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We revisit the celebrated Hellmann-Feynman theorem (HFT) in the parity-time (P7) invariant non-Hermitian
quantum physics framework. We derive a modified version of HFT by changing the definition of inner product
and explicitly show that it holds good for both P7T broken and unbroken phases and even at the exceptional
point of the theory. The derivation is extremely general and works for even the P77 noninvariant Hamiltonian.
We consider several examples of discrete and continuum variable systems to test our results. We find that, if
the eigenvalue goes through a real-to-complex transition as a function of the Hermiticity breaking parameter,
both sides of the modified HFT expression diverge at that point. If that point turns out to be an EP of the
‘PT -invariant quantum theory, then one also sees the divergence at EP. Moreover, we have also demonstrated
that using the modified HFT can give rise to a potential numerical advantage for computing the expectation value
of many-body operators for interacting many-body Hamiltonian. Finally, we also derive a generalized virial
theorem for non-Hermitian systems using the modified HFT, which potentially can be tested in experiments.
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I. INTRODUCTION

The so-called Hellmann-Feynman theorem (HFT) states
that the derivative of the system’s total energy with respect to
a parameter is equal to the expectation value of the derivative
of the Hamiltonian of the system with respect to the same
parameter [1,2], which is mathematically written as

oE;

5,
where A is some arbitrary parameter in the Hamiltonian and
[1,) 1s an eigenstate of the system. The origin of this theorem
is not very clear. Neither Feynman nor Hellmann was the first
to use it. Paul Guttinger may have been the first to derive
Eq. (1) in 1932 [3]. Hellmann first proved the theorem in
1937 [4]. Later in 1939, Feynman, who apparently did not
know about the earlier works, derived the theorem in his un-
dergraduate thesis and used it to calculate forces in molecules
directly [1]. However, the usefulness of HFT in evaluating the
expectation values of dynamical quantities in some potential
problems have been well demonstrated by several groups [5].
Since its inception, this theorem is widely in use in various
branches of physics and chemistry, including high-energy
physics [6-20], condensed-matter physics [21-29], machine
learning [30], and quantum chemistry [31]. Various issues
and discussions regarding its validity for degenerate systems
can be found in Refs. [32-34]. Our work aims to explore
the hidden power of this theorem, particularly to study its
applicability beyond the usual quantum framework.
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During the past two and half decades, non-Hermitian
physics has become very exciting and secured its position in
frontier research in almost all branches of physics [35,36].
Non-Hermiticity can originate from exchanges of energy or
particles with an environment and leads to rich properties in
quantum dynamics [37-40], localization [41-43], and topol-
ogy [44-47]. On the other hand, non-Hermitian Hamiltonians
also play a very important role in understanding quantum
measurement problems [48,49].

While in general non-Hermitian Hamiltonians have com-
plex eigenvalues, by replacing the self-adjoint condition on
the Hamiltonian with a much more physical and rather
less constraining condition of space-time reflection symme-
try known as parity-time (P7) symmetry [50-52], can have
real eigenvalues. Such systems described by P7T -invariant
non-Hermitian Hamiltonians can typically be divided into
two categories, one in which the eigenvectors respect P7T
symmetry and the entire spectrum is real, known as the P7T -
unbroken phase, and the system is in the P7 -broken phase
when it has at least one complex eigenvalue in its spectrum,
and the eigenvector(s) corresponding to those complex val-
ues do not respect the P7 symmetry [43-45,53-57]. The
phase-transition point is known as the exceptional point (EP).
It has been demonstrated that a consistent quantum theory
with an entirely real spectrum, a complete set of orthonor-
mal eigenfunctions having positive-definite norms and unitary
time evolution in the unbroken phase, can be constructed in a
modified Hilbert space equipped with an appropriate positive-
definite inner product [58,59]. This field of P7T-symmetric
non-Hermitian physics received a huge boost when the con-
sequence of P7T transition was observed experimentally in
various analogous systems [35,60-64].

In this work, our main goal is to derive a Hellmann-
Feynman-type theorem for non-Hermitian systems. It is to
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be noted that HFT has been used for non-Hermitian sys-
tems earlier as well [65-67], however, we aim to obtain an
equation for the HFT in the non-Hermitian regime in a de-
tailed manner which was not provided in the earlier works.
Given that HFT for Hermitian systems has huge applications
in different branches of physics, a similar theorem for non-
Hermitian systems can also be extremely useful, especially in
the context of open quantum systems. HFT can be used to
derive a generalized virial theorem for quantum particles with
zero-range or finite-range interactions in an arbitrary external
potential [68]. In the case of unitary gas in a harmonic trap,
this theorem provides us with a relation between the energy
of the system and the trapping energy. Virial theorem for such
systems has been verified experimentally in cold atom exper-
iments [69,70]. We construct the generalized virial theorem
for non-Hermitian systems, which we believe can be tested in
experiments.

The paper is organized as follows. First, we derive the
modified HFT in Sec. II. Next, we show the validation of it
for discrete models and continuum models in Secs. IIl and IV,
respectively. In Sec. V, we prove the generalized virial theo-
rem for the non-Hermitian system, and, finally, we conclude
in Sec. VL.

II. HELLMANN FEYNMAN THEOREM
FOR NON-HERMITIAN SYSTEM

First, let us consider a general PT-invariant, non-
Hermitian ' # #, [PT,H] =0 system. Such systems are
characterized by right eigenvectors |R;) and left eigenvectors
|L;) as defined by

HIR) = E|R;) H'IL) = EF|Ly).

Theses eigenvectors form a complete biorthogonal set [71,72]
satisfying (L;|R;) = &;; and ), |R;)(L;| = I. Alternatively, we
can introduce a Hermitian metric operator G such that (L;| =
(R;|G and use it to define a more general inner product or G-
inner product [58,73]. The orthonormality and completeness
relations then are expressed in terms of the G-inner product as

(Ri|Rj)6 = (Ri|GIR;) = (Li|Rj) = &;;. (2)

The G operator can be calculated for the theory as

-1
G=) IL)L|= [Z |R,~><R,-|] : 3)

The expectation value of an observable O will now be
defined with respect to the G-inner product as

(O)¢ = (Ri|GO|R;) = (Li|O|R;). “4)

It has been demonstrated explicitly in Refs. [58,59,74,75]
that (O) is a real number for any state in the Hilbert space if
and only if O satisfies the following condition i.e.,

0'G = Go.

The observables which obey the above condition are called
“good observables.”

Now we are in a position to obtain HFT for P77 -invariant
non-Hermitian quantum mechanics. We consider our Hamil-
tonian depends on a real parameter A and E, is the energy

eigenvalue of an arbitrary right eigenstate |R) [note that we
drop the suffix i from Eq. (2) to simplify the notation].
Differentiating the equation (L|H|R) = E; with respect to A,

= ()l (e ) e
> <H*GR‘<3|R )

(2 o)+ <

On the other hand, HT|L) = EX|L) can be written as
(H'GR| = E; (R|G. Using this in the last term of the above
equation we obtain

R>. (6)

> (7

o
5 -
o
Remarkably, this proof is extremely general and should work
for any non-Hermitian Hamiltonian even if the Hamiltonian
is not PT invariant, i.e., [H,PT]# 0. We can explicitly
obtain this relation for the unbroken case of a 7 -invariant
Hamiltonian using the good observable condition HG=GH
as well.
Next, we consider explicit examples of non-Hermitian
Hamiltonian, discrete and continuum to verify our claim.
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III. DISCRETE MODELS

First, we consider a P7T-symmetric non-Hermitian two-
level system [53] described by the following Hamiltonian:

in -1
HM:(—l —i,\)'

This system undergoes a P77 phase transition at A, = 1 The
eigenvalues are E+ = +(1 — A?)!"/2 and corresponding right
eigenvectors in the unbroken phase i.e., A < 1 are given by,

Ry = ——— (2
* v/2cosa —e )’

Ry = ———( .
7T Vreosa\e t)’
where sina = —A. The G operator in the unbroken phase
reads
" 1 1 i
e ®

Now it is straightforward to check that, for |R;) in the
unbroken phase,

0H>,»
R -
< * A

G" €))

A _OE.
R )=———
\/1 — 22
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Even in the broken phase, one obtains
oH. A oE
< R+ 2x2 +

ax R*>_’ w1 a0
where G’ is the G matrix in the broken phase. |[R_) also
satisfies Eq. (7) for both broken and unbroken phases. This
confirms the validity of the modified HFT for this model. We
have explicitly verified the validity of modified HFT even for
4 x 4 PT-symmetric non-Hermitian system (see Appendix A
for details).
Noninteracting discrete system. Next, we study an L x
L version of the above 2 x 2; such a Hamiltonian can be
interpreted as a model of noninteracting fermions in a one-
dimensional (1d) lattice with an open boundary and described
by the following Hamiltonian:

Gb

L—1
Hy = — Z(é}éHl + H.c.), a1
j=1

where éj (¢;) is the fermionic creation (annihilation) operator
at site j, which satisfies standard anticommutation relations.
L is the size of the system, which we set to be an even
number for all our calculations (we choose the lattice spacing
as unity).

To make the Hamiltonian P7 symmetric and non-
Hermitian, we add a local term at site L/2 and L/2 + 1. The
P T -symmetric Hamiltonian reads

Hpyxp = Ho +iA(Ap — figoqn), (12)

where, 7i; = éfe ; 1s the number operator and A is identified as
the Hermiticity-breaking parameter. While under parity trans-
formation ¢; — ¢;_j41, the time-reversal symmetry operation
changes i — —i. Hence, Hp,; remains invariant under P7T
transformation, which implies [Hy «;, P7T] = 0. For nonzero
values of A, H; . is non-Hermitian. For L = 2, this model is
identical to the two-level system we have studied previously.
For any finite and even L, the Hamiltonian (12) shows a
PT transition at A = 1 [53]. Like a two-level system, all
eigenvalues are completely complex for A > 1. Note that it
is not necessary to have all eigenvalues be complex in the
‘PT -broken phase; in contrast, we only need two of them to
be complex. Figure 1 shows excellent agreement between left-
hand side (LHS) and right-hand side (RHS) of Eq. (7) [which
we refer to as f())]. Interestingly, while Eq. (7) remains valid
even when we approach the EP, i.e., A = 1, the numerical
value seems to diverge at the EP. This is already clear for
two-level systems from Eqgs. (9) and (10), which diverge in
the & — 1 limit. While this result tempts us to conclude that,
near the EP, the LHS and RHS of Eq. (7) always diverge, it
turns out to be not always true.
Next, we study another model that is described by the
Hamiltonian
L/24r
Hyp=Hy+ik )
J=L/2—(r—1)

(=Day, 13)

where we chose r = 2. Hamiltonian (13) is interesting in
the sense that in the P7T broken phase of this model, not
all eigenvalues are completely complex. A parameter regime
exists when some eigenvalues are completely real, even in

‘ l|
- == L=2 ‘
-——1=32 A
Fl—— L=64 SN
10°F - u s
— _ |
2 |- /,l
PP s
2 & = TR
107 =2 =]
E//._/¢:¢;%—
=
[~ ) | ) |
0.5 I 1.5

FIG. 1. Comparison between the absolute values of RHS and
LHS of the Eq. (7) for Hamiltonian Eq. (12) in solid lines and dashed
and dashed-dot lines, respectively, for different values of L.

the broken phase. We find that while all eigenvalues and
eigenstates of modified HFT are valid, the divergence of the
LHS and RHS of Eq. (7) near the EP occurs only for those
eigenstates that show a real-to-complex transition at the EP.
We refer to a point EP as soon as any two eigenvalues of
the entire spectrum become complex from real. Eigenstates
correspond to eigenvalues that remain real even after the EP,
for which no divergence has been observed at the EP (see
Fig. 2). We focus on three eigenstates of the Hamiltonian (13)
for L = 64 in Fig. 2 and also plot the imaginary part of those
eigenvalues as a function of L. Note that while the EP of this
model corresponds to A, =~ 0.48 [53,59], some states show no
signature of divergence in f(1) at the EP. However, it seems
that f(A) tends to diverge when that eigenvalue also shows
a real-to-complex transition. Hence, we conjecture the diver-
gence of Eq. (7) is because of the real-to-complex transition
of eigenvalues, and it explicitly has nothing to do with the EP.
Also, we believe that a variant of our lattice models with gain
and loss is experimentally realizable in an ultracold fermionic
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FIG. 2. Comparison between the absolute value of RHS and LHS
of the Eq. (7) for Hamiltonian Eq. (13) in solid lines and dashed and
dashed-dot lines, respectively, for L = 64 and different eigenstates.
Inset shows the imaginary part of those eigenvalues as a function of
A. Note that the n = 32 plot is missing from the inset, that is because
imaginary part of that eigenvalue is zero for A < 0.8.
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FIG. 3. Comparison between the absolute value of the RHS and
LHS of Eq. (7) for Hamiltonian (14) (g = 0.1) in solid lines and
dashed and dashed-dot lines, respectively, for L = 8 and different
eigenstates.

system, and the modified HFT can be verified within the weak
measurement framework [64,76].

Many-body interacting discrete system. So far, we have fo-
cused on noninteracting systems. Next, we turn our attention
to interacting many-body systems. We consider a system that
is governed by the following Hamiltonian:

~

—1

Hy=—Y (&i¢;,, +He) +iglhnn — Arpgn)
1

~.
Il

L—1
A i, (14)
j=1

where X is the nearest-neighbor interaction strength. Figure 3
clearly shows that the modified HFT gets satisfied for the in-
teracting Hamiltonian as well. These results also suggest that,
in order to calculate the expectation value of (Zf;ll jfjyr)
with respect to eigenstates of the Hamiltonian H;, one does
not necessarily need to compute the eigenstates of Hj(1),
but instead simply calculating the energy eigenvalues E, is
sufficient, given (L,|dH/dA|R,) = (Ll Y1) ftjitjer|Ry) =
dE,/d\. Computation-wise, calculating eigenvalues is much
less costly compared with calculating eigenstates of N x N
matrices; while computation costs in both cases are O(N?),
the prefactor is much smaller for eigenvalue computation.
Given the Hilbert-space dimension N scales exponentially
with system size for many-body systems, computation using
the modified HFT could be a significant advantage in evaluat-
ing the expectation value of certain many-body operators for
such systems.

IV. MODELS OF CONTINUUM VARIABLES

Now we consider models of continuum variables as an
example; we take a two-dimensional (2d) anharmonic oscil-
lator with a non-Hermitian interaction term [57], which is
described by

2 2
Px Dy Lo, 1 hy
Hy=—+— 4+ —mwx —mw ilxy, 15
2 2m+2m+2 " +2 VY T+ ikxy (15)

where A is real and wy # wy. This system can be solved
exactly. The energy eigenvalues and the right eigenvectors are
given by

Ry, = Ne 51O+ (0 X)H,,, (@Y),

1 1
Eyn = <n1 + z)flcl + (nz + §>hC2, (16)

where

k+1 k—1
Xz\/ + x—i\/ y,
2 2

Ci = l(wi—i) C = l(wi-‘rﬁ),
2 k 2 k
and
o) = \/nm, Q) = \/m,
where
ol =0+, o = -

1 A2 mw?
—=/1—-—=, A= .
k A2 2

The left eigenvectors are given by
Ly, = Ne~ 5LEX G Dy (03X *)H,, (@57%), (17)

where af = (“)!/2 and af = ()2,
The modified HFT in the case of continuum models is
written in the integral form as

f(LZI,nz)B%(Rm,nz)dxdy _ 0Ey, n,
f(L;‘;l,nz)(Rnl.nz)dxdy oA

It is straightforward to show that, when n; = n,, the energy
eigenvalues are real, and the eigenvectors are P77 symmetric
over all values of L. We have explicitly shown that the LHS
and RHS of Eq. (19) are the same for ground state (n; = n, =
0) (see Appendix B for details).

Next we consider some of the low-lying excited states. The
energy eigenvalues can be real or complex depending on the
value of L. We have plotted the absolute value of LHS and
RHS of the modified HFT for all these states in Fig. 4 to check
the validity of the theorem. Note that we have also checked
explicitly for (1,0), (2, 0), the real and imaginary parts of the
LHS and RHS of the Eq. (19) separately (see Appendix B).
We also find that f(}) for the first excited state diverges
near A =4 and at the same value of A the eigenvalue of
the first excited state also shows a real-to-complex transition.
This result strengthens our previous claim, i.e., the divergence
of f(X) corresponds to the real-to-complex transition of the
eigenvalues.

(18)

V. VIRIAL THEOREM FOR NON-HERMITIAN SYSTEM

A generalized virial theorem has been derived for N
particles quantum system [68], with arbitrary statistics and
dispersion relations. One can consider a general Hamiltonian,

ﬁ=ﬁ/+U(V1,..-,rN), (19)
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FIG. 4. Comparison between the absolute value of (8’;[/8)»)6
and 0E,, ,,/dA for both broken and unbroken regions for the states
(n1,np) = (0,0), (1,0), (1, 1), and (2,0). The dotted, dashed lines
indicate the LHS and solid black lines indicate the RHS of Eq. (19).

where ﬁ’ and its domain depend on p parameters /i, ..., [,
which have the dimension of a length, and U (ry, ..., ry) is an
arbitrary function, where r; is the position of particle i. Using
HFT for the Hermitian system, it has been shown in Ref. [68]
that, for any stationary state energy E, the following relation
holds:

1Y 1< JE
E = S VUG ) =5 2
<U + > T U(r,)> 3 2 Iy al, (20)

i=1

If 7 is non-Hermitian, it is straightforward to derive a gener-
alized version of the virial theorem using the modified HFT.
It just reads

- 1< OE
E:<U+§Zri-VU(r,-)>G—z;lqa—lq. (21)

i=1

Next, we take a concrete example of 1d non-Hermitian
harmonic oscillator with complex angular frequency; the
Hamiltonian reads
P ol,,

Hld—2+2S2x, (22)
where Q = w; + iw, and w; # 0. Note that this Hamiltonian
is not PT invariant. However, given that our modified HFT
holds even for the Hamiltonian, which is not P7 invariant,
one can still use the modified HFT to derive the generalized
virial theorem (22).

In ultracold experiments, if one only has the lattice without
trapping potential, the atoms can wander around and will
not stay together. If one is interested in understanding the
role of many-body interaction or even increasing the time of
experiments by reducing the kinetic energy, the atoms need to
be kept together using some trapping potential. The trapping
energy for such a non-Hermitian system is given by

Ee = 3{Ux) + 3x - VU (X)), (23)
We have
U= 1% (24)

Therefore, Eq. (24) implies

Etr — %(%szz + %.X . V(%szz»G = %(Qz_xz)G. (25)

Using the definition of the G-inner product given in Eq. (4),
we now deduce Eq. (26) for the ground state and all the excited
states.

For ground state, the left eigenvector of H}, is given by

1

w1 — ia) 4 w1x2  iwyx?

Ly= <—1 2) e, (26)
4

and right eigenvector of Hy4 is given by

1

W) Fiwy \* e ol

Ry = (¥) e e, Q27)
T

Therefore, Eq. (26) implies
- [ (L5320 (Ry)dx
T [ EHRodx
/‘ efwlxz e*iwzxz %QZdex
f e—wlxze—iw2x2dx
1 1
= ZQ = EEO’ (28)

where Ej is the ground-state energy of the Hamiltonian (23).
One can also compute trapping energy for the nth eigen-
state. We have

1
X = aT—i—a 29
m( ) (29)
and
e .
p=i E(a —a), 30)
such that

aln) = /nln — 1)anda7|n) =+n+ln+1), a3n

where |n) is the nth state of Hy4, also, the right eigenvector
|Rn) of Hyg (ie., |R,) = |n)).

Similarly,
2
+ p l 20
H =—4+-Q , 32
4= > + S (32)
and we have
! (b" + b) (33)
X = ——
V20
and
N
p=i T(b —b), (34)
such that

blii) = VAl — 1) and b)) = VA + 1+ 1),  (35)

where |71) is the 7' state of Hf 4» also, the left eigenvector |L;,)
of Hyy (ie., |L,) = |n)).

022227-5
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Therefore, by using Eq. (4), we can derive the trapping
energy for nth-eigenstate as

- 1 1
E,, <Ln|592x2|Rn> = <ﬁ|592x2|n>

l

1 1
2
Q
4

29) (r'z|a"'2 +a*+a'a+ ad'|n)

(#|2n + 1|n)
1
~ _En’

1
o=
2<n+2> 2

where E, corresponds to eigenenergy of the nth state. The re-
lation between the energy eigenvalue and the trapping energy
is the same even for the Hermitian harmonic oscillator.

l (36)

VI. CONCLUSIONS

In this work, we derive the modified HFT for the
non-Hermitian system. Our modified HFT works for both
PT-invariant and noninvariant systems. The derivation is
extremely general. However, given that the Hamiltonian is
a good observable in the P7 -symmetric phase of the P7T-
invariant system, only in that phase is the LHS and RHS of
the modified HFT in Eq. (7) guaranteed to be completely real.
Moreover, if the eigenvalue goes through a real-to-complex
transition as a function of the Hermiticity-breaking parameter,
the LHS and RHS of the modified HFT diverge at that point.
If that point is an EP of the P7 -invariant quantum theory,
then one sees the divergence at EP as well; otherwise, both
sides of Eq. (7) can be finite at EP as well. We test our
results for different discrete and continuum models; some of
those models have already been experimentally realized and
have a huge technological application as a quantum sensor
[64]. We also have demonstrated the validity of the modified

J

HFT for many-body interacting systems and moreover, show
that the modified HFT allows one to compute the expectation
of a many-body operator only from the eigenvalue spectrum
(eigenvectors are not required). This gives rise to a signifi-
cant numerical advantage in solving many-body interacting
problems, given that eigenvector computation is much more
numerically costly than calculating the eigenvalues for a non-
Hermitian matrix.

Finally, we also derive a generalized virial theorem for
non-Hermitian systems and show that, for a harmonic oscilla-
tor with complex frequency, the system’s energy is twice the
trapping energy, precisely what one observes for a Hermitian
harmonic oscillator. For the Hermitian system, the trapping
potential energy E; has been computed from the density
profile [77,78] and the released energy E — E;; from a time-
of-flight experiment [79]. Note that, recently, there has been
an experimental proposal to compute the G-inner product for
a non-Hermitian system using weak measurement [76]. We
believe the same strategy can be used to compute both en-
ergy and trapping energy of the non-Hermitian system, hence
the experimental verification of the virial theorem for the
non-Hermitian system should be possible. Moreover, given
that DNA-unzipping transition can be effectively described
by a non-Hermitian Hatano-Nelson model [43,80], it will be
interesting in the future to compute the critical force for the
DNA -unzipping transition using the modified HFT.
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APPENDIX A: FOUR-LEVEL SYSTEM

We consider a particular 4 x 4 non-Hermitian Hamiltonian [53]:

A
—1
Hyxa =

0
0

The eigenvalues and right eigenfunctions for this system are calculated as

3— — 22 3—4/5—2)2
EEETEET.

and

u_ up,

_ V1 V]
ro= [ | = |
1 1

—1 0 0
—ix -1 0
-1 i -1
0 -1 —iA
3+4/5-222 [34+45-2x2
- A E4 - - 5 >
2 2
Uy u,
_| v N
[R3) = wa, |’ |R4) = w, |’
1 1
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where

uy, = i[ZiA(l +5) £ (V2 + V1003 — /5 — 222],

Uy, = 41—1[21'/\(1 —V5) £ (W2 - «/l_O)mL v = (I_Tﬁ) o= 1YY +2ﬁ)’

35222 [344/5—2a2
wy, = —ik £ «/—f wy, = —ik + # (A1)

We observe that if A < Ac, =[(3 — \/3)/2]1/2, then all eigenvalues are real and if ¢, <X < A, =[(3 + \/3)/2]1/2, then
two of the eigenvalues are real and two are a complex-conjugate pair. For A > Ac,, all four eigenvalues are complex. It can be
shown that the system is in the unbroken phase for A < Ac,.

We calculate the G metric in the unbroken phase using Eq. (3) as

3212 M3 =213 —(AP+1) a2 —4)
. 1 ir(212 —3) 2 —3x2 iA 4+ 1) —A2+1)
T10(1 =324 | AP+ =34+ 2-322 ia@-2A) |
—iAMA2—4) =2 +1)  ir@2ar-13) 3—222

We explicitly check that |R;) satisfies the modified HFT relation in Eq. (7):

0E;, 9 [ [3-N5-22) V25 A2)
ar ar 2 /3_[_2)\2I

‘We further calculate

OH, 2A
<R1 Gl R1>: L (A3)
I V3—+/5-2x2
to establish the modified HFT for the state |R;),
0Hyy4 0E;
R|G"—— R )= — |
< Y o 1> I
In the similar way, it can be shown that other states also satisfy the modified HFT.
Now we consider the system in the broken phase, when A¢, < A < Ac,. The eigenvalues in this region are
L3222 3454242
El =—ij| ———— " Ej=i| ————1 ",
2 2
. 34/5-222 3445222
Eyj=—| /", Ej=
; 2 2
The G metric in this region of coupling A is calculated as
-5 —ix/5 V302 =1) —irn/5(02 =2)
G — 1 235 26+ +204 a2 —1) 94
P70 =322 + 4% | =502 = 1) —ir(A2 = 1) —/5)2 —ir5 ’
iS50 —2) 842 ir/5 84.4
where g4 = go4 = —1 4+ B+ 2522 — (1 +V5)A* and g44 = 3 + 3+ V3)A2(=3 + 12).
We find that the states in this broken region also satisfy the modified HFT relation [Eq. (7)]:
OE] 8 [ . |-3+54222 iv/2A (A
=—| iy ————— | = — ,
T 2 V=3 ++/5+222
and
OH i/ 2\ oE;
<R1 Gh ST R1>= - iv2 = (AS5)
oA V345122 9

022227-7



implying that

HAJONG, MODAK, AND MANDAL PHYSICAL REVIEW A 109, 022227 (2024)
OE]

R Ri) = .
(i =%

In the similar straightforward manner other states can be shown to satisfy the modified HFT in this broken region.
Finally, we consider the region A > Ac,, where all eigenvalues are complex. The eigenvalues in this region are calculated as

=34+ /54222 , =3 +5+22
—1 f’ E2=l f’
p [-3—+5+22 L, [ =3 =5 422
By = —i\| —————, E{=il——————.

0H x4
oA

b
Gl

"
El

The G metric is constructed as

—3 4212 ir(—=3 +2A2) A(+1) —ir(A2 —4)
G — 1 IM=22243)  2—9A% +42¢ —iA3 41 —14+7ar =224
27001 =32+ 29| A2+ i3+ 1) —2+3A% iA(=3 4 212)
INOE—4) 1 4+TA2=22% iA(=22243) 3—16A2 4611

We now check below that |R;) still satisfies the modified HFT relation as given in Eq. (7). The LHS of the modified HFT is

JE! D —34+45+222 i/ 2
N +/5+ _ iv2 (A6)

2 2 RN

which is exactly equal to the RHS of the modified HFT,

oH. N6\ OE]
<R1 Gy R1> ____ i el (A7)
o V34454222 94

The same is true for all other states. This establishes the verification of the modified HFT for 4 x 4 system in broken and
unbroken phases.

APPENDIX B: HELLMANN-FEYNMAN THEOREM (1) For the unbroken region (A < A.),
FOR 2D ANHARMONIC OSCILLATOR . . e e .
WITH NON-HERMITIAN INTERACTION K=k =0 G=0G o=a, o=u B

We consider the 2d anharmonic oscillator as described X* — \/ k+ lx ny \/ k—1 (B2)
in Eq. (15). We choose the following numerical values for - 2 2 %
different parameters, wy =1, vy, =3, i=1, m =1 for the K—1 ko1
numerical computations. The critical coupling A. = mw? /2 Y* = —i\/ \/ (B3)
becomes four. 2 2
(2) For the broken region (A > A.),
0.20r — k*=—k, Ci=C=A+iB;, of =0, o =uoi,
- (a"’Tiq)ior state (0,0) (B4)
- gfor state (0,0)
0.15¢ :
k—1 Jk+1
X* =i — , B5
l\/ 7" > (BS)
= 0.0/ — - \/k+1 N _\/k—l E6)
b —— = X+ i/ —),
2 2 ”
0.05. with
! : 4 2
A= - — + ol +ow
| | | | ) 2 2 + +
0.00° 2 4 6 8 10 \ VA
A
1] |t :
FIG. 5. Comparison between (dH,/d))¢.(0.0) and dEq /A, rep- B = 3 = + o] —wy, and k| = ik. (B7)
resented by the solid and the dashed lines, respectively. \ 1
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(1) Now for the ground state n; = 0, n, = 0, the energy eigenvalues Ey( are always real for all values of X, suggesting
that there is no broken phase. We have calculated LHS and RHS of modified HFT analytically to show the equivalence. Using
Egs. (B1) to (B3), Egs. (16) and (18) are rewritten as

1 s 9 2irkxy sy 9
Roo=Nexp(—7 G+ ) +y) + (G —C) . —k(x* =y ) (B8)

c

c

1 s 9 2irkxy s 2
Loo =Nexp| =71 (€ + Q)" +y) + (€1 = &) . +kG" =y ) (B9)
Now, we proceed to verify the modified HFT. Using Eqs. (B8) and (B9), the LHS of Eq. (19) implies

<asz> [ W5 0) i (Ro0)dxdy
3% 16,00 J (L o) (Ro0)dxdy

N2 [ ixyefﬁ[(C1+Cz)(x2+y2)+(C2*C1){Zi%];”*k(xzfyz)}]dxdy

|N|2fe—%[(cl+cz>(x2+y2>+(cz—cl>{%f:"‘—kuZ—yZ)}]dxdy
202 — 40T+ 45— V16— A2
(16 = 22)(A% + 8)VA* +9
A0 —4VaT 9+ 45— Vi6 22

416 — 22(A2 +8)V/A2 +9
N AAT =422+ 9+ 416 — 22 +5
416 — A2(A2 + 8)/A2 +9
A =422+ 9+ V16 — A2 +5
_ . (B10)
(16 — A2)(A2 + 8)v/A2 +9
The RHS of Eq. (19) for the (0,0) state is
9Ey o a<1 1 ) AWAAE+9 -5
= = C+ =G| = . (B11)
v aa\2 ' 27 T 22 it —16Vaz 19

The RHS of Egs. (B10) and (B11) are same for all values of A, as shown in Fig. 5, indicating that the modified HFT is valid for
the ground state n; = np, = 0 for all values of A.
(2) First-excited state: ny = 1, n, = 0.
(a) Unbroken phase: A < A,
Using the relations in Eqs. (B1) to (B3), the right and the left eigenvectors are derived as

R = Ne~ HOH W rC-Co{ 2 -k —Y”}]Zal(\/kﬂx—i < IY> (B12)
2 2 ’

Ly = Ne~ HCHCIE 21 C-e (410 g (v Ly Ll 1y> B13)
’ 2 2 ’

with the common eigenvalue Ef , = Ej o = (%)C 1+ (%)Cz. Hence, the LHS of the modified HFT is

) 242 21)1«; 2_
<aH2d> @Ry dxdy NP [ ivver (e - i/ y) e lEHEE DGR~k y’”dxdy
A B Lf (R B
3 [0 J( ,0)( 1,0)dxdy NP2 [ Cl( /k; = y> e sl@HeE GO k@ g gy

(B14)

The RHS of the modified HFT is

OE 3 (3 34 A
Lo _ ( 3,41 C2>_ _ . (B15)

or  oa\2 2 8\/2(1_%)<10 8 16) 8\/2(1 )(10+8 16)

The expressions on the RHSs of Egs. (B14) and (B15) in the domain A < A, (=4) are equal, as shown in Fig. 4, indicating
that the modified HFT is valid for the state (n; = 1, n, = 0) in the unbroken case.
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f(A)

Real part for (2,0)

Imaginary part for (2,0) [|
+++ Real part for (1,0)

Imaginary part for (1,0)

025\
0.20
-1.5¢ oas| T ——
0.10
0.05
0.00
4 6 8 10 12 14 16 18
_20 . h .
4 6 8 10

12 14 16 18

A

FIG. 6. Comparison between real and imaginary parts of (0H»;/0A)¢,1,0) and (0H»s/9A)G,2,0) With that of 0F; o/0A and 0E, o/0A in the
broken region. The dotted and dashed lines represent the LHS and solid lines represent the RHS of the modified HFT, respectively.

(b) Broken phase: A > A,

Using the relations in Egs. (B4) to (B6), the right and left eigenvectors are calculated along with their eigenvalues as

Rio= Nefi[2A(x2+y2)+253{Zf%y*k(xz*yz)}]zal \/k —; 1x — i\/k ; 1y>, (B16)
Eiog=3Ci+3C=3(A—iB)+ $(A+iB) =24 — (B17)
Lig = Ne~i[2A07 )28 k2 )] ¢ (i\/k g L \/k ;L 1y>, (B18)
with eigenvalue E ;. The LHS of the modified HFT is calculated as
. _ XZ V2 i 7Mk)() xz_ 2
<3sz> S (L) o Ry )dxdy NP [ ixyen (yf S5tx — iyfity) e s PACTRORR B gy (B19)
oo S ’0)(R1,0)dxdy B INP [ e (/55x — i /551y) 2 e~ 1A HHiB{HE k2] g gy '
The RHS of the modified HFT is
oE
L0 (2A iB)=
oA
Joa(s - +100\/\/64 +100 + 10 \/64 +100\/\/64 ) +100 - 10
(B20)

The imaginary and the real parts of the relations given by Eqgs. (B19) and (B20) over the broken region are shown in Fig. 6.
We have also shown the real and imaginary parts of Eq. (19) for (2,0) state in the same figure in order to compare it with the
(1,0) state. We find that the curves representing the LHS and RHS of Eq. (19) completely overlap each other for both (1,0)

and (2,0) states, indicating the validity of the modified HFT for these states as well.

APPENDIX C: HELLMANN-FEYNMAN THEOREM FOR
NON-PT-INVARIANT NON-HERMITIAN SYSTEM

We consider here a simple 1d Hamiltonian [Eq. (23)] rep-
resenting a non-P7 -symmetric non-Hermitian system,

2
1
Hy,; = ]i =+ —szz,

Cl
> t3 (ChH
where Q = w; + iw; and w; » are real and w; » # 0.
We intend to verify the modified HFT,
oH oE,
1d _ 9o (€2)
I 6w oA

for the above system for an arbitrary nth state with three
different choices of A:

(

(1) First choice, A = w;: Considering the relations in
equations from Egs. (30) to (32), we can write

oH 1
< 1d> = (r‘z|§2x2|n) = —(r"lla’L2 +a®+ata+ aa™ |n)
80)] G,(n) 2
L lon+ 1) = (n+ 2 (©3)
= —(i1|2n n=(n+=).
2 2
And it is straightforward to check that
oE, 1 oH
= (ntz)=(=2) . (C4)
8(,!)1 2 8a)1 G,(n)
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(2) Second choice, A = w,: Here too it is straightforward
to check:

9H
< “’> = (71]iSx%|n)
3(1)2 G,(n)

= i(r‘z|a+2 +d*+ata+aat|n)

[\

= é(ﬁ|2n +1ln) = i<n + %) (C5)

Again,

0E, . 1 0Hyy
= — )= . Co6
80)2 l<n + 2) < 3(,()2 >G,(n) ( )

(3) Third choice, A = Q: Similarly for this choice,

OH
< ”> = (7|Qx%|n)
02 6.
1
= §(ﬁ|a+2 +d*+ata+aat|n)
Ltz 1y = (n+ 2 (€7)
= —(71|2n ny=|n+=).
2 2
Again,
BEn 4 1 <3H1d> (CS)
= n — = .
a2 2 0 1G.(m)

From Egs. (C4), (C6), and (C8), we see that the modified
HFT is valid in case of a non-P7 -invariant, non-Hermitian
system as well.
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