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In quantum multiparameter estimation, multiple to-be-estimated parameters are encoded in a quantum dy-
namics system by a unitary evolution. As the parameters vary, the system may undergo a topological phase
transition (TPT). In this paper, we investigate two SU(2) TPT models and propose the singular behavior of
the quantum metric tensor around the TPT point as a tool for the simultaneous optimal estimation of multiple
parameters. We find that the proposed TPT sensing protocol can achieve the same metrology performance as the
quantum-control-enhanced one. Moreover, the probe state of the TPT sensing protocol is only the ground state
of the Hamiltonian rather than the entangled state required in the control-enhanced one. In addition, an adaptive
multiparameter estimation strategy is developed for updating the estimated values until the desired quantum
Cramér-Rao bound is approached. Our work reinforces the connection between quantum multiparameter esti-
mation and topology physics, with potential inspiration for quantum critical metrology.
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I. INTRODUCTION

Recently, there has been a growing interest in study-
ing quantum metrology from the geometrical perspective
of quantum states [1–6]. The motivation is to improve our
comprehension about the physical nature behind quantum
metrology and, more significantly, to develop some novel ap-
proaches for enhancing the precision of parameter estimation.
These approaches are different from usual metrology meth-
ods with employing the entangled probe state, designing the
optimal measurement scheme, and optimizing the evolution
of quantum dynamic systems. With the help of geometric
quantities, it is possible to utilize the critical phenomena of
quantum systems as a resource in quantum metrology, includ-
ing the (high-order or nonlinear) exceptional point, (quantum
or topological) phase transition, and so on. This is precisely
advocated in the so-called quantum critical metrology [7–9].

In quantum multiparameter estimation, multiple to-be-
estimated parameters are encoded in a quantum dynamics
system by a unitary evolution. The quantum dynamics system
may experience a topological phase transition (TPT) as the
parameters vary. The TPT is identified by some topology
invariants like the first Chern number and winding number.
Generally speaking, a physics system is extremely sensitive
to the variations of parameters that drive the system to its
phase transition point; thus the TPT can probably be used as
a sensing tool to estimate the parameters. In Ref. [2] some
metrological bounds such as the quantum Cramér-Rao bound
(QCRB) and the Holevo-Cramér-Rao bound (HCRB) across
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the TPT have been measured. The relation between the topol-
ogy of the Dirac Hamiltonian and quantum geometry has been
presented in Ref. [3]. The concept of the quantum volume of
the Brillouin zone has been introduced in Ref. [10], and it
may be utilized to characterize the topological properties of
the system.

Generators of translations in the parameter space are
defined as gauge potentials [11,12], for which the covari-
ance matrix is called the quantum geometric tensor (QGT),
quantifying the distance between two neighboring quantum
states over a quantum state manifold. The real (symmetric)
and imaginary (antisymmetric) components of the QGT are
defined as the quantum metric tensor (QMT) and Berry curva-
ture, respectively. The QGT, QMT, and Berry curvature have
been measured in various experimental platforms, includ-
ing the solid-state nitrogen-vacancy (NV) center in diamond
[13], superconducting circuits [14], multiterminal Joseph-
son junctions [15], and ultracold atoms [16]. In quantum
multiparameter estimation, the estimation precision of mul-
tiple parameters is expressed by a covariance matrix that is
bounded from below by the well-known QCRB. The matrix-
formed QCRB corresponds to the inverse of the quantum
Fisher information matrix (QFIM), and each diagonal element
of the QFIM is consistent with the quantum Fisher informa-
tion (QFI) of the corresponding parameter. A major challenge
in quantum multiparameter estimation is that the estimation
precisions of multiple parameters probably exist as trade-offs
induced by the measurement incompatibility of the optimal
protocols for the different parameters [17–21]. The presence
of measurement incompatibility is caused by the Heisenberg
uncertainty principle of quantum mechanics, which can be
quantified by the self-defined figure of merit (FOM) [22,23].
With the help of quantum geometrical notions one finds that
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FIG. 1. (a) The N th-order sequentially coding scheme is used
for quantum multiparameter estimation. The following measurement
procedures and the data processing are not shown. ρ̂in and ρ̂λ re-
spectively denote the probe state and the encoded state for a set
of to-be-estimated parameters λ = {λ1, λ2, λ3}. The whole dynamics
evolution is divided into N groups, each of which includes an SU(2)
parametrization process Ĥ (λ). (b) The control-enhanced sequentially
coding scheme where every unitary cell includes not only Ĥ (λ) but
also quantum control Ĥc. An ancillary channel is added and has no
interaction with the dynamics evolution. (c) An adaptive sensing
scheme based on the TPT is used for quantum multiparameter es-
timation. The parameters associated with the TPT are denoted by
ε = {εi} (i ∈ [1, 3]), and the initial values of ε are unknown and
to be estimated. These TPT parameters are usually the subset of
the parameters encoded in the Hamiltonian Ĥ (λ), i.e., ε ∈ λ. The
encoded state ρ̂ε is produced when the probe state ρ̂in acts on the
Hamiltonian Ĥ (ε). The TPT point signals ε being the critical values,
with which the quantum metric tensor (i.e., the QFI) presents a peak.
One continuously adjusts ε from the initial points step by step until
the TPT point is approached. The Hamiltonian Ĥ (ε) is adaptively
renewed with the estimated values ε̃ after the measurement as the
dashed line marked. According to the adjustment steps and the criti-
cal values, the initial values of ε can be worked out.

the QMT (matrix) equals 1/4-fold of the QFI (matrix), and
the FOM is associated with the QMT and Berry curvature
[1,3,24,25].

In this paper, we present the geometrical properties of
quantum states that are encoded in the sequentially coding
SU(2) dynamic system as shown in Fig. 1(a), including the
QGT, QMT, Berry curvature, and the first Chern number. The
canonical model and the Su-Schrieffer-Heeger (SSH) model,
two SU(2) TPT models, are investigated in detail, and their
topological features are identified by the first Chern number
and the winding number, respectively. We show that the QMT
displays a distinct peak in the vicinity of the TPT point, which
can be used to develop a TPT sensing protocol. Thus multiple
parameters associated with the TPT of the system can be si-
multaneously estimated with the individual highest estimation
precision at the TPT point. We discover that the proposed

TPT sensing protocol can attain the same highest estimation
precision as the quantum-control-enhanced protocol as shown
in Fig. 1(b) [26–29]. Moreover, the probe state of our proposal
is only the ground state of the Hamiltonian rather than the en-
tangled state. In this way, the experimental burden of the probe
state preparation can be relaxed. Furthermore, an adaptive
multiparameter estimation strategy is proposed and applied
to the two SU(2) TPT models. As shown in Fig. 1(c) this
strategy requires adaptive adjustment with updated estimated
values until the attainable estimation precision approaches the
desired QCRB.

The remainder of this paper is organized as follows.
Section II gives an introduction to the geometry of
parametrized quantum states and multiparameter estimation.
In Sec. III, we examine two SU(2) TPT models to demonstrate
the benefits of TPT for multiparameter estimation. The com-
parison of the TPT sensing protocol with a control-enhanced
sensing protocol is investigated in Sec. IV. Section V presents
an adaptive multiparameter estimation strategy based on the
TPT for the two SU(2) TPT models. Section VI gives the
summary for this work.

II. GEOMETRY OF PARAMETRIZED QUANTUM STATE
AND MULTIPARAMETER ESTIMATION

For a collection of unknown parameters λ :=
{λ1, λ2, . . . , λn} ∈ M (M denotes the Hamiltonian parameter
base manifold), a λ-independent initial probe state |ψ〉 acts
on the λ-dependent unitary dynamics system Û (λ), and
the output state is |ψ̃ (λ)〉 = Û (λ)|ψ〉. One can introduce
the gauge potential as the generator of continuous unitary
transformations, namely,

ih̄∂�|ψ̃ (λ)〉 = A�|ψ̃ (λ)〉, (1)

where ∂� means the derivative for the parameter λ� (� ∈
{1, 2, . . . , n}), and the Hermitian gauge potential is written
[11,12]

A� = ih̄∂�Û (λ)Û †(λ). (2)

Equation (2) can be rewritten as A� = −ih̄Û (λ)∂�Û †(λ) by
employing ∂�(Û (λ)Û †(λ)) = 0. In the Heisenberg picture the
gauge potential is

Ã� = Û †(λ)A�Û (λ) = ih̄Û †(λ)∂�Û (λ). (3)

To simplify the following calculations, we set h̄ = 1.
The (Abelian) QGT based on the differential geometry

describes the geometric characterizations of the wave function
in the parameter space, which is defined as [11,14,30]

χμν = 〈∂μψ̃ (λ)|∂νψ̃ (λ)〉
− 〈∂μψ̃ (λ)|ψ̃ (λ)〉〈ψ̃ (λ)|∂νψ̃ (λ)〉, (4)

for μ, ν ∈ {1, 2, . . . , n}. Inserting Eq. (1) into Eq. (4), one has

χμν = 〈ψ̃ (λ)|AμAν |ψ̃ (λ)〉
− 〈ψ̃ (λ)|Aμ|ψ̃ (λ)〉〈ψ̃ (λ)|Aν |ψ̃ (λ)〉. (5)

By plugging Eq. (3) into Eq. (5), the counterpart of Eq. (5) in
the Heisenberg picture reads

χμν = 〈ψ |ÃμÃν |ψ〉 − 〈ψ |Ãμ|ψ〉〈ψ |Ãν |ψ〉. (6)
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The QMT (Fubini-Study metric tensor) over the parameter
manifold is defined as the real part (or the symmetric part) of
the QGT, i.e.,

gμν = Re[χμν]. (7)

Inserting Eq. (6) into Eq. (7) one has

gμν = χμν + χνμ

2
= 1

2
〈ψ |{Ãμ, Ãν}|ψ〉

− 〈ψ |Ãμ|ψ〉〈ψ |Ãν |ψ〉. (8)

The imaginary part (or the antisymmetric part) of the QGT is
related to the Berry curvature as


μν = −2Im[χμν]. (9)

Inserting Eq. (6) into Eq. (9) we get


μν = i(χμν − χνμ) = i〈ψ |[Ãμ, Ãν]|ψ〉. (10)

The topological property of the physics system can be charac-
terized by the first Chern number [11],

Cμν = 1

2π

∫
S


μνdλμ ∧ dλν, (11)

where ∧ denotes the exterior (wedge) product and S repre-
sents the parameter space.

The QFIM with respect to the unknown parameters λ is
written [1–3]

F = 4G, (12)

where the n × n matrix G is composed by the QMTs of
Eq. (8). The �th diagonal element of F corresponds to the QFI
of the parameter λ�. One of the difficulties in quantum multi-
parameter estimation is that the highest estimation precisions
for different parameters cannot be simultaneously reached
in general. This phenomenon of precision trade-offs is re-
ferred to as the measurement incompatibility that results from
the Heisenberg uncertainty relation of quantum mechanics.
The highest estimation precision is expressed by the matrix-
formed QCRB: F−1/M, where M is the number of times the
estimation procedure is repeated and F−1 denotes the inverse
matrix of the QFIM. According to the Robertson-Schrödinger
uncertainty relation (see Appendix A), the FOM quantifying
the measurement incompatibility can be depicted as [1,25,31]

rμν = 
μν

2
√

Det[Gμν]
∈ [0, 1], (13)

where Det [·] represents the matrix determinant, and

Gμν =
(

gμμ gμν

gνμ gνν

)
(14)

is the 2×2 submatrix of G. We remind that the FOM could
have several distinct and useful definitions [22,23]. Since the
Berry curvature 
μν = 0 is equivalent to the weak commu-
nication condition [29,31], rμν = 0 means that parameters λμ

and λν can be simultaneously estimated. However, rμν = 1
corresponds to the maximal estimation precision trade-off
between λμ and λν .

III. QUANTUM MULTIPARAMETER ESTIMATION
WITH TPT OF SU(2) MODELS

In the N th-order sequentially coding SU(2) unitary evolu-
tion depicted by Fig. 1(a), the whole unitary transformation
from ρ̂in to ρ̂λ is

Û = (e−it Ĥ (λ) )N = e−iH (λ)T , (15)

where T = tN is the total evolution time with an integer N .
The generic time-independent Hamiltonian is

Ĥ (λ) = X · �J, (16)

where X = (X1(λ), X2(λ), X3(λ)) is a three-dimensional vec-
tor, Xl (λ) is a function of λ with l = 1, 2, 3, and �J =
( ĵ1, ĵ2, ĵ3) are three generators of SU(2) algebra obeying the
commutation relation [ ĵm, ĵn] = iξmkl ĵl with the Levi-Civita
symbol ξmkl . In this SU(2) parametrization process, the initial
probe state is assumed to be a single-qubit pure state ρ̂in =
Î/2 + �rin · �J with the Bloch vector �rin (||�rin|| = 1), and Î is
an identity operator. The QMT associated with parameters λμ

and λν can be expressed by (see Appendix B 1)

gμν = |Yμ||Yν |
4

[(�eμ · �eν ) − (�eμ · �rin)(�eν · �rin)], (17)

with the unit vectors

�e� = 1

|Y�|
{
−T (∂�X) + |∂�X|| sin α�|

|X| .

× {[sin(T |X|) − T |X|]�v�,2 + [1 − cos(T |X|)]�v�,1}
}
,

(18)

�v�,1 = X × ∂�X
|X||∂�X| sin α�

, �v�,2 = X × (X × ∂�X)

|X|2|∂�X|| sin α�|
, (19)

where α� is the angle between vectors X and ∂�X (∂�X :=
∂X/∂λ�), and

|Y�|=
√

T 2|∂�X|2 cos2 α�+ 4|∂�X|2 sin2 α�

|X|2 sin2

(
T |X|

2

)
,

(20)

with � ∈ {μ, ν}. For λμ = λν , Eq. (17) can be simplified as

gμμ = |Yμ|2
4

[1 − (�eμ · �rin)2]. (21)

The corresponding Berry curvature and the first Chern number
are worked out as


μν = −|Yμ||Yν |
2

(�eμ × �eν ) · �rin, (22)

Cμν = −1

4π

∫
S2

|Yμ||Yν |(�eμ × �eν ) · �rindλμ ∧ dλν, (23)

where S2 denotes the Bloch sphere.
The SU(2) coding dynamics system (16) may experience a

topological phase transition as the parameters vary. In general,
a physics system is extremely sensitive to the variations of
some parameters around its phase transition point. Thus the
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FIG. 2. [(a)–(c)] The relation among the maximal QMTs g(M )
θθ , g(M )

φφ , and g(M )
rr of Eqs. (26)–(28) [g(c)

θθ , g(c)
φφ , and g(c)

rr of Eqs. (57)–(59),
the total evolution time T , and the parameter r are plotted with the yellow (blue) surfaces for the given value of θ = π , respectively. In
(b) and (c), two surfaces both overlap completely and have no dependence on the topological parameter r. (d) The relation among g(M )

θθ , θ ,
and r. The functional dependence of g(M )

θθ upon θ and r for the given values of r = {1, 1 − 0.1, 1 − 0.5} and θ = {π, π − 0.1, π − 0.5} is
individually plotted in (e) and (f). The inset is also exhibited in (f) to enlarge the results g(M )

θθ = {100, 99.9271, 94.1155} with the given values
of θ = {π, π − 0.1, π − 0.5} for r = 1. The highest estimation precision of θ depends on the TPT condition, i.e., θ = π , r = 1, which is
exhibited by a QMT peak around the TPT point in (a). Here T = 10 is set for the simulation.

phase transition may provide us with a useful tool for quantum
sensing. To deeply investigate this possibility, in the following
section we take two typical SU(2) TPT models as examples to
show that parameters related to the TPT can be simultaneously
estimated with the individual highest precision at the TPT
point.

A. The canonical model with TPT characterized
by the first Chern number

We consider one canonical model

Ĥ = �m · �J, (24)

with

�m = 2H0(sin θ cos φ, sin θ sin φ, cos θ + r), (25)

where θ ∈ [0, π ], φ ∈ [0, 2π ], and r is a tunable parameter.
The conditions |r| < 1 and |r| > 1 correspond to topologi-
cally nontrivial and trivial regimes, and r = 1 and θ = π give
the singular behaviors in the first Chern number and Berry
curvature; i.e., the TPT occurs [2,13]. After the Jordan-Wigner
and Fourier transformations to a two-dimensional momentum
space, this model may be used to represent a many-body XY
spin chain [32]. Particularly when r = 0, Hamiltonian (24) is
typically used to measure the amplitude and direction of an
unknown magnetic field [27,33].

Hamiltonian (24) is loaded by the multiparameter estima-
tion scheme as shown in Fig. 1(a). The initial probe state is a
single-qubit pure state with the Bloch vector �rin (||�rin|| = 1).
If �eθ · �rin = �eφ · �rin = �er · �rin = 0 can be satisfied, according
to Eq. (21) we can obtain the maximal QMTs of θ, φ, r as

g(M )
θθ = r2T 2 sin2 θ

1 + r2 + 2r cos θ
+

(
1 + r cos θ

1 + r2 + 2r cos θ

)2

sin2[T
√

1 + r2 + 2r cos θ ], (26)

g(M )
φφ =

(
sin2 θ

1 + r2 + 2r cos θ

)
sin2[T

√
1 + r2 + 2r cos θ ], (27)

g(M )
rr = T 2(r + cos θ )2

1 + r2 + 2r cos θ
+

(
sin θ

1 + r2 + 2r cos θ

)2

sin2[T
√

1 + r2 + 2r cos θ ], (28)

where H0 = 1 is set for the simplification. In Figs. 2(a)–2(c), Eqs. (26)–(28) are plotted with the yellow surfaces for the given
value of θ = π . Figure 2(d) further displays the relation among g(M )

θθ , θ , and r. Figures 2(e) and 2(f) separately give the functional
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dependence of g(M )
θθ upon θ and r for the given values of r = {1, 1 − 0.1, 1 − 0.5} and θ = {π, π − 0.1, π − 0.5}. In Figs. 2(a)

and 2(d), one especially notices that g(M )
θθ exhibits a peak when θ = π and r = 1; i.e., the estimation precision of θ reaches to its

maximum at the TPT point.
As a more specific example, we take the ground state of Hamiltonian (24) as the initial probe state. The corresponding

Bloch vector is �r′
in = (sin θ ′ cos φ, sin θ ′ sin φ, cos θ ′) with θ ′ = arccos[(cos θ + r)/

√
1 + r2 + 2r cos θ ]. Plugging Eq. (25) into

Eqs. (18)–(20), we have

�eθ · �r′
in = rT

√
1 + r2 + 2r cos θ sin θ√

r2T 2(1 + r2 + 2r cos θ ) sin2 θ + (1 + r cos θ )2 sin2[T
√

1 + r2 + 2r cos θ]
, (29)

�eφ · �r′
in = 0, (30)

�er · �r′
in = −T (r + cos θ )

√
1 + r2 + 2r cos θ√

T 2(r + cos θ )2(1 + r2 + 2r cos θ ) + sin2 θ sin2[T
√

1 + r2 + 2r cos θ ]
. (31)

Inserting these results into Eqs. (17) and (21), we obtain the QMT matrix

G =

⎛
⎜⎜⎜⎝

(1+r cos θ )2 sin2[T
√

1+r2+2r cos θ ]
(1+r2+2r cos θ )2 0 −(1+r cos θ ) sin θ sin2[T

√
1+r2+2r cos θ]

(1+r2+2r cos θ )2

0 sin2 θ sin2[T
√

1+r2+2r cos θ]
1+r2+2r cos θ

0
(1+r cos θ ) sin θ sin2[T

√
1+r2+2r cos θ ]

(1+r2+2r cos θ )2 0 sin2 θ sin2[T
√

1+r2+2r cos θ]
(1+r2+2r cos θ )2

⎞
⎟⎟⎟⎠. (32)

In the limit of θ → π and r → 1, it reduces to

lim
θ→π
r→1

G =
⎛
⎝T 2 0 0

0 0 0
0 0 T 2

⎞
⎠. (33)

Equation (33) indicates that parameters θ and r can be estimated with the individual highest estimation precision (i.e., the
Heisenberg scaling 1/T ) in the vicinity of TPT. Since the condition of generating the TPT does not refer to the parameter φ,
naturally we cannot extract any information about φ by virtue of the TPT as shown in Eq. (33) and Fig. 2(b). With some algebraic
operations, Eq. (22) gives the Berry curvature matrix as


 =

⎛
⎜⎜⎜⎝

0 2(1+r cos θ ) sin θ sin2[T
√

1+r2+2r cos θ]
(1+r2+2r cos θ )3/2 0

− 2(1+r cos θ ) sin θ sin2[T
√

1+r2+2r cos θ]
(1+r2+2r cos θ )3/2 0 2 sin2 θ sin2[T

√
1+r2+2r cos θ]

(1+r2+2r cos θ )3/2

0 − 2 sin2 θ sin2[T
√

1+r2+2r cos θ]
(1+r2+2r cos θ )3/2 0

⎞
⎟⎟⎟⎠, (34)

where 
θr = 
rθ = 0 since (�eθ × �er ) · �r′
in = 0. The implied physical meaning of 
θr = 0 is that parameters θ and r can be

estimated simultaneously, but the individual estimation precision is not the highest without the help of TPT. The matrix element

θφ of Eq. (34) is plotted in Fig. 3(a) with the blue curve, and a series of oscillations over time T are displayed. Inserting
the expression of 
θφ into Eq. (11), we get the first Chern number Cθφ that is plotted in Fig. 3(b) with the blue curve and the
similar oscillations over time T are accompanied. To investigate the characterizations of Berry curvature, we use a mathematical
processing method called “coarse graining” [34,35], which averages the Berry curvature over T as 
̄ := 1

T

∫ t+T/2
t−T/2 dt 
. Thus

Eq. (34) is renewed as


̄ =

⎛
⎜⎝

0 (1+r cos θ ) sin θ

(1+r2+2r cos θ )3/2 0

− (1+r cos θ ) sin θ

(1+r2+2r cos θ )3/2 0 sin2 θ
(1+r2+2r cos θ )3/2

0 − sin2 θ
(1+r2+2r cos θ )3/2 0

⎞
⎟⎠. (35)

In the limit of θ → π and r → 1, both 
 and 
̄ reduce to

lim
θ→π
r→1


 = lim
θ→π
r→1


̄ = 0, (36)

where 0 represents a zero matrix. The matrix element 
̄θφ

of Eq. (35) is also plotted in Fig. 3(a) with the yellow
curve. Substituting the form of 
̄θφ into Eq. (11), we get the

coarse-graining counterpart of the first Chern number,

C̄θφ = [sgn(r − 1) − 1]sgn(r2 − 1)

sgn(r − 1)
, (37)

where sgn(·) represents a sign function. Equation (37) is
plotted in Fig. 3(b) with the yellow curve. The TPT point
is represented by r = 1 and θ = π , as shown in Figs. 3(a)
and 3(b). To clarify the relation between our results and the
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FIG. 3. (a) The functional dependence of the Berry curva-
ture 
θφ of Eq. (34) upon the parameter θ is plotted with the
blue curve. (b) The functional dependence of the corresponding
first Chern number Cθφ upon the parameter r is denoted with
the blue curve. After averaging the Berry curvature over T , the
functional dependence of the Berry curvature 
̄θφ of Eq. (35)
upon the parameter θ is also plotted in (a) with the yellow
curve. The coarse-grained first Chern number C̄θφ [Eq. (37)]
is plotted in (b) with the yellow curve as well. Here T = 50 is set
for the simulation.

existing results [2,13,36], some discussions are presented in
Appendix C. Substituting Eqs. (32) and (34) into Eq. (13),

one has the FOM matrix

R =
⎛
⎝ 0 1 0

−1 0 1
0 −1 0

⎞
⎠. (38)

Equation (38) implies that the parameters {θ, r} can be simul-
taneously estimated, and this has no dependence on the TPT.
The optimal measurement scheme for {θ, r} is also presented
in Appendix D.

B. The SSH model with TPT characterized by winding number

The Su-Schrieffer-Heeger model is generally used to study
the case of fermions (like spin-polarized electrons) hop-
ping on a one-dimensional lattice chain where multiple unit
cells are sequentially organized. The chiral symmetry bulk
Hamiltonian is written [37]

Ĥ ′ = �ν · �J, (39)

with

�ν = 2(v + w cos k,w sin k, 0), (40)

where v and w represent the intracell and intercell hopping
amplitudes, respectively, for k ∈ [−π, π ]. The TPT takes
place when v = w and k = ±π , which produce the singular
behavior in the winding number and the gap-closing point of
energy bands [37].

Hamiltonian (39) is loaded by the multiparameter estima-
tion scenario as shown in Fig. 1(a). The initial probe state
is still a single-qubit pure state but with the different Bloch
vector r̃in (||r̃in|| = 1). If �ev · r̃in = �ew · r̃in = �ek · r̃in = 0 can
be satisfied, according to Eq. (21) we can get the maximal
QMTs of v, w, and k as

g(M )
vv = T 2(v + w cos k)2

v2 + w2 + 2vw cos k
+

(
w sin k

v2 + w2 + 2vw cos k

)2

sin2[T
√

v2 + w2 + 2vw cos k], (41)

g(M )
ww = T 2(w + v cos k)2

v2 + w2 + 2vw cos k
+

(
v sin k

v2 + w2 + 2vw cos k

)2

sin2[T
√

v2 + w2 + 2vw cos k], (42)

g(M )
kk = T 2w2v2 sin2 k

v2 + w2 + 2vw cos k
+

(
w + v cos k

v2 + w2 + 2vw cos k

)2

sin2[T
√

v2 + w2 + 2vw cos k]. (43)

In Figs. 4(a)–2(c), Eqs. (41)–(43) are plotted with the yellow surfaces for the given value of k = π . Figure 4(d) further displays
the relation among g(M )

kk , k, and v for w = 1. Figures 4(e) and 4(f) separately give the functional dependence of g(M )
kk upon k and

v for the given values of v = {1, 1 − 0.1, 1 − 0.5} and k = {π, π − 0.1, π − 0.5}, and w = 1 is set. In particular, Figs. 4(c) and
4(d) show that g(M )

kk exhibits a peak when k = π and v = w; i.e., the estimation precision of k reaches its maximum at the TPT
point.

Here we take the ground state of Hamiltonian (39) as the initial probe state with the Bloch vector r̃′
in =

1/
√

v2 + w2 + 2vw cos k(v + w cos k,w sin k, 0). Inserting Eq. (40) into Eqs. (18)–(20), we obtain

�ev · r̃′
in = −T (v + w cos k)√

T 2(v + w cos k)2 + w2 sin2 k sin2[T
√

v2+w2+2vw cos k]
v2+w2+2vw cos k

, (44)

�ew · r̃′
in = −T (w + v cos k)√

T 2(w + v cos k)2 + v2 sin2 k sin2[T
√

v2+w2+2vw cos k]
v2+w2+2vw cos k

, (45)

�ek · r̃′
in = T v sin k√

T 2v2 sin2 k + (w+v cos k)2 sin2[T
√

v2+w2+2vw cos k]
v2+w2+2vw cos k

. (46)
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vw

g(M)
vv

g(c)
vv

k = π

v
w

(a) (b) (c)k = π

g(M)
ww

g(c)
ww

g
(M)
kk

g
(c)
kk

k = π

v
w

(d) (e) (f)

k v

g
(M)
kk g

(M)
kk

v

k

g
(M)
kk

v = 1
v = 1 − 0.1
v = 1 − 0.5

k = π
k = π − 0.1
k = π − 0.5

FIG. 4. [(a)–(c)] The relation among the maximal QMTs g(M )
vv , g(M )

ww , and g(M )
kk of Eqs. (41)–(43) [g(c)

vv , g(c)
ww , and g(c)

kk of Eqs. (60)–(62)]; the
parameters v and w are plotted with yellow (blue) surfaces for the given value of k = π , respectively. In (a) and (b), two surfaces both overlap
completely and have no dependence on the relation of parameters v and w. (d) The relation among g(M )

kk , k, and v for w = 1. [(e) and (f)] The
functional dependence of g(M )

kk upon k and v for the given values of v = {1, 1 − 0.1, 1 − 0.5} and k = {π, π − 0.1, π − 0.5}, and w = 1 is set.
The inset is also displayed in (f) to enlarge the results g(M )

kk = {100, 99.9271, 94.1155} with the given values of k = {π, π − 0.1, π − 0.5} for
v = w = 1. The highest estimation precision of k depends on the TPT condition, i.e., k = π , v = w, which is shown as a QMT peak around
the TPT point in (c). Here T = 10 is set for the simulation.

By inserting these results into Eqs. (17) and (21), the QMT matrix is written as

G′ =

⎛
⎜⎜⎜⎝

w2 sin2 k sin2(T
√

v2+w2+2vw cos k)
(v2+w2+2vw cos k)2

−vw sin2 k sin2(T
√

v2+w2+2vw cos k)
(v2+w2+2vw cos k)2

−w2(w+v cos k) sin k sin2(T
√

v2+w2+2vw cos k)
(v2+w2+2vw cos k)2

−vw sin2 k sin2(T
√

v2+w2+2vw cos k)
(v2+w2+2vw cos k)2

v2 sin2 k sin2(T
√

v2+w2+2vw cos k)
(v2+w2+2vw cos k)2

vw(w+v cos k) sin k sin2(T
√

v2+w2+2vw cos k)
(v2+w2+2vw cos k)2

−w2(w+v cos k) sin k sin2(T
√

v2+w2+2vw cos k)
(v2+w2+2vw cos k)2

vw(w+v cos k) sin k sin2(T
√

v2+w2+2vw cos k)
(v2+w2+2vw cos k)2

w2(w+v cos k)2 sin2(T
√

v2+w2+2vw cos k)
(v2+w2+2vw cos k)2

⎞
⎟⎟⎟⎠.

(47)

In the limit of k → π and v → w, it reduces to

lim
k→π
v→w

G′ =
⎛
⎝T 2 0 0

0 T 2 0
0 0 T 2w2

⎞
⎠. (48)

Equation (48) indicates that parameters v, w, and k can be es-
timated with the individual highest estimation precision (i.e.,
the Heisenberg scaling 1/T ) in the vicinity of TPT. Since the
condition of generating the TPT in this model refers to all
the parameters, it enables us to extract the information about
each parameter by virtue of the TPT. Repeating the pertinent
calculations with the Bloch vector r̃in, according to Eq. (22)
the Berry curvature matrix is deduced as


′ = 0, (49)

where any matrix element 
′
pq = 0 since (�ep × �eq) · r̃′

in = 0
with p, q = {v,w, k}. The result of Eq. (49) does not depend

on the TPT condition, which differs from the circumstance
indicated by Eq. (36) in the model of Sec. III A. The winding
number indicates the number of times that the vector �ν of
Eq. (40) encircles the origin in the momentum space, which
is written as

W = 1

2π

∫ π

−π

∂k arctan

(
w sin k

v + w cos k

)
dk

= 1 − sgn(v − w)

2
, (50)

where sgn(·) represents a sign function. Equation (50) is plot-
ted in Fig. 5. Inserting Eq. (49) into Eq. (13), we get the FOM
matrix as

R′ = 0. (51)
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FIG. 5. The relation among the winding number W of Eq. (50)
and the parameters v and w is plotted with the yellow surface.
The topological phase transition occurs when v = w, and W = 1
(W = 0) for v < w (v > w).

Thus the parameters v, w, and k can be estimated at the same
time, but the individual highest estimation precision cannot be
simultaneously reached without the help of TPT.

To avoid confusion, we remind that Eqs. (26)–(28) and
(41)–(43) correspond to an optimal input state maximizing the
diagonal elements of the QFIM, whereas Eqs. (32)–(35) and
(47)–(49) correspond to an input state given by the ground
state of the Hamiltonian.

IV. SENSING APPROACH BASED ON TPT VERSUS
CONTROL-ENHANCED SENSING APPROACH

To elucidate the benefits of utilizing the sensing approach
based on the TPT, we still investigate the two SU(2) TPT
models in Sec. III. We show in this section that the TPT sens-
ing protocol can reach the same highest estimation precision
at the TPT point as the control-enhanced sensing protocol.
Moreover, the experimental burden of the probe state prepa-
ration can be relaxed, since the probe state is only the ground
state of the Hamiltonian rather than the entangled state that is
necessary for the control-enhanced one.

Another approach for enhancing the estimation precision
of an SU(2) parametrization process and eliminating the mea-
surement incompatibility is to introduce suitable quantum
control optimizing dynamic systems [26,27,29]. As shown in
Fig. 1(b), the probe state is now replaced with a two-qubit
maximally entangled state ρ̂in = |ψSA〉〈ψSA|, and an ancillary
channel is introduced in the SU(2) dynamics system. Quan-
tum control reads

Ĥc = Xc · �J, (52)

where Xc = (X (c)
1 (λ̃), X (c)

2 (λ̃), X (c)
3 (λ̃)) is a three-dimensional

vector, X (c)
l (λ̃) is a function of the estimated value λ̃ of λ, and

X (c)
l (λ) denotes a perfect quantum control. In Fig. 1(b) the

kth unitary cell (k = {1, 2, . . . , N}) can be expressed by Ĥk =
Ĥ (λ) + Ĥc = S · �J with a three-dimensional vector S = X +
Xc. The optimal quantum control is proven to be [26,27,29]

Ĥc = −Ĥ (λ). (53)

The gauge potential (3) allows for a connection between the
already-obtained consequences in the control-enhanced quan-
tum multiparameter estimation and the geometry of quantum

state space. Accordingly, the effectiveness of using quantum
control to enhance parameter estimation precision and to get
rid of the measurement incompatibility can also be proven by
virtue of geometrical characteristics of the SU(2) model. The
control-enhanced QMT associated with the parameters λμ and
λν is given by (see Appendix B 2)

g(c)
μν = T 2

4
(∂μX · ∂νX). (54)

For λμ = λν , it reduces to

g(c)
μμ = T 2

4
|∂μX|2. (55)

The corresponding Berry curvature and the FOM are


(c)
μν = r (c)

μν = 0. (56)

For the TPT model of Sec. III A, we observed that Hamilto-
nian (24) under the TPT condition of θ = π , r = 1 reduces
to a zero matrix. This achieves the same consequence as em-
ploying quantum control of Eq. (53) to optimize the original
dynamics (Ĥ + Ĥc = 0). Inserting Eq. (25) into Eq. (55), one
gets the QMTs as

g(c)
θθ = T 2

4
|∂θ �m|2 = T 2, (57)

g(c)
φφ = T 2

4
|∂φ �m|2 = T 2 sin2 θ, (58)

g(c)
rr = T 2

4
|∂r �m|2 = T 2. (59)

Equations (57)–(59) are individually plotted in Figs. 2(a)–
2(c) with the blue surfaces for the given value of θ = π .
Compared with the nonzero elements of Eqs. (33) and (57)–
(59), we can see that the sensing approach based on the TPT
can achieve the same highest estimation precision with the
control-enhanced sensing approach, but the former has no
requirement for the entangled probe state. This is exhibited
in Fig. 2(a), where the yellow and blue surfaces only intersect
at the position of TPT. Additionally, for the control-enhanced
sensing strategy as shown in Eqs. (57)–(59), the parameters
θ , φ, and r can be simultaneously estimated for the case of
θ ∈ (0, π ). In contrast, for the TPT sensing strategy as shown
in Eq. (33), only the parameters θ and r can be simultaneously
estimated with the individual highest estimation precision at
the TPT point. The parameters associated with the TPT of
the system are only a part of all the parameters (θ, r) in this
model.

Similar to the TPT model of Sec. III B, Hamiltonian (39)
under the TPT condition of v = w, k = π reduces to a zero
matrix. This achieves the same consequence as employing
the quantum control of Eq. (53). By inserting Eq. (40) into
Eq. (55), the QMTs are written as

g(c)
vv = T 2

4
|∂v�ν|2 = T 2, (60)

g(c)
ww = T 2

4
|∂w�ν|2 = T 2, (61)

g(c)
kk = T 2

4
|∂k�ν|2 = T 2w2. (62)
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Equations (60)–(62) are plotted in Figs. 4(a)–4(c) with the
blue surfaces for the given value of k = π , respectively. Com-
pared with the nonzero elements of Eq. (48) and (60)-(62),
we can see that the sensing approach based on the TPT can
achieve the same highest estimation precision as the control-
enhanced one, but the former has no requirement for the
entangled probe state. However, the parameters w, v, and k
can be simultaneously estimated by two sensing approaches.
This can be verified by comparing Eq. (48) to Eqs. (60)–(62).
The parameters associated with the TPT of the system refer to
all the to-be-estimated parameters (w, v, k) in this model.

V. ADAPTIVE MULTIPARAMETER ESTIMATION
STRATEGY BASED ON TPT

In this section, we use the fact that parameters have fixed
values at the TPT point to estimate the initial values of pa-
rameters associated with the TPT of the system. In order to
effectively estimate the initial values of parameters associated
with the TPT, here we propose an adaptive multiparameter
estimation strategy. The adaptive multiparameter estimation
strategy is depicted in Fig. 1(c), and the TPT parameters are
denoted by ε = {εi} (i ∈ [1, 3]) for an SU(2) parametrization
process. They are usually the subset of the parameters en-
coded in the Hamiltonian Ĥ (λ), i.e., ε ∈ λ. The initial values
of ε are unknown and to be estimated. The TPT point signals
these parameters being the critical values, with which the
quantum metric tensor (i.e., the QFI) presents a peak. In this
way, we can employ the following adaptive TPT strategy to
estimate the initial values of ε. We continuously adjust these
parameters from the initial points step by step until the TPT
point is approached. According to the adjustment steps and
the critical values, the initial values of ε can be worked out. In
the following we use two TPT models of Sec. III as examples
to show this adaptive estimation process.

Two dominant methods have been developed to experi-
mentally measure the quantum metric tensor matrix (or the
quantum Fisher information matrix): the periodic parameter
modulation scheme [38], and the sudden quench scheme [14].
In the present investigation, we propose to check if the TPT
point is reached by measuring the maximum of the quantum
metric tensor. Although our proposal works in principle, the
recognition of the maximum of the QFIM may be a chal-
lenging work in the experiment because the change of the
QFIM is small as the parameters approach the TPT point.
Other methods should be considered. For example, one can
identify the TPT point more clearly by measuring either Berry
curvature [13] or the first Chern number [2]. Those quantities
are also measurable in the experiment and have an abrupt
change at the TPT point, as shown in Figs. 3(a) and 3(b).

A. The canonical model

For the model of Sec. III A, we assume the initial values
of unknown parameters to be {θ0, r0} for a given value of φ0.
The optimal probe state is the single-qubit pure state with the
Bloch vector satisfying �eθ · �rin = 0 (||�rin|| = 1), which typi-
cally depends on the values of θ0, φ0, and r0. But we noticed
that in the proximity of the TPT the unit vector �eθ can be
reduced to limθ→π

r→1
�eθ = {cos φ0, sin φ0, 0} (see Appendix E).

Thus the Bloch vector of the probe state can be simplified as
�rin = {cx,−cx/ tan φ0, cz} with the real numbers cx, cz.

One then alters the values of θ0 and r0 step by step until the
obtainable estimation precision of θ0 reaches to the highest
estimation precision [i.e., g(M )

θθ of Eq. (26) approaches the
“peak” T 2]; in this moment the TPT point is reached. The
number of times θ0 (r0) is altered is recorded as Nθ (Nr), and
the controllable step is δθi (δri) for the ith adjustment. Based
on the feature in Fig. 2(a), we have⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

π = θ0 +
Nθ∑
i=1

δθi,

1 = r0 +
Nr∑

i=1

δri.

(63)

Thus as shown in Eq. (63), the initial values of θ0 and r0 can
be derived from the gap between the TPT point and recorded
total displacements.

As discussed in Sec. III A, at the TPT point the QMT of
θ0 is identical to the counterpart contributed by quantum con-
trol. Accordingly, the operation of driving the system to the
TPT point can serve the same purpose as employing quantum
control Ĥc = −Ĥ = − �m · �J , i.e.,

ĤTPT = �n · �J = Ĥ + Ĥc, (64)

where

�n = 2H0

(
sin

(
θ0 +

Nθ∑
i=1

δθi

)
cos φ0,

× sin

(
θ0 +

Nθ∑
i=1

δθi

)
sin φ0,

× cos

(
θ0 +

Nθ∑
i=1

δθi

)
+

(
r0 +

Nr∑
i=1

δri

))
. (65)

Due to the experimental imperfections, Eq. (64) is frequently
not a zero matrix, yet it is still valid to estimate parameters
effectively. In Appendix F, the impacts of these flaws on the
estimation precision are numerically simulated.

B. The SSH model

For the SSH model of Sec. III B, we assume the initial
values of unknown parameters to be {k0, v0} for a given
value of w0. The optimal probe state is the single-qubit pure
state with the Bloch vector satisfying �ek · r̃in = 0 (||r̃in|| = 1),
which typically depends on the values of k0, w0, and v0. Since
�ek can be reduced to lim

k → π

w → v

�ek = {0, 1, 0} at the TPT point

(see Appendix E), the Bloch vector of the probe state can be
simplified as r̃in = {dx,−1, dz} with the real numbers dx, dz.

One then alters the values of k0 and v0 step by step until
the obtainable estimation precision of k0 reaches the highest
estimation precision [i.e., g(M )

kk of Eq. (43) approaches the
“peak” T 2w2

0], in this moment the TPT point is reached. The
number of times of altering k0 (v0) is recorded as Nk (Nv), and
the controllable step is δki (δvi) for the ith adjustment. Based
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on the feature in Fig. 4(c), we have⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

π = k0 +
Nk∑

i=1

δki,

w0 = v0 +
Nv∑
i=1

δvi.

(66)

Thus as shown in Eq. (66), the initial values of k0 and v0 can
be derived from the gap between the TPT point and recorded
total displacements.

At the TPT point the QMT of k0 is equivalent to the coun-
terpart contributed by quantum control, Ĥ ′

c = −Ĥ ′ = −�ν · �J;
we therefore have

Ĥ ′
TPT = �u · �J = Ĥ ′ + Ĥ ′

c, (67)

where

�u = 2

((
v0 +

Nv∑
i=1

δvi

)
+ w0 cos

(
k0 +

Nk∑
i=1

δki

)
,

× w0 sin

(
k0 +

Nk∑
i=1

δki

)
, 0

)
. (68)

Theoretically Eq. (67) is a zero matrix, but it will be affected
by the experimental imperfections; one can perform simula-
tions such as those in Appendix F to analyze the impacts of
these imperfections on the estimation precision.

In summary, the TPT estimation strategy can reach the
Heisenberg scaling by employing the ground state of the
Hamiltonian as the probe state rather than the entangled state
which is required in the control-enhanced approach. Besides,
in the TPT strategy we use the peculiarity that parameters
have fixed values at the TPT point to estimate the unknown
initial values of parameters associated with the TPT of the
system. These are the advantages of the TPT strategy. The
disadvantage of this TPT strategy is that only the parameters
associated with the TPT of the system can be simultaneously
estimated with the individual highest estimation precision. In
contrast, the control-enhanced approach gives the possibility
of simultaneous optimal estimation for all the parameters.

VI. SUMMARY

We have deduced the geometrical properties of quantum
states that are encoded in an SU(2) dynamics system, in-
cluding the QGT, QMT, Berry curvature, and the first Chern
number. These geometrical quantities can be experimen-
tally measured by the periodic parameter modulation scheme
[15,38] or the sudden quench scheme [14]. By examining
the two SU(2) TPT models, we have revealed that multiple
parameters that drive the system to the TPT can be simultane-
ously estimated with the individual highest precision around
the TPT point. We have also discovered that the proposed
TPT sensing protocol can achieve the same metrology perfor-
mance as the control-enhanced sensing protocol. Moreover,
the probe state of the present scheme is the ground state of the
Hamiltonian rather than the entangled state that is neces-
sary for the control-enhanced sensing protocol. This may
effectively relax the experimental burden of the probe state

preparation. In addition, an adaptive multiparameter estima-
tion strategy has been suggested and applied to the two SU(2)
TPT models. The gradient ascent pulse engineering (GRAPE)
and the machine learning (ML) algorithm [39] can be utilized
to further speed up this estimation process. The connection
between quantum phase transition (QPT) in quantum many-
body systems and quantum metrology has been studied in
recent years [7,40–44]. However, our work might be catego-
rized as quantum critical metrology with the employment of
TPT resources.
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APPENDIX A: FIGURE OF MERIT OF MEASUREMENT
INCOMPATIBILITY

The Robertson-Schrödinger uncertainty relation with re-
spect to two Hermitian operators Â and B̂ is

〈(�Â)2〉〈(�B̂)2〉 � 1
4 |〈[Â, B̂]〉|2 + 1

4 〈{�Â,�B̂}〉2, (A1)

where �Â(B̂) = Â(B̂) − 〈Â(B̂)〉Î with an identity operator Î .
Substituting the gauge potentials Ãμ and Ãν into Eq. (A1)
with the initial probe state |ψ〉, we get

〈ψ |(�Ãμ)2|ψ〉〈ψ |(�Ãν )2|ψ〉 − 1
4 〈ψ |{�Ãμ,�Ãν}|ψ〉2

� 1
4 |〈ψ |[Ãμ, Ãν]|ψ〉|2. (A2)

Using Eqs. (8) and (10) to rewrite Eq. (A2), one has

gμμgνν − g2
μν � 1

4
2
μν � 0, (A3)

where the left-hand side is exactly the determinant of
Gμν of Eq. (14). The FOM based on Eq. (A3) can be
defined as

rμν = 
μν

2
√

Det[Gμν]
∈ [0, 1]. (A4)

Since the Berry curvature 
μν = 0 is equivalent to the
weak commutation condition [29,31], rμν = 0 means that
two parameters λμ and λν can be simultaneously estimated.
However, rμν = 1 indicates that the estimation precision of
two parameters is maximally exclusive. The upper bound of
the difference between the HCRB and QCRB in Ref. [31]
and the Branciard uncertainty relation in Ref. [25] both make
reference to this FOM definition.

APPENDIX B: EFFECTIVENESS OF QUANTUM
CONTROL IN MULTIPARAMETER ESTIMATION

1. Without quantum control

In the multiparameter estimation scheme of Fig. 1(a),
the initial probe state is assumed to be a single-qubit pure
state ρ̂in = Î/2 + �rin · �J with the Bloch vector �rin. The pivotal
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Hermitian operator studied in Ref. [29] (see Eq. (3) of
Ref. [29]) is exactly the negative gauge potential; therefore,
the gauge potential can be written as

Ã� = −|Y�|�e� · �J, (B1)

with a unit vector

�e� = 1

|Y�|
{
−T (∂�X) + |∂�X|| sin α�|

|X| {[sin(T |X|)

− T |X|]�v�,2 + [1 − cos(T |X|)]�v�,1}
}
, (B2)

where T = tN is the total evolution time, α� := 〈X, ∂�X〉
represents the angle between vectors X and ∂�X, �v�,1 =

X×∂�X
|X||∂�X| sin α�

, �v�,2 = X×(X×∂�X)
|X|2|∂�X|| sin α�| , and

|Y�| =
√

T 2|∂�X|2 cos2 α� + 4|∂�X|2 sin2 α�

|X|2 sin2

(
T |X|

2

)
.

(B3)

We especially noticed that

0 � |Y�|2 = T 2|∂�X|2
⎡
⎣cos2 α� + sin2 α�

(
sin

( T |X|
2

)
T |X|

2

)2
⎤
⎦

� T 2|∂�X|2. (B4)

Inserting Eq. (B1) into Eq. (6), we have the quantum geomet-
ric tensor

χμν = |Yμ||Yν |
4

[(�eμ · �eν ) − (�eμ · �rin)(�eν · �rin)

+ i(�eμ × �eν ) · �rin], (B5)

where Tr[ÃμÃν ρ̂in] = |Yμ||Yν |
4 [(�eμ · �eν ) + i(�eμ × �eν ) · �rin]

and Tr[Ãμρ̂in] = −|Yμ|
2 (�eμ · �rin) are figured out. Thus the

quantum metric tensor can be expressed by

gμν = |Yμ||Yν |
4

[(�eμ · �eν ) − (�eμ · �rin)(�eν · �rin)]. (B6)

For λμ = λν , it reduces to

gμμ = |Yμ|2
4

[1 − (�eμ · �rin)2]. (B7)

The corresponding Berry curvature and the first Chern
number are


μν = −|Yμ||Yν |
2

(�eμ × �eν ) · �rin, (B8)

Cμν = 1

2π

∫
S2


μνdλμ ∧ dλν

= −1

4π

∫
S2

|Yμ||Yν |(�eμ × �eν ) · �rindλμ ∧ dλν, (B9)

where λμ, λν ∈ S2 (Bloch sphere). By substituting Eqs. (B6)–
(B8) into Eq. (13), under the condition of �eμ · �rin = �eν · �rin =
0 the FOM is renewed as

rμν = −(�eμ × �eν ) · �rin√
1 − (�eμ · �eν )2

, (B10)

where Det[Gμν] = |Yμ|2|Yν |2[1 − (�eμ · �eν )2]/16 is
employed. To achieve the simultaneous estimation for λμ

and λν with the individual highest precision, Eqs. (B7) and
(B10) require that

�eμ · �rin = 0,

�eν · �rin = 0,

(�eμ × �eν ) · �rin = 0, (B11)

should be satisfied at the same time, but obviously it is unable
to find such Bloch vector �rin. Accordingly, the simultaneous
optimal estimation of multiple parameters cannot be fulfilled
in this case.

2. With quantum control

In the case of quantum control, Ĥc = −Ĥ (λ) (or Xc = −X)
has already been proven to be an effective control form in
Refs. [27,29]. As shown in Fig. 1(b), the probe state is now
replaced with a two-qubit maximally entangled state ρ̂in =
|ψSA〉〈ψSA|, and an ancillary channel is introduced in the
SU(2) dynamics system. According to Ref. [29], we get the
gauge potential

Ã(c)
� = T (∂�X · �J ) ⊗ Î, (B12)

where Î is an identity operator. Then the following hints are employed:

Tr[ÃμÃν ρ̂in] = Tr[(T (∂μX · �J ) ⊗ Î )(T (∂νX · �J ) ⊗ Î )ρ̂in]

= T 2Tr[((∂μX · �J )(∂νX · �J ) ⊗ Î )ρ̂in]

= T 2Tr

[
ρ̂s

(
1

4
(∂μX · ∂νX)Î + i

2
(∂μX × ∂νX) · �J

)]

= T 2

{
∂μX · ∂νX

4
Tr[ρ̂s] + i

2
Tr[ρ̂s

(
(∂μX × ∂νX) · �J)]}, (B13)

where ρ̂s is the reduced density operator of ρ̂in = |ψSA〉〈ψSA| after tracing out the ancillary part, i.e., ρ̂s = TrA[ρ̂in] = Î/2. We
diagonalize the matrix (∂μX × ∂νX) · �J as

(∂μX × ∂νX) · �J = Ŷ

(+a|∂μX × ∂νX| 0
0 −a|∂μX × ∂νX|

)
Ŷ †, (B14)
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where Ŷ is a unitary matrix and ±a is the maximal (minimal) eigenvalue of ĵm for m = {1, 2, 3}. Plugging Eq. (B14) into
Eq. (B13) we have

Tr
[
ÃμÃν ρ̂in

] = T 2

{
∂μX · ∂νX

4
Tr[ρ̂s] + i

2
Tr

[
Ŷ †ρ̂sŶ

(+a|∂μX × ∂νX| 0
0 −a|∂μX × ∂νX|

)]}

= T 2

4
(∂μX · ∂νX), (B15)

where Tr[ρ̂s] = 1 and Ŷ †ρ̂sŶ = Î/2. Similarly, we have

Tr[Ã�ρ̂in] = Tr[(T (∂�X · �J ) ⊗ Î )ρ̂in]

= T Tr[ρ̂s(∂�X · �J )] = T Tr

[
Ẑ†ρ̂sẐ

(+a|∂�X| 0
0 −a|∂�X|

)]
= 0. (B16)

The diagonalization

∂�X · �J = Ẑ

(+a|∂�X| 0
0 −a|∂�X|

)
Ẑ† (B17)

is operated with a unitary matrix Ẑ and Ẑ†ρ̂sẐ = Î/2.
Inserting Eqs. (B15) and (B16) into Eq. (6), we get the quantum geometric tensor

χ (c)
μν = T 2

4

(
∂μX · ∂νX

)
, (B18)

where T = tN is the total evolution time. The quantum metric tensor therefore is

g(c)
μν = T 2

4
(∂μX · ∂νX). (B19)

For λμ = λν , it reduces to

g(c)
μμ = T 2

4
|∂μX|2. (B20)

The corresponding Berry curvature and the first Chern number are


(c)
μν = C(c)

μν = 0. (B21)

The FOM of Eq. (13) yields

r (c)
μν = 0. (B22)

We demonstrated that, by virtue of quantum control, it is possible to achieve the individual highest estimation precision for
multiple parameters by comparing to Eqs. (B4), (B7), and (B20). Equation (B22) indicates that the measurement incompatibility
that existed in the case of no control [see Eq. (B11)] can be avoided.

APPENDIX C: CLARIFICATIONS FOR SIMULATION RESULTS

For a generic SU(2) dynamics system with the Hamiltonian H = �d (λ) · σ̂ , where �d (λ) = (d1(λ), d2(λ), d3(λ)) is a three-
dimensional vector and σ̂ = {σ̂x, σ̂y, σ̂z} denotes the Pauli matrices, the Schmidt decomposition is written as

H = d (λ)|g(λ)〉〈g(λ)| − d (λ)|e(λ)〉〈e(λ)|, (C1)

with

d (λ) = | �d (λ)|, |g(λ)〉 =
(

cos(θ/2)
eiφ sin(θ/2)

)
, |e(λ)〉 =

(
sin(θ/2)

−eiφ cos(θ/2)

)
, cos(θ ) = d3(λ)

d (λ)
, eiφ = d1(λ) + id2(λ)√

d2
1 (λ) + d2

2 (λ)
, (C2)

for θ ∈ [0, π ], φ ∈ [0, 2π ]. To investigate the relation between our results [see Eqs. (34)–(37) in the main text] and the previous
results [2,13,36], we further give the following discussions for the canonical TPT model of Sec. III A. In Refs. [2,13,36] the
encoded state ρ̂out used to calculate the QGT of Eq. (4) is the ground state |g(θ, φ, r)〉 of Hamiltonian (24), i.e.,

H = H0

(
cos θ + r sin θe−iφ

sin θeiφ − cos θ − r

)
= H0|g(θ, φ, r)〉〈g(θ, φ, r)| − H0|e(θ, φ, r)〉〈e(θ, φ, r)|, (C3)

022604-12



QUANTUM MULTIPARAMETER ESTIMATION ENHANCED … PHYSICAL REVIEW A 109, 022604 (2024)

with

d (θ, φ, r) = H0

√
1 + r2 + 2r cos θ, |g(θ, φ, r)〉 =

(
cos(θ ′/2)

eiφ sin(θ ′/2)

)
, |e(θ, φ, r)〉 =

(
sin(θ ′/2)

−eiφ cos(θ ′/2)

)
, (C4)

where θ ′ = arccos((cos θ + r)/
√

1 + r2 + 2r cos θ ). By reversing the unitary evolution, we get the initial probe state

ρ̂in = Û (θ, φ, r)ρ̂outÛ
†(θ, φ, r) = e−iT H |g(θ, φ, r)〉〈g(θ, φ, r)|eiT H

= (e−iT H0 |g(θ, φ, r)〉〈g(θ, φ, r)| + eiT H0 |e(θ, φ, r)〉〈e(θ, φ, r)|)|g(θ, φ, r)〉〈g(θ, φ, r)|
× (eiT H0 |g(θ, φ, r)〉〈g(θ, φ, r)| + e−iT H0 |e(θ, φ, r)〉〈e(θ, φ, r)|)

= |g(θ, φ, r)〉〈g(θ, φ, r)|. (C5)

The aforementioned probe state has the same expression as the encoded state, but θ , φ, and r involved in ρ̂in are not variables
but quantities that are the same as true values of the to-be-estimated parameters θ , φ, and r. Thus this probe state should be
adaptively updated with the estimated values of θ , φ, and r. Differently, in our work the encoded state is

|ψ̃ (θ, φ, r)〉 = Û (θ, φ, r)|g(θ, φ, r)〉 = e−iT H |g(θ, φ, r)〉
= (e−iT H0 |g(θ, φ, r)〉〈g(θ, φ, r)| + eiT H0 |e(θ, φ, r)〉〈e(θ, φ, r)|)|g(θ, φ, r)〉
= e−iT H0 |g(θ, φ, r)〉. (C6)

Our encoded state has a difference e−iT H0 from the previous encoded state. It follows that the coarse-grained Berry curvature
[see the yellow curve of Fig. 3(a)] and the coarse-grained first Chern number [see the yellow curve of Fig. 3(b)] are twofold of
the results in Refs. [2,13,36].

APPENDIX D: OPTIMAL MEASUREMENT SCHEME FOR PARAMETERS {θ, r}
We need to determine if the weak commutation condition with regard to parameters θ and r can be satisfied before studying

the optimal measurement scheme. The weak commutation condition [29] associated with the gauge potential is written

Tr[[Ãθ , Ãr]ρ̂in] = i|Yθ ||Yr |
2

(�eθ × �er ) · �rin, (D1)

where �eθ and �er are given by Eq. (B2). Given the Bloch vector �rin = (sin θ ′ cos φ, sin θ ′ sin φ, cos θ ′) with θ ′ =
arccos[(cos θ + r)/

√
1 + r2 + 2r cos θ ] for the initial probe state ρ̂in = |ψ (θ, φ, r)〉〈ψ (θ, φ, r)|, Eq. (D1) can be zero since

(�eθ × �er ) · �rin = 0. Accordingly, it is always possible to reach the QCRB with respect to the parameters θ and r if employing
an optimal measurement scheme. We emphasize that the parameters θ , φ, and r are just quantities in the initial probe state
|ψ (θ, φ, r)〉, while they are variables in the encoded state |ψ̃ (θ, φ, r)〉.

We now apply the optimal measurement scheme proposed in Ref. [45] to our scenario. The measurement scheme is
constructed by a set of projectors {|ϒk〉〈ϒk|} for k = {1, 2, 3} and

|ϒ1〉 = |ψ̃〉, (D2)

|ϒ2〉 = |ωθ 〉 = |∂θ ψ̃〉, (D3)

|ϒ3〉 = |ωr〉 − 〈ωr |ωθ 〉
〈ωθ |ωθ 〉 |ωθ 〉 = |∂rψ̃〉 − sin θ

1 + r cos θ
|∂θ ψ̃〉, (D4)

where Eqs. (D3) and (D4) are deduced via the Gram-Schmidt process, |ω�〉 = |∂�ψ̃〉 + |ψ̃〉〈∂�ψ̃ |ψ̃〉 for � = {θ, r} and |ψ̃〉 :=
|ψ̃ (θ, φ, r)〉 = cos( θ ′

2 )|0〉 + sin( θ ′
2 )eiφ|1〉. The classical Fisher information matrix (CFIM) reads

[J]�,m =
3∑

k=1

∂�P(k|λ)∂mP(k|λ)

P(k|λ)
, (D5)

where P(k|λ) = 〈ψ̃ |ϒk〉〈ϒk|ψ̃〉 and ∂�P(k|λ) = 2Re[〈∂�ψ̃ |ϒk〉〈ϒk|ψ̃〉]. The QFIM is written

[F]�,�′ = 4Re[〈∂�ψ̃ |∂�′ψ̃〉] + 4〈∂�ψ̃ |ψ̃〉〈∂�′ψ̃ |ψ̃〉, (D6)

for �, �′ = {θ, r}. One can prove that Eq. (D5) is equal to Eq. (D6) if and only if

limϕ→λ

Im[〈∂�ψ̃ |ϒk〉〈ϒk|ψ̃〉]
|〈ϒk|ψ̃〉| = 0, (D7)

for all k �= 1.
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APPENDIX E: LIMITATION EXPRESSIONS OF VECTORS

For the canonical model of Eq. (24), we noticed that in the proximity of the TPT the unit vector �eθ associated with the initial
values {θ0, φ0, r0} can be reduced to

lim
θ→π
r→1

�eθ = 1

E
{−2T cos θ0 cos φ0ξ

2 + (1 + r0 cos θ0)[−2ξ sin φ0 sin2(T
√

ξ ) + (r0 + cos θ0) cos φ0(2T ξ −
√

ξ sin(2T
√

ξ ))],

− 2T cos θ0 sin φ0ξ
2 + (1 + r0 cos θ0)[2ξ cos φ0 sin2(T

√
ξ ) + (r0 + cos θ0) sin φ0(2T ξ −

√
ξ sin(2T

√
ξ ))],

sin θ0
[
2r2

0T (2 + r2
0 + cos(2θ0)) +

√
ξ sin(2T

√
ξ ) + r0 cos θ0(2T + 6r2

0T +
√

ξ sin(2T
√

ξ ))
]}

= {cos φ0, sin φ0, 0}, (E1)

where ξ := 1 + r2
0 + 2r0 cos θ0, E := 2ξ

√
r2

0T 2ξ sin2 θ0 + (1 + r0 cos θ0)2 sin2(T
√

ξ ). For the SSH model of Eq. (39), �ek asso-
ciated with the initial values {v0,w0, k0} around the TPT point can be simplified into

lim
k→π
w→v

�ek = 1

X
{
w0 sin k0

[
2T 2v2

0

(
v2

0 + w2
0 (2 + cos(2k0))

)+ w2
0
√

χ sin(2T
√

χ ) + v0w0 cos(k0)
(
2T

(
3v2

0 + w2
0

)+ √
χ sin(2T

√
χ )

)]
,

− 2T w0 cos(k0)χ2 + √
χw0(w0 + v0 cos k0)(v0 + w0 cos k0)(2T

√
χ − sin(2T

√
χ )),

2χw0(w0 + v0 cos k0) sin2(T
√

χ )
}

= {0, 1, 0}, (E2)

where χ := v2
0 + w2

0 + 2v0w0 cos k0, X := 2χ

√
w2

0[T 2v2
0χ sin2 k0 + (w0 + v0 cos k0)2 sin2(T

√
χ )].
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FIG. 6. Results of the QMT g(M )
θθ obtained from an adaptive multiparameter estimation scheme (see Sec. V A) are displayed with the given

values of (a) Nθ = 4 and (b) Nr = 4, respectively. In panels (a) and (b), the red dashed curve represents the theoretical QMT result with θ = π

(r = 1), and the other colorful curves individually denote the updated QMT results after the ith ( jth) time adaptive adjustment for θ (r) for
i, j = {1, 2, 3, 4}, respectively. The desired QCRB of θ (i.e., g(M )

θθ = T 2 = 100) is marked by the black dashed line. Here T = 10 is set for the
simulation.
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TABLE I. Simulation data for Figs. 6(a) and 6(b).

Deviation from QMT at the
Initial value Accumulated step length Estimated value the initial value TPT point

θ0 = π

4 δθ1 = π

3 θ0 � π − π

3 1.309 62.9773
δθ1 = π

3 , δθ2 = π

5 θ0 � π − ( π

3 + π

5 ) 0.680 88.894
δθ1 = π

3 , δθ2 = π

5 , δθ3 = π

6 θ0 � π − ( π

3 + π

5 + π

6 ) 0.157 99.6344
δθ1 = π

3 , δθ2 = π

5 , δθ3 = π

6 , δθ4 = π

15 θ0 � π − ( π

3 + π

5 + π

6 + π

15 ) 0.052 99.994

r0 = 0.2 δr1 = 0.1 r0 � 1 − 0.1 0.7 0.88088
δr1 = 0.1, δr2 = 0.3 r0 � 1 − (0.1 + 0.3) 0.4 3.57969
δr1 = 0.1, δr2 = 0.3, δr3 = 0.2 r0 � 1 − (0.1 + 0.3 + 0.2) 0.2 20.6750
δr1 = 0.1, δr2 = 0.3, δr3 = 0.2, δr3 = 0.17 r0 � 1 − (0.1 + 0.3 + 0.2 + 0.17) 0.03 97.0358

APPENDIX F: NUMERICAL SIMULATIONS FOR ADAPTIVE MULTIPARAMETER ESTIMATION STRATEGY

For the adaptive multiparameter estimation scheme described in Sec. V A, a set of numerical simulations is provided in
Figs. 6(a) and 6(b) to assess the impacts of experimental defects on the estimate precision of θ and r. The relevant data are
presented in Table I.
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