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Some entanglement survives most measurements
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To prepare quantum states and extract information, it is often assumed that one can perform a perfectly
projective measurement. Such measurements can achieve an uncorrelated system and environment state. How-
ever, perfectly projective measurements can be difficult or impossible to perform in practice. We investigate
the limitations of repeated nonprojective measurements in preparing a quantum system. For an n-qubit system
initially entangled with its environment and subsequently prepared with measurements, using a sequence of weak
measurements, we show that some entanglement remains unless one of the measurement operators becomes
perfectly projective through an extreme limiting process. Removing initial (unentangled) correlations between a
system and its environment and the scenario where measurement outcomes are not tracked are also discussed.
We present results for n-qubit and n-dimensional input states.
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I. INTRODUCTION

Quantum information processing theory relies on the
supposition of perfectly projective measurements in many
instances. They are used for state preparation, error cor-
rection, and generally for defining completely positive
trace-preserving maps [1]. However, they have been under
scrutiny recently for the thermodynamics’s costs of the im-
plementation [2–4]. This begs the questions, what can be
done in practice? What are the implications of restriction to
measurements that are not perfectly projective?

For state preparation and error correction in quantum com-
puting the threshold theorem states that we do not require
perfect performance from any component to find the correct
results with very high probability [5–7]. However, much of
our theory relies on our assumed perfection of measurements
and with the recent thermodynamic concerns, it is impor-
tant to try to understand the practicality and implications.
For example, initial system-environment correlations cause
complications when defining a map for the system evolu-
tion [8–12] and can result in temporally correlated errors
and/or non-Markovian evolutions that can imply restrictions
on error-correction methods [13–18]. So, does a nonperfectly
projective measurement leave a state entangled or otherwise
correlated with other states? In particular, can we decouple
qubits from each other and/or from the environment?

Here, these questions are addressed using nonperfect mea-
surements that are modeled as weak measurements and the
strength is increased until the measurement is “almost per-
fect.” Interesting scenarios arise when measurement outcomes
are not recorded. These cases are discussed and distinguished
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here so that some practical modeling and the implications
of imperfectly measured states can be explored in a rather
general way. This, of course, has implications for the con-
trol of quantum systems and their utility as well as broader
implications of simply having to sometimes live with some
remaining correlations in particular circumstances.

This investigation begins by defining and discussing the
basic properties of entanglement nonannihilating trace pre-
serving (ENATP) maps. ENATP maps are trace-preserving
maps that cannot bring to zero the entanglement between the
two subspaces of any bipartite input state. For convenience,
we generally label the two subspaces of the state as the system
and environment. ENATP maps were previously investigated
in [19]. In contrast to [19], the ENATP maps considered here
can be nonlinear due to the renormalization factor for recorded
measurement outcomes [20]. Next, we consider the effects
of nonprojective measurements on the initial entanglement of
bipartite states.

We identify a disentangling criteria and prove that breaking
entanglement via nonprojective measurements is difficult to
attain. Our first result concerns n-dimensional input states. It
is shown that any finite sequence of full rank measurements
with recorded outcomes forms an ENATP map. A similar
result applies for n-qubit input states where the local mea-
surements are full rank. Thus, a finite sequence of weak
measurements [21,22] with recorded outcomes also form an
ENATP map. Weak measurements are general since they
can generate any abitrary measurement [21]. Consequently,
breaking entanglement between an n-qubit system and its
environment via single-qubit measurements with recorded
outcomes requires a perfect projective operation.

Our analysis is extended to annihilating initial correla-
tions. We define correlation nonannihilating trace preserving
(CNATP) maps as trace-preserving maps that cannot bring to
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zero the correlations between the two subspaces of any bipar-
tite input state. Note that correlations in a separable system
and environment state can also cause difficulties in describing
the evolution of the system [23].

Next, when measurement outcomes are not tracked, our
ignorance restricts the density matrix that we can assign to
the postmeasurement state to be the convex combination of
all the possible outcomes. For an initially entangled state, this
convex combination can be unentangled. However, this is a
result of our ignorance because all of the possible outcomes
are entangled. Multiple examples are provided throughout the
text. We conclude with a discussion.

II. BACKGROUND

We first provide useful definitions and the relation between
ENATP maps and entanglement-breaking (EB) channels
[24–29]. Note that, in these discussions, the entanglement
considered is partitioned on a bipartite state and it is conve-
nient to think of it as the entanglement between the system and
environment. An entanglement-breaking channel [24–29] acts
on one half of the system and environment state and breaks the
entanglement for any input state.

A closely related concept is that of entanglement-
annihilating channels, which considers maps acting on both
the system and environment [30–32]. A subset of EB chan-
nels are called coherence-breaking channels [33], which are
channels that break coherence for all input states. Some other
similar types of channels are partially entanglement-breaking
channels, which are categorized based on the Schmidt rank
of the output states [34], and steerability breaking channels,
which are channels that break the steerability of any input
state [35]. In [36], the effect of an entanglement-breaking
channel on the entanglement of a tripartite state is analyzed.

ENATP and CNATP maps are in some sense opposite of
entanglement-breaking maps. ENATP (CNATP) maps do not
break the entanglement (correlations) between any system and
environment state. Note that an n-qubit ENATP (CNATP) map
is a ENATP (CNATP) map over n-qubit input states.

For this work, the definition of a weak measurement from
[21] is used. A measurement is weak if all the outcomes result
in very little change to the original state. The general form of
the weak measurement operator is taken to be

M = q(I + ε̂), (1)

where 0 � q � 1 and ε̂ has small norm ‖ε̂‖ � 1 [21,22]. It is
known that weak measurements can model any measurement
to arbitrary precision [21,37]. Weak measurements have pre-
viously been used to detect initial entanglement in quantum
batteries [38].

For the entanglement measure we utilize Wootters’
concurrence [39]

C(ρ) = max{0,
√

λ1 −
√

λ2 −
√

λ3 −
√

λ4}, (2)

where the λi are the eigenvalues in decreasing order of the
matrix ζ = ρρ̃ and

ρ̃ = (σy ⊗ σy)ρ∗(σy ⊗ σy). (3)

We also rely on entanglement witnesses, which are Hermi-
tian operators W that have nonnegative expectation values for

separable states, but has a negative expectation value for at
least one entangled state [40–42].

III. RESULTS

In the following results we assume that the system and
environment partitioning is constant. The entanglement and
correlations discussed are across the system and environment.
The first result concerns the composition of maps, which we
use extensively throughout the paper.

Lemma 1. The composition E1 ◦ E2 ◦ · · · ◦ En consisting of
n ENATP (CNATP) maps Ei, also forms an ENATP (CNATP)
map.

Proof. The individual maps can be considered to be
performed sequentially and hence the composition is also
ENATP. From the same arguments, the same results hold for
CNATP maps. �

When restricted only to ENATP (CNATP) maps, an infinite
sequence of ENATP (CNATP) maps is necessary to bring the
entanglement (correlations) to zero. A consequence of Lemma
1 is that compositions of ENATP maps which act nontrivially
on different spaces are also ENATP maps.

The following theorem shows the difficulty of breaking
entanglement with measurements in experiments.

Theorem 1. Let the bipartite initial state consist of an m
dimensional system, n − m-dimensional environment, and be
entangled. Some entanglement remains across the system
and environment after an arbitrary finite number of local
measurements with known outcomes provided that the local
measurement operators are full rank.

Proof. Let ρ be the initial entangled state and ρ ′ = (MS ⊗
ME )ρ(M†

S ⊗ M†
E ) be the unormalized postmeasurement state.

Following a similar proof in [42], we can use a witness W to
show that ρ ′ is entangled.

For any separable state σ , tr(σW ) � 0. Since σ ′ = M−1
S ⊗

M−1
E σ (M−1

S ⊗ M−1
E )† is an unormalized separable state

tr(σ ′W ) � 0 (4)

→ tr
(
σ
[(

M†
S

)−1 ⊗ (
M†

E

)−1]
W

[
M−1

S ⊗ M−1
E

])
� 0, (5)

and

W ′ = [(
M†

S

)−1 ⊗ (
M†

E

)−1]
W

(
M−1

S ⊗ M−1
E

)
(6)

is also a witness (the renormalization factor only scales by a
positive factor). Let W be a witness for ρ and thus tr(ρW ) <

0. Then we have tr(ρ ′W ′) = tr(ρW ) < 0. Thus, the measure-
ment forms an ENATP map and the result of multiple rounds
of measurements follows from Lemma 1. �

Theorem 1 leads to some immediate consequences for
states comprised of qubits.

Theorem 2. [Finite sequence of measurement outcomes
with nonzero determinant single qubit operators form an
ENATP map.] Let the bipartite initial state be comprised of an
n-qubit system, arbitrary environment, and entangled. Some
entanglement remains across the system and environment af-
ter an arbitrary finite number of rounds of local single-qubit
measurements on the system with known outcomes provided
that the measurement operators are full rank (i.e., rank 2).
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Proof. This result follows from Theorem 1 by setting the
system state to n qubits and the measurement operators on the
system to full rank single-qubit measurements. �

An example of Theorem 2 is the single-qubit measurement

M0 = √
εP− + √

1 − εP+, (7)

M1 = √
1 − εP− + √

εP+, (8)

where 0 < ε � 1 and P− and P+ are orthogonal projectors.
M0 and M1 are asymptotically projective in the sense that
they can be arbitrarily close to P+ or P−. Any finite number
of rounds with this measurement and known outcomes form
an ENATP map, namely, for any n-qubit initially entangled
system and environment input state the postmeasurement state
is entangled. By setting P+ = |0〉〈0|, this is a measurement
that we might naively assume can prepare a ground state on a
quantum computer.

A consequence of Theorem 2 is that a finite sequence of
general weak measurements with known outcomes forms an
ENATP map.

Corollary 1. [Finite sequence of weak measurements with
recorded outcomes form an ENATP map.] The general form
of the weak measurement operator M is given by Eq. (1). We
perform a finite sequence of local weak measurements on the
n-qubit system and arbitrary environment. If we record the
measurement outcomes then the weak measurements form an
ENATP map and we cannot annihilate the entanglement of the
bipartite input state.

Proof. An arbitrary single-qubit weak measurement oper-
ator has to be rank 2. Otherwise, it will violate the definition
of a weak measurement [21] that all measurement outcomes
result in very little change to all input states. Thus, from
Theorem 2, the result follows. �

The determinant of a sequence of weak measurement op-
erators is equal to the products of the determinants of the
individual operators. Each weak measurement operator is rank
2 and has nonzero determinant. Thus, the determinant is zero
and hence from Theorem 2 entanglement is broken only in the
limit that the number of weak measurements goes to infinity.
Therefore, a perfect projective operation is required (a rank 1
operation is the outer product of two vectors and is equivalent
to an unormalized projection followed by a unitary).

We can also obtain the level of entanglement remaining
for a two-qubit input state. For any single local measurement
outcome M, we have the important property

σ̂yMT σ̂yM = Det(M )I. (9)

Let ρR = (M ⊗ I)ρ(M† ⊗ I) be the unormalized postmea-
surement state. The square root of the eigenvalues for the
calculation of Wootters’ concurrence are
√

Eig(ρRσ̂y ⊗ σ̂yρ
∗
Rσ̂y ⊗ σ̂y)

=
√

Eig[(M ⊗ I)ρ(M† ⊗ I)(σ̂yM∗ ⊗ σ̂y)ρ∗(MT σ̂y ⊗ σ̂y)]

=
√

Eig(|Det(M )|2ρρ̃ ), (10)

and if we want the exact concurrence, we simply divide
by the renormalization factor tr(ρR) = tr(M ⊗ IρM† ⊗ I).

Using Eq. (10) we obtain

C[ρR/tr(ρR)] = |Det(M )|
tr(M ⊗ IρM† ⊗ I)

C(ρ) (11)

for the postmeasurement state.
Next, we present results on breaking initial correlations

with weak measurements. Note that to “break initial cor-
relations” we mean that the final state is a product state,
ρS ⊗ ρE , and that the correlation matrix Ti j = tr(σi ⊗ σ jρ)
can be nonzero for a product state. Consider the following
form of what we define as “special” weak measurements. Let

M±(ε, n̂) = 1
2 (ε+I ± ε−n̂ · �σ ), (12)

where

ε± =
√

1 + ε

2
±

√
1 − ε

2
, (13)

n̂ = {nx, ny, nz} is real, n̂ · n̂ = 1, and −1 � ε � 1. Equa-
tion (12) is a weak measurement when |ε| is small, which
leaves the state almost unchanged. Note that M+ and M−
commute.

Theorem 3 (A special weak measurement with recorded
outcome forms a CNATP map). For a correlated two-qubit
input state ρSE , we measure the system with M±. Let T ′,
�a′, and �b′ be the final correlation matrix, local Bloch vector
for the system, and local Bloch vector for the environment,
respectively. For a known measurement outcome, the equality
T ′ = �a′ �b′T , in other words the final state is a product state,
holds iff ε = ±1.

An immediate implication of Theorem 3 is that a finite
sequence of special weak measurements with recorded out-
comes form two-qubit CNATP maps. This is stated formally
as follows.

Corollary 2 (Finite sequence of special weak measure-
ments with recorded outcomes form a two-qubit CNATP map).
We perform a finite sequence of special local weak mea-
surements on both the system and environment of two-qubit
system and environment states. If we know the measure-
ment outcomes then the weak measurements form a two-qubit
CNATP map and we cannot annihilate the correlations
between any correlated two-qubit input state.

Proof. The sequence of measurement outcomes can be
applied sequentially. Then the result follows from Lemma 1
and Theorem 3. �

Finally, we present results for breaking entanglement with
nonprojective measurements when outcomes are not recorded.
This scenario can be interpreted as one where the experi-
menter performs a series of measurements, but forgets the
results. The final density matrix that we assign is a convex
combination of all the possible outcomes. From our above
results, each possible measurement outcome is entangled and
the final state is in one of these states. However, the form
that we can assign to the postmeasurement state is limited by
our ignorance. The entanglement of this assigned state is the
entanglement discussed in the following results. Even in this
scenario, the entanglement of the assigned state is difficult to
break with nonprojective measurements. For an initial two-
qubit pure state, breaking the initial entanglement with special
weak measurements and unknown outcomes requires infinite
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rounds of measurements. It is convenient to start with a simple
case.

Lemma 2. Let the two-qubit initial state be a pure state.
Consider the weak measurement

M0 =
√

1 + ε

2
|0〉〈0| +

√
1 − ε

2
|1〉〈1|, (14)

M1 =
√

1 − ε

2
|0〉〈0| +

√
1 + ε

2
|1〉〈1|, (15)

where 0 � ε < 1.
We perform multiple rounds of measurements on the first

qubit. If the initial concurrence C(|ψ〉) = 0, the concurrence
of the postmeasurement state is nonzero for any arbitrary finite
number of rounds of the same repeated weak measurement
with unknown outcomes.

Then, using the fact that any special weak measurement
Eq. (12) can be rotated to the forms of Eqs. (14) and (15) by a
local unitary (e.g., by rotating n̂ to the z direction), we arrive
at the following theorem.

Theorem 4 (A finite sequence of a special weak measure-
ment with unknown outcomes cannot break entanglement of
a pure state). Let the two-qubit initial state be a pure state.
We repeatedly measure the first qubit with a special weak
measurement. If the initial concurrence C(|ψ〉) = 0, the con-
currence of the postmeasurement state is nonzero for any
arbitrary finite number of rounds of the same repeated weak
measurement with unknown outcomes.

We can generalize Theorem 4 to the case where we
measure both systems.

Corollary 3 (A finite sequence of local special weak mea-
surement with unknown outcomes on the system and environ-
ment cannot break entanglement of a pure state). Let the two-
qubit initial state be a pure state. We measure the first qubit n
rounds and the second qubit y rounds with possibly different
special weak measurements (the measurement on each qubit
stays the same). If the initial concurrence C(|ψ〉) = 0, the
concurrence of the postmeasurement state is nonzero for any
arbitrary finite number of rounds of the weak measurements
with unknown outcomes.

The following are examples of breaking the entanglement
of the assigned state with rank 2 measurements and unknown
outcomes. For these examples, the initial entanglement is bro-
ken with one round of measurements on both the system and
environment and unknown outcomes.

Example 1. Let the initial state be

ρSE =

⎡
⎢⎢⎣

0.5 0 0 a
0 0 0 0
0 0 0 0
a 0 0 0.5

⎤
⎥⎥⎦, (16)

where a is a parameter that lets us vary the initial entangle-
ment. Let a = 0.002 and the special weak measurement have
the parameters ε = 0.1 and �n = (1, 0, 0).

Example 2. Apply the measurement

M± = 1√
10

(
2 ±1

±1 2

)
(17)

to the state 1
8 (5|	+〉〈	+| + 3|	−〉〈	−|), where the Bell state

|	±〉 = (1/
√

2(|00〉 ± |11〉)).

Example 3. Lastly, there exists initial pure states whose
entanglement can be broken by a general weak measurement
with unknown outcomes. Consider the initial pure state

|ψ〉 = cos(θ/2)|00〉 + sin(θ/2)|11〉, (18)

and the weak measurement

M± =
√

1 ∓ ε

2
[I ± ε(I + σ̂x )] (19)

for small ε values. Let the state be weakly entangled by setting
θ = 0.0001. For ε = 0.01, the general weak measurement
operators have ‖ε̂‖ = ‖ε(I + σ̂x )‖ ≈ 0.02.

IV. CONCLUSION

Recent results on the thermodynamic costs of the im-
plementation of perfect projective measurements bring into
question their practicality [2–4]. When measurements are re-
stricted to be nonprojective, the ability to break entanglement
or correlations via local operations becomes very restricted.

Our results show that disentangling any n-qubit bipartite
state via single-qubit measurements with recorded outcomes
requires either an infinite sequence of rank 2 measurements
or performing a rank 1 operation (an unormalized projective
measurement operator followed by a unitary). We proved this
through a sequence of weak measurements. Removing cor-
relations is also difficult. Special weak measurements with
recorded outcomes cannot remove initial correlations.

Let us clarify the assumptions regarding the measurement
operator. Since we are assuming that the experimenter cannot
design a perfect measurement, we also assume that they do
not know the exact form of the measurement operators. We
can narrow down our scenario to two outcome measurements
because a measurement with more outcomes can be imple-
mented using a sequence of two outcome measurements. For
a two-outcome measurement the operators are

M ′
0 = M0 + E0, (20)

M ′
1 = M1 + E1, (21)

where M0,1 are the ideal measurement operators and E0,1 are
unknown imperfections of the measurement operators. We
make the assumption that the errors E0,1 prevent M ′

0,1 from
being projective [2], and thus in the case of single qubit
measurements M ′

0,1 are full rank.
Assume that we are dealing with qubits and we record the

zero outcome. The postmeasurement state for an initial state ρ

is ρ ′ = M ′
0ρM ′†

0 /tr(M ′
0ρM ′†

0 ). From Theorem 2, we know that
ρ ′ must be entangled. However, ignorance of E0,1 prevents us
from knowing the exact form of ρ ′. Given our limited knowl-
edge, one state we can assign is ρ ′ ≈ M0ρM†

0/tr(M0ρM†
0 ), but

we know that this is only an approximation of the true state.
Similarly, if measurement results are unknown (we do not

know if M ′
0 or M ′

1 occurred), our ignorance limits the density
matrix that we can assign after measurement despite the state
being entangled. Breaking the entanglement of the density
matrix that we can assign is also difficult.

Clearly there are many important implications for these
results, including, but not limited to, preparation of states
for quantum information processing and quantum error
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correction. For instance, the lack of a ground-state starting
point degrades the starting fidelity of a quantum computer
[43]. For a fully functioning quantum computing device, with
error rates well below the threshold for the code, this persis-
tent entanglement may be less of an issue. However, for noisy
intermediate-scale quantum (NISQ) devices the remaining
correlations and non-Markovian behavior will be much more
troublesome. In addition, the inability to remove entanglement
could cause noisy operators to become nonlocal and propagate
unwanted correlations throughout the system. With further
investigation, such effects might be overcome by new methods
for error mitigation.
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APPENDIX A: PROOF OF THEOREM 3

We first present the detailed proof for the result that special
weak measurements do not break initial correlations. Note that
to “break initial correlations” we mean that the final state is a
product state, ρS ⊗ ρE . We note here that the correlation ma-
trix T can be nonzero for a product state. Recall the following
definition of what we call “special” weak measurements. Let

M±(ε, n̂) = 1
2 (ε+I ± ε−n̂ · �σ ), (A1)

where

ε± =
√

1 + ε

2
±

√
1 − ε

2
, (A2)

n̂ = {nx, ny, nz} is real, n̂ · n̂ = 1, and −1 � ε � 1. Equa-
tion (A1) is a special weak measurement when ε is small,
which leaves the state almost unchanged. Note that M+ and
M− commute.

Proof. First, we consider outcome Mi. We diagonalize the
correlation matrix of ρSE using the unitary U ⊗ V [45]. The
local unitaries can diagonalize the correlation matrix because
they induce left and right rotations on the correlation matrix
[45]. We see that

(MiU
† ⊗ V †)(U ⊗ V ρSEU † ⊗ V †)(UMi ⊗ V )

= (MiU
† ⊗ V †)

(
ρSE

D

)
(UMi ⊗ V )

= (U † ⊗ V †)(MU,i ⊗ I)ρSE
D (MU,i ⊗ I)(U ⊗ V ), (A3)

where ρSE
D has a diagonal correlation matrix, we used the fact

that local unitaries do not destroy correlations, and MU,i =
UMiU † is just another weak measurement of the form of
Eq. (A1).

Thus, we can narrow down our study to measurements on
states whose correlation matrix is diagonal; that is, we now
focus our attention to

(M ⊗ I)ρSE
D (M ⊗ I). (A4)

Let us focus on the M+ outcome. The correlation matrix and
resultant Bloch vectors for this state are given by

�b′ = �b + ε TDn̂
1 + ε n̂T �a (A5)

�a′ =
√

1 − ε2 �a + (1 − √
1 − ε2)(n̂n̂T )�a + ε n̂

1 + ε n̂T �a

T ′
D =

√
1 − ε2TD + (1 − √

1 − ε2)(n̂n̂T )TD + ε n̂�bT

1 + ε n̂T �a (A6)

for the initial diagonal correlation matrix TD, system Bloch
vector �a, and environment Bloch vector �b. Then, we have

�b′T = �bT + ε n̂TTD

1 + ε n̂T �a . (A7)

Then

�a′ �b′T =
√

1 − ε2(�a�bT + ε �an̂TTD) + (1 − √
1 − ε2)(n̂n̂T )�a(�bT + ε n̂TTD) + ε n̂(�bT + ε n̂TTD)

(1 + ε n̂T �a)2
. (A8)

We prove one direction by setting ε = 1 and showing the
equality. Note that �a′ = n̂ so that the outer product

�a′ �b′T = n̂�bT + n̂n̂TTD

1 + n̂T �a . (A9)

Plugging in 1 for ε into our definition of T ′
D gives exactly this

matrix. Thus, whenever ε = 1, we see that T ′
D = �a′ �b′T and

hence we a have product state. This is true for all density

operators. Now we must prove the converse to complete the
theorem.

We see that whenever T ′
D = �a′ �b′T , then

[√
1 − ε2 + (

1 −
√

1 − ε2
)
n̂n̂T

][
ηTD − �a�bT − ε�an̂TTD

]
= εn̂[(1 − η)�bT + εn̂TTD], (A10)
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where η = 1 + ε n̂T �a is the normalization factor. Then[√
1 − ε2 + (

1 − √
1 − ε2

)
n̂n̂T

][(
1 + ε n̂T �a

)
TD

−�a�bT − ε�an̂TTD
] = ε2n̂

[ − (n̂T �a)�bT + n̂TTD
]
,

where we substituted for η. If we prove that ε = 1 is the only
solution for any �a and �b, then the result follows by implication.
Substituting χ = TD − �a�bT into Eq. (A11) we have
[√

1 − ε2 + (
1 −

√
1 − ε2

)
n̂n̂T

][
χ + ε n̂T �aTD − ε�an̂TTD

]
= ε2n̂n̂T χ. (A11)

Using the fact that n̂T �a is a number, we get√
1 − ε2(χ + ε n̂T �aTD − ε�an̂TTD) + (1 −

√
1 − ε2)n̂n̂T χ

= ε2n̂n̂T χ. (A12)

We can separate out terms in the matrices by projecting onto
n̂n̂T . Acting on both sides of Eq. (A12) with n̂n̂T , we get√

1 − ε2n̂n̂T χ + (1 −
√

1 − ε2)n̂n̂T χ = ε2n̂n̂T χ (A13)

→ (1 − ε2)n̂n̂T χ = ←→
0 , (A14)

where
←→
0 is the zero matrix.

Equation (A14) can be satisfied when (i) ε2 = 1, (ii) n̂ = �0,
(iii) n̂T χ = �0T , or (iv) χ = ←→

0 , where �0 is a column vector
of all zeros. We can discard (ii) because it simplifies to (i) or
(iv) due to Eq. (A12). We can also discard (iv) since it implies
that the initial state is uncorrelated. Condition (i) is the case
we want to prove so we only need to examine (iii).

Substituting (iii) n̂T χ = �0 into Eq. (A12), we get√
1 − ε2(χ + εn̂T �aTD − ε�an̂TTD) = ←→

0 . (A15)

Substituting for TD = χ + �a�bT into Eq. (A15), we get√
1 − ε2[χ + εn̂T �a(χ + �a�bT ) − ε�an̂T (χ + �a�bT )] = ←→

0
(A16)

→
√

1 − ε2[χ + εn̂T �aχ − ε�an̂T χ ] = ←→
0 , (A17)

where, on the last equation, we used the fact that n̂T �a is a
number. Using again condition (iii), Eq. (A17) simplifies to√

1 − ε2[(1 + εn̂T �a)χ ] = ←→
0 (A18)

→ εn̂T �a = −1, (A19)

where the last equation comes from the fact that we already
considered the other solutions. From the definitions of n̂ and
�a, the maximum value of |n̂T �a| is 1. Thus, it is necessary that
ε = ±1 to reach an uncorrelated output state for an initially
correlated input state and the result follows. The results also
hold for M− because, from the definitions in Eq. (A1), we have
that M− is equal to M+, but with n̂ pointing in the opposite
direction. �

APPENDIX B: PROOF OF LEMMA 2

Proof. Let the two-qubit initial pure state be

|ψ〉 = a|00〉 + b|01〉 + c|10〉 + d|11〉. (B1)

The concurrence of the initial state |ψ〉 is

C(|ψ〉) = 2|ad − bc|. (B2)

Since our measurement operators commute, we can think of
the problem as n rounds and we choose m of these rounds to
be measurement outcome M0. The order that we pick which
rounds to be M0 does not matter. Thus, there are

(n
m

)
possible

outcomes for m rounds of M0 measurement outcomes and the
mixed postmeasurement state is

ψn =
n∑

m=0

(
n

m

)(
Mm

0 Mn−m
1 ⊗ I

)|ψ〉〈ψ |(Mm
0 Mn−m

1 ⊗ I
)
.

(B3)

The concurrence of a two-qubit mixed state ρ is given by
max{0, λ1 − λ2 − λ3 − λ4}, where the λis are the square roots
of the eigenvalues in decreasing order of the matrix ρ(σy ⊗
σy)ρ∗(σy ⊗ σy) [39]. The concurrence of Eq. (B3) is

C(ψn) = (1 − ε2)n/2C(ψ ). (B4)

The only time this value is equal to 0 is when a strong
projective measurement (ε = 1) is applied to the first qubit
or when n → ∞ for ε < 1. �

APPENDIX C: PROOF OF THEOREM 4

Proof. Let the initial two-qubit pure state be

|ψ〉 = a|00〉 + b|01〉 + c|10〉 + d|11〉. (C1)

Notice that the operators M+ and M− commute. Using a local
unitary V , we can rotate the vector n̂ such that nz = 1. This
puts M+ to A0 and M− to A1. Since local unitaries do not affect
entanglement, consequently from Lemma 2, we get the same
entanglement formula

C(ψn) = (1 − ε2)n/2C(ψ ). (C2)

These values are nonzero for initial nonzero concurrence,
0 � ε < 1, and finite n. �

APPENDIX D: PROOF OF COROLLARY 3

Proof. Let the initial two-qubit pure state be

|ψ〉 = a|00〉 + b|01〉 + c|10〉 + d|11〉. (D1)

For the case where we do not know the measurement
outcomes, it is easy to calculate the mixed-state concurrence
in terms of the initial entanglement of the pure state when
we use the Schmidt form of |ψ〉. We use superscripts on the
measurement operators to allow for different measurements
on the first and second qubits. The final state will have the
form

ψ ′ =
m=n,x=y∑

m,x=0

(
n

m

)(
y

x

)[(
M (1)

+
)m(

M (1)
−

)n−m ⊗ (
M (2)

+
)x(

M (2)
−

)y−x]|ψ〉〈ψ |[(M (1)
+

)m(
M (1)

−
)n−m ⊗ (

M (2)
+

)x(
M (2)

−
)y−x]

(D2)
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→ ψ ′ = W ⊗ V
m=n,x=y∑

m,x=0

(
n

m

)(
y

x

)[(
A(1)

0

)m(
A(1)

1

)n−m ⊗ (
A(2)

0

)x(
A(2)

1

)y−x]|ψ〉〈ψ |[(A(1)
0

)m(
A(1)

1

)n−m ⊗ (
A(2)

0

)x(
A(2)

1

)y−x]
W † ⊗ V †,

(D3)

where W and V are local unitaries and we use the fact that
local unitaries do not change the entanglement. ψ ′ has a final
concurrence of

C(ψ ′) = (
1 − ε2

1

)n/2(
1 − ε2

2

)y/2
C(ψ ). (D4)

Note that the entanglement of ψ ′ only goes to zero when
perfect projective measurements are applied by either party
or when either party repeats their measurements an infinite
amount of times for nonprojective measures. The values ε1

and ε2 represent the strength of the measurements applied to
systems 1 and 2, respectively. �

APPENDIX E: INTERESTING EXAMPLE
OF DESTROYING ENTANGLEMENT

WITH UNKNOWN MEASUREMENT OUTCOMES

Define our local measurements to be

M± =
√

1 ∓ ε

2
[I ± ε(I + σ̂x )], (E1)

and the local pure state to have the Schmidt form of

|ψ〉 = cos(θ/2)|00〉 + sin(θ/2)|11〉, (E2)

where 0 � ε � 1 and 0 � θ � π .
Notice that the final concurrence, after a measurement with

an unknown outcome, is given by 0 whenever ε = 1/
√

2.
The measurements have a determinant of ±1/

√
2 and are not

projective. The final state has the form

1

4

⎛
⎜⎜⎜⎜⎝

1 + cos(θ ) 0 0 sin(θ )

0 1 − cos(θ ) sin(θ ) 0

0 sin(θ ) 1 + cos(θ ) 0

sin(θ ) 0 0 1 − cos(θ )

⎞
⎟⎟⎟⎟⎠,

which has a partial transpose with a determinant of 0.
It turns out that the entanglement is broken for any pure

state only if ε = 1/
√

2. Note that each possible measurement
outcome is entangled and the final state is one of these out-
comes. The entanglement that is broken is the entanglement
of the final state that we can assign, which is limited by our
ignorance.
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