 FWHM (eV) 1.26 2.87 1.99 1.57 2.08
3(3p) �A (%)
�E3p � 0.5 eV �E (eV) +0.44 3.17

FWHM (eV) 1.22 2.97 2.31 1.14 1.89
3(3d) �A (%)
�E3d � 0.5 eV �E (eV) −0.27 3.01

FWHM (eV) 1.35 3.00 2.20 1.37 1.94
3(D) �A (%)
�ED � 0.5 eV �E (eV) +0.42 2.27

FWHM (eV) 1.39 3.15 2.34 1.48 2.24
4 �A (%) −0.22 + 0.04 +2.35 +0.28 −4.35
�A � 5%
�E � 0.5 eV �E (eV) +0.08 +0.06 +0.19 −0.29 −0.20 1.52

FWHM (eV) 1.30 2.74 1.97 1.85 1.93

eigenvalue spectra being roughly 3 eV greater than the dia-
gram line (Fig. 2) and the fits showing the 3p satellite around
the same location as the Kα′′ peak. The importance in testing

TABLE VI. Results of the comparative F -test between models.
More models are considered for the Kβ spectrum as we do not have
such a strong, and obvious, candidate as with model 3(3p) in the Kα

case. Model 3, where energy eigenvalues are free to shift, provides
the strongest model, but not by much over model 3(D), where only
the diagram shifts in energy. Other than comparing all models to
model 1, comparisons are made between models 2 and 4, between
models 3 and 4; and between models 3(m) and models 3 and 4, where
m ∈ {3p, 3d, D}, for D the diagram.

Kβ Critical F value F statistic

Model 2 to 1 10.1 44.8
Model 3 to 1 10.1 92.6
Model 3(3p) to 1 10.6 35.4
Model 3(3d) to 1 10.6 82.6
Model 3(D) to 1 10.6 91.4
Model 4 to 1 9.7 52.2
Model 2 to 4 4.56 5.23
Model 3(3p) to 3 7.88 12.07
Model 3(3d) to 3 7.88 9.51
Model 3(D) to 3 7.88 7.72
Model 3(3p) to 4 7.56 5.28
Model 3(3d) to 4 7.56 17.89
Model 3(D) to 4 7.56 20.34
Model 3 to 4 4.56 12.42

model 3(3p) highlighted this issue and resulted in this model
being the best, by far, to model the data with.

Shigeoka et al. performed calculations and experiments
for titanium (Z = 22) where the semiempirical intensity was
found to be 2.5% and the ab initio shake-off probability was
6.5% [85]. The ab initio value is slightly smaller than our
obtained value of 8.74% and semiempirical value is much
smaller than ours of 9.77% using model 4 where all param-
eters were free.

TABLE VII. Results of the F -test for all models for both Kα and
Kβ when applied to raw data and using Voigt profiles as opposed to
Lorentzian profiles. The results are consistent with the results for the
deconvolved data.

Raw Kα Critical F value F statistic

Model 2 10.6 76.5
Model 3 10.6 138
Model 3(3p) 11.0 552
Model 4 10.1 73.0
Raw Kβ Critical F -value F -statistic
Model 2 10.6 49.0
Model 3 10.6 100.2
Model 3(3p) 11.0 38.3
Model 3(3d) 11.0 89.4
Model 3(D) 11.0 96.8
Model 4 10.1 58.1
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FIG. 15. Model 3(3p) fitted to the raw spectral data of Dean et al.
[31]. The Gaussian width is 1.65 eV. The addition of the Gaussian
width ensures all residuals are within 2σ of error and almost all are
within 1σ .

From experimental work, the Kα′′ intensity is seen to de-
crease across the group of 3d transition metals. For example,
the copper Kα′′ intensity is obtained with a semiempirical in-
tensity of 0.5% by Deutsch et al. [18] and the ab initio value is
4.49% by Nguyen et al. [28]. The work on ab initio intensities
for the Kα′′ feature in 3d transition metals is incomplete as
not all elements have had theoretical intensities calculated.
This work provides a calculation for this value in scandium
and also supports the hypothesis that the origin of the feature
is in the 3p shake-off satellite.

There is some debate on the validity of using atomic
physics theory to match data taken from metal solids. The
main concern is that, due to the presence of other charges,
the assumption that the Dirac equation is the one presented
in Eq. (1) with a central field potential and therefore has
solutions of the form in Eq. (2) is incorrect. This critique is
particularly weak since the vast body of research that uses
the Dirac-Hartree-Fock approach to fit data of metal solid
x-ray fluorescence spectra has consistently shown a remark-
able level of precision and accuracy. Recently [60], it was
shown that MCDHF calculations can replicate the Cu Kα3,4

satellite spectra to within 0.25 eV with satellite intensity in
agreement with data. This work, too, has shown how MCDHF

FIG. 16. Scandium Kβ model 3 fitted to raw spectral data [32].
The Gaussian width is 1.82 eV. The addition of the Gaussian width
decreases the χ 2

r to 1.31 and almost all of the residuals are within 2σ

of the fit.

calculations achieve a fit for the Sc Kα spectrum of χ2
r = 1.14

where only the energy of the 3p satellite shifts by 0.39 eV.
Therefore, we can say with certainty that the MCDHF

approach recreates experimental results to within the current
experimental resolution for Kα spectra. Perhaps, as transitions
between outer shells are studied, we will see a divergence
from this since external charges will impact outer shells more
than inner orbitals. Atomic theory can predict the experi-
mental results from metal solids for Kα transitions to within
current experimental accuracy.

The Sc Kα3,4 satellite and Sc Kαh hypersatellite have only
been observed with high-energy incident ionic perturbations
with a low-resolution detector [74]. Some recent experiments
on hypersatellites in the 3d transition metals exist [88,89], yet
there are no works for scandium. This work provides calcu-
lations for these spectra with the n = 1, 2 shake-off satellite
eigenvalue spectra. Future work in this area would require a
measurement of these spectra and Auger suppression calcula-
tions which affect inner shell intensities far more than outer
shells.

Kβ theoretically derived energies and intensities have been
fitted to experimental data to obtain χ2

r = 1.72 with only one

TABLE VIII. The parameters of the most successful models when fitting to the raw, nondeconvolved, data.

Transition

Raw data fits Parameter Diagram 3s 3p 3d 4s χ2
r Gaussian FWHM (eV)

Kα �A (%)
Model 3(3p) �E (eV) +0.35 0.92 1.65
Fig. 15 Lorentzian FWHM (eV) 1.22 2.36 2.05 1.83 2.31
Kβ �A (%)
Model 3 �E (eV) +0.32 −0.28 +0.41 +0.07 −0.31 1.31 1.82
Fig. 16 Lorentzian FWHM (eV) 1.21 2.53 1.80 1.77 2.13
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free energy parameter with model 3 and five free widths.
Similar to Kα, this represents an achievement comparable to
any other studies of Kα spectra. That the Kβ does not fit the
data as well as the Kα raises interesting questions about the
fundamental physics that differentiates between the two.

The Kβ transitions involve the 3p orbital and this may
be more suspected from solid-state effects due to the smaller
shielding. The greatest source of error in the fitting for Kα

came from the 3p shake-off satellite and the Kα′′ shoulder.
In the Kβ spectrum, there is also a shoulder on the high-
energy side of the peak and in keeping consistent notation
we should refer to it as the Kβ ′′ satellite. However, in the
Kβ energy eigenvalue calculations, the 3p shake-off satellite
does not have a peak with higher energy than the diagram line.
Therefore, the Kβ ′′ shoulder is not fitted well in the theoretical
model. There are convergence issues with the Kβ 3p shake-off
satellite which do not occur for the Kα which may be due to
the Kβ transition with a 3p spectator vacancy having a double
vacancy in this shell.

Similar to Kα, the n = 1, 2 shake-off satellites have not
been observed for scandium with incident photonic energy.
However, for Kβ, the n = 2 shake-off satellite has an over-
lapping valence-to-core transition which results in the Kβ2,5

spectral profile [90].

IX. CONCLUSION

We have performed multiconfiguration Dirac-Hartree-
Fock calculations to recreate the Kα and Kβ x-ray spectra
of scandium. To do so, energy eigenvalue spectra of the
canonical, diagram, transition [1s] → [2p] (Kα) and [1s] →
[3p] (Kβ), and four nl shake-off satellites with nl ∈
{3s, 3p, 3d, 4s} were calculated. To determine the relative in-
tensity of these transitions, the ab initio shake-off probabilities
were calculated with an Auger suppression factor to take into
account the possibility for nonradiative relaxation. These val-
ues have led to the successful modeling of both deconvolved
and raw data. To ensure good ansatz and to prevent overfit-
ting, Fisher F -tests were performed for the several different
models used for fitting. Ultimately, we present model 3(3p)
with only one free energy parameter in the 3p satellite as the
successful model for Kα with a goodness-of-fit χ2

r = 1.14.
The Kβ spectrum has been modeled with model 3 where each
transition has a free energy parameter and χ2

r = 1.72. The
fits were also applied to the raw data, with the inclusion of
a Gaussian broadening term, and resulted in χ2

r = 0.92 (Kα)
and χ2

r = 1.31 (Kβ).

The current standard for characteristic x-ray spectra for
the scandium Kα and Kβ transitions has, therefore, been
recreated to high accuracy and precision by ab initio calcu-
lations. Further to the fitting of extant data, this work has
presented several eigenvalue spectra and theoretical shake-off
probabilities for transitions not observed with photonic
incident energy. This represents a prediction that future ex-
perimental work should test.

This work has presented an extensive array of tests of
convergence that have not been used elsewhere for MCDHF
calculations of electronic wavefunctions. These include the
center-of-mass energy shift, the peak eigenvalue energy shift,
the AL/AV ratio as both a center-of-mass value and for the
peak eigenvalue, and the weighted mean g f . The metrics
are essential to obtaining a lower bound on uncertainty cal-
culations as well as showing confidence in the successful
calculation of a well-converged electron wavefunction, im-
portant for an iterative process such as the MCDHF method
with the active set expansion approach. Most of these tables
and figures are presented in the Supplemental Material [73].
We would recommend all future MCDHF calculations that
employ the expansion of the active set to include similar
checks of convergence.

The claim that the Kα′′ satellite arises from the 3p shake-
off has been demonstrated and the hypothesis that its intensity
reduced across the 3d transition metals group is supported.
Furthermore, the necessity of expanding the active set is
demonstrated especially for transitions with a large number
of eigenvalues.

The need for accurate ab initio calculations in x-ray physics
is important in tests of advanced quantum mechanics, atomic
physics, and quantum electrodynamics. Determining the x-ray
spectra of species that are not well known experimentally
leads to improved future experiments where knowing the
energy range for experiment can be calculated beforehand,
or when removing noise from certain impurities. The two
strongest models we have provided will serve as a benchmark
for theoretical x-ray spectra for scandium and the methods
described will be extended to other 3d transition metals.
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