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Impact of quantum interference in cascade radiation on the absorption profile
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Spectroscopic measurements of transition frequencies in various atomic systems are a significant part of
modern physics. They enable the testing of fundamental interactions, the determination of physical constants,
and the study of fundamental symmetries that occur in nature with unprecedented accuracy. Studies based
on two-photon spectroscopy of simple atoms represent some of the most accurate experiments to date. The
verification of precision experimental results is largely supported by theoretical analysis, which is most rigorous
for light, nonrelativistic atoms and ions. In the last decade, much attention in the literature has been paid to the
study of the quantum interference effect (QIE) in hydrogen and hydrogenlike atomic systems. This has made it
possible to significantly reduce the experimental error in determining the appropriate transition frequency. The
theoretical description of the QIE corresponds to the consideration of similar pathways arising for close-lying
resonant states into which the transition frequency is measured. In the present work, the influence of the emission
process on the absorption profile formation is investigated. The results of the studies carried out in this work show
the need to take into account the effect of quantum interference in cascade radiation for the precise determination
of the absorption transition frequency to highly excited states in two-photon spectroscopic experiments.
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I. INTRODUCTION

The continuous improvement in the accuracy of mod-
ern spectroscopic experiments, whether it be measuring the
transition frequency, spectral linewidth, binding energy, polar-
izability, etc., in various atomic systems, is aimed not only at
consolidating experimental data with a theoretical description,
but also at deepening our understanding of the processes under
consideration. Simple atomic systems appear to be a clear
example of this kind of research with an experimental error
of 10−15 [1] for the hydrogen atom and 10−12 in helium [2].
Within the achieved experimental accuracy, effects at the same
level and below should be carefully considered.

The combination of experimental and theoretical efforts
made it possible to accurately determine the Rydberg con-
stant and the proton charge radius [3,4]. A more accurate
determination of these constants in hydrogen [4] was achieved
by taking into account nonresonant (NR) corrections and, in
particular, the quantum interference effect (QIE) as the most
significant part of them. Such corrections depend on the pro-
cess used to measure transition frequencies, breaking away
from the “standard” QED theory of radiative effects.

In the framework of QED theory, the spectral line profile
arises in the resonance approximation for the scattering cross
section when all terms except the resonant one are omitted [5].
In most spectroscopic problems, this approximation is suffi-
cient. However, the discarded terms cause asymmetry of the
observed line profile, which affects the accuracy of determin-
ing the transition frequency extracted from the experimental
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data (see, e.g., Refs. [6,7]). The NR corrections arising for
the differential cross section due to the neighboring level
corresponding to the fine structure are more significant [8].
This effect, called quantum interference, has been widely
studied in recent years (see, for example, Refs. [8–18]). The
peculiarity of the QIE is its angular dependence, which allows
compensating the effect by special methods of data processing
or using the geometry of the experiment [8].

Well-specified experiments in which the current precision
allows accurate line profile measurements can be refined by
eliminating the QIE. Recently, the rectification of the asym-
metry has been achieved by applying a line profile fitting
procedure [4]. The Fano-Voigt contour used in Ref. [4] effec-
tively accounted for the asymmetry parameter determined by
the quantum interference at leading order. However, being de-
pendent on the process utilized in the experiment, such effects
should be calculated theoretically for each specific case sep-
arately. For example, the excitation process is accompanied
by radiation, the most significant part of which is cas-
cade emission for excited ns/nd states: 2s + 2γ → ns/nd →∑n−1

k=2 kp + γ → 1s + γ , where γ denotes the emitted or ab-
sorbed photon (the upper link ns/nd → ∑n−1

k=2 kp is usually
detected [19]). The study of the effect of cascade radiation on
the measured two-photon absorption line profile is the subject
of this work.

For the experiment [4], the effect of line contour asym-
metry can be schematically illustrated by the plots shown in
Fig. 1. In particular, the top left panel shows the resonant line
profile and the line shape considering QIE. The difference is
imperceptible to the naked eye. In the logarithmic scale (top
right panel), the difference of the two profiles for the red and
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FIG. 1. Schematic illustration of the line profile asymmetry aris-
ing beyond the resonance approximation for the experiment [4]. The
graphs are given in arbitrary units on the ordinate axis, and the
abscissa axis is given in units of the natural width of the resonance
state. The top left panel shows the symmetric (dashed curve) and
asymmetric (solid curve) profiles, which are indistinguishable to the
naked eye. The same is shown in logarithmic scale in the top right
panel. The part of the line profile close to the line maximum region
is given in logarithmic scale in the bottom left panel. The difference
between symmetric and asymmetric profiles depending on the angle
between the polarization of the incident photon and the direction of
the emitted photon is shown in the bottom right panel. The scale of
profile values is set so that the effect is visible (normalization factor
is used), the same with the choice of frequency scale.

blue wings of the profile is observed. The logarithmic scale
in the bottom left panel shows the vicinity of the resonance,
where the shift of the maximum is clearly visible. Finally,
the bottom right panel shows the difference between the line
profile within and beyond the resonance approximation on a
logarithmic scale. Thus, a similar effect can be expected in the
case of quantum interference arising in the cascade emission
process.

II. TWO-PHOTON ABSORPTION WITH THE
TWO-PHOTON CASCADE EMISSION

According to the fundamental principles of the QED the-
ory, the photon scattering process should be considered from
a stable to a stable state [20]. In the same way, scattering
processes for long-lived metastable states can be studied with
high accuracy (taking into account the lifetime of a metastable
atomic level, the radiative decay of this state can be dis-
carded). For a few reasons, the description of the experiment,
in which the measurement of the two-photon absorption tran-
sition frequency is accompanied by the registration of the
emitted photon, should be given in more detail because of
the cascade radiation (see the discussion in Refs. [21,22]).
First, the instrumental registration of the emitted photon can
be attributed to both the upper and lower links of the cascade
emission indistinguishably. Second, the radiative process is

FIG. 2. Schematic illustration of the four-photon scattering
process 2s(1s) + 2γ → ns/nd → kp1/2(kp3/2) + γ → 1s + γ with
two possible emission branches due to the fine structure of the
cascade transition. Solid lines correspond to the initial (2s or 1s),
intermediate (resonant ns/nd), and final (1s) states, denoted by i,
a, and f in the main text, respectively. The double dashed line
corresponds to different angular momenta of the intermediate state
kp in cascade radiation. This state is denoted as b in the main text.
The wavy lines represent absorbed or emitted photons. The natural
widths, �a and �b, for the corresponding states are presented in
parentheses. In this work, we limit ourselves to considering only
cascade quantum interference arising due to the fine structure of the
kp state.

efficient even if the absorption occurs in the region of the
resonance level width (which is small for higher states) and
may depend on the level width into which the excited state
decays (which can be large). Since the photon emission for
the upper link in the cascade process depends on the sum
of the level widths [6,23] and, since the NR corrections are
proportional to the linewidth, the enhancement of the effect
can be expected. As before, neglecting the cascade radiation
process refers to the resonance approximation, going beyond
which is the main goal of our work. We also discard the ques-
tion of the inseparability of cascade and “pure” multiphoton
emission, assuming the smallness of such effects [21].

In the framework of the S-matrix formalism, when de-
scribing a stable-to-stable process with coinciding initial and
final states, the conservation law is expressed by a δ function
containing all frequencies of absorbed and emitted photons:
δ(

∑
i ω

abs
i − ∑

i ω
em
i ). It immediately follows from this that

the frequencies of absorbed photons are related to the possible
shift of emitted photons. Considering the 1s + 2γ → 3s →
2p + γ → 1s + γ or 2s + 2γ → ns/nd → ∑n−1

k=2 kp + γ →
1s + γ transitions, the four-photon scattering process should
be described as two-photon resonant absorption followed by
two-photon cascade emission (see Fig. 2).

In principle, it can be assumed that the process of radi-
ation with more than two photons is less probable because
of the lower rate of the corresponding transitions. This can
be effectively accounted for by introducing a cascade fraction
factor, which we denote here as x. We define it as the ratio of
the partial decay rate from the resonant state a to the cascade
state b to the total level width of state a: x = W (1γ )

nala,nblb
/�nala .

Thus, one can immediately find that x < 1 for close states
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because the transition frequency included in the transition
rate results in W (1γ )

nala,nblb
< �nala . Since the consideration of

multiphoton emission processes with more photons applies to
increasingly smaller photon frequencies, the fraction of such
cascades becomes progressively smaller. Consequently, in this
paper we restrict ourselves to the consideration of four-photon
scattering processes only.

In the present study, we also assume the additive nature
of the nonresonant corrections. This becomes obvious from
the corresponding calculations and the fact that they represent
an additional energy shift. To demonstrate the importance of
the effect, we omit the consideration of QIE in the absorp-
tion process for the resonant excited state (the corresponding
angular dependence of the corrections [17,24] is recovered
within our description). Furthermore, we give a description
of the quantum interference effect arising from the cascade

emission process (QIEc), i.e., due to the fine structure of the
intermediate levels in the cascade emission.

Starting from the description of four-photon scattering (see
Appendix A), the cross section can be reduced to an evaluation
of two contributions corresponding to neighboring sublevels
of the atomic fine structure (kp1/2 and kp3/2) in the emission
process (see Fig. 2). Then the amplitude can be found in the
form where there are two resonant energy denominators. One
of them corresponds to the two-photon absorption i + 2γ →
a profile, and the other describes the photon emission of
the upper link, a → b(b′) + γ . Applying the regularization
procedure [5], one can find that the two-photon absorption
link contains the width of the resonant state, while the sum
of the level widths appears in the second one [6,23]. The
amplitude of the four-photon stable-to-stable process [see
Eq. (A10)] is

U (a,b,b′ )
f i ∼

[
A(1γ )

f b A(1γ )
ba

Ea − ω2 − Eb − i
2 (�a + �b)

+ A(1γ )
f b′ A(1γ )

b′a

Ea − ω2 − Eb′ − i
2 (�a + �b′ )

]
A(2γ )

ai

Ei + 2ω − Ea − i
2�a

, (1)

where A(2γ )
ai represents the two-photon amplitude of the i +

2γ → a absorption process, and A(1γ )
bc corresponds to the one-

photon emission matrix element between the arbitrary b and
c states. The states b and b′ denote neighboring sublevels for
fine splitting of the intermediate resonant state in the cascade.
�n represents the natural level width of the corresponding state
(here n is equal to one of a, b, or b′; see Fig. 2). The frequen-
cies of the absorbed photons ω4 and ω3 are set equal according
to Refs. [24–26], so that ω4 + ω3 = 2ω; the frequency ω2 in
our notations corresponds to the upper cascade link.

Then, using the conservation law E f + ω1 + ω2 − ω3 −
ω4 − Ei = 0 and ω1 = Eb − E f , one can find Eb + ω2 = Ei +
ω3 + ω4. Substituting the latter into Eq. (1), we have

U (a,b,b′ )
f i ∼ A(1γ )

f b A(1γ )
ba A(2γ )

ai[
x − i

2 (�a + �b)
][

x − i
2�a

]
+ A(1γ )

f b′ A(1γ )
b′a A(2γ )

ai[
x + �Ebb′ − i

2 (�a + �b′ )
][

x − i
2�a

] . (2)

Here the notations �Ebb′ = Eb − Eb′ and x = Ei + ω3 + ω4 −
Ea ≡ Ei + 2ω − Ea were introduced.

According to the formalism of Ref. [5], the line profile
arises from the squared modulus of the amplitude, i.e., from
the cross section. Leaving only the resonance contribution,
the transition frequency can be defined as the parameter cor-
responding to the maximum. Then, considering the second
(nonresonant) contribution in Eq. (2), the nonresonant correc-
tion (NRc) follows from the extremum condition for the cross
section. In the lowest order it can be obtained in the form

δNRc = �2
a

4�Ebb′

�2
�

�2
a + �2

�

fnr

fres
, (3)

where �� ≡ �a + �b ≈ �a + �b′ , fres = |A(1γ )
f b A(1γ )

ba A(2γ )
ai |2,

and fnr = A(1γ )
f b′ A(1γ )

b′a A(2γ )
ai (A(1γ )

f b A(1γ )
ba A(2γ )

ai )∗.

Calculation of amplitudes in Eq. (3) can be performed
using the methodology summarized in Appendixes B and C.
Then, given that the polarization vectors are unit ones, we can
find the amplitude ratio as a function of all possible angles
between vectors {e∗

1, e∗
2, e3, e4}. Here, the asterisk denotes the

polarization of the emitted photon, indices 1 and 2 correspond
to the lower and upper links of the cascade, respectively, and
3 and 4 are the “second” and “first” absorbed photons.

To obtain the dependence on the angle between the po-
larization vectors of the absorbed photons and the direction
vector of the emitted photons, summation over the polariza-
tion vectors e∗

1, e∗
2 should be performed (details are given in

Appendix D). It is this scheme of the experiment that is dis-
cussed below. We also assume that the polarization vectors of
the absorbed photons are parallel, and the emitted photons are
registered by one detector, i.e., propagate in one direction. The
latter circumstance considerably simplifies the calculations.

For the photon scattering process when the initial state 1s
or 2s and the excited state ns in hydrogen are given by atomic
levels with fixed total momenta Fi = 0 and Fa = 0 (the result
is valid for Fi = 1 and Fa = 1), �Ebb′ ≡ �Ekp1/2 kp3/2 (k < n),
�a ≡ �ns, and �b ≈ �b′ ≡ �kp, we find that the amplitude
ratio is constant, i.e., independent of angular correlations (see
Appendix E and, in particular, Appendix E 1):

δNRc(kp1/2) = �2
ns

4�Ekp1/2kp3/2

1

2

(�kp + �ns)2

�2
ns + (�kp + �ns)2

. (4)

Expression (4) represents the case when nsFa=0
1/2 decays to the

cascade state kp1/2 and the interfering path to kp3/2 is taken
into account.

Apart from the presence of the correction in the form of
Eq. (4), one should take into account the possibility that the
state ns decays resonantly into the cascade level kp3/2. Then,
we find

δNRc(kp3/2) = − �2
ns

4�Ekp1/2kp3/2

1

5

(�kp + �ns)2

�2
ns + (�kp + �ns)2

. (5)
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TABLE I. NR corrections to the transition frequency 2s/1s − ns
(n = 3, 4, 6, 8, 12) due to cascade emission, Eqs. (4) and (5). The
cascade process is shown first; then the values of δNRc(kp1/2) and
δNRc(kp3/2) are given in hertz. The last column represents the cascade
fraction coefficient. The row “Total” represents the sums of the NR
corrections multiplied by x and the overall NR correction (the last
value in the row).

Cascade δNRc(kp1/2) (Hz) δNRc(kp3/2) (Hz) x

3s-2p-1s 11.5 −4.6 1
4s-2p-1s 5.6 −2.2 0.584
4s-3p-1s 19.0 −7.6 0.416
Total 11.2 −4.5 6.7
6s-2p-1s 1.0 −0.4 0.393
6s-3p-1s 3.4 −1.4 0.271
6s-4p-1s 8.1 −3.2 0.192
6s-5p-1s 15.8 −6.3 0.143
Total 5.1 −2.0 3.1
8s-2p-1s 0.2 � −10−2 0.337
8s-3p-1s 0.8 −0.3 0.228
8s-4p-1s 1.9 −0.8 0.157
8s-5p-1s 3.7 −1.5 0.115
8s-6p-1s 6.4 −2.6 0.090
8s-7p-1s 10.1 −4.0 0.073
Total 2.3 −0.9 1.4
12s-2p-1s � 10−2 � −10−2 0.298
12s-3p-1s � 10−2 � −10−2 0.199
12s-4p-1s 0.2 � −10−2 0.134
12s-5p-1s 0.4 −0.2 0.095
12s-6p-1s 0.7 −0.3 0.071
12s-7p-1s 1.1 −0.4 0.056
12s-8p-1s 1.7 −0.7 0.045
12s-9p-1s 2.4 −0.9 0.038
12s-10p-1s 3.2 −1.3 0.033
12s-11p-1s 4.3 −1.7 0.029
Total 0.6 −0.2 0.4

This correction has the opposite sign with respect to Eq. (4)
and has a different numerical factor, although still independent
of the angles. The latter is determined by the angular algebra
combined with the sign in front of �Ekp1/2kp3/2 in the energy
denominator in the amplitude (2) (see the Appendixes).

Obviously, the corrections δNRc(kp1/2) and δNRc(kp3/2) are
the more significant as the width of the excited resonant state a
is larger and the fine splitting of the cascade state b is smaller.
Taking into account the cubic decrease of the level widths
and fine structure intervals with increasing principal quantum
number, it can be found that the NRc should be larger for
atomic levels close to the resonance state.

To obtain a quantitative characterization of the correspond-
ing frequency shift, the numerical values of the corrections (4)
and (5) are summarized in Table I (the detailed data can be
found in Table III in Appendix E 1).

As follows from Table I, the NR corrections are small
for the 4γ scattering process 1s(2s) + 2γ → ns → kp +
γ → 1s + γ . However, direct summation (without the frac-
tional factor) would result in a frequency shift in the region
of hundreds of hertz. Combined with the results for the

TABLE II. The NR correction for the state nd (F=2)
3/2 . All notations

are the same as in Table I.

Cascade δNRc(kp1/2) (Hz) δNRc(kp3/2) (Hz) x

3d3/2-2p-1s −19 734.3 −1049.7 1
4d3/2-2p-1s −3 638.1 −193.5 0.746
4d3/2-3p-1s −12 104.4 −643.8 0.254
Total −5 792.0 −308.1 −6 100.1
6d3/2-2p-1s −335.6 −17.8 0.613
6d3/2-3p-1s −1 130.8 −60.1 0.224
6d3/2-4p-1s −2 661.9 −141.6 0.103
6d3/2-5p-1s −5 103.1 −271.4 0.053
Total −1 005.2 −53.5 −1 058.7
8d3/2-2p-1s −61.5 −3.3 0.571
8d3/2-6p-1s −207.6 −11.0 0.210
8d3/2-4p-1s −491.4 −26.1 0.098
8d3/2-5p-1s −955.5 −50.8 0.054
8d3/2-6p-1s −1 634.6 −86.9 0.033
8d3/2-7p-1s −2 548.2 −135.5 0.021
Total −285.5 −15.2 −300.6
12d3/2-2p-1s −5.6 −0.3 0.541
12d3/2-3p-1s −18.8 −1.0 0.200
12d3/2-4p-1s −44.6 −2.4 0.094
12d3/2-5p-1s −87.0 −4.6 0.052
12d3/2-6p-1s −150.2 −8.0 0.032
12d3/2-7p-1s −238.0 −12.7 0.021
12d3/2-8p-1s −353.6 −18.8 0.015
12d3/2-9p-1s −499.8 −26.6 0.011
12d3/2-10p-1s −677.6 −36.0 0.008
12d3/2-11p-1s −887.6 −47.2 0.006
Total −47.6 −2.5 −50.2

QIE [17,24,25], the corresponding line profile asymmetry can
be significant.

As another demonstration of the cascade effect on the
determination of the absorption transition frequency, con-
sider the four-photon scattering process nis

Fi=0
1/2 + 2γ →

nadFa=2
3/2 → kp1/2(3/2) + γ → 1s1/2 + γ . Performing calcula-

tions (summarized in Appendix E 2), we arrived at

δNRc = −13

√
2

5

�2
a

4�bb′

�2
�

�2
a + �2

�

, (6)

δNRc = −13

47

√
5

2

�2
a

4�bb′

�2
�

�2
a + �2

�

. (7)

The numerical results are shown in Table II (the detailed
data can be found in Table IV in Appendix E 2).

III. CONCLUSIONS

As follows from Eqs. (6) and (7), the NR corrections have
no geometry dependence. Thus, the corresponding asymmetry
(as in the previous case) is always present in the measure-
ments. Recently, in Ref. [4], a subtraction procedure was
applied to an asymmetric line profile to extract a symmetric
contour and determine the “line center.” This procedure re-
duces to the use of the Fano-Voigt profile taking into account
the asymmetry parameter. On the basis of the theoretical anal-
ysis this would mean the choice of the “magic angle” for the
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TABLE III. The NR corrections to the transitions nis → nas → kp j → 1s for the case determined by the angle between the polarization
vectors of the absorbed photons and the propagation vectors of the emitted photons. The first column shows the cascade processes, and
the second and third columns show the natural level widths �a and �b, respectively. The fourth column contains the fine structure interval
�bb′ = Ekp1/2 − Ekp3/2 levels. The fifth and sixth columns show NR corrections for the resonant states kp1/2 and kp3/2, respectively. The
fraction, x, of the cascade process in the entire radiation is given in the seventh column. The last column summarizes the weighted averages of
the partial nonresonant corrections. The row “Total” represents the sums of the NR corrections multiplied by x and the overall NR correction
(the last value in the row). All values are in hertz.

Cascade �a (Hz) �b (Hz) �bb′ (Hz) δNRc(kp1/2) (Hz) δNRc(kp3/2) (Hz) x δ
(av)
NRc

3s-2p-1s 1.0054 × 106 9.9762 × 107 1.09437 × 1010 11.5 −4.6 1 0.8
4s-2p-1s 7.0282 × 105 9.9762 × 107 1.09437 × 1010 5.6 −2.3 0.584 0.4
4s-3p-1s 3.0208 × 107 3.24256 × 109 19.0 −7.6 0.416 1.3
Total 11.2 −4.5 6.7
6s-2p-1s 2.9755 × 105 9.9762 × 107 1.09437 × 1010 1.0 −0.4 0.393 0.07
6s-3p-1s 3.0208 × 107 3.24256 × 109 3.4 −1.4 0.271 0.23
6s-4p-1s 1.2941 × 107 1.36795 × 109 8.1 −3.2 0.192 0.54
6s-5p-1s 6.6939 × 106 7.00406 × 108 15.8 −6.3 0.143 1.05
Total 5.1 −2.0 3.08
8s-2p-1s 1.4408 × 105 9.9762 × 107 1.09437 × 1010 0.2 � −10−2 0.337 0.02
8s-3p-1s 3.0208 × 107 3.24256 × 109 0.8 −0.3 0.228 0.05
8s-4p-1s 1.2941 × 107 1.36795 × 109 1.9 −0.8 0.157 0.13
8s-5p-1s 6.6939 × 106 7.00406 × 108 3.7 −1.5 0.115 0.25
8s-6p-1s 3.9012 × 106 4.05332 × 108 6.4 −2.6 0.090 0.43
8s-7p-1s 2.4692 × 106 2.55232 × 108 10.1 −4.0 0.073 0.68
Total 2.3 −0.9 1.38
12s-2p-1s 4.7745 × 104 9.9762 × 107 1.09437 × 1010 � 10−2 � −10−2 0.298 � 10−3

12s-3p-1s 3.0208 × 107 3.24256 × 109 � 10−2 � −10−2 0.199 � 10−3

12s-4p-1s 1.2941 × 107 1.36795 × 109 0.2 � −10−2 0.134 0.01
12s-5p-1s 6.6939 × 106 7.00406 × 108 0.4 −0.2 0.095 0.03
12s-6p-1s 3.9012 × 106 4.05332 × 108 0.7 −0.3 0.071 0.05
12s-7p-1s 2.4692 × 106 2.55232 × 108 1.1 −0.4 0.056 0.07
12s-8p-1s 1.6603 × 106 1.70995 × 108 1.7 −0.7 0.045 0.11
12s-9p-1s 1.1694 × 106 1.20075 × 108 2.4 −0.9 0.038 0.16
12s-10p-1s 8.5442 × 105 8.75542 × 107 3.2 −1.3 0.033 0.22
12s-11p-1s 6.4308 × 105 6.57822 × 107 4.3 −1.7 0.029 0.29
Total 0.6 −0.2 0.36

experimental geometry: at this angle the asymmetry caused by
the effect of quantum interference is zero (see also Ref. [8]),
which makes the observed line profile symmetric. The numer-
ical results in Tables I and II do not depend on the geometry
of the experiment. Therefore, the QIE-based symmetrization
procedure utilized for the observed spectral line does not elim-
inate all asymmetry. The Fano-Voigt profile with necessity
should include additional terms corresponding to the cascade
emission process. In the case of excitation to nas states, this
is of minor importance at the current experimental accuracy.
However, for excitation nadFa=2

3/2 the resulting asymmetry is
very significant, at least for low-lying states, where the NR
corrections reach the level of tens of kilohertz (see Table II).
The details for the absorption process nis

Fi=1
1/2 → nadFa=1,2

3/2 can
be found in Appendix E 3.

The most significant conclusion, however, is that, beyond
the resonance approximation, separating the absorption pro-
cess from radiation is not proper and vice versa. The observed
line profile should be approximated not only by the absorp-
tion (emission) contour, but also the terms responsible for
emission (absorption) in the presence of a cascade should
be taken into account. According to the treatment given in

Ref. [4], any asymmetric line profile can be symmetrized by
choosing an appropriate contour. The choice is determined by
the physical process involved in the measurements and, as
a rule, can be obtained as a decomposition into symmetric
and asymmetric parts [8]. When the asymmetric part is de-
termined, the transition frequency for the symmetrized profile
can be extracted [4]. In the case of describing the absorption
profile without taking into account the emission process, the
Fano-Voigt profile was effectively utilized (see Eq. (2) in
Ref. [26], and references therein). However, this approximate
contour has to be modified by contributions from cascade
radiation. Our results, represented by Eqs. (2) and (3), clearly
demonstrate this statement; moreover, they show how it can be
fulfilled [by adding amplitudes like Eq. (2) to the Fano-Voigt
profile].

The significance of the obtained values of nonresonant cor-
rections can be assessed by directly comparing the frequency
shifts with the measurement error of the corresponding tran-
sitions. The latter can be found in Ref. [27]. Then we can
find that the found corrections due to cascade emission, δNRc,
for measurements of transitions to ns states are negligible
(see numerical results for the total contribution in Table I).
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TABLE IV. NR corrections corresponding to correlations between the polarization vectors of absorbed and emitted vectors. All notations
are as in Table III; values are given in hertz.

Cascade �a (Hz) �b (Hz) �bb′ (Hz) δNRc(kp1/2) (Hz) δNRc(kp3/2) (Hz) x δ
(av)
NRc (Hz)

3s-2p-1s 1.0054 × 106 9.9762 × 107 1.09437 × 1010 46.2 −11.5 1 7.7
4s-2p-1s 7.0282 × 105 9.9762 × 107 1.09437 × 1010 22.6 −5.6 0.584 3.8
4s-3p-1s 3.0208 × 107 3.24256 × 109 76.1 −19.0 0.416 12.7
Total 44.8 −11.2 33.6
6s-2p-1s 2.9755 × 105 9.9762 × 107 1.09437 × 1010 4.0 −1.0 0.393 0.7
6s-3p-1s 3.0208 × 107 3.24256 × 109 13.6 −3.4 0.271 2.3
6s-4p-1s 1.2941 × 107 1.36795 × 109 32.3 −8.1 0.192 5.4
6s-5p-1s 6.6939 × 106 7.00406 × 108 63.1 −15.8 0.143 10.5
Total 20.5 −5.1 15.4
8s-2p-1s 1.4408 × 105 9.9762 × 107 1.09437 × 1010 0.9 −0.2 0.337 0.2
8s-3p-1s 3.0208 × 107 3.24256 × 109 3.2 −0.8 0.228 0.5
8s-4p-1s 1.2941 × 107 1.36795 × 109 7.6 −1.9 0.157 1.3
8s-5p-1s 6.6939 × 106 7.00406 × 108 14.8 −3.7 0.115 2.5
8s-6p-1s 3.9012 × 106 4.05332 × 108 25.6 −6.4 0.090 4.3
8s-7p-1s 2.4692 × 106 2.55232 × 108 40.5 −10.1 0.073 6.8
Total 9.2 −2.3 6.9
12s-2p-1s 4.7745 × 104 9.9762 × 107 1.09437 × 1010 0.1 � −10−2 0.298 0.02
12s-3p-1s 3.0208 × 107 3.24256 × 109 0.3 � −10−2 0.199 0.06
12s-4p-1s 1.2941 × 107 1.36795 × 109 0.8 −0.2 0.134 0.14
12s-5p-1s 6.6939 × 106 7.00406 × 108 1.6 −0.4 0.095 0.27
12s-6p-1s 3.9012 × 106 4.05332 × 108 2.8 −0.7 0.071 0.47
12s-7p-1s 2.4692 × 106 2.55232 × 108 4.5 −1.1 0.056 0.74
12s-8p-1s 1.6603 × 106 1.70995 × 108 6.7 −1.7 0.045 1.11
12s-9p-1s 1.1694 × 106 1.20075 × 108 9.5 −2.4 0.038 1.58
12s-10p-1s 8.5442 × 105 8.75542 × 107 13.0 −3.2 0.033 2.16
12s-11p-1s 6.4308 × 105 6.57822 × 107 17.2 −4.3 0.029 2.87
Total 2.4 −0.6 1.8

In turn, the determination of transition frequencies for nd
states is more sensitive to the effect of quantum interfer-
ence in cascade emission. The total contribution δNRc (see
Table II) reaches the kilohertz level and is a few fractions of
the experimental error for the lower states. Since the values
of the correction δNRc vary considerably for different states,
we do not provide a detailed analysis of their effect on the
Rydberg constant and the proton charge radius. We only note
that a change of frequency at the kilohertz level changes the
third significant digit for the proton radius and the 12th digit
for the Rydberg constant [28], i.e., the change leads to rela-
tive deviations δR∞ = 2.39 × 10−12 (�R∞ ≈ 0.000026 m−1)
and δrp ≈ 0.00278 (�rp ≈ 0.0024 fm), which corresponds to
the relative standard uncertainty of the values established by
the Committee on Data of the International Science Council
(CODATA) [27]. In addition, it should be emphasized that
the use of the Fano-Voigt profile to process the experimental
data resulted in a significant increase in the accuracy of the
experiment [4]. Thus, the modification of the line profile by
taking into account the cascade asymmetry can be considered
as the next step for further improvements.
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APPENDIX A: DERIVATION OF THE FOUR-PHOTON
SCATTERING AMPLITUDE WITH TWO-PHOTON

ABSORPTION AND TWO-PHOTON CASCADE
EMISSION LINKS

To theoretically describe the line profile of one-photon
emission and absorption [4,29] or two-photon absorp-
tion [17,28], the resonance approximation is commonly
used [6]. In this approach, only that part which corresponds to
the resonance process is studied in detail, and the rest is dis-
carded. Extending beyond this approximation implies taking
into account other (nonresonant) contributions. Then nonres-
onant corrections to the transition frequency can be evaluated.
The dominant contribution occurs by considering the nearest
state with the same symmetry, adjacent to the resonance [8].
The idea of Ref. [8] is widely used in modern studies of
the photon scattering processes on atoms (see, for example,
Refs. [10,11,13–16]). This effect arising in the differential
scattering cross section and called the quantum interference
effect (QIE) is most adequate to describe the process used
in spectroscopic experiments, when absorption and emission
are directed at certain angles (within a small solid angle).
Such corrections, however, can be avoided (see Ref. [8]) by
choosing the experimental conditions or processing the exper-
imental data (choosing the ‘magic” angle between absorbed
and emitted photons or using the asymmetry parameter to fit
the line profile; see Ref. [4]). On the other hand, as shown
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FIG. 3. A Feynman graph depicting a four-photon scattering pro-
cess with two-photon absorption link. Here i and f denote the initial
and final states, respectively, and n1, n2, and n3 are the intermediate
states corresponding to summation in the electron propagators. State
a is the resonant contribution to the absorbing photons, and b reflects
the cascade contribution in the radiation process. The frequencies
of the emitted photon are denoted by ω1 and ω2 and the absorbed
photons are considered equal with a frequency equal to half the
transition energy.

in Ref. [29], this is not generally the case. For example, the
QIE may depend on the final state [29] or may not depend
on the angles [17,28]. Along with the fact that such correc-
tions depend on the process used in the experiment, these
circumstances require a detailed theoretical consideration of
nonresonant corrections for each specific case.

In order to improve the accuracy of transition frequency de-
termination in spectroscopic experiments, nonresonant effects
should be carefully taken into account. For example, the non-
resonant corrections arising from the total cross section can be
considered further for this purpose (see Ref. [7] and references
therein). They are inevitable when choosing any “experimen-
tal geometry,” but are much smaller than the QIE and the
experimental error [30–33], representing a frequency shift of
the order of a few hertz. However, leading to asymmetry of the
observed line profile, such effects, especially QIE, have to be
taken into account if precision determination of the transition
frequency is to be assumed.

The principality of this conclusion consists in going
beyond the resonance approximation, for example, in the ex-
perimental study of the photon scattering process. Then, as
a next stage, the question can be posed about the influence
of the emission process on the measured absorption transition
frequency. For example, it can be expected that in two-photon
cascade radiation the interference effect can be significant
(which is confirmed by studies of one-photon scattering [4]).
To find the influence of interfering paths in radiation on two-
photon absorption, one should consider the total i + 2γ →
a → b + γ → f + γ scattering process. Moreover, the very
construction of the QED theory requires a description of pho-
ton scattering by atoms, starting from the (meta)stable state
and ending with the (meta)stable atomic level. Schematically

such a description can be illustrated by the Feynman graph
in Fig. 3, where the initial and final states are assumed to be
(meta)stable, and the process proceeds through two-photon
absorption to a resonant state a culminating in cascading
emission with a resonant state b.

If we discard the terms arising from photon permutations
(similar expressions can be obtained in the same way), the
S-matrix element corresponding to the diagram in Fig. 3 is

S(4γ )
f i = (−ie)4

∫
d4x1 d4x2 d4x3 d4x4ψ f (x1)

× (γ μ1 A∗
μ1

(x1))S(x1, x2)(γ μ2 A∗
μ2

(x2))S(x2, x3)

× (γ μ3 Aμ3 (x3))S(x3, x4)(γ μ4 Aμ4 (x4))ψi(x4), (A1)

where f and i denote the final and initial states of the atomic
electron, respectively.

For an arbitrary atomic state a the electron wave function
in Eq. (A1) is represented by

ψa(x) = ψa(r)e−iEat , (A2)

where ψa(r) is the solution of the Dirac equation for the
atomic electron, Ea is the Dirac energy, ψa = ψ+

a γ0 is the
Dirac conjugated wave function, γμ ≡ (γ0, γ ) are the Dirac
matrices, and x ≡ (t, r) is the four-dimensional space-time
coordinate. The photon field or the photon wave function
Aμ(x) is defined by

Aμ(x) =
√

2π

ω
eμei(kr−ωt ) = e−iωt Aμ(r), (A3)

where eμ are the components of the photon polarization four-
vector (e is a three-dimensional polarization vector for real
photons), k ≡ (ω, k) is the photon momentum four-vector,
k is the wave vector, and ω = |k| is the photon frequency.
Equation (A3) corresponds to the absorbed photon and A∗

μ(x)
corresponds to the emitted photon. Finally, the electron prop-
agator for the bound electron can be presented in the form
of the eigenmode decomposition with respect to one-electron
Dirac eigenstates ψn with eigenvalues εn:

S(x1, x2) = i

2π

∫ ∞

−∞
d� e−i�(t1−t2 )

∑
n

ψn(r1)ψn(r2)

� − εn(1 − i0)
. (A4)

By integrating over time variables, four δ functions can
be obtained: (2π )4δ(ε f + ω1 − �1)δ(�1 + ω2 − �2)δ(�2 −
ω3 − �3)δ(�3 − ω4 − εi ). Here the frequencies of the ab-
sorbed photons are denoted by ω4 and ω3, the frequency
ω2 corresponds to the upper cascade link, and ω1 represents
the lower cascade link (see Fig. 2 in the main text). Then
integration over �i reduces them to a δ function representing
the conservation law of the four-photon scattering process,
leading to

S(4γ )
f i = −2πe4iδ

(
ε f + ω1 + ω2 − ω3 − ω4 − εi

) ∫
d3r1 d3r2 d3r3 d3r4 ψ f (r1)

(
γ μ1 A∗

μ1
(r1)

) ∑
n1

ψn1 (r1)ψn1
(r2)

ε f + ω1 − εn1 (1 − i0)

× (γ μ2 A∗
μ2

(r2))
∑

n2

ψn2 (r2)ψn2
(r3)

εi + ω3 + ω4 − εn2 (1 − i0)
(γ μ3 A∗

μ3
(r3))

∑
n3

ψn3 (r3)ψn3
(r4)

εi + ω4 − εn3 (1 − i0)
× (γ μ4 A∗

μ4
(r4))ψi(r4). (A5)
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Passing to the dipole approximation for transverse photons, using the relations S f i = −2π iUf iδ(
∑

k
E f k − ∑

k
Eik ) and

−i m ωnk (r)nk = (p)nk [34], in the nonrelativistic limit one can approximately write

U (4γ )
f i = (2π )2e4

∑
n1 n2 n3

〈 f |e∗
1r1|n1〉〈n1|e∗

2r2|n2〉
[E f + ω1 − En1 (1 − i0)]

〈n2|e3r3|n3〉〈n3|e4r4|i〉√ω1ω2ω3ω4

[Ei + ω3 + ω4 − En2 (1 − i0)][Ei + ω4 − En3 (1 − i0)]
, (A6)

where the energies correspond to the nonrelativistic solutions of the Schrödinger equation (as well as the wave functions).
Furthermore (and in the main text), we introduce the notation for matrix elements 〈c|er|d〉 ≡ A(1γ )

cd . Taking into account the
permutation of absorbed photons ((e3; ω3) ↔ (e4; ω4)), one can organize a two-photon amplitude, A(2γ )

n2i , which includes the third
energy denominator and the sum over n3. Note additionally that the energy denominator Ei + ω4 − En3 (1 − i0) does not diverge
and one can omit the infinitesimal imaginary part in it. Also, according to the two-photon spectroscopy experiments [35–37], we
can set ω3 = ω4 ≡ ω and e3 = e4.

Assuming the immateriality of the common prefactor in Eq. (A6), we arrive at

U (4γ )
f i ∼

∑
n1 n2

A(1γ )
f n1

A(1γ )
n1n2

E f + ω1 − En1 (1 − i0)

A(2γ )
n2i

Ei + 2ω − En2 (1 − i0)
, (A7)

where the two-photon amplitude A(2γ )
n2i is

A(2γ )
n2i =

∑
n3

〈n2|e3r3|n3〉〈n3|e4r4|i〉
Ei + ω4 − En3 (1 − i0)

+
∑

n3

〈n2|e4r4|n3〉〈n3|e3r3|i〉
Ei + ω3 − En3 (1 − i0)

(A8)

and ω3 + ω4 = 2ω. Then, we have resonance conditions for the sums over n1 and n2: Ei + 2ω = Ea and E f + ω1 = Eb (n1 = b
and n2 = a), where the state a represents the resonant excited state into which the absorption process is measured (with the
subsequent upper cascade link), and the state b corresponds to the resonant intermediate state in the process of cascade radiation
(with the subsequent lower cascade link).

According to the conservation law, the lower link of the cascade can be transformed into the upper by the equality E f +
ω1 + ω2 − Ea = 0, which leads to E f + ω1 = Ea − ω2. Here and below, we consider the interference effect arising from the fine
splitting of the b state. This can be taken into account by introducing an additional term in the sum over n1 (again, we omit the
consideration of fine splitting for the state a). Then, the amplitude can be written as

U (4γ )
f i ∼ A(1γ )

f b A(1γ )
ba A(2γ )

ai

[Ea − ω2 − Eb(1 − i0)][Ei + 2ω − Ea(1 − i0)]
+ A(1γ )

f b′ A(1γ )
b′a A(2γ )

ai

[Ea − ω2 − Eb′ (1 − i0)][Ei + 2ω − Ea(1 − i0)]
. (A9)

Here we have discarded all remaining contributions in Eq. (A7), which includes sums over n1 
= b(b′) and n2 
= a.
Regularization of divergent denominators in Eq. (A9) can be performed by summing an infinite series of successive one-loop

self-energy corrections, the imaginary part of which gives the corresponding level width [5]. The radiation represented by the
cascade process was accurately considered in Ref. [6], where it was found that for the upper link, the resonant contribution should
contain the sum of the level widths (the width of the level a from which the emission occurs plus the width of the intermediate
resonant state b(b′); see also Refs. [7,23]). Thus, the four-photon amplitude can be rewritten as

U (a,b,b′ )
f i ∼

[
A(1γ )

f b A(1γ )
ba

Ea − ω2 − Eb − i
2 (�a + �b)

+ A(1γ )
f b′ A(1γ )

b′a

Ea − ω2 − Eb′ − i
2 (�a + �b′ )

]
A(2γ )

ai

Ei + 2ω − Ea − i
2�a

. (A10)

APPENDIX B: MATRIX ELEMENTS: ANGULAR AND RADIAL PARTS, TENSOR PRODUCT

The one-photon matrix element in Eq. (A6) can be evaluated by separating the dependence on angles as follows. First, we use
the definition of scalar product in cyclic coordinates:

(a · b) =
∑

q=0,±1

(−1)qaqb−q. (B1)

Then, according to Ref. [38] the matrix element of the cyclic component of the radius vector, rq, is given by

〈n′l ′ j′F ′MF ′ |rq|nl jFMF 〉 = (−1)F ′−MF ′
(

F ′ 1 F
−MF ′ q MF

)
〈n′l ′ j′F ′||r||nl jF 〉, (B2)

where the set of quantum numbers nl jFMF denotes the principal quantum number n, the orbital angular momentum l , the total
angular momentum j, the total atomic momentum F , and MF is the projection of F . In this approach, j = l + s (s is the electron
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spin) and F = j + I (I is the nuclear spin momentum). The 3 jm Wigner symbol in Eq. (B1) is given by the matrix in parentheses
and can be associated with the Clebsch-Gordan coefficient:

C jm
j1m1 j2m2

=
√

2 j + 1(−1) j1− j2+m

(
j1 j2 j

m1 m2 −m

)
. (B3)

The reduced matrix element is

〈n′l ′ j′F ′||r||nl jF 〉 = (−1) j′+ j+I+l ′+1/2+F � j′ jF ′F

{
j′ F ′ I
F j 1

}{
l ′ j′ 1/2
j l 1

}
〈n′l ′||r||nl〉. (B4)

Here �ab··· = √
(2a + 1)(2b + 1) · · · and the expression in braces gives the Racah 6 j symbol. The remaining reduced matrix

element is

〈n′l ′||r||nl〉 = (−1)l ′�l ′l

(
l 1 l ′
0 0 0

) ∫ ∞

0
dr r3Rn′l ′Rnl , (B5)

where Rnl is the nonrelativistic radial part of the hydrogen wave function (the solution of the radial Schrödinger equation).
Combining in pairs the polarization vectors for the amplitude as {e4, e3} and {e2, e1}, after the summation over projections

one can find the angular dependence responsible for the correlations between the absorbed photons and the emitted photon
corresponding to the upper link [see Eq. (A6)]. To determine these correlations, we use the definition for the irreducible tensor
product of two arbitrary vectors a and b:

{a ⊗ b}xξ =
∑
q1q2

Cxξ
1q1 1q2

aq1 bq2 = (−1)ξ�x

∑
q1q2

(
1 1 x
q1 q2 −ξ

)
aq1 bq2 . (B6)

The complex conjugation of the tensor product of two arbitrary vectors a and b is given by

{a ⊗ b}∗xξ = (−1)x−ξ {a∗ ⊗ b∗}x−ξ . (B7)

The scalar product of two irreducible tensors Ar and Br is defined as

Ar · Br =
∑

ρ

ArρB∗
rρ. (B8)

APPENDIX C: ANGULAR ALGEBRA

The amplitude of the process depicted in Fig. 3 contains the following matrix elements:

〈 f |e∗
1r|b〉〈b|e∗

2r|a〉〈a|e3r|n〉〈n|e4r|i〉, (C1)

and, therefore, in the cross section we have

〈 f |e∗
1r|b〉〈b|e∗

2r|a〉〈a|e3r|n〉〈n|e4r|i〉〈i|e∗
4r|n′〉〈n′|e∗

3r|a′〉〈a′|e2r|b′〉〈b′|e1r| f 〉. (C2)

Consider the amplitude of the two-photon absorption,

A(2γ )
ai =

∑
N

〈a|e3r3|N 〉〈N |e4r4|i〉
Ei + ω4 − En(1 − i0)

≡ A(2γ )
ai Gai, (C3)

where N denotes the set of quantum numbers n, ln, jn, Fn, and MFn , and Gai is defined by

Gai =
∑
nln

〈nala||r||nln〉〈nln||r||nili〉
Ei + ω4 − En(1 − i0)

. (C4)

The summation over MFn of the matrix elements 〈b|e3r3|N 〉〈N |e4r4|i〉 results in

A(2γ )
ai ∼ (−1)Fi−MFi

∑
xξ

(−1)x�x{e4 ⊗ e3}xξ

(
Fa Fi x

MFa −MFi ξ

){
1 1 x
Fi Fa F

}
, (C5)

where the proportionality coefficient is 〈nala jaFa||r||nln jnFn〉 × 〈nln jnFn||r||nili jiFi〉 × [〈nblb||r||nl〉〈nl||r||nili〉]−1.
Similarly to Eq. (C5) for the radiation amplitude one can obtain

A(1γ )
f b A(1γ )

ba ∼ (−1)Fa−MFa

∑
yη

(−1)y�y{e∗
2 ⊗ e∗

1}yη

(
Ff Fa y

MFf −MFa η

){
1 1 y
Fa Ff Fb

}
, (C6)

where summation over MFb was performed. The states a and b represent the set responsible for the quantum interference effect
for the absorption process (QIE corresponding to the states a) and cascade radiation (QIEc corresponding to possible states b).
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Then, for the four-photon amplitude
∑

MFa
A(1γ )

f b A(1γ )
ba A(2γ )

ai , we find

∑
MFa

(−1)Fa−MFa

(
Fa Fi x

MFa −MFi ξ

)(
Ff Fa y

MFf −MFa η

)
=

∑
zζ

(−1)z−ζ �2
z

(
y x z

η ξ −ζ

)(
z Fi Ff

ζ −MFi MFf

){
Ff Fi z

x y Fa

}
.

(C7)

Thus, the tensor product of the four polarization vectors arises using the relation

(−1)ζ �z

(
y x z
η ξ −ζ

)
{e4 ⊗ e3}xξ {e∗

2 ⊗ e∗
1}yη = (−1)z

{{e4 ⊗ e3}x ⊗ {e∗
2 ⊗ e∗

1}y

}
zζ

. (C8)

The four-photon amplitude can be simplified by summing over the momenta jn and Fn of the intermediate states in the
absorption part, Eq. (C5):

∑
jnFn

〈nala jaFa||r||nln jnFn〉〈nln jnFn||r||nili jiFi〉
{

1 1 x

Fi Fa Fn

}

= (−1)1+li+ ji+ ja+Fa� ji jaFiFa

{
ja ji x

Fi Fa I

}{
la li x

1 1 ln

}{
la li x

ji ja 1/2

}
〈nala||r||nln〉〈nln||r||nili〉, (C9)

where the last two reduced matrix elements together with the corresponding energy denominator combine to Eq. (C4).
To construct a photon scattering cross section, one should average the square modulus of the amplitude over the initial state

momentum projections and sum over the final state momentum projections. The complex-conjugate amplitude can be calculated
in the same way as above. Then, summing the remaining 3 jm Wigner symbols in Eq. (C7) for the square of the amplitude
modulus results in

∑
MFi MFf

(−1)Ff −MFi −MFf

(
z′ Ff Fi

ζ ′ −MFf MFi

)(
z Fi Ff

ζ −MFi −MFf

)
= (−1)Ff +z−ζ+z′ {zFiFf }δzz′δζ−ζ ′

�2
z

, (C10)

where {abc} is the so-called 3 j symbol, equal to 1 if the triangle condition for a, b, c is valid, and zero otherwise.
The tensor product of the four polarization vectors arising in the complex-conjugate amplitude has the form

{{e1 ⊗ e2}y′ ⊗ {e∗
3 ⊗ e∗

4}x′ }z′ζ ′ . (C11)

It can be transformed as follows:

(−1)ζ {{e1 ⊗ e2}y′ ⊗ {e∗
3 ⊗ e∗

4}x′ }z−ζ = {{e4 ⊗ e3}x′ ⊗ {e∗
2 ⊗ e∗

1}y′ }∗zζ . (C12)

Then, for the square of the amplitude modulus, one can arrive at the expression

U (4γ )
f i U (4γ )∗

f i = GaiG∗
a′i(−1)Fi (−1)1+li+ ji+ ja+Fa (−1)1+la′ + ja′ + ji+Fi�2

jiFi
� jaFa ja′ Fa′

×(−1)Ff 〈n f l f j f Ff ||r||nblb jbFb〉〈nblb jbFb||r||nala jaFa〉〈na′ la′ ja′Fa′ ||r||nb′ lb′ jb′Fb′ 〉〈nb′ lb′ jb′Fb′ ||r||n f l f j f Ff 〉

×
∑
xx′yy′

(−1)x+x′+y+y′
�xx′yy′

(
Tx,y,z · Tx′,y′,z

){ ja ji x

Fi Fa I

}{
la li x

1 1 ln

}{
la li x

ji ja 1/2

}{
1 1 y

Fa Ff Fb

}

×
{

x y z
Ff Fi Fa

}{
ja′ ji x′

Fi Fa′ I

}{
la′ li x′

1 1 ln

}{
la′ li x′

ji ja′ 1/2

}{
1 1 y′

Fa′ Ff Fb′

}{
x′ y′ z

Ff Fi Fa′

}
, (C13)

where Tx,y,z = {{e4 ⊗ e3}x ⊗ {e∗
2 ⊗ e∗

1}y}z and · denotes the scalar product.
Although the above formula, summed over Ff according to the conditions of the experiment, when the radiation recorded

during measurements is not divided into transitions to specific states (to particular hyperfine sublevels), is sufficient for further
numerical calculation, it is more convenient to convert the tensor products to the case when there are only vectors e4, e3, e2, e1,
but not their complex conjugates. This procedure can be performed by methods using the relations given in Ref. [38]. For brevity,
we present only the final result:∑

FbFb′ Ff

U (4γ )
f i U (4γ )∗

f i =
∑

Ff

(−1)l f +lb+ jb+lb′+ jb′ + ja+Fa+ ja′ +Fa′ �2
j f Ff

�2
jaFa ja′ Fa′ �

2
jb jb′GaiG∗

a′i

×〈n f l f ||r||nblb〉〈nblb||r||nala〉〈na′ la′ ||r||nb′ lb′ 〉〈nb′ lb′ ||r||n f l f 〉
∑
xx′yy′

(−1)x+x′
�xx′yy′ (T ′

x,y′,z′ · T ′
x′,y,z′ )
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×
{

ja ji x

Fi Fa I

}{
la li x

1 1 ln

}{
la li x

ji ja 1/2

}{
j f ja y

Fa Ff I

}{
j f ja y

1 1 jb

}{
ja′ ji x′

Fi Fa′ I

}

×
{

la′ li x′

1 1 l ′
n

}{
la′ li x′

ji ja′ 1/2

}{
ja′ j f y′

Ff Fa′ I

}{
ja′ j f y′

1 1 jb′

}⎧⎪⎨
⎪⎩

x′ Fi Fa′

y Fa Ff

z′ x y′

⎫⎪⎬
⎪⎭. (C14)

Here, T ′
x,y,z = {{e4 ⊗ e3}x ⊗ {e2 ⊗ e1}y}z. In the experiment, atoms are prepared in the initial state with fixed ji, Fi, so that

following the electric dipole two-photon transition selection rules, one defines the excited state’s ja, Fa. The situation is different
for the subsequent cascade process, for which hyperfine structure is not resolved. For this reason one has to perform summation
over Fb, Fb′ , which was made in Eq. (C14). The result of Eq. (C14) easily generalizes to the arbitrary case: resonant contribution
at a′ = a and b′ = b, nonresonant quadratic contributions at a′ = a, b = b′, and vice versa, and different variants of interference
at a′ 
= a and b 
= b′. The corresponding contributions are obtained by choosing the intrinsic momenta. For example, the case
a′ 
= a and b′ = b provides the QIE for the resonant absorption to the a state. The instance where a′ = a and b′ 
= b represents
the effect of quantum interference in the cascade emission process and is the subject of this paper.

APPENDIX D: SUMMATION OVER PHOTON POLARIZATIONS AND ANGULAR DEPENDENCE

In this section we describe the situation related to experiments in which the polarization of absorbed photons is fixed and
emitted photons are registered at a certain angle; i.e., the radiation detector is set in a fixed direction [19,25,26,35–37,39]. Then
of interest is the angle between the absorption and the photon from the upper cascade [19,24,26], since the well-known QIE is
usually defined exactly through this angle. Moreover, it was shown in Ref. [4] that the symmetrization of the line profile observed
in the experiment is carried out by an appropriate choice of this angle.

The dependence on the angle between the polarizations of the absorbed photons (they are set parallel in the experiment) and
the “first” emitted photon can be obtained by summing over the polarizations of the emitted photons, designated here as e1 and
e2. The vector e2 corresponds to the upper cascade link, and e2 to the photon of the lower link. The following expression (in
cyclic coordinates) can be used to sum over the polarizations of the emitted photons:∑

e

eqe∗
q′ = (−1)q(δ−q q′ − ν−qνq′ ), (D1)

where ν is the direction vector of the photon.
For the scalar product (T ′

x,y′,z′ · T ′
x′,y,z′ ) summed over e1 and e2 the result is

∑
e1e2

(
U ′

x,y′,z′ · U ′
x′,y,z′

) = �2
z′

�x
{{e4 ⊗ e3}x ⊗ {e∗

4 ⊗ e∗
3}x}00

+ (−1)1+x+x′+y+y′
�2

z′�yy′
∑

a

({
1 a x′
z y 1

}{
1 a x
z y′ 1

}
{{e4 ⊗ e3}x ⊗ ν1}a · {{e4 ⊗ e3}x′ ⊗ ν1}a

+ (−1)y+y′
{

1 a x′
z y 1

}{
1 a x
z y′ 1

}
{{e4 ⊗ e3}x ⊗ ν2}a · {{e4 ⊗ e3}x′ ⊗ ν2}a

)

+ {{e4 ⊗ e3}x ⊗ {ν2 ⊗ ν1}y′ }z′ · {{e4 ⊗ e3}x′ ⊗ {ν2 ⊗ ν1}y}z′ . (D2)

Expressions for particular indices of the tensor product can be found in Ref. [38] and are

{{a1 ⊗ b1}0 ⊗ {c1 ⊗ d1}0}0 = 1
3 (a · b)(d · c), (D3)

{{a1 ⊗ b1}1 ⊗ {c1 ⊗ d1}0}1 = − i√
6

[a × b](c · d ), (D4)

{{a1 ⊗ b1}0 ⊗ {c1 ⊗ d1}1}1 = − i√
6

(a · b)[c × d], (D5)

{{a1 ⊗ b1}1 ⊗ {c1 ⊗ d1}1}0 = 1

2
√

3
[(a · c)(b · d ) − (a · d )(b · c)], (D6)

{{a1 ⊗ b1}1 ⊗ {c1 ⊗ d1}1}1 = − i

2
√

2
[c(d · [a × b]) − d(c · [a × b])], (D7)

{{a1 ⊗ b1}2 ⊗ {c1 ⊗ d1}1}1 = i
√

3√
2 · 5

[
1

3
(a · b)[c × b] − 1

2
b(d · [a × c]) − 1

2
a(d · [b × c])

]
, (D8)
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{{a1 ⊗ b1}1 ⊗ {c1 ⊗ d1}2}1 = i
√

3√
2 · 5

[
1

3
(c · d )[a × b] − 1

2
c(b · [d × a]) − 1

2
d(b · [c × a])

]
, (D9)

{{a1 ⊗ b1}2 ⊗ {c1 ⊗ d1}2}0 = 1√
5

[
1

2
(a · c)(b · d ) − 1

3
(a · b)(c · d ) + 1

2
(a · d )(b · c)

]
, (D10)

{{a1 ⊗ b1}2 ⊗ {c1 ⊗ d1}2}1 = − i

2
√

2 · 5
[(a · c)[b × d] + (a · d )[b × c] + (b · c)[a × d] + (b · d )[a × c]], (D11)

{{a ⊗ b}0 ⊗ c}1 = − 1√
3

(a · b)c, (D12)

{{a ⊗ b}1 ⊗ c}0 = − i√
6

[a × b] · c, (D13)

{{a ⊗ b}1 ⊗ c}1 = −1

2
[[a × b] × c], (D14)

{{a ⊗ b}2 ⊗ c}1 =
√

3

5

[
1

3
c(a · b) − 1

2
b(a · c) − 1

2
a(b · c)

]
. (D15)

Then, given that the polarization vectors of the absorbed photons are parallel, e4||e3, and the direction vectors of the emitted
photons are also parallel (provided they are registered by one detector), ν2||ν1, the above expressions are greatly simplified. For
a ‖ b and c ‖ d the only nonzero relations are given by

{{a ⊗ a}0 ⊗ {c ⊗ c}0}0 = 1
3 , (D16)

{{a ⊗ a}2 ⊗ {c ⊗ c}2}0 = 1√
5

(
cos2 θac − 1

3

)
, (D17)

{{a ⊗ a}2 ⊗ {c ⊗ c}2}1 = − 2i√
10

cos θac[a × c], (D18)

{{a ⊗ a}0 ⊗ c}1 = − 1√
3

c, (D19)

{{a ⊗ a}2 ⊗ c}1 =
√

3

5

(
1

3
c − a cos θac

)
, (D20)

where θac denotes the angle between vectors a and c.

APPENDIX E: PARTICULAR EXAMPLES

In this part of the paper, we consider particular examples
of allowed electric dipole two-photon absorption transitions
followed by two-photon cascade emission. Cascade emission
should be considered in two cases: when the resonance corre-
sponds to the state b = kp1/2 or b′ = kp3/2, where k represents
the principal quantum number of the intermediate state below
the resonance level a. Here we restrict ourselves to the case
when the angular dependence of the quantum interference
effect arising in cascade radiation is determined by the angle
between the polarization vector of the absorbed photons and
the direction vector of the emitted upper photon, wherein, for
brevity, we assume e4||e3 and ν2||ν1 (polarization vectors of
the absorbed photons coincide with each other and the emitted
photons are registered by the same detector).

Using the extremum condition for the scattering cross
section determined by the amplitude in Eq. (A10), the non-
resonant correction can be found as

δNRc = �2
a

4�bb′

�2
�

�2
a + �2

�

f (4γ )
f i (b, b′, a, a)

f (4γ )
f i (b, b, a, a)

, (E1)

where functions f (4γ )
f i (b, b′, a, a) and f (4γ )

f i (b, b, a, a) are de-
fined by Eq. (C14), and �bb′ is the fine structure interval. �a

is the natural width of the atomic level a, and �� is the sum
of natural level widths of the a and b states (it is assumed that
natural widths of states b and b′ are equal). This correction
arises in a completely analogous way to the well-known QIE
effect, i.e., the NR correction for interfering paths to the reso-
nant state a and its neighboring state a′. The latter in the case
of the four-photon scattering process is expressed by

δNR = �2
a

4�aa′

f (4γ )
f i (b, b, a, a′)

f (4γ )
f i (b, b, a, a)

�2
�

�2
a + �2

�

. (E2)

Since these corrections, Eqs. (E1) and (E2), represent fre-
quency shifts, they are additive quantities. Therefore, they can
be considered separately, and we focus only on the evaluation
of the NR corrections.

The energy intervals �bb′ = Eb − Eb′ used in the present
paper are calculated using Eq. (9) (with c = 1) in Ref. [40]:

Es = M + [ f (n, κ ) − 1]mr − [ f (n, κ ) − 1]2 m2
r

2M

− 1 − δl,0

κ (2l + 1)

(Zα)4m3
r

2n3m2
N

, (E3)

where M = me + mN (me is the electron mass and mN

is the nucleus mass), the reduced mass is given by
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mr = memN/(me + mN ), and l is the electron orbital momen-
tum. The function f (n, κ ) is defined as follows:

f (n, κ ) =
[

1 + (Zα)2

(n − δ)2

]−1/2

, (E4)

with δ = |κ| −
√

κ2 − (Zα)2 and κ = (−1) j+l+1/2( j + 1/2),
and j is the electron total angular momentum. Expression (E3)
is sufficient to ensure the accuracy of the NR corrections given
in the main text.

The corresponding estimates for δNR can be addressed to
Refs. [17,24]. However, according to the analysis above, an
additional factor in Eq. (E2) has emerged. This coefficient
is close to unity, but one can find special cases where it
should be taken into account. Moreover, the amplitudes in
expression (E2) involve matrix elements for four photons in
contrast to Refs. [17,24]. We leave a detailed comparison of
Eq. (E2) with the results presented in Refs. [17,24] for future
works.

1. Two-photon absorption to ns1/2 states with subsequent
two-photon cascade emission

As the first example we consider the 4γ scattering
process nis1/2 + 2γ → nas1/2 → kp j + 1γ → 1s1/2 + 1γ ,
where the principal quantum number of the initial states
ni = 1, 2, the principal quantum number of the excited
resonant state n can take arbitrary values corresponding
to the resonant state a, and the intermediate state kp j

represents the one of b = kp1/2, b′ = kp3/2 atomic levels
(see the main text). Considering the hyperfine structure of
the levels, it is necessary to describe several partial channels:
nisF=0,1 + 2γ → nasF=0,1 → kp1/2(3/2) + 1γ → 1s1/2. It
was found that the results are the same for transitions:
nisF=0 + 2γ → nasF=0 → kp1/2(3/2) + 1γ → 1s1/2 and
nisF=1 + 2γ → nasF=1 → kp1/2(3/2) + 1γ → 1s1/2.
According to the Landau-Yang theorem, transitions with
different Fi and Fa are forbidden in this case [41].

Then, for the cascade link corresponding to nasF=0
1/2 →

kp1/2, we obtain

δNRc = 1

2

�2
�

�2
a + �2

�

�2
a

4�bb′
, (E5)

where �� = �a + �b and �bb′ is the fine structure interval of
kp j states. For the case when the upper cascade link corre-
sponds to the resonant transition nasF=0

1/2 → kp3/2, the result
is

δNRc = −1

5

�2
�

�2
a + �2

�

�2
a

4�bb′
. (E6)

The corrections expressed by Eqs. (E5) and (E6) are angle
independent and differ in sign due to the way the fine structure
interval is included in the line profile. The prefactors are deter-
mined by the corresponding 6 j Racah symbols in Eq. (C14).

The numerical results for the frequency shifts [Eqs. (E5)
and (E6)] are collected in Table III. Hereinafter, the cascade
process is presented in the first column, followed by the cal-
culated values of the widths �a and �b in the second and third
columns, respectively; the fine splitting interval of the cas-
cade states, �bb′ , is presented in the fourth column. The fifth

column contains the results of calculations for the resonance
state b = kp1/2, Eq. (E5), and in the sixth column the reso-
nance state is chosen to be b′ = kp3/2, Eq. (E6). The seventh
column summarizes the calculated values of the fraction of the
cascade process among the entire radiation, x. The cascade
fraction is calculated as the ratio x = W (1γ )

nala→nblb
/�a, where

W (1γ )
nala→nblb

is the transition probability of a partial one-photon
channel. The last column presents the values of the weighted
average correction multiplied by the factor x. Finally, the total
contribution found from all possible cascade transitions is
given in each line denoted as “Total.”

In Table III we present the results for the weighted average
centroid (see, e.g., Ref. [4]) frequency shift, which is defined
by

δ
(av)
NRc =

∑
ja′

2 ja′ + 1

(2la′ + 1)(2s + 1)
δNRc( ja′ ). (E7)

For the cascade decay through the kp states, this expres-
sion reduces to δNRc(kp1/2)/3 + 2δNRc(kp3/2)/3. The main
purpose of this quantity is to demonstrate that the major
contribution δNRc can be avoided. From an experimental point
of view, this means that independent measurements of the
cascade decays to kp1/2 and kp3/2 should be performed. The
determined frequency values can then be averaged as above.
Corresponding measurements can be carried out by matching
experiments when the detector is tuned to a particular emis-
sion frequency. Consequently, the averages should not account
for the cascade fraction x.

In addition to the data given in Table III (representing the
experimental conditions when the radiation direction is taken
relative to the polarization vector of the absorbed photon), we
consider the nonresonant corrections determined by the angle
between the polarization vectors of the absorbed and emitted
photons. For brevity, we omit here the cascade fraction, which
can be calculated as in the previous table. The results of the
calculation give the following expressions:

δNRc(kp1/2) = �2
a

2�bb′

�2
�

�2
a + �2

�

, (E8)

δNRc(kp3/2) = − �2
a

8�bb′

�2
�

�2
a + �2

�

. (E9)

The numerical results are combined in Table IV.
As in the previous case, the corrections are angle indepen-

dent and small compared to the present accuracy in measuring
the corresponding transition frequencies.

2. Transition nisF=0
1/2 → nadF=2

3/2 → kp1/2(3/2) → 1s1/2

Here, we present the results for the transition:
nisF=0

1/2 + 2γ → nadF=2
3/2 → kp1/2(3/2) + 1γ → 1s1/2.

According to Ref. [41], the resonant state is defined by a
hyperfine sublevel with Fa = 2. Then for the decay to the
state b = kp1/2 we find

δNRc = −13

√
2

5

�2
a

4�bb′

�2
�

�2
a + �2

�

. (E10)
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TABLE V. NR corrections for transitions nisF=0
1/2 → nadF=2

3/2 → kp1/2(3/2) → 1s. The notations are the same as in Table III. NR corrections
are calculated at the “magic angle.” All values are given in hertz.

Cascade �a (Hz) �b (Hz) �bb′ (Hz) δNRc(kp1/2) (Hz) δNRc(kp3/2) (Hz) x δ
(av)
NRc (Hz)

3d3/2-2p-1s 1.0295 × 107 9.9762 × 107 1.09437 × 1010 −19 734.3 −1049.7 1 −7 277.9
4d3/2-2p-1s 4.4050 × 106 9.9762 × 107 1.09437 × 1010 −3 638.1 −193.5 0.746 −1 341.7
4d3/2-3p-1s 3.0208 × 107 3.24256 × 109 −12 104.4 −643.8 0.254 −4 464.0
Total −5 792.0 −308.1 −6 100.1
6d3/2-2p-1s 1.3368 × 106 9.9762 × 107 1.09437 × 1010 −335.6 −17.8 0.613 −123.8
6d3/2-3p-1s 3.0208 × 107 3.24256 × 109 −1 130.8 −60.1 0.224 −417.0
6d3/2-4p-1s 1.2941 × 107 1.36795 × 109 −2 661.9 −141.6 0.103 −981.7
6d3/2-5p-1s 6.6939 × 106 7.00406 × 108 −5 103.1 −271.4 0.053 −1 882.0
Total −1 005.2 −53.5 −1 058.7
8d3/2-2p-1s 5.7238 × 105 9.9762 × 107 1.09437 × 1010 −61.5 −3.3 0.571 −22.7
8d3/2-6p-1s 3.0208 × 107 3.24256 × 109 −207.6 −11.0 0.210 −76.6
8d3/2-4p-1s 1.2941 × 107 1.36795 × 109 −491.4 −26.1 0.098 −181.2
8d3/2-5p-1s 6.6939 × 106 7.00406 × 108 −955.5 −50.8 0.054 −352.4
8d3/2-6p-1s 3.9012 × 106 4.05332 × 108 −1 634.6 −86.9 0.033 −602.8
8d3/2-7p-1s 2.4692 × 106 2.55232 × 108 −2 548.2 −135.5 0.021 −939.8
Total −285.5 −15.2 −300.6
12d3/2-2p-1s 1.7226 × 105 9.9762 × 107 1.09437 × 1010 −5.6 −0.3 0.541 −2.0
12d3/2-3p-1s 3.0208 × 107 3.24256 × 109 −18.8 −1.0 0.200 −6.9
12d3/2-4p-1s 1.2941 × 107 1.36795 × 109 −44.6 −2.4 0.094 −16.4
12d3/2-5p-1s 6.6939 × 106 7.00406 × 108 −87.0 −4.6 0.052 −32.1
12d3/2-6p-1s 3.9012 × 106 4.05332 × 108 −150.2 −8.0 0.032 −55.4
12d3/2-7p-1s 2.4692 × 106 2.55232 × 108 −238.0 −12.7 0.021 −87.8
12d3/2-8p-1s 1.6603 × 106 1.70995 × 108 −353.6 −18.8 0.015 −130.4
12d3/2-9p-1s 1.1694 × 106 1.20075 × 108 −499.8 −26.6 0.011 −184.3
12d3/2-10p-1s 8.5442 × 105 8.75542 × 107 −677.6 −36.0 0.008 −249.9
12d3/2-11p-1s 6.4308 × 105 6.57822 × 107 −887.6 −47.2 0.006 −327.3
Total −47.6 −2.5 −50.2

The decay to the b′ = kp3/2 state yields

δNRc = −13

47

√
5

2

�2
a

4�bb′

�2
�

�2
a + �2

�

. (E11)

The results of the calculations demonstrate evident pecu-
liarities. First, both corrections (E10) and (E11) do not turn
to zero at any angle. Second, in contrast to the results of the
previous section, the NR corrections arising due to cascade
emission for the ndF=2

3/2 resonance state reach the level of
several kilohertz and hence represent a significant contribu-
tion to the line profile asymmetry. Third, the value of δNRc

decreases as the principal quantum number of the resonance
state a increases, since the level width reduces as 1/n3

a, which
is partly compensated by the cubic diminution of �bb′ . Finally,
the NR corrections are of the same sign, the latter determined
not only by the fine structure interval included in the line
profile, but also by the angular dependence.

The numerical results are summarized in Table V with
notations as in Appendix E 1.

3. Transition nisF=1
1/2 → nadF=1,2

3/2 → kp1/2(3/2) → 1s1/2

A different picture emerges for an initial state with fixed
total atomic momentum Fi = 1; transitions to both nadF=1

3/2

and nadF=2
3/2 are allowed. The result for the partial scattering

channel nisF=1
1/2 → nadF=1,2

3/2 → kp1/2 → 1s1/2 is

δNRc =
√

2

5

�2
a

4�bb′

�2
�

�2
a + �2

�

7 − 8 cos2 θ + 3 cos4 θ

10 − cos2 θ − 3 cos4 θ
, (E12)

where θ is the angle between the polarization vector of the ab-
sorbed photons and the direction vector of the emitted photons
(it is assumed that both are registered by one detector).

Consideration of the partial scattering channel nisF=1
1/2 →

nadF=1,2
3/2 → kp3/2 → 1s1/2 leads to

δNRc =
√

5

2

�2
a

4�bb′

�2
�

�2
b + �2

�

−7 + 8 cos2 θ − 3 cos4 θ

78 − 37 cos2 θ − 3 cos4 θ
. (E13)

The behavior of these corrections repeats that mentioned in
Appendix E 2 (see Fig. 5).

The numerical values are collected in Table VI.

APPENDIX F: SPECIAL NOTES

Here we provide some additional explanations not explic-
itly mentioned in the main text of the paper.

First, we should briefly discuss the approximation used in
Refs. [17,24,25] and in our paper. According to the experi-
mental situation, the determination of the transition frequency
of two-photon absorption in the hydrogen atom corresponds
to the registration of the emitted photon from the Balmer
series at any polarization of this fluorescence. Then, the
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TABLE VI. NR corrections for transitions nisF=1
1/2 → nadF=1,2

3/2 . The notations are the same as in Table III. NR corrections are calculated at
the “magic angle.” All values are given in hertz.

Cascade �a (Hz) �b (Hz) �bb′ (Hz) δNR(na p1/2) (Hz) δNR(na p3/2) (Hz) x δ
(av)
NRc (Hz)

3d3/2-2p-1s 1.0295 × 107 9.9762 × 107 1.09437 × 1010 759.0 −271.1 1 72.3
4d3/2-2p-1s 4.40503 × 106 9.9762 × 107 1.09437 × 1010 139.9 −50.0 0.746 13.3
4d3/2-3p-1s 3.0208 × 107 3.24256 × 109 465.6 −166.3 0.254 44.3
Total 222.8 −79.6 143.2
6d3/2-2p-1s 1.3368 × 106 9.9762 × 107 1.09437 × 1010 12.9 −4.6 0.613 1.2
6d3/2-3p-1s 3.0208 × 107 3.24256 × 109 43.5 −15.5 0.224 4.1
6d3/2-4p-1s 1.2941 × 107 1.36795 × 109 102.4 −36.6 0.103 9.7
6d3/2-5p-1s 6.6939 × 106 7.00406 × 108 196.3 −70.1 0.053 18.7
Total 38.7 −13.8 24.8
8d3/2-2p-1s 5.7238 × 105 9.9762 × 107 1.09437 × 1010 2.4 −0.8 0.571 0.2
8d3/2-6p-1s 3.0208 × 107 3.24256 × 109 8.0 −2.8 0.210 0.8
8d3/2-4p-1s 1.2941 × 107 1.36795 × 109 18.9 −6.7 0.098 1.8
8d3/2-5p-1s 6.6939 × 106 7.00406 × 108 36.7 −13.1 0.054 3.5
8d3/2-6p-1s 3.9012 × 106 4.05332 × 108 62.9 −22.4 0.033 6.0
8d3/2-7p-1s 2.4692 × 106 2.55232 × 108 98.0 −35.0 0.021 9.3
Total 11.0 −3.9 7.1
12d3/2-2p-1s 1.7226 × 105 9.9762 × 107 1.09437 × 1010 0.2 � −10−2 0.541 � 10−2

12d3/2-3p-1s 3.0208 × 107 3.24256 × 109 0.7 −0.3 0.200 � 10−2

12d3/2-4p-1s 1.2941 × 107 1.36795 × 109 1.7 −0.6 0.094 0.2
12d3/2-5p-1s 6.6939 × 106 7.00406 × 108 3.3 −1.2 0.052 0.3
12d3/2-6p-1s 3.9012 × 106 4.05332 × 108 5.8 −2.1 0.032 0.5
12d3/2-7p-1s 2.4692 × 106 2.55232 × 108 9.1 −3.3 0.021 0.9
12d3/2-8p-1s 1.6603 × 106 1.70995 × 108 13.6 −4.9 0.015 1.3
12d3/2-9p-1s 1.1694 × 106 1.20075 × 108 19.2 −6.9 0.011 1.8
12d3/2-10p-1s 8.5442 × 105 8.75542 × 107 26.1 −9.3 0.008 2.5
12d3/2-11p-1s 6.4308 × 105 6.57822 × 107 34.1 −12.2 0.006 3.2
Total 1.8 −0.6 1.2

description of the photon scattering process breaks at the state
b = 2p (in our notations). This, however, is only allowed
within the resonance approximation when the lower cascade
link is discarded. Based on this approximation, the frequency
shift arising from the nonresonant contribution in the trun-
cated cross section is estimated for the 1s − 3s absorption in

FIG. 4. The total NR correction in hertz for the transi-
tions nisF=1

1/2 + 2γ → nadF=1,2
3/2 → kp1/2 + 1γ → 1s1/2 + 1γ in de-

pendence on the angle between the polarization vector of the
absorbed photons (e4||e3) and propagation vector of the emitted
photons (ν2||ν1) in radians [see Eq. (E12)]. The solid (red) line refers
to the 3d3/2 state case, the curve with a small dashed line (blue) refers
to the 4d3/2 state case, the dotted curve (violet) refers to the 6d3/2

state case, the dot-dashed line (orange) refers to the 8d3/2 state case,
and the line with a long dashed line (lilac) refers to the 12d3/2 state
decay case.

Refs. [24,25] and a wider range of transitions in Ref. [17].
(It should be noted that there was an unfortunate typo in
Ref. [17]. Leaving the numerical results correct, in the formu-
las containing the angular dependence for the NR corrections,
2 is missing in the cosine arguments in expressions (28)–(31)
and (38)–(41).)

Following the fundamental principles of QED theory, the
process under study should be considered from the stable-
to-stable state, which directly follows from the construction
of the evolution operator and the corresponding perturbation
theory. Otherwise (description of a “piece” of the process—
only absorption or emission) the resonance approximation
is used, which implies incoherence of the components. The

FIG. 5. The total NR correction in hertz for the transitions
nisF=1

1/2 → nadF=1,2
3/2 → kp3/2 → 1s1/2. Notations are the same as for

Fig. 4.
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situation is exactly the same with the discarding of the lower
link in cascade radiation. Similar to the works [17,24,25],
where the coupling of the processes of “truncated” emission
and absorption is studied by going beyond the resonance ap-
proximation for the resonant state a (in our notations), in our
work we study the influence of the total emission process on
the determination of the transition frequency in the absorption
process.

The study of the total radiation effect on the formation of
the absorption line profile is carried out under the assumption
of the additive nature of the nonresonant corrections. The lat-
ter can be justified as follows. The absorption or emission line
profiles can be obtained in the framework of the QED theory
considering the photon scattering process (see Refs. [5,6]). In
the resonant approximation, the Lorentz line profile emerges
as the most significant part due to the discarding of non-
resonant contributions in the cross section. In order to go
beyond the resonance approximation, the remaining terms in
the photon scattering cross section are taken into account, the
leading-order terms corresponding to the neighboring states
arising due to the fine structure of the levels are considered.
At present, such description is sufficient at the current exper-
imental accuracy of the order of a few kilohertz. Then, under
the assumption of smallness of the effect (the corresponding
asymmetry of the line profile should be insignificant in the
resonance approximation), the contribution of these additional
terms can be described as a frequency shift.

One evident way to find theoretically this shift corresponds
to a search for the “line maximum.” For this purpose, the
extremum condition is applied to the cross section, which
yields

dσ

dω

∣∣∣∣
ωres

= 0, ωres = ω0 + δNR. (F1)

Here dσ is defined by the square of the photon scattering
amplitude in the usual way (see, e.g., Ref. [42]). The appear-
ance of the frequency additive δNR to the transition frequency
defined in the resonance approximation, ω0, is precisely the
result of the nonresonant terms in the scattering cross section.
Then it becomes obvious that adding terms to the scattering
amplitude leads to extra shifts; i.e., δNR is the sum of correc-
tions (frequency as energy has an additive character).

According to the above discussion, one can conclude that
excluding a part of the radiation from the scattering ampli-
tude (see Ref. [6] for details) leads to a “truncation” of the
cross section. Therefore, by adding the radiation process as

well as its subtleties, the accuracy of the transition frequency
determination can be investigated, considering the subsequent
frequency shifts in δNR.

There is another possibility to take into account all the
subtleties of the scattering process on the determination of the
transition frequency. It was recently demonstrated in Ref. [4]
that a “line center” can be used for this purpose. To find the
line center, a modified spectral line profile was employed,
represented by the Fano-Voigt contour for the cross sec-
tion dσ [4]. The latter arises from the series expansion of
dσ and the subsequent convolution with the Gaussian con-
tour. This procedure allowed the subtraction of the symmetric
part of the observed line shape and, as a consequence, the
determination of the transition frequency as the line center.
A discussion of frequency shifting using the fitting procedure
can also be found in Ref. [25]. As follows from the analysis
in Refs. [4,25] (and subsequent works, e.g., Ref. [26]), the
subtraction of the symmetric part necessarily requires a theo-
retical analysis of the nonresonant contributions in the cross
section and, in particular, the effect of quantum interference
as the dominant contribution. This corresponds precisely to
studying the details of the process under consideration beyond
the resonance approximation. It also becomes apparent that
accounting for the details of the emission process leads to
the addition of other nonresonant contributions, which in turn
should lead to additional asymmetry parameters in the fitting
line profile. Thus, the description of the process beyond the
“truncated” cross section is a logical extension, leading to
significant results for some measured transitions. In view of
the values obtained for the frequency shift, the significance
of the QIEc cannot be stated in advance; for each partic-
ular transition this effect should be considered separately.
The use of any method of extracting the transition frequency
(subtracting the nonresonant correction from the “line maxi-
mum” or extracting a symmetric part of the observed profile
and then determining the “line center”) is rather a matter
of convenience. We emphasize that a careful theoretical cal-
culation of nonresonant corrections is required to determine
the frequency at the line maximum, while in the case of the
line center, within the same theoretical framework, a detailed
determination of the line profile and the corresponding asym-
metry parameters is necessary.

Another important subtlety is that initially the amplitude
of the four-photon scattering process, Eq. (A7), depends on
two frequencies. Using the energy conservation law, from
expression (A7) one can obtain

U (4γ )
f i ∼ 1

Ei + 2ω − Ea(1 − i0)

[
A(1γ )

f b A(1γ )
ba A(2γ )

ai

Ei + 2ω − ω2 − Eb(1 − i0)
+ A(1γ )

f b′ A(1γ )
b′a A(2γ )

ai

Ei + 2ω − ω2 − Eb′ (1 − i0)

]
. (F2)

Here we have discarded all remaining contributions in
Eq. (A7) with n1 
= b(b′) and n2 
= a. The amplitude (F2)
forms the spectral line contour in the most general case for
a four-photon scattering process. To find the transition fre-
quency, one can utilize, for example, the extremum condition.
Then it is necessary to study the function of two variables
and solve the corresponding set of nonlinear equations. This

procedure is rather complicated, not only for analytical but
also for accurate numerical calculations. Thus, reducing the
problem to a function of one variable is an approximation
still justified by the resonance condition [see the discussion in
the main text following Eq. (1)]. Violating this approximation
is beyond the scope of this work, as is generalizing the line
profile to the case of a larger number of photons.
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As a next step in the discussion here, it should be noted
that, according to the resonance approximation, the results
obtained for the total process (“stable-to-stable”) should
recover the previous ones, i.e., those obtained for the “trun-
cated” cross section. We do not give here for brevity the
corresponding expression with the statement that it is obtained
for the ns/nd states: the angular dependence for the QIE is
the same as that of Ref. [17]. In addition, given the angular
dependence of the amplitudes (resonant and nonresonant), one
can find that fres in Eq. (3) can go to zero, leading to an
infinite value of δNRc in some cases. This, however, means
that there are no corresponding decay channels in the cross
section and leads to the need to redefine the resonance pro-
cess. We leave a detailed discussion of this circumstance for
future works, noting that this is not the case in the present
study.

Finally, we briefly discuss the accuracy of the nonresonant
correction determination δNRc. Since the quantities included in
the definition of the frequency shift δNRc are defined with high
precision (see Ref. [43]), the main source of inaccuracy of our
calculations is the width of the corresponding level. The latter
was calculated within the framework of the nonrelativistic
theory. Comparison of the obtained values with completely
relativistic calculations and corresponding corrections to them
(see Ref. [44] and references therein) shows that the values of
nonresonant corrections are confined to five significant digits.
However, in some places we have given more significant dig-
its, which is mainly motivated by two circumstances. First, it
is the consistency of all given values, and second, it is due to
the ongoing reduction of weighted average centroids or sig-
nificant reduction of values when multiplied by the branching
ratios (cascade fraction), x.
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