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We demonstrate that the efficiency of effective-negative-temperature-based quantum Otto engines, already
known to outperform their traditional counterparts operating with positive-temperature thermal reservoirs, can be
further improved by terminating the isochoric strokes before the working substance reaches perfect equilibrium
with its environment. Our investigation encompasses both Markovian and non-Markovian dynamics during
these finite-time isochoric processes while considering a weak coupling between the working substance and the
reservoirs. We assess the performance of these engines as they undergo a transition from the Markovian to the
non-Markovian regime using two figures of merit: maximum achievable efficiency at a certain finite time during
the isochoric heating stroke, and overall performance of the engine over an extended period during the transient
phase of this stroke. We show that the maximum efficiency increases with the increase of non-Markovianity.
However, the overall engine performance decreases as non-Markovianity increases. Additionally, we discover
the existence of effective-negative-temperature-based necessarily transient quantum Otto engines. These en-
gines operate within an extended operational domain, reaching into temperature ranges where conventional
effective-negative-temperature-based quantum Otto engines, which rely on perfect thermalization during the
isochoric strokes, are unable to function. Furthermore, this extended operational domain of an effective-negative-
temperature-based necessarily transient quantum Otto engine increases as non-Markovianity becomes more
pronounced.
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I. INTRODUCTION

In the quest for efficient and sustainable energy conversion
processes, researchers have been exploring various avenues to
push the boundaries of conventional thermodynamics. Among
these emerging frontiers, quantum Otto engines stand out as
a promising paradigm that capitalizes on the fundamental
principles of quantum mechanics to redefine the limits of
thermodynamic efficiency in the quantum regime [1–7]. They
draw inspiration from the classical Otto cycle but leverage the
unique properties of quantum systems to potentially achieve
efficiencies beyond those attainable through classical means.
Quantum heat engines incorporate “quantumness” by utilizing
quantum systems as working mediums [3,7–15] and different
types of reservoirs [10,16–30] capable of generating quantum
effects. The different types of reservoirs that can be used
to enhance the efficiency of quantum Otto engines include
squeezed reservoirs [10,16–24,26–30], spin reservoirs [25],
superconducting reservoirs [22,30], etc. The main motive be-
hind this quantum reservoir engineering is to find ways to get
better overall performance [7,31].

The utilization of engineered quantum reservoirs, which
are characterized by quantum coherence or correlations, has
been shown to enhance the performance of quantum heat en-
gines beyond the standard Carnot limit [32]. Interestingly, this
improvement of efficiency beyond the Carnot limit does not
lead to a violation of the laws of thermodynamics, as some re-
sources such as quantum coherence [3], quantum correlations
[33,34], and squeezed thermal reservoirs [10,16,28,30] are

employed. A novel advancement in this reservoir engineer-
ing approach for enhancing the efficiency of a quantum heat
engine involves the use of an effective-negative-temperature
reservoir [35–38]. In a system with an effective negative
temperature, the population distribution of energy levels is
inverted, meaning that higher energy states are more probable
than lower energy states. This is not a traditional negative
temperature in the sense of being colder than absolute zero
on the Kelvin scale. Instead, it is a mathematical description
of a particular type of energy distribution. So the system
with the effective negative temperature has a higher average
energy per particle compared to a system with a positive
temperature [39,40]. In the context of heat exchange, when a
positive-temperature system is in thermal contact with a sys-
tem possessing an effective-negative temperature, heat flows
from the latter to the former. In this sense the effective nega-
tive temperature is considered “hotter” than the positive one.
In Ref. [41] the authors generated spin states characterized by
inverted population and regarded them as states at negative
spin temperatures. See Refs. [39,40,42–44] for more works
in this regard. In Ref. [35] Assis et al. first conducted an
experimental study employing such a reservoir in a quantum
Otto engine. The operation of this engine was facilitated using
a spin- 1

2 particle of a 13C nucleus as the quantum fuel. During
the heating stroke, this system was connected to an effective-
negative-temperature reservoir, while in the cooling stroke, it
was coupled to a reservoir exhibiting a positive temperature.
They considered that the two adiabatic strokes were governed
by a unitary operation corresponding to a driving Hamilto-
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nian described by a rotating magnetic field confined to the
x, y plane. Notably, this effective-negative-temperature-based
quantum Otto engine exhibits higher efficiency compared to a
normal quantum Otto engine operating with both reservoirs
at positive spin temperatures. Furthermore, in a recent re-
search work [37] on the effective-negative-temperature-based
quantum Otto engine, the same setup was utilized, with the ad-
dition of an extra magnetic field introduced in the z direction
of the driving Hamiltonian. This study demonstrated that by
adjusting the strength of the magnetic field in the z direction,
the efficiency of the engine can be significantly enhanced
in comparison to the scenario where no magnetic field was
present in the z direction. In addition to improved efficiency,
the effective-negative-temperature-based quantum Otto en-
gine offers several other significant advantages. One notable
advantage of this quantum Otto engine is that the faster the
expansion and compression strokes are performed, the higher
the efficiency. Therefore, the engine is not constrained to slow
adiabatic processes to achieve superior performance [35,37].
Additionally, the effective temperature-based quantum Otto
engine exhibits high robustness against disorder, which is
typically a rare occurrence [37].

The effective-negative-temperature-based quantum Otto
engines, studied in Refs. [35,37], are predominantly focused
on maintaining perfect thermalization, a condition where the
working medium remains in contact with the reservoir for a
sufficiently long time during the isochoric heating and cooling
strokes. Such a long duration of contact allows the working
substance to attain its canonical equilibrium state, correspond-
ing to the hot and cold baths, respectively. However, quantum
systems, by their very nature, are highly susceptible to their
surrounding environments. Hence, prolonging an isochoric
stroke for a long time can lead to undesirable consequences,
including decoherence and fluctuations. These adverse effects
can substantially deviate the engine from its ideal behavior.
Additionally, in certain scenarios, achieving the canonical
equilibrium state of the working substance after a prolonged
period of evolution is not guaranteed. Therefore, it is nec-
essary to explore the study of quantum Otto engines where
the two isochoric strokes are prematurely truncated during
the transient regime. This approach acknowledges the prac-
tical challenges posed by the sensitivity of quantum systems
to their environment and the potential benefits of finite-time
operations compared to steady-state operations. See, e.g.,
Refs. [45–49] in this regard. In this paper we deal with
an effective-negative-temperature-based quantum Otto engine
operating in the transient regime of the two isochoric strokes.
Throughout the remainder of this paper, we will refer to this
engine as an effective-negative-temperature-based transient
quantum Otto engine.

For the finite-time evolution during the two isochoric
strokes, the behavior of the working substance is governed
by an open quantum dynamics [50–54]. The simplest form
of this dynamics can be derived when there exists a weak
coupling between the system and the reservoir, and when
we take into consideration the Born-Markov and secular ap-
proximations [50–56]. These approximations are applicable
when the correlation function of the heat bath exhibits a faster
decay rate compared to the relaxation time of the evolution of
the quantum working medium. Within the framework of the

Born-Markov approximations, information flows only in one
direction, from the system to the reservoir. However, there
are scenarios in which information can flow in the opposite
direction, from the environment back to the system, lead-
ing to what is known as non-Markovian evolution [57–62].
Given that the Born-Markov approximations impose strict
constraints on the evolution of the system and the charac-
teristics of the heat baths, which are rarely found in natural
settings, it becomes more practical to consider non-Markovian
effects on the evolution of the working substance. In recent
years, several significant studies have emerged, all of which
revolve around the exploration of non-Markovian effects in
the context of a quantum Otto cycle [63–72].

In this paper we show that the effective-negative-
temperature-based transient quantum Otto engines, compris-
ing a spin- 1

2 working substance, can achieve higher efficiency
compared to an effective-negative-temperature-based quan-
tum Otto engine operating in the steady-state regime of
the isochoric strokes. Our investigation delves deeply into
the Markovian as well as the non-Markovian dynamics of
the working substance and is conducted within the frame-
work of weak coupling between the system and the baths.
In this context non-Markovianity represents the unique phe-
nomenon of information backflow from the environment
to the system. In this comprehensive analysis, we assess
the performance of the effective-negative-temperature-based
transient quantum Otto engines across the spectrum from
the Markovian to the non-Markovian regime. Our evalu-
ation employs two key performance indicators. The first
one is the maximum achievable efficiency at a certain
time, and the second one is the overall engine performance
over an extended period encompassing the transient phase
of the heating stroke. We find that the maximum effi-
ciency experiences a significant boost with an increase in
non-Markovianity. However, intriguingly, the overall engine
performance shows a decline as non-Markovianity increases.
Moreover, our investigation leads to the discovery of a unique
class of engines: the effective-negative-temperature-based
necessarily transient quantum Otto engines. In scenarios
where traditional effective-negative-temperature-based quan-
tum Otto engines, dependent on either perfect thermalization
or infinite-time protocols, are rendered ineffective due to
temperature constraints, these engines extend their opera-
tional reach into previously inaccessible temperature ranges
[45–47,73]. Furthermore, we observe that the operational
range of these effective-negative-temperature-based necessar-
ily transient quantum Otto engines expands significantly with
increasing non-Markovianity.

The remainder of the paper is structured as follows. In
Sec. II we introduce the framework of four-stroke effective-
negative-temperature-based transient quantum Otto engines.
Section III briefly discusses the identification of information
backflow and the canonical measure of non-Markovianity uti-
lized in this study. In Sec. IV we investigate the efficiency
of an effective-negative-temperature-based transient quantum
Otto engine and explore the influence of information back-
flow on its performance. The existence and characteristics
of effective-negative-temperature-based necessarily transient
quantum Otto engines are demonstrated in Sec. V. Finally, we
provide our concluding remarks in Sec. VI.
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II. EFFECTIVE-NEGATIVE-TEMPERATURE-BASED
TRANSIENT QUANTUM OTTO ENGINE

Similar to a conventional quantum Otto engine, an
effective-negative-temperature-based transient quantum Otto
engine consists of four distinct strokes. The engine initiates
with an expansion stroke, followed by an isochoric heating
stroke, then progresses to a compression stroke, and finally
concludes with an isochoric cooling stroke. The expansion
and compression strokes are adiabatic, indicating no heat ex-
change between the working medium and the reservoir. While
eigenenergies might vary during these strokes, the populations
remain constant, thereby preserving the von Neumann entropy
of the system. The unitary evolution of the expansion stroke is
characterized by a change in Hamiltonian from Hcold to Hhot

wherein the frequency νhot, corresponding to Hhot, is greater
than the frequency νcold, corresponding to Hcold, resulting in
an expansion of the energy gap, enabling the system to per-
form work. Conversely in the compression stroke, the driving
Hamiltonian drives the system Hhot to again Hcold and there
is a compression in the energy gap, allowing work to be done
on the system by the surroundings. It is imperative that the
ideal adiabatic strokes within the quantum Otto cycle are exe-
cuted quasistatically [5,7]. On the other hand, in the isochoric
stroke, the eigenenergies remain constant, yet the populations
associated with each energy level undergo change. Conse-
quently, this population shift leads to a variation in the von
Neumann entropy of the system. In adherence to the first
law of thermodynamics, the alteration in a system’s internal
energy throughout a thermodynamic process can be delineated
into contributions from heat and work. The distinct nature
of each stroke within the quantum Otto cycle, involving an
exchange of either work or heat but never both simultaneously,
renders it an appealing prospect for practical implementation.
We will now provide a detailed examination of each of these
strokes.

The initial state of the spin- 1
2 working medium is prepared

in a thermal state, specifically the Gibbs state denoted as ρ th
in =

e−βcold(Hcold−μcN̂c )/Zcold, corresponding to the temperature Tcold

of the cold bath. The cold bath is characterized as having a
positive temperature, with βcold = 1/kBTcold representing the
inverse temperature, where kB symbolizes the Boltzmann con-
stant. Here μc represents the chemical potential, accompanied
by the number operator N̂c and Zcold = Tr[e−βcold(Hcold−μcN̂c )]
denotes the corresponding partition function. The Hamilto-
nian Hcold is taken as Hcold = −h̄πνcoldσx + h̄ ω̃

2 σz, where h̄
is the reduced Planck constant, νcold represents the fixed fre-
quency determined by the physical system, and σi (i = x, y, z)
signifies the Pauli matrices. The parameter ω̃ corresponds to
the magnetic field strength along the z direction.

In the expansion stroke the system undergoes a uni-
tary evolution from time t = 0 to t = τ governed by the
Hamiltonian

Hexp(t ) = −h̄πν(t )[σx cos ωt + σy sin ωt] + h̄σz
ω̃

2
. (1)

Here ω = π
2τ

, ensuring a complete rotation of the mag-
netic field from the x to y direction [74,75]. The function

ν(t ) = νcold[1 − ( t
τ

)] + νhot( t
τ

) encapsulates how the energy
spacing widens from νcold at time t = 0 to νhot at t = τ .

Additionally, we incorporate a constant magnetic field along
the z direction with a strength of ω̃

2 , where ω̃ = gω and
g is a dimensionless constant as taken in [37]. The final
duration of evolution, denoted as τ , is determined by the
specific experiment conducted [76,77]. The unitary operator
by which the system evolves during this expansion stroke
is denoted as Uτ,0 = T e− i

h̄

∫ τ

t=0 Hexp(t ) dt , where T represents
the time-ordering operator. At the end of the expansion
stroke, i.e., at time τ , the Hamiltonian of Eq. (1) reduces to
Hhot = −h̄πνhotσy + h̄ ω̃

2 σz. Consequently, the resulting state
transforms into ρexp = Uτ,0ρ

th
inU †

τ,0. The transition probabil-
ity between the eigenstates of the Hamiltonians Hcold and
Hhot at time τ is defined as ξ (τ ) = |〈
hot

± |Uτ,0|
cold
∓ 〉|2 =

|〈
cold
± |U †

τ,0|
hot
∓ 〉|2. Here |
hot

± 〉 and |
cold
± 〉 correspond to

the eigenstates of Hhot and Hcold, respectively. The plus sign
signifies the eigenstates associated with higher energy levels,
while the minus sign represents those associated with lower
energy levels. Precisely, this ξ (τ ) is the adiabaticity parameter
and for an ideal adiabatic process, i.e., for infinitely large
τ , it becomes zero. As shown in [35,37], it is evident that
ξ (τ ) exhibits a higher value for shorter driving times τ . As
τ increases, the amplitude of oscillations in ξ (τ ) diminishes,
and for larger values of τ , it nearly vanishes. The efficiency of
the engine is directly related to the transition probability ξ (τ ),
and a higher value of the transition probability corresponds to
a higher efficiency. So for our purpose, we limit the duration
of the driving time to a small value, τ = 100 µs. Furthermore,
by selecting an appropriate strength of magnetic field in the
z direction (g), the transition probability can be significantly
enhanced. Thus, for a chosen driving time of τ = 100 µs, the
value of g is set to 0.2 [37]. This choices allows us to achieve a
significant transition probability and hence a higher efficiency.
Note that during this stroke, the working substance is isolated
from its surroundings, and as a result, no heat exchange with
the environment takes place. Consequently, the overall change
in internal energy results from the work done in this phase.

In the next phase, referred to as the isochoric heating
stroke, the working medium comes into contact with a reser-
voir kept at an effective negative temperature Thot, denoted
as the hot reservoir. The conventional quantum Otto en-
gines typically operate within the steady-state regime during
this isochoric process. However, as previously mentioned,
our study is focused on examining the performance of an
effective-negative-temperature-based quantum Otto engine
within the transient regime of the isochoric processes. So, in
contrast to the usual practice of allowing the system to reach
thermal equilibrium with the connected thermal bath, we opt
to terminate the stroke within a finite-time duration t̃ , where
t̃ < teq. Here teq stands for the duration of the heating stroke
at which the working substance reaches equilibrium with the
hot bath. During this stroke, the Hamiltonian of the system re-
mains constant at Hhot, and as a result, no work is performed.
Therefore, any alteration in the internal energy of the system
is indicative of the heat exchange with the reservoir. The total
Hamiltonian of the composite system-bath setup hence can be
written as

H = Hsys + Hbath + Hint, (2)
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where Hsys is the free Hamiltonian of the system and for
this stroke, Hsys = Hhot. Hbath is the free Hamiltonian of the
reservoir, and Hint is the interaction Hamiltonian between the
system and the reservoir, respectively, given as

Hbath = h̄�

∫ ∞

0
dω′b†

ω′bω′ ,

Hint = h̄
√

�

∫ ∞

0
dω′ζ (ω′)(σ+bω′ + σ−b†

ω′ ). (3)

Here we define σ± as (σx ± iσy)/2, and � as a constant
having the unit of frequency. bω′ (b†

ω′ ) represents the annihi-
lation (creation) operators associated with each mode, and
ω′ signifies the frequency of these individual modes. These
operators have units of 1√

ω′ and adhere to either the anti-
commutation or commutation relation, depending on whether
they correspond to a fermionic or bosonic bath. For fermionic
baths, the relation is expressed as {bω′ , b†

ω′′ } = δ(ω′ − ω′′),
where the curly braces denote anticommutation. Conversely,
for bosonic baths, the relation takes the form [bω′ , b†

ω′′ ] =
δ(ω′ − ω′′), where the square brackets signify commutation.
The function ζ (ω′) serves as a dimensionless coupling pa-
rameter between the system and the reservoir. To be more
precise, 2π�|ζ (ω′)|2 = J (ω′), where J (ω′) represents the
spectral density function of the reservoir that is coupled to
the system. With this composite setup, the reduced dynamics
of the system within the time interval 0 to t̃ is governed by
the open quantum dynamics, and the resulting output state at
time t̃ comes out as ρheat = �h(t̃, 0)ρexp. Here �h(t̃, 0) is the
dynamical map associated with the evolution of the system

during this stroke, given by, �h(t̃, 0) = T exp { ∫ t̃
0 dtL[ρ(t )]},

where

L(ρ(t )) = dρ(t )

dt
= − i

h̄
[Hsys, ρ(t )] + D(t ). (4)

Here ρ(t ) refers to the reduced density matrix of the system,
and D(t ) represents the dissipative term that arises due to the
influence of the environment at time t . The simplest form of
this dissipative term D(t ) is obtained when considering the
weak coupling between the system and the bath, within the
framework of the Born-Markov and secular approximations.
In this scenario, Eq. (4) simplifies to the Gorini-Kossakowski-
Sudarshan-Lindblad (GKSL) master equation [50–52,54–56].
These assumptions imply that information does not flow back
from the environment to the system, thereby eliminating any
memory effects. Since these assumptions confine the dynam-
ics of the system to a highly specific scenario, and such
situations are quite uncommon in nature, our work explores
a more comprehensive quantum evolution of the system that
takes into account the flow of information from the environ-
ment back to the system. We assume that initially the reservoir
is in its thermal equilibrium state, ρbath = e−βhotHbath

Tr(e−βhotHbath )
, where

βhot is the inverse temperature of the hot bath defined as
βhot = 1/kBThot. Moreover, at the initial point of this stroke,
the reservoir is uncorrelated with the system, i.e., the com-
posite system-bath initial state can be written as ρSB(0) =
ρexp ⊗ ρbath. Taking these initial assumptions into account we
can derive the master equation for open quantum dynamics in

the form of Eq. (4), with the dissipative term being [78–85]

D(t ) =
∑
ε�0

2γε(t )
[
A(ε)ρ(t )A†(ε) − 1

2
{A†(ε)A(ε), ρ(t )}

]
+ γ̃ε(t )[A†(ε)ρ(t )A(ε) ∓ A(ε)ρ(t )A†(ε)

± A†(ε)A(ε)ρ(t ) − ρ(t )A(ε)A†(ε)]. (5)

Here the first part, associated with the coefficient γε(t ), and
the second part, associated with the coefficient γ̃ε(t ), provide
nonunitary dissipation and fluctuation contributions, respec-
tively, with their dynamics being linked through the intrinsic
fluctuation-dissipation theorem [86–89]. The symbols ∓ in
the second term and ± in the third term of the fluctuation
part are subsequently associated with fermions and bosons,
respectively. The time-dependent dissipation coefficient γε(t )
and the fluctuation coefficient γ̃ε(t ) can be formulated us-
ing the nonequilibrium Green’s function of the system. See
Refs. [78–85] for a detailed discussion on this matter. The
operators denoted as A(ε) represent the Lindblad or jump
operators associated with the transition energy ε. If we have
two eigenvectors, i and j, of the system Hamiltonian Hsys

corresponding to the eigenvalues ei and e j , respectively, then
the transition energy can be expressed as h̄ε = e j − ei, and
the Lindblad operators for the interaction Hamiltonian Hint

[Eq. (3)] can be expressed as

A(ε) =
∑

ε= 1
h̄ (e j−ei )

|i〉〈i|σx| j〉〈 j|. (6)

The master equation described in Eq. (4) with the dissipative
term given in Eq. (5) can be reformulated in the conventional
Lindblad form as

L(ρ(t )) = − i

h̄
[Hsys, ρ(t )] +

∑
ε�0

�ε(t )LA(ε),A†(ε)[ρ(t )]

+ γ̃ε(t )LA†(ε),A(ε)[ρ(t )], (7)

where �ε(t ) = 2γε(t ) ∓ γ̃ε(t ), with the plus or minus sign are
associated with the fermionic or bosonic bath, and

LA(ε),A†(ε)[ρ(t )] = A(ε)ρ(t )A†(ε) − 1
2 {A†(ε)A(ε), ρ(t )}. (8)

If we now assume that the coupling between the system and
the reservoir is weak and adopt a perturbative approach, con-
sidering terms only up to the second order of the coupling
parameter ζ (ω′), the dissipation and fluctuation coefficients
are determined as respectively [80,85],

γε(t ) ≈
∫ t

0
ds

∫
dω′

2π
J (ω′) cos[(ω′ − ε)(t − s)]

γ̃ε(t ) ≈ 2
∫ t

0
ds

∫
dω′

2π
J (ω′)n(ω′) cos[(ω′ − ε)(t − s)],

(9)

where n(ω′) = [exp(βhot(h̄ω′ − μh)) ± 1]−1, with μh being
the chemical potential of the hot reservoir and the sign + (−)
corresponds to fermionic (bosonic) reservoir. For a fermionic
reservoir the chemical potential μh > 0 and for a bosonic
one μh < 0. Note that, in this stroke, as the reservoir ex-
hibits an effective-negative temperature, we specifically opt
for a fermionic bath composed of two-level systems. This
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choice is essential because a bosonic bath is not suitable for
describing a reservoir with an effective-negative temperature
[36]. Throughout this paper we will remain within the regime
characterized by weak coupling between the system and the
bath. Therefore, we confine our analysis to situations where
both �ε(t ) and γ̃ε(t ) are considerably smaller than the corre-
sponding transition frequency ε. It is important to note that we
have omitted the effects of the frequency shift [78–85] which
arises in the first term of the quantum master equation pre-
sented in Eq. (4) [as well as in Eq. (7)]. In the long-time
Markov limit, Eq. (7) simplifies to the GKSL quantum master
equation, wherein the fluctuation and dissipation coefficients
remain constant over time, as demonstrated in [80]. In this
work we adopt a Lorentzian-type spectral density function
for the hot reservoir, a choice commonly associated with the
fermionic reservoirs [78,82,90]. Specifically, we utilize the
Lorentz-Drude form of the spectral density [50,91–93], which
is described as

J (ω′) = αω′ ω2
c

ω2
c + ω′2 , (10)

where ωc represents the spectral width of the bath, often
referred to as the environment cutoff frequency, which is
associated with memory effects. Additionally, the parameter
α characterizes the strength of the interaction between the
system and the reservoir.

Now let us move on to the next stroke, the compression
stroke, which is essentially the reverse of the expansion stroke,
wherein we achieve the compression of the energy gap. As
a result, a time-reversed protocol of the expansion stroke is
implemented, allowing us to express the driving Hamiltonian
as Hcomp(t ) = −Hexp(τ − t ). Similar to the expansion stroke,
we can also assume it to be a unitary operation by the unitary
U †

τ,0. Hence, the compression stroke is performed on the out-
put of the heating stroke, i.e., ρheat and results in the final state
ρcomp = U †

τ,0ρheatUτ,0. During this stroke, the Hamiltonian of
the system changes from Hhot to Hcold. Since the working
substance is again isolated from the environment, there is no
heat exchange involved. Instead, the change in the system’s
internal energy results from the work done during this stroke.

Afterwards we proceed to the cooling stroke which marks
the final step in completing one cycle of our designed Otto
cycle framework. In this phase, the working medium interacts
with the cold reservoir, having the temperature Tcold. During
this interaction, the Hamiltonian of the system is kept fixed at
Hcold, and the evolution of the working medium follows the
similar dynamics as the heating stroke. The only differences
are that we will begin this stroke with the initial state of the
working substance set as ρcomp, and all the parameters related
to the hot bath in Eqs. (7) and (9) will be now replaced with the
cold bath parameters. Also, in this case Hsys = Hcold. In sce-
narios where we intend to investigate a perfect thermalization
protocol, the system remains in contact with the cold reservoir
until it achieves thermal equilibrium, effectively returning
to its initial Gibbs state ρ th

in . However, in cases involving
imperfect thermalization or finite-time protocols, this stroke
concludes before the working substance reaches its canonical
equilibrium state corresponding to the temperature Tcold, and
hence the cycle remains incomplete. In this study we focus on
these incomplete Otto cycles and specifically investigate the

operation of an effective-negative-temperature-based transient
Otto engine during the first cycle. In Sec. IV we will demon-
strate that when assessing the efficiency of a quantum Otto
engine for a fixed cycle, the heat exchanged in this cooling
stroke is not involved in efficiency calculation, and there is
no necessity for knowledge of the final state resulting from
the cooling stroke. The final state is required only to initiate
a new cycle, and this state is associated with the efficiency
calculation of the next cycle. Hence, the final cooling stroke
has no impact on the efficiency of the engine during the first
cycle, and given our focus on the first cycle exclusively, we
need not concern ourselves with the output state of the cooling
stroke. Moreover, in this work, as we consider Tcold as a
positive temperature, we have the flexibility to employ both
fermionic and bosonic baths during this stroke. Nevertheless,
we choose to utilize a fermionic reservoir as the cold bath.

Let us now introduce the concept of effective negative
temperature for a fermionic reservoir by defining the local
inverse temperature in terms of population as

βcold(hot) = 1

2π h̄
√

ν2
cold(hot) + (

ω̃
2π

)2
ln

(
1 − p+

cold(hot)

p+
cold(hot)

)
, (11)

with p+
cold(hot) = 〈
cold(hot)

+ |ρ th
in (ρ th

heat )|
cold(hot)
+ 〉, where ρ th

heat =
e−βhot (Hhot−μhN̂h )/Zhot. Here Zhot = Tr[e−βhot (Hhot−μhN̂h )]. When
the population of higher energy levels exceeds that of lower
energy levels, the effective temperature becomes negative.
From Eq. (11) we can see that p+

cold(hot) ∈ [0, 0.5) results in
a positive βcold(hot), while p+

cold(hot) ∈ [0.5, 1.0) yields a neg-
ative βcold(hot). We are interested in studying our designed
Otto engine protocol when the cold reservoir is maintained
at a positive temperature and the hot reservoir is set at an
effective-negative temperature. Therefore, in our analysis, we
vary p+

hot within the range corresponding to effective-negative
temperatures, specifically from 0.5 to 1.0, while keeping p+

cold
fixed at 0.261. To ensure direct comparability with the results
of the earlier studies [35,37] and maintain consistency across
parameter values, we have taken p+

cold = 0.261, which aligns
with experimental realization [35]. However, it is essential to
note that any value of p+

cold ∈ [0, 0.5) is theoretically valid.

III. INFORMATION BACKFLOW AND CANONICAL
MEASURE OF NON-MARKOVIANITY

In a Markovian scenario, where the open quantum dy-
namics of a system adhere to the Born-Markov and secular
approximations, it is assumed that the system-environment
interaction is weak and the bath correlation functions quickly
dissipate, leading to a loss of memory about the past states
of the system. On the other hand, non-Markovian dynamics
presents a more complex and realistic description of open
quantum systems, allowing for the backflow of informa-
tion from the environment to the system. In these scenarios,
memory effects are considered, and the evolution of the sys-
tem can depend on its past states, leading to intricate and
often nonlocal dynamics. In general, non-Markovian effects
become prominent when the system-environment coupling
is strong. However, non-Markovianity is not solely con-
fined to strong system-environment coupling scenarios; it
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can also manifest itself in systems characterized by weak
coupling with their environment. In weak coupling regimes,
non-Markovian effects can emerge when the environment
is structured in a way that allows for long-lasting correla-
tions with the system. In such cases the presence of negative
decoherence rates is a strong indicator of non-Markovian be-
havior. These negative rates signal that quantum processes
can exhibit “backward” evolution, suggesting that the sys-
tem’s future states are influenced by its past dynamics. This
departure from the conventional assumption of memoryless
evolution underscores the significance of accounting for non-
Markovianity in the quantum description of weakly coupled
systems, where the interplay between memory effects and
negative decoherence rates can lead to unique and poten-
tially exploitable quantum phenomena. In this study our
primary focus is on examining the consequences of non-
Markovianity, stemming from the backflow of information
from the environment to the system, on the performance of an
effective-negative-temperature-based quantum Otto engine.
While there exist several methods for detecting information
backflow and the resulting non-Markovian behavior in system
dynamics [94–107], our approach in this work focuses on
identifying non-Markovian behavior through the observation
of negative decoherence rates.

As outlined in the preceding section, the quantum master
equation introduced in Eq. (7) portrays the open quantum
dynamics of a system, assuming a state of weak coupling
between the system and its environment. The key distinc-
tion from the conventional GKSL master equation lies in
the fact that, in this equation, the decoherence rates �ε(t )
and γ̃ε(t ) are time dependent, whereas for the Markovian
GKSL equation, these rates are time independent. Addition-
ally, in the GKSL quantum master equation, the decoherence
rates are always positive. However, it has been demonstrated
in previous literature that under specific circumstances, ei-
ther �ε(t ) or γ̃ε(t ), or even both, can take negative values
[108–113]. This observation serves as a clear indication of
the presence of memory effects within the dynamics of the
system, leading to the intriguing phenomenon of information
backflow from the environment to the system. To explore the
impact of non-Markovianity on the operation of a negative
temperature-based transient quantum Otto engine, let us begin
by determining the parameter regimes, characterized by ωc, in
which we can detect evidence of non-Markovianity.

In the heating stroke of the Otto engine setup, as dis-
cussed in Sec. II, the Hamiltonian of the system remains
fixed at Hhot. The two eigenvalues of Hhot are denoted as

e± = ±π h̄
√

ν2
hot + ( ω̃

2π
)2. So we have only two possible val-

ues of ε, for ε � 0: ε = 0 and ε = e+ − e−. In this specific
scenario, the transition for ε = 0 is not allowed, and hence
we have only ε = e+ − e−. For ease of notation, in the further
discussions of this paper we will utilize �ε(t ) = �(t ), γε(t ) =
γ (t ), and γ̃ε(t ) = γ̃ (t ). In Fig. 1(a) the time dynamics of the
decoherence rate �(t ) during the transient regime of the heat-
ing stroke is depicted, by varying the cutoff frequency ωc

of the hot reservoir. We observe that for a higher value of
ωc, specifically when ωc = 25 kHz, �(t ) remains positive
throughout the entire duration of the evolution. However, as
we reduce the value of ωc, a time interval emerges during

which �(t ) takes on negative values. Initially, as ωc de-
creases, the magnitude of these negative values increases.
However, beyond a certain threshold of ωc, the magnitude
of the negative values of �(t ) once again diminishes. See
the curve, representing the situation where ωc = 2 kHz, of
Fig. 1(a). Conversely, the other decoherence rate γ̃ (t ), defined
in Eq. (9), maintains a positive value throughout the entire
evolution period. The presence of negative values in �(t )
provides an evidence of information backflow from the en-
vironment to the system. As mentioned earlier, given that the
cooling stroke does not affect the efficiency of the first cycle of
a quantum Otto engine we do not delve into the examination
of information backflow during the cooling stroke. Note that
in the heating stroke, we have employed a fermionic bath as
the environment, and conventionally, it should have a chem-
ical potential μh greater than zero. However, for the sake of
convenience, we have opted to set μh equal to zero throughout
this paper. We have conducted tests and confirmed that for
values of μh within the range of 0 to ε, where ε = e+ − e−, all
the quantities studied in this paper exhibit qualitatively similar
behavior. Therefore, selecting μh = 0 does not introduce any
significant deviations or issues in our analysis. Similarly, we
also set μc = 0 in the initial state ρ th

in .
We now try to quantify the degree of information backflow

by employing a suitable measure designed for this purpose.
Several distinct measures of non-Markovianity have been
proposed in the literature [94–107], each capturing different
aspects of non-Markovianity. Note that most of these mea-
sures do not necessarily agree with each another. In this work
we use a witness and quantifier of non-Markovianity that
relies on the presence of negative decoherence rates associated
with the Lindblad-type master equation given in Eq. (7). A
local-in-time master equation, applicable to a quantum sys-
tem in a d-dimensional Hilbert space, can be expressed in a
canonical form as [112]

ρ̇(t ) = − i

h̄
[H (t ), ρ(t )] +

d2−1∑
k=1

�k (t )
[
Ak (t )ρ(t )A†

k (t )

− 1

2
{A†

k (t )Ak (t ), ρ(t )}
]
. (12)

The jump operators Ak (t ) are subject to the following
conditions: Tr[Ak (t )] = 0 and Tr[A†

j (t )Ak (t )] = δ jk . Non-
Markovianity in the time evolution of a system is identified
when there exists at least one canonical decoherence rate
�k (t ) with a strictly negative value. Hence, a function depend-
ing on the occurrence of negative decoherence rates at time t
can be defined as

fk (t ) := max[0,−�k (t )] � 0. (13)

This function characterizes the presence of non-Markovian
behavior within individual decoherence channels. We can also
introduce a function as

f (t ) =
d2−1∑
k=1

fk (t ). (14)

The function f (t ) will take a value greater than 0 if there is
at least one decoherence rate with negative values for any k;
otherwise, it remains at 0. Hence, we can use f (t ) as a witness
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FIG. 1. Evidence of non-Markovianity in the open quantum evolution of the working substance during the heating stroke. (a) The nature
of the decoherence rate �(t ) (in kHz) with time t (in µs) for different cutoff frequencies ωc (in kHz). (b) The time dynamics of the witness of
non-Markovianity f (t ) (in kHz) for different ωc, and (c) the variation of the quantifier of non-Markovianity Q with the change in ωc. We take
νcold = 2.0 kHz and νhot = 3.6 kHz. The driving time of both the expansion and compression stroke is taken as τ = 100 µs. The strength of
the z-directional magnetic field is set as g = 0.2 and p+

hot = 0.99. The coupling strength in the spectral density function α = 0.6. The units of
the parameters are written in the corresponding labels of x and y axes. The quantifier Q, plotted here is a dimensionless quantity.

of non-Markovianity. Consequently, the total amount of non-
Markovianity, or the quantifier of non-Markovianity, can be
defined over a time interval [t0, t ′] as

Q(t0, t ′) =
∫ t ′

t0

ds f (s). (15)

If the quantifier, Q(t0, t ′) is greater than 0, it signifies that the
evolution of the system exhibits non-Markovian behavior. If
we now compare Eq. (7) with the canonical form of master
equations given in Eq. (12), we can see that Eq. (7) is al-
ready written in the canonical form with the decoherence rates
�1(t ) = 2γ0(t ) for ε = 0, and �2(t ) = �(t ), �3(t ) = γ̃ (t )
for ε = e+ − e−, for the heating stroke discussed above. As
ε = 0 does not affect the evolution of the system, to evaluate
the quantifier and witness of non-Markovianity, we only have
k = 2 and 3 in Eqs. (12–14). The behavior of the witness of
non-Markovianity f (t ) for the heating stroke is demonstrated
in Fig. 1(b). This reveals that when ωc is set at a higher value,
say, at 25 kHz, the witness of non-Markovianity does not
exhibit any positive values, whereas for certain lower values

of ωc, the witness yields positive values, indicating the pres-
ence of non-Markovian characteristics. Notably, this pattern
aligns with the trend illustrated in Fig. 1(a). By examining
Figs. 1(a) and 1(b), it becomes apparent that the negative
values of �(t ) and the maximum of f (t ) increase as ωc de-
creases. However, beyond a certain threshold value of ωc,
these values decrease. In order to comprehend the relationship
between the non-Markovian behavior of the system and the
cutoff frequency ωc, we delve into an investigation of how
the degree of non-Markovianity, Q(t0, t ′), evolves in response
to changes in ωc in Fig. 1(c). Here we take t0 = 0 and t ′ =
104. The study indicates that for the cutoff frequency range
ωc � 18 kHz the system does not show any non-Markovian
nature, i.e., Q = 0. Later, when the cutoff frequency ωc �
18 kHz, non-Markovianity appears with Q > 0 and the
quantifier of non-Markovianity (Q) enhances with further
reductions in the cutoff frequency, and this nature of Q is
consistent in the range of cutoff frequency 18 kHz � ωc �
4 kHz. Notably, this increase is not consistently monotonic;
rather, below a critical value of ωc � 4 kHz, the degree of
non-Markovianity, Q starts to decrease.
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IV. PERFORMANCE OF
EFFECTIVE-NEGATIVE-TEMPERATURE-BASED

TRANSIENT QUANTUM OTTO ENGINE

In this section we will study the impact of information
backflow from the environment to the system on the ef-
ficiency of a negative temperature-based transient quantum
Otto engine. In this context we first compute the engine’s
efficiency (η) as a function of the degree of non-Markovianity
(Q). Subsequently, by examining the overall trend of the
efficiency graph with the time duration of heating stroke,
we introduce another quantity, the overall performance of
an effective-negative-temperature-based quantum Otto engine.
This quantity not only accounts for the maximum efficiency
achieved but also assesses the engine’s ability to sustain a
substantial amount of efficiency over time.

As previously mentioned, in each stroke of the quantum
Otto engine, there is either an exchange of heat or work,
but never both simultaneously. During the expansion phase
(ρ th

in → ρexp) and the compression phase (ρheat → ρcomp), the
change in internal energy occurs as work is done. In con-
trast, during the heat exchange processes between the working
medium and the reservoirs in the heating and cooling strokes,
energy transfer takes place in the form of heat. The efficiency
of a quantum Otto engine is defined as the ratio of the net
work to the absorbed heat. So, in the context of this paper,
the work output results from the expansion stroke as 〈W1〉 =
Tr[ρexpHhot] − Tr[ρ th

inHcold], and from the compression stroke
as 〈W2〉 = Tr[ρcompHcold] − Tr[ρheatHhot], with the total work
output as

〈W 〉 = 〈W1〉 + 〈W2〉. (16)

The energy input is given by the heat intake in the heating
stroke, which is

〈Qhot〉 = Tr[ρheatHhot] − Tr[ρexpHhot]. (17)

Therefore, the efficiency of a negative temperature-based tran-
sient quantum Otto engine is given by

η = −〈W 〉/〈Qhot〉. (18)

In the scope of our definition for work and heat, within the
valid operational range of a quantum Otto engine 〈W 〉 < 0 and
〈Qhot〉 > 0. Hence, a minus sign is incorporated into the defi-
nition of the engine’s efficiency to account for this convention.
We now investigate the behavior of efficiency of the engine
with respect to the finite time duration of the heating stroke.
Also, we examine how the maximum efficiency obtained at a
fixed time during the heating stroke changes with variations
in the cutoff frequency (ωc) of the hot reservoir. From the
depiction of Fig. 2, we observe that the efficiency η exhibits
oscillations with respect to the evolution time of the system
during the heating stroke, and eventually, it reaches a constant
value ηsat after a sufficiently long time teq. For all values of ωc

the oscillating nature of the efficiency with t is qualitatively
the same, but as we approach the lower cutoff frequency, the
fluctuations in efficiency become more pronounced, and it
takes a longer time for the system to reach the stable value
(ηsat). Note that for all ωc, the efficiency curves eventually
converge to the same value of ηsat and this stabilized final
efficiency precisely matches the efficiency achieved for an

FIG. 2. Efficiency of an effective-negative-temperature-based
transient quantum Otto engine. We plot the efficiency η vs the evo-
lution time t of the system during the heating stroke of the engine
for different values of ωc. A magnified version of the efficiency for
t = 200 to 350 µs is presented in the inset. All the parameters are
same as in Fig. 1. Here t is in the unit of µs and η is a dimensionless
quantity.

infinite-time protocol, ηINF = 0.649, as reported in Ref. [37].
Furthermore, it is worth noting that there are specific time
intervals during which a negative temperature-based tran-
sient quantum Otto engine can achieve a higher efficiency
than the one operating under the infinite-time protocol, i.e.,
for certain values of t , η can be greater than ηINF. For in-
stance, with ωc = 30 kHz, the highest efficiency achieved
is ηmax = 0.712. This maximum efficiency, ηmax, is attained
within the time interval t ∈ [271.71, 272.08] µs. Following
that, a second-highest peak of efficiency, η = 0.6733, can be
achieved within the time interval t ∈ [543.62, 544.29] µs, and
subsequently, after a series of peaks, the efficiency gradually
stabilizes at ηsat = 0.649. Hence, by selecting an appropriate
termination time of the heating stroke, denoted as t̃ , within
the interval [271.71, 272.08] µs, we can attain the maximum
efficiency associated with ωc = 30 kHz. This demonstrates
that an negative-temperature-based transient quantum Otto
engine can achieve a higher efficiency than ηINF by strate-
gically terminating the heating stroke within a specific time
frame. Therefore, such an engine can offer advantages over
conventional engines operating under infinite-time protocols.
For the other values of ωc considered in Fig. 2, ηmax is higher,
but the time window in which we achieve the maximum effi-
ciency ηmax decreases as ωc decreases.

Let us now turn our attention to the behavior of individual
efficiency curves in relation to information backflow from
the environment to the system. Building upon our earlier
examination of non-Markovianity (as illustrated in Fig. 1),
it has been ascertained that non-Markovianity increases as
ωc decreases up to a threshold value. However, with a fur-
ther decrease in ωc, non-Markovianity begins to decrease.
So there might be a relation between the efficiency of an
effective-negative-temperature-based transient quantum Otto
engine and the non-Markovianity. To delve into this relation
we first divide our study of efficiency into two aspects.

(i) The first one is the maximum efficiency ηmax, achieved
by an effective-negative-temperature-based quantum Otto en-
gine operating with a finite-time protocol.
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FIG. 3. Dependence of the maximum efficiency and the overall performance of an effective-negative-temperature-based quantum Otto
engine on the non-Markovianity. We plot the maximum efficiency ηmax by varying ωc (a) and the overall performance of the engine Op with
the same (b). For panel (b) we take t f = 103 µs. All other considerations are same as in Fig. 1. The ωc plotted along the x axes of both panels
are in kHz, and the quantities depicted along the y axes are dimensionless.

(ii) The second one is the overall performance of the en-
gine throughout a sufficiently extensive transient period of the
heating stroke.

We present the behavior of the first figure of merit ηmax, by
varying the cutoff frequency of the hot reservoir in Fig. 3(a).
It is evident from the depiction that the maximum efficiency
of the engine, ηmax, increases as ωc decreases. However,
the rate of this increase differs between the non-Markovian
and Markovian regimes. In the Markovian regime, for ωc �
18 kHz, where the quantifier of non-Markovianity remains
at 0, the increase in ηmax is less pronounced compared to
the non-Markovian regime within the range 5 kHz � ωc �
18 kHz. As ωc drops to � 5 kHz, ηmax starts to saturate, and
finally, for a very small value of ωc (ωc = 0.5 kHz), ηmax

tends to decrease. On the other hand, the quantifier of non-
Markovianity, Q, decreases abruptly in this specific regime
[see Fig. 1(c)].

To investigate the second figure of merit, let us first high-
light an interesting aspect of the efficiency curves for different
values of ωc. From Fig. 2, we can see that ηmax increases
with decreasing ωc, and the influence of non-Markovianity
aids in achieving a higher maximum efficiency. However, it
is important to notice that although the maximum efficiency
is higher for the non-Markovian evolution of the system, the
operational range of the engine, where a positive efficiency is
attained (0 � η < 1), is more extensive in the Markovian sce-
narios for higher values of ωc. Moreover, as non-Markovianity
decreases (corresponding to an increase in ωc), this opera-
tional range expands. To quantify the operational range of
an effective-negative-temperature-based quantum Otto engine
throughout the finite-time duration of the heating stroke, we
introduce the overall performance of an effective-negative-
temperature-based quantum Otto engine as

Op = 1

t f

∫ t f

0
η(t ) dt . (19)

Here t f can be any time between 0 < t f � teq. We now il-
lustrate the behavior of the overall performance Op with the

change of the cutoff frequency of the hot reservoir depicted
in Fig. 3(b). The overall performance of the engine clearly
diminishes as the cutoff frequency ωc decreases, signifying a
reduction in performance as the system transitions from the
Markovian to the non-Markovian regime. Notably, the rate
of this performance decline differs between the Markovian
and non-Markovian regimes. In the Markovian range (ωc �
18 kHz), the rate of decrease in Op is relatively gradual.
However, as the system shifts from the Markovian to the
non-Markovian regime (for ωc � 18 kHz), the rate of decrease
in Op accelerates. Once again, for small values of ωc within
the range of 5 kHz to 0.5 kHz, the rate of decline in Op di-
minishes. In contrast, the maximum attainable efficiency ηmax,
depicted in Fig. 3(b), exhibits an inverse behavior compared
to Op, as discussed earlier. Thus, it can be concluded that if
we define our figure of merit as the overall performance of the
engine, then the engine operating within the Markovian range
outperforms its non-Markovian counterparts. The reason be-
hind this is that, in the non-Markovian regime, we achieve
higher efficiencies but for less time, and as non-Markovianity
increases this phenomenon gets prominent. This results in an
overall reduction in the engine’s performance with an increase
in non-Markovianity, as the operational window during which
the model functions as an engine decreases. So to comprehen-
sively assess the engine’s behavior, we employ two figures of
merit: the maximum achievable efficiency at a specific fi-
nite time during the isochoric heating stroke, and the overall
performance of the engine over an extended period during
the transient phase of this stroke. This dual metric approach
is adopted not only for completeness but also to emphasize
that achieving higher efficiency at some particular instances
of time is insufficient for realizing the full capability of an
engine.

V. EFFECTIVE-NEGATIVE-TEMPERATURE-BASED
NECESSARILY TRANSIENT QUANTUM OTTO ENGINE

Up until this point, our examination has revolved around
the performance of an effective-negative-temperature-based
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FIG. 4. Efficiency of an effective-negative-temperature-based
necessarily transient quantum Otto engine. We depict the efficiency
η vs the population denoted as p+

hot. The solid black curve presents
the efficiency of an effective-negative-temperature-based quantum
Otto engine which operates in the equilibrium regime of the heating
stroke (IFT). The efficiencies for the same operating in the transient
regime of the heating stroke are plotted by colored lines for different
values of ωc. For ωc = 25 kHz, t̃max = 272.7 µs, for ωc = 15 kHz,
t̃max = 274.55 µs, and for ωc = 5 kHz, t̃max = 275.2 µs. All other
considerations are same as in Fig. 1. The quantities plotted here are
dimensionless.

quantum Otto engine depending on the finite-time duration
of the heating stroke, while maintaining fixed populations
p+

hot = 0.99 and p+
cold = 0.261. Our findings have revealed

that the maximum efficiency of the engine improves with
an augmented influx of information from the environment
to the system. Additionally, the overall performance of these
engines, as defined previously, increases as the system’s be-
havior approaches a Markovian regime. In this section we will
investigate another significant advantage linked to our finite-
time or transient quantum engine concept by posing a question
of whether there exists a scenario within this effective-
negative-temperature-based quantum Otto engine where the
transient heating or cooling stroke becomes the “sole” viable
option for the engine’s operation.

To answer this question, we investigate the efficiency of an
effective-negative-temperature-based transient quantum Otto
engine at a fixed duration of the heating stroke t̃ , by varying
the effective negative temperature of the hot bath, defined
by the population p+

hot. As previously discussed, when the
values of p+

cold(hot) fall within the range of [0.5, 1.0), βcold(hot)

takes negative values. Therefore, in our analysis we vary p+
hot

from 0.5 to 0.99 while maintaining p+
cold fixed at a value

of 0.261. The duration of the expansion and compression
strokes is fixed at τ = 100 µs. Furthermore, for this inves-
tigation, we determine the duration of the heating stroke as
the time at which we reach the maximum efficiency (ηmax)
for a specific cutoff frequency (ωc). This specific time is
denoted as t̃max, and these values for different ωc have al-
ready been obtained in the analysis presented in Fig. 2. In
Fig. 4 the behavior of efficiency of the engine is depicted as
we vary the effective negative temperature of the hot bath
through population, denoted as p+

hot. The black solid curve
corresponds to an infinite-time protocol (IFT) with g = 0.2.
In this case, the engine commences its operation when p+

hot
reaches 0.61 and obtain the maximum efficiency ηINF = 0.649

at p+
hot = 0.99. This investigation has previously been con-

ducted with g = 0 in Ref. [35] and with g �= 0 in Ref. [37].
Let us now shift our focus to the same investigation for finite-
time protocols. In Fig. 4 we present the efficiency of the
effective-negative-temperature-based transient quantum Otto
engine while varying p+

hot from 0.5 to 0.99, with the heating
stroke duration fixed at t̃max for different ωc, each denoted
by distinct colors and symbols. It is important to note that
t̃max varies for different ωc, and in this analysis, we main-
tain g = 0.2. A notable observation is that, in contrast to the
IFT scenarios, the engine can commence operation at lower
values of p+

hot, which correspond to lower values of βhot,
depending on the chosen cutoff frequency. Additionally, the
efficiency obtained for the finite-time protocol (FT) at each
p+

hot and for different ωc surpasses that achieved by the IFT.
Furthermore, as ωc decreases, signifying an increase in the
degree of non-Markovianity Q, both the operational range and
efficiency of the effective-negative-temperature-based tran-
sient engine expand. However, it is important to mention that
this operational range and efficiency cannot be indefinitely
increased by lowering the cutoff frequency of the reservoir.
As we have previously demonstrated, for very small values
of ωc, the quantifier of non-Markovianity saturates and then
decreases. Similarly, in this context, beyond a certain value
of ωc, the efficiency η as a function of p+

hot also saturates and
subsequently declines. Hence, we can infer the existence of
effective-negative-temperature-based transient quantum Otto
engines that can operate in the region of βhot where con-
ventional negative temperature-based quantum Otto engines
employing IFT cannot function. In this specific regime of
effective negative temperature of the hot bath, we refer to
these engines as effective-negative-temperature-based neces-
sarily transient quantum Otto engines.

VI. CONCLUSION

It is evident, based on both theoretical predictions [35,37]
and experimental observation [35], that a quantum Otto en-
gine operating with a reservoir characterized by an effective
negative temperature offers numerous advantages. The pri-
mary advantage lies in its higher efficiency when compared to
a typical quantum Otto engine operating with both reservoirs
at positive spin temperatures. However, previous studies have
been confined to scenarios involving perfect thermalization
or an infinite-time protocol, where the final states of the iso-
choric strokes always converge to a thermal state. In this paper
we have presented an effective-negative-temperature-based
quantum Otto engine that has been operated within the tran-
sient or finite-time domain of the isochoric strokes. We have
found that these transient engines, employing a spin- 1

2 work-
ing substance, exhibit superior efficiency compared to their
steady-state counterparts. We have studied the performance of
these effective-negative-temperature-based transient quantum
Otto engines as they transition from the Markovian to the non-
Markovian regime. This study has been conducted within the
framework of weak coupling between the system and the bath,
allowing for the unique phenomenon of information backflow
from the environment to the system. We have shown that
the maximum achievable efficiency at a specific time of the

022207-10



USING NON-MARKOVIAN DYNAMICS IN … PHYSICAL REVIEW A 109, 022207 (2024)

heating stroke experiences a significant boost with an increase
in non-Markovianity. On the contrary, the overall engine per-
formance over an extended period of this stroke declines
as non-Markovianity increases. Furthermore, our investiga-
tion has led to the discovery of a unique class of engines:
the effective-negative-temperature-based necessarily transient
quantum Otto engines. In scenarios where the conventional
infinite-time effective-negative-temperature-based Otto-cycle
protocol fails to function as an engine, the effective-negative-
temperature-based necessarily transient quantum Otto engines
emerge as a pragmatic alternative for operation within this
particular realm. Moreover, we observed that the opera-
tional range of these effective-negative-temperature-based

necessarily transient quantum Otto engines expands signifi-
cantly with increasing non-Markovianity.
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