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The departure of the quantum world from the classical regime is captured through the observation of
nonclassical correlations manifested in the behaviors of subatomic systems. However, once the dimension of the
system becomes substantially large, the quantum behavior begins to decline, and subsequently it starts following
the predictions of classical physics. The macroscopic limit at which such quantum-to-classical transition occurs
remains one of the long-standing questions in the foundations of quantum theory. There are evidences that the
macroscopic limit to which the quantumness of a system persists depends on the degree of interaction due to
the measurement processes. For instance, with a system having a considerably large Hilbert-space dimension, if
the measurement is performed in such a way that the outcome of the measurement only reveals a coarse-grained
version of the information about the individual level of the concerned system then the disturbance due to the
measurement process can be considered to be infinitesimally small. Based on such coarse-grained measurement
the dependence of Bell inequality violation on the degree of coarsening has already been investigated [H. Jeong,
Y. Lim, and M. S. Kim, Phys. Rev. Lett. 112, 010402 (2014)]. In this paper, we first capture the fact that, when
local realism is taken to be the defining notion of classicality, the effect of the degree of coarsening on the
downfall of quantumness of a macroscopic entangled state can be compensated by testing a Bell inequality of a
higher number of settings from a family of symmetric Bell inequalities if the number of settings is odd. However,
in contrast, we show that such compensation cannot be seen when we witness such quantum-to-classical
transition using symmetric Bell inequalities having an even number of settings. Finally, complementing the
above result, we show that, when unsteerability is taken as the classicality, for both odd and even numbers of
settings the degree of coarsening at which the quantum-to-classical transition occurs can be consistently pushed
ahead by testing a linear steering inequality of a higher number of settings and observing its violation. We further
extend our treatment for mixed macroscopic entangled states.
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I. INTRODUCTION

Quantum theory provides a set of mathematical tools that
accurately predict most of the characteristic features of mi-
croscopic entities that emerge by means of experimental
statistics. However, the predictions of quantum theory for
certain phenomenology hinder any explanation using clas-
sical laws that are constructed based on our observations
about the behavior of the macroscopic world. Surprisingly,
in spite of the fact that the postulates of quantum theory
do not provide any restrictions on its applicability based on
the degree of macroscopic dimension of systems, it is seen
that as the dimension becomes large up to a certain degree,
quantum phenomena eventually break down and systems start
behaving classically. Although there are explanations of such
quantum-to-classical transitions of a system, viz., decoher-
ence programs [1], collapse models [2], and coarse-grained
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measurements [3,4], still it is not properly understood where
the quantum-to-classical boundary lies if there is one. In or-
der to find and estimate the factors that contribute to such
quantum-to-classical transition, one has to first define pre-
cisely the notion of classicality relevant to a particular context.
We discuss these notions of classicality relevant to the current
paper in the following paragraph.

Typically, any particular notion of classicality is formu-
lated based on certain assumptions at the level of preparation,
transformation, or measurement related to either single or
composite systems. In contrast to the notions of classicality
such as macroscopic realism [5–7] and noncontextuality [8,9],
based on assumptions about single-particle correlations,
classicality for composite systems essentially consists of as-
sumptions about global correlations. In this paper, we mainly
consider classical correlations based on spatially separated
bipartite systems, for which the most important notions
of classicality are local realism [10,11] and unsteerabil-
ity [12–14]. The particular feature for which certain quantum
correlations do not satisfy local realism and unsteerability is
commonly termed nonlocality and steering, respectively. It is
important at this point to note that the degree to which one can
observe nonclassicality in a bipartite system depends on how
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and in what accuracy the measurements are performed on it.
Although there have been studies [15–19] on how the unsharp
measurements [20] affect the bipartite correlation, there are
only a few works that considered limitations in measurement
accuracy in multilevel systems, in terms of what is called the
coarse-grained measurements [4].

In quantum theory, the measurement of an observable is
represented through positive semidefinite operators. For a
multilevel system, a measurement is expected to reveal a value
of the concerned observable, corresponding to any of the
levels, where the system has a nonzero probability of being
found. For instance, a spin measurement on an n-level spin
system should have n distinct values. However, due to the lim-
ited resolution of the measurement devices, it is possible that
the measurement outcome only reveals information about a
coarse-grained version of individual levels of the system. The
effect of such measurement imprecision on the dynamics of a
quantum system has been well studied in literature [21–25].
In reference to the particular notion of classicality known as
macrorealism, captured by the Leggett-Garg inequalities [5],
Kofler and Brukner studied [4] the role of measurement im-
precision in quantum-to-classical transitions. Moreover, such
studies are extended for multilevel spin systems, by taking
into account other witnesses [26,27] of macrorealism as well
as incorporating additional constraints [28]. Recently, the ef-
fect of experimental imprecision other than that of coarsening
of measurements on the amount of bipartite quantum correla-
tions has also been investigated in Refs. [29–31].

Against the backdrop, it is observed [3,32] that in ad-
dition to the imprecision in final measurement resolution,
the imperfection in the measurement reference also plays
an important role in the quantum-to-classical transition.
In particular, Ref. [3] considered bipartite nonlocal corre-
lations as a witness of nonclassicality [that are captured
through the violation of the Bell–Clauser-Horne-Shimony-
Holt (CHSH) inequality [10,33]], and demonstrated the
quantum-to-classical transition of a macroscopic entangled
state under the restriction of coarse-grained measurement.
However, while considering the violation of the Bell-CHSH
inequality, they have studied the effect of either coarse grain-
ing of final measurement resolution or the coarsening of
measurement references. Thus, the question remained open
concerning, if one considers complete coarse-grained mea-
surement characterized by consideration of both aspects of
coarse graining simultaneously, the extent to which the quan-
tumness of the system can persist. Furthermore, one can ask
whether there exists a way through which one can witness
the quantumness of a macroscopic entangled state, with a
coarse-grained measurement that is characterized by a larger
degree of imprecision than that depicted in Ref. [3]. In this
paper, while we find the answer to the former question, we
assert that the latter can be answered affirmatively.

In this paper, we consider a bipartite scenario with two
spatially separated parties, where each of them shares one
part of a nontrivially correlated system. Thus, in this case,
the relevant nonclassical correlations, namely, Bell nonlocal-
ity and quantum steering, are captured through the violation
of suitable Bell inequalities and linear steering inequalities,
respectively. We investigate the effect of coarsening of final
measurement resolution as well as the measurement refer-

ence, on the quantum violation of a family of symmetric Bell
inequalities [34] with an increasing number of measurement
settings on each side. For the odd number of settings, it is
seen that the effect of coarse graining on quantum-to-classical
transition can be compensated by testing a Bell inequality
with an increased number of settings. However, for the even
number of settings, we witness an opposite trend. Due to this
lack of consistency of nonlocal correlations captured through
the symmetric Bell inequalities in revealing the quantum-to-
classical transition, we next consider steering as the viable
quantum correlation. We explicitly show that when steering is
taken as the relevant nonclassical feature of a specific macro-
scopic entangled state, with respect to a steering inequality
having a particular number of measurement settings, if the
quantum-to-classical transition occurs at a specific degree of
coarsening, then by increasing the number of settings with
the new steering inequality, one can still witness the quantum
violation for the same degree of coarsening. Thus, unlike
nonlocality in the case of steering for any arbitrary number
of measurement settings, the effect of coarsening of mea-
surement can be narrowed down by increasing the number of
measurement settings.

This paper is organized as follows. In Sec. II, we have
discussed the operational description of different forms of
bipartite quantum correlation and the coarse-grained measure-
ment briefly. In Sec. III, we study the quantum-to-classical
transition of macroscopic entangled states under complete
coarse-grained measurement by considering Bell nonlocality
as a defining notion of classicality. Next, in Sec. IV, we
move on to another nonclassicality witness, namely, the quan-
tum steering, and study the quantum-to-classical transition
in terms of coarsening of measurement. Then in Sec. V, we
extend our paper for the mixed macroscopic entangled state.
Finally we conclude the paper in Sec. VI by discussing the
implications of the current paper and future directions.

II. PREREQUISITES

A. Layers of nonclassicality in the bipartite scenario

The introductory discussion has already indicated that in
order to decipher the appropriate meaning of the quantum-to-
classical transition one has to distinguish between different
notions of nonclassicality in the first place. Thus, before
going into the discussion of the effect of coarsening of mea-
surements on the quantumness exhibited by a macroscopic
entangled state it is essential to discuss different forms of
bipartite quantum correlations relevant to this paper. In order
to discuss these different forms of nonclassical correlations,
namely, the Bell nonlocality, quantum steering, and entangle-
ment, let us considerMA andMB as the set of all observables
defined on the subsystems that are in possession of two
spatially separated parties, namely, Alice and Bob, respec-
tively. We also assume that these subsystems have originated
from a nontrivially correlated system ρAB. The observables
Ax ⊆MA and By ⊆MB represent the collection of mea-
surements corresponding to the input measurement settings
x and y of Alice and Bob, with respective outcomes de-
noted by the variables a ∈ RA and b ∈ RB. We also define the
set of ordered pairs, S = {(Ax,By) : Ax ∈MA,By ∈MB},
as a measurement strategy. A behavior is defined as
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joint probabilities of outcomes of a pair of measurement
observables in a measurement strategy for a given state. Alice
and Bob perform measurements on their respective subsys-
tems such that the joint probability of obtaining outcomes a
and b upon measuring Ax and By is given by the probability
P(a, b|x, y, ρAB). This probability distribution represents the
observational statistics from which different forms of nonclas-
sicality are inferred.

1. Bell nonlocality

The strongest form of bipartite quantum correlation exhib-
ited by nontrivially correlated and spatially separated systems
is nonlocality. A behavior is said to have a local-realist
description if and only if for all Ax ∈MA, a ∈ RA, By ∈
MB, and b ∈ RB, there exist probability distributions P(λ),
P(a|Ax, λ), and P(b|By, λ), involving the local hidden vari-
able λ corresponding to the shared system that reproduce the
joint statistics in the form

P(a, b|x, y, ρAB) =
∑

λ

P(λ)P(a|Ax, λ)P(b|By, λ), (1)

The probability of obtaining an outcome a on the mea-
surement of Ax is dependent on the hidden variable λ which
carries information about the source, and a similar argument
is valid for Bob’s outcome b of measurements By on his local
system. Using the set of all possible behaviors any constraint
that can be obtained from Eq. (1) is called a Bell inequality. A
state for which all the behavior can be given a local-realistic
description is called a Bell local state. On the other hand a
state that does not exhibit the characteristics imposed by a
local hidden variable model is called a Bell nonlocal state.
Thus, when local realism is considered as the defining notion
of classicality, if a given observational statistics corresponding
to a certain state violates Bell inequality then this essentially
indicates that the system exhibits quantumness in the form of
nonlocality [11,12,14,35].

2. Quantum steering

A comparatively weaker form of bipartite quantum corre-
lation than the nonlocality is quantum steering. A behavior is
described by a local hidden state (LHS) model, if and only if
for all Ax ∈MA, a ∈ RA, By ∈MB, and b ∈ RB, there exists
probability distribution PQ(b|By, λ), characterized by variable
λ for the local hidden state ρB(λ) of Bob represented as

ρB(λ) =
∑

λ

p(a|Ax, λ)ρλ, (2)

and P(a|Ax, λ) for Alice’s local statistics such that the local
state of Bob reproduces the joint statistics of the form

P(a, b|x, y, ρAB) =
∑

λ

P(λ)P(a|Ax, λ)PQ(b|By, λ). (3)

In quantum theory the probability of obtaining an out-
come b on the measurement of By is given by PQ(b|By, λ) =
Tr[ρB(λ)Bb|y]. However, in a LHS model Bob’s outcomes
can be arbitrarily determined by the variables λ from the
marginal statistics obtained from the joint statistics of Eq. (3).
Exhausting the set of all possible behaviors any form of
constraint that can be derived from Eq. (3) is called a quan-
tum steering inequality. Correspondingly a state for which

all the statistics can be described by a LHS model is called
a quantum unsteerable state. Conversely any state that does
not exhibit the properties of a LHS model is called a steerable
state [12–14,35] and this particular behavior is called quantum
steering. We say that a state that violates a steering inequal-
ity possesses quantumness in the form of steering. Thus the
quantum-to-classical transition of a particular state is defined
as the case when the state stops violating a steering inequality
even with the most incompatible measurements.

3. Entanglement

The weakest form of bipartite quantum correlation is
known as quantum entanglement. We start with the behaviors
of an unentangled state as follows. A behavior is said to de-
scribe a separable system, if and only if for allAx ∈MA, a ∈
RA,By ∈MB, and b ∈ RB, there exist probability distributions
P(λ), PQ(a|Ax, λ), and PQ(b|By, λ), involving the variable λ

and Alice’s and Bob’s local hidden quantum states ρA(λ) and
ρB(λ), respectively, that reproduce the joint statistics in the
form

P(a, b|x, y, ρAB) =
∑

λ

P(λ)PQ(a|Ax, λ)PQ(b|By, λ) (4)

where PQ(a|Ax, λ) and PQ(b|By, λ) represent the probability
distributions of outcomes a and b on the measurement of
Ax and By which are compatible with local hidden quantum
states described by ρA(λ) and ρB(λ). Any form of constraint
on the set of all possible behaviors that can be derived from
Eq. (4) is called a separability criterion. A state for which all
the behaviors satisfy this criterion is called a separable state.
A separable state is described as a convex combination of
product states given by

ρ =
∑

λ

P(λ)ρA(λ) ⊗ ρB(λ). (5)

The joint probabilities in Eq. (4) for each pair of measure-
ments has one-to-one correspondence to the measurement
statistics of the state in Eq. (5), i.e., they follow a separable
state model [12,14,35,36]. Any state is called entangled or
nonseparable if it cannot be written in the form of Eq. (5).
The measurement outcomes of such states do not follow the
statistics imposed by Eq. (4).

An important point to note is that the pure entangled states
display no distinction among the different forms of bipar-
tite quantum correlations [37–39]. However, this is not the
case for mixed states, i.e., not all states that are entangled
display steering [12], and not all states that are steerable
display Bell nonlocality [37], for example, two-qubit Werner
states which are given as ρW = p|φ−〉〈φ−| + 1−p

4 1, where
|φ−〉 = 1√

2
(|01〉 − |10〉) and 1 is the identity matrix. ρW is

Bell nonlocal for p > 1√
2

[40,41], steerable for p > 1
2 [12],

and entangled for p > 1
3 [37]. Due to these different layers

of nonclassicality a proper quantum-to-classical transition oc-
curs only when a state no longer shows any of these quantum
correlations. This is why we study them in a case by case
manner to find nuances of the quantumness exhibited by a
macroscopic entangled state under complete coarse-grained
measurement discussed in the following.
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B. Coarse-grained measurements

A complete measurement process is composed of two dif-
ferent parts; the first part involves an interaction that entangles
the system with the measurement apparatus; we shall refer to
this process as setting the measurement reference. Depending
on the observable one intends to measure, this process in
quantum theory is usually represented by a unitary operation
which prepares the system in such a way that each system
state becomes correlated with each pointer state in a unique
way. On the other hand, the second part involves inferring
the value of the observable by observing the pointer state of
the measurement apparatus. In quantum theory, such detection
corresponds to the eigenvalue of the measurement operator
representing the concerned observable. However, due to lack
of efficiency of the measurement apparatus, the actual sit-
uation usually remains far from such idealizations and we
can only extract information about the system up to a cer-
tain degree of coarse-grained version of both the entangling
interaction as well as the final detection. This is explicitly
discussed in the following.

In order to contemplate the physical grounds behind the
coarse-grained measurement let us first consider a multilevel
quantum system represented in the following way:

|�in〉 =
∑

n

ln |ln〉 , (6)

where {|ln〉} corresponds to orthonormal eigenbasis of some
operator F̂ . Besides the state of the system, we consider the
initial state of the measuring pointer to be a Gaussian wave
packet represented in the position basis as∣∣�i

pointer

〉=∑
q

φ(q) |q〉 = 1

σ
√

2π

∑
q

exp

(
− q2

2σ 2

)
|q〉 .

(7)

This Gaussian distribution has a peak (mean) at q = 0 and a
standard deviation σ . Thus the combined state of the beam
and the pointer is |�〉 = |�in〉 ⊗ |�i

pointer〉. The interaction
between the system and measuring pointer is mathematically
represented as a unitary, Û(ε) = e−iεĤ , with the effective
Hamiltonian as Ĥ = F̂ ⊗ p̂. Here F̂ is the operator corre-
sponding to the dynamical variable we want to measure, ε

represents the strength of measurement interaction, and p̂ is
the operator corresponding to the variable conjugate to q̂. In
other words, p̂ can be thought as a generator of translation if q̂
represents the operator (with eigenstates 〈q〉) corresponding
to the position measurement. Thus, in such case p̂ is sim-
ply the operator corresponding to the measurement of linear
momentum.

After the system interacts with the measuring apparatus the
state of the combined system becomes

Û(ε) |�〉 = e−iε(F̂⊗p̂) |�〉

= e−iε(F̂⊗p̂)

(∑
n

ln |ln〉
)

⊗
(∑

x

φ(q) |q〉
)

= 1

σ
√

2π

∑
n

ln |ln〉 ⊗
∑

x

exp

(
− (q − εln)2

2σ 2

)
|q〉 .

(8)

Thus, after the interaction, the initial pointer state’s wave
function is shifted by different amounts depending on the
eigenvalues ln. Moreover, as long as the the interaction
strength ε is substantially large and the standard deviation σ

remains less than the separation between the eigenvalues, the
peaks of the Gaussian appear to be well resolved from one
another. However, as the standard deviation becomes large
compared to the consecutive eigenvalue ranges, the shifted
Gaussian profiles due to different eigenvalues overlap, making
it difficult to identify individual shifts. In such situations, only
a group of peaks can be resolved from another group leading
to the coarsening of the measurement resolution as described
below.

1. Coarsening of measurement resolution

Consider a dichotomic observable in arbitrary dimension
as F̂k = F̂+

k − F̂−
k such that

F̂+
k =

∞∑
n=k+1

|ln〉〈ln|, F̂−
k =

k∑
n=−∞

|ln〉〈ln|, (9)

where F̂±
k ’s are projectors of F̂k corresponding to the eigenval-

ues ±1. It is important to note that, due to limited resolution,
individual eigenvectors are clubbed into two projectors with a
sharp boundary at k. An unsharp (fuzzy) version of the same
measurement operator can be written as

F̂δ =
∞∑

k=−∞
Pδ (k)F̂k, (10)

where Pδ (k) = ∑∞
−∞

1
δ
√

2π
e

−k2

2δ2 is the normalized discrete
Gaussian kernel. Since we use a discrete Gaussian distribution
function, we assume δ > 1 for the normalization conditions.
Here δ represents the degree of coarsening of the final mea-
surement resolution. Any two states |ln〉 and |l−n〉 of a high
Hilbert-space dimension are called macroscopically distin-
guishable under such fuzzy measurement if they can be
discriminated with a high success probability Pn given by

Pn =
∣∣∣∣∣∣

∞∑
k=−∞

1

δ
√

2π
e

−k2

2δ2 ζn−k

∣∣∣∣∣∣
2

, (11)

where ζn−k = 1 for n − k > 0 and −1 for n − k � 0.
It is important here to note that in this paper we have not

considered positive operator-valued measures (POVMs) [20]
to incorporate the fuzziness. The imprecision in the measure-
ment described in this paper has a very different origin than
what is conventionally discussed in most of the literature.
The limited resolution of the measurement apparatus is such
that it cannot distinguish systems belonging to each and every
level among n levels precisely. This then actually means that
for such imprecision the rank-1 projector (for sharp measure-
ments) in quantum description has to be replaced by projectors
having rank more than 1. In contrast to projective valued
measures, the POVMs generally describe imprecision orig-
inating from probabilities of wrong detection (for example,
the unsharp POVMs) or effective measurements on a system
attached with an ancillary environment, for instance.
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An entangled state prepared with such microscopically
distinguishable states can be represented as follows:

|�n〉 = |ln〉|l−n〉 + |l−n〉|ln〉√
2

. (12)

Any quantum state of this particular form carries all properties
of an entangled state for any arbitrary value of n. Nevertheless,
we define a state of this form to be a macroscopic entan-
gled state as n can take sufficiently large values. The term
macroscopic was first introduced in Ref. [3] and has also been
used in recent literature [42] and denotes a system with high
dimensionality rather than a low-dimensional system with a
large mass or size.

As already discussed, the value of an observable that we
want to measure corresponds to the detection of some entity
on the measuring apparatus entangled with the system. This
detected entity essentially lies in the real configuration space
specified through the measurement apparatus itself. In ideal
sharp measurement, the one-to-one correspondence between
the eigenstates of the observable and the detected value of the
entity corresponding to measurement outcome enables one to
extract complete information about the system by maximally
disturbing it. In contrast, under coarsening of the final resolu-
tion of measurements this correspondence is lost, i.e., a given
detection in the measurement apparatus can correspond to
more than one eigenstate of the concerned observable. Hence,
the coarse-grained measurement fails to perfectly detect the
eigenvalues of the observable. However, in such a measure-
ment, the disturbance to the system is also less compared
to the ideal sharp measurement. Thus any remaining quan-
tum correlation after such measurement becomes a function
of the degree of coarsening of that particular measurement.
This motivates one to study the nature of different quantum
correlations under the coarsening of measurement resolution.

2. Coarsening of measurement reference

In a particular measurement process, depending on what
observable one wishes to measure the unitary evolution char-
acterized by the interaction Hamiltonian essentially rotates the
system state in the direction of a particular reference vector
on the Bloch sphere. This reference and thereby the rotation
are different for different measurements. For example, let
us consider the unitary Û(φ) whose action is to rotate two
orthonormal basis states |ln〉 and |l−n〉 according to

Û(φ)|ln〉 = cosφ|ln〉 + sinφ|l−n〉,
Û(φ)|l−n〉 = sinφ|ln〉 − cosφ|l−n〉, (13)

where φ is unique for a particular measurement. This φ

is a function of the measurement operator as well as the
strength of interaction discussed in the previous subsections.
A coarse-grained version of the unitary operation applied to
the measurement operators F̂δ can be described as follows:

F̂δ,�(φo) =
∫

dφP�(φ − φo)[Û (φ)F̂δÛ
†(φ)] (14)

where P�(φ − φo) = 1
�

√
2π

e
−(φi−φo)2

2�2 is the Gaussian kernel
centered around θi with a normal deviation �. Here, � is

a measure of the degree of coarsening in the measurement
reference.

The operation of setting the input or the reference of the
measurement apparatus may not always be precise. Therefore,
an inaccurate control of the reference leads to a setting of
the measurement apparatus other than the desired one. Only
under a specific choice of measurement operators (incompat-
ible) and a specific amount of imprecision, the nonclassical
correlations are observed in terms of certain restrictions
imposed through some nonclassicality witness. However, a
random choice of any of the two would not lead to the ob-
servation of nonclassical correlations. We study the effect of
coarsening of both measurement references as well as the final
resolution of the measurement in the quantum-to-classical
transition of the macroscopic entangled states in terms of Bell
nonlocality and quantum steering.

III. EFFECT OF COMPLETE COARSE-GRAINED
MEASUREMENT ON NONLOCAL CORRELATIONS

The quantum-to-classical transition has been studied [3]
in the context of coarse-grained measurement defining local
realism as classicality and exploring the quantum violation
of the Bell-CHSH inequality [33] by a macroscopic entan-
gled state. It was demonstrated in Ref. [3] that the point of
quantum-to-classical transition corresponding to the degree
of coarsening of final measurement resolution is dependent
on the macroscopicity n of the entangled state. For exam-
ple, the degree of coarsening for which a system represented
by a macroscopic entangled state with n = 2 satisfies the
Bell-CHSH inequality may offer a quantum violation of the
inequality with states having a higher value of n. In other
words, the quantum-mechanical violation of the Bell-CHSH
inequality persists with increasing degrees of fuzziness as n
increases. In contrast, when measurement reference is coars-
ened, quantum-to-classical transitions occur regardless of the
degree of macroscopicity n, implied by the fact that the
amount of Bell-CHSH violation in this case is independent
of the value of n. Importantly, the Bell-CHSH violation
depends on the incompatibility [43–46] between the local
measurement observables; therefore, to find robustness of the
nonlocality under complete coarse-grained measurement we
consider nonlocality witnesses that incorporate an arbitrary
number of measurements instead of only two measurements
per side as in the case of the standard Bell-CHSH inequality.

In order to investigate the tensility of the quantumness
exhibited by the aforementioned macroscopic entangled states
under a complete coarse-grained measurement, let us intro-
duce the following family of symmetric Bell inequalities [34]
with an arbitrary number of measurement settings:

Bm ≡
m∑

i=1

⎛
⎝m+1− j∑

j=1

〈Âi, B̂ j〉 −
m∑

j=m+2−i

〈Âi, B̂ j〉
⎞
⎠

�
[

m2 + 1

2

]
≡ Lm (15)

where we denote by Bm the nonlocality witness with m
measurements per party in a bipartite scenario and [r] de-
notes the largest integer smaller than or equal to r. Âi with
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i ∈ {1, m} and B̂ j with j ∈ {1, m} are Alice’s and Bob’s ob-
servables, respectively, andLm is the bound on the nonlocality
witness Bm imposed by local realism. For m = 2 settings,
Eq. (15) reduces to the standard Bell-CHSH inequality. Since
the violation of the inequality given by Eq. (15) reveals the
intrinsic nonlocality of the macroscopic entangled state under
fuzzy measurements, the violation tends to decrease, and at
a certain degree of fuzziness of measurement the statistics
can no longer violate the inequality. We refer to this as the
quantum-to-classical transition of the macroscopic entangled
state. As discussed in the earlier section the fuzziness in mea-
surement can come either from coarse graining of the final
resolution of measurement outcomes or due to coarsening
of measurement reference or the combined effect of both of
them. In the following we explicitly showcase the the effect
of each of these differently originated fuzzy measurements in
quantum-to-classical transition.

(I) First, we consider the effect of fuzziness in the fi-
nal resolution of the outcome of measurement characterized
by δ > 1, with perfect control on the measurement refer-
ence (� = 0). In such case the fuzzy version of the bipartite
correlation function, 〈ÂiB̂ j〉δ = 〈Âδ (φi) ⊗ B̂δ (φ j )〉, due to the
measurements Ai and Bj performed, respectively, by Alice and
Bob on their subsystem from the shared system represented by
|�n〉, can be written in a simplified form as follows:

〈ÂiB̂ j〉δ = 1
2 [Qδ (n, φi ) Qδ (−n, φ j ) + Qδ (−n, φi ) Qδ (n, φ j )

+ 2Rδ (n, φa) Rδ (n, φb)], (16)

where φi and φ j denote the angles with z axis of a
Bloch sphere representing the direction of measurements
for the observable Ai and Bj , respectively, and Qδ (n, φ) =∑∞

k=−∞ Pδ (k) [cos2φ ζn−k + sin2φ ζ−n−k )] and Rδ (n, φ) =
sinφ cosφ

∑∞
k=−∞ Pδ (k) [ζn−k − ζ−n−k].

In order to introduce the effect of coarsening on nonlocal
correlations we replace the expectation value appearing in
Eq. (15) by its fuzzy counterpart and numerically optimized
nonlocality witness Bm for different values of the degree
of macroscopicity n. For a particular macroscopic entangled
state (with fixed n) the value of nonlocality witness Bm de-
pends on the degree of coarse graining δ. Moreover, if δc

n,m
denotes the degree of coarsening for which Bm stays above
the classical local-realist bound for the state |�n〉, then for
a certain value of δ the state no longer exhibits nonclas-
sical behavior only if δ � δc

n,m. The value δc
n,m for which

the system stops behaving quantum mechanically and starts
behaving classically will be called the transition point. We
observe that for the nonlocality witnesses having an even
number of measurement settings (m = 2, 4, 6, . . . ), with an
increase in the number of settings m, the system demonstrates
the quantum-to-classical transition at a lower value of mea-
surement fuzziness (δ). More precisely, for a fixed n, the
transition points tend to decrease as the number of settings
increases, viz., δc

n,m=2 > δc
n,m=4 > δc

n,m=6, etc. In contrast, for
the nonlocality witness having odd number of measurement
settings (m = 3, 5, 7, . . . ), with an increase in m the transition
points follows an opposite trend as δc

n,m=3 < δc
n,m=5 < δc

n,m=7,
etc. This trend is explicitly depicted in Fig. 1.

In Fig. 2, we have plotted the value of Bm as a function of
δ2 for macroscopic entangled states characterized by different

FIG. 1. The value of δ2 corresponding to the transition points
(for Bell nonlocality) is plotted against the numbers of measurement
settings with the degree of macroscopicity n = 5 of the entangled
state.

values of n. We observe that for m = 2 the nonlocality witness
stays above the local-realist bound for different ranges of
δ depending on the value of n. This was already noted in
Ref. [3]. However, the question arises as to how robust the
quantumness of a specific macroscopic entangled state (with
fixed value n) is under different nonlocality witnesses charac-
terized by an arbitrary number of measurement settings m. We
found that for a certain value of the degree of coarsening δ the
value of Bm decreases as the number of setting m increases
when m is even. On the other hand, for odd m we see the
opposite trend, i.e., the value of Bm increases for all even m as
the degree of coarsening increases. Thus, for any odd number
of settings, the nonlocality witness significantly captures the
tensility of the critical point δc

n,m for the quantum-to-classical
transition of the macroscopic entangled state under coarsening
of final measurement resolution. However, any such witness

(a) (b)

(d)(c)

FIG. 2. Numerically optimized nonlocality witness Bm plotted
against the variance δ2 for different values of n. The blue line rep-
resents the classical limit in each case. Input settings m = 2, 3, 4, and
5 are plotted in (a), (b), (c), and (d), respectively.
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with an even number of settings fails to capture the essence of
the incremental nature of the quantumness with the increase
in the number of settings.

(II) Now, we consider the situation where the final out-
comes of the measurement are perfectly resolved (δ = 0) but
the measurement reference represented by the unitary trans-
formation is coarsened with degree of coarsening �. So, the
joint correlation function is now dependent on � and can be
written in the following form:

〈ÂiB̂ j〉� = −
∫ ∞

−∞

∫ ∞

−∞
dφidφ jP�(φi − θi )

× P�(φ j − θ j ) cos [2(φi + φ j )] (17)

where P�(φi( j) − θi( j) ) = 1
�

√
2π

e
−(φi( j)−θi( j) )2

2�2 is the Gaussian
kernel centered around θi( j) with a normal deviation �.
Unlike the previous case, the correlation in the left-hand
side of Eq. (17) is not a function of n, suggesting that the
quantum-to-classical transition of the macroscopic entangled
state resulting from coarsening of measurement reference is
independent of the variable n. Thus no matter how much
macroscopicity the system possesses, the system defies any
nonlocal behavior as soon as the degree of coarsening of mea-
surement reference reaches a specific value �c

n,m. However,
this is not the whole story, as we will see in the following that
the number of measurement settings used in the nonlocality
test plays a significant role in shifting the value �c

n,m.
(III) Finally, we consider what we call the complete coarse-

grained measurement in which the effect of fuzziness in both
the final measurement resolution as well as the measurement
reference is considered. Now, under the complete coarse-
grained measurement, the fuzzy version of the correlation
functions can be written as

〈Ai, Bj〉δ,� = 〈Âδ,�(φi ) ⊗ B̂δ,�(φ j )〉, (18)

where φi and φ j as mentioned earlier are the angles with the z
axis of a Bloch sphere representing the direction of measure-
ments for the observable Ai and Bj respectively. Substituting
Âδ,�(φi ) and B̂δ,�(φ j ) from Eq. (14) we can write Eq. (18) as

〈Ai, Bj〉δ,� =
∫ ∞

−∞

∫ ∞

−∞
dφadφbP�(φa − θa)P�(φb − θb)

× 〈[U †(φa)FδU (φa)] ⊗ [U †(φb)FδU (φb)]〉.
(19)

Finally, the fuzzy version of the correlation function can be
written in a more simplified form as

〈Ai, Bj〉δ,� =
∫ ∞

−∞

∫ ∞

−∞
dφ1dφ2P�(φ1 − θ1)P�

× (φ2 − θ2)〈ÂiB̂ j〉δ, (20)

where 〈Ai, Bj〉δ,� = 1
2 [Qδ (n, φi ) Qδ (−n, φ j ) + Qδ (−n, φi )Qδ

(n, φ j ) + 2Rδ (n, φa) Rδ (n, φb)].
We numerically optimize the nonlocality witness Bm (in

particular for m = 2, 3, 4, 5) involving the correlation func-
tion given by Eq. (20) and plot the region of �2 and δ2 for
which Bm lies in the quantum regime with n = 5. The reason

(a) (b)

(d)(c)

FIG. 3. The orange shaded portion describes the region of �

and δ for which Bm lies in the quantum nonlocal regime with the
red solid line separating it from the classical local realist regime
(represented by the shaded sky portion). Each point on the red solid
line is a representative of a transition point pair (δc

n,m, �c
n,m ). Input

settings m = 2, 3, 4, and 5 are plotted in (a), (b), (c), and (d),
respectively.

for taking n = 5 to observe the degree of coarsening at which
the quantum-to-classical transition occurs as the degree of
macroscopicity of the entangled state increases is that it is the
lowest value for which every nonlocality witness is showing at
least a nonzero amount of violation of the local-realist bound.
Then orange portions of the graphs are representative of the
ranges of values of the degree of coarsening � and δ for which
the macroscopic entangled state exhibits quantum nonlocality.
The area of the orange region is a measure of the tensility of
the quantumness of the entangled state with n = 5. Moreover,
each point on the solid red curve defines a transition point pair
(δc

n,m,�c
n,m) beyond (sky-colored region) which the state no

longer shows nonlocality. It is also apparent from the obser-
vations of graphs in Fig. 3 that instead of a uniform decrease
of the orange shaded area, it shows a distinctive pattern as the
measurement settings increase. Notably, when the number of
settings is even there is a decrement in the quantum region.
Conversely, in scenarios characterized by an odd number of
settings an increment in the area of the aforementioned area
is observed. In that sense, it follows the same trend as in the
case of the coarsening of final measurement resolution.

From the above discussions, it is now evident that the
symmetric nonlocality witnessBm fails to capture any delay in
the quantum-to-classical transition for any arbitrary number of
settings used to demonstrate nonlocality in terms of complete
coarse-grained measurement. Thus, it is better to look for
other nonclassicality witnesses instead of nonlocality. In this
regard, we will now use quantum steering as a nonclassical
resource and study its tensility for the macroscopic entangled
states under complete coarse-grained measurement.
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IV. EFFECT OF COMPLETE COARSE-GRAINED
MEASUREMENT ON STEERING

The apparent inconsistency of the quantumness exhibited
in the form of nonlocality compels us to investigate a compar-
atively weaker form of bipartite quantum correlation, namely,
quantum steering. Similar to the previous case we study the
tensility of the quantum characteristics of the macroscopic en-
tangled state under the complete coarse-grained measurement.
In order to do this we introduce the n-settings linear steering
inequality [35] given by

Sm ≡ 1√
m

∣∣∣∣∣
m∑

i=1

〈Âi ⊗ B̂i〉
∣∣∣∣∣ � 1 (21)

where we denote Sm as the steering witness with m mea-
surement settings per party in a bipartite scenario where Âi

and B̂i with i ∈ {1, m} are observables corresponding to the
measurements performed by Alice and Bob, respectively. If
for a macroscopic entangled state |�n〉 and some choice of
measurements of Alice and Bob the joint statistics violate
the above inequality we say that the state is steerable. When
we consider the fuzzy version of the correlation functions
similar to the nonlocality, at a certain degree of coarsening of
measurement the statistics can no longer violate the inequality
implying a quantum-to-classical transition of the macroscopic
entangled state. However, in contrast to Bell nonlocality, in
this case, unsteerability is referred to as the relevant notion of
classicality.

We begin with the situation where the fuzziness is involved
only in the final resolution of measurement outcomes (δ > 1)
with perfect control on the measurement reference (� = 0). In
such case the fuzzy version of the bipartite correlation func-
tion, 〈ÂiB̂i〉δ = 〈Âδ (φi) ⊗ B̂δ (φi)〉, due to the measurements Ai

and Bi performed, respectively, by Alice and Bob on their
subsystem is of the same form as given in Eq. (16). The
steering witness Sm is thus calculated by substituting Eq. (16)
into Eq. (21) as a function of the degree of coarsening δ. The
numerically optimized value of Sm is plotted as a function of
δ2 in Fig. 4 above. In contrast to the case where nonlocality
is taken as a measure of quantumness, here we observe that
the effect of fuzziness on quantum steering exhibited by a
macroscopic entangled state (with a certain degree of macro-
scopicity n) can be compensated by testing a steering witness
with a larger number of measurement settings. More precisely,
the critical value δs

n,m of the degree of coarsening at which a
certain steering witness Sm∗ stops violating Eq. (21) can be
increased by testing a steering witness Sm such that m∗ < m.
This trend is explicitly depicted in Fig. 4, where different
figures [Figs. 4(a)–4(d)] show plots for different numbers of
settings (m = 2, 3, 4, 5) in which each of them consists of
plots of the steering witnessSm as a function of δ2 for different
values of n.

Let us now consider the most general scenario where the
effect of fuzziness on both the resolution of final measure-
ment outcomes as well as measurement reference is nonzero.
For the macroscopic entangled state given by Eq. (12), the
joint correlation function 〈ÂiB̂ j〉δ,� is given by Eq. (19). This
correlation function is employed to calculate the steering
witness Sm for given n and m. The effect of the complete

(a) (b)

(c) (d)

FIG. 4. The numerically optimized steering witness Sm plotted
against the variance δ2. The blue line represents the classical bound
in each case. Input settings m = 2, 3, 4, and 5 are plotted in (a), (b),
(c), and (d), respectively.

coarse-grained measurement on the amount of quantumness
revealed in a macroscopic entangled state is represented
through Fig. 5 for different steering witnesses Sm with
(m = 2, 3, 4, 5) by taking n = 5 as the degree of macro-
scopicity as an example. In each of the graphs, the orange
shaded region showcases the range of values of �2 and δ2

(a) (b)

(c) (d)

FIG. 5. The orange shaded area shows where Sm lies in the
quantum nonlocal zone and separated by the solid red line from
the classical local realist regime (light blue region). Each point
on the red line represents a pair of transition points (δs

n,m, �s
n,m ).

Panels (a), (b), (c), and (d) correspond to input settings with m equal
to 2, 3, 4, and 5, respectively.
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FIG. 6. Plot of δ2 corresponding to the transition points (for
quantum steering) against the number of measurement settings for
the degree of macroscopicity n = 5 of the entangled state.

for which the state exhibits quantum steering by violating the
inequality given in Eq. (21). The area of each of the plots
thus reveals the tensility of quantum steering with respect to
the strength of coarsening. Any transition point (�2, δ2) that
lies in the sky-colored shaded region gives the pair of values
(�, δ) for which inequality Eq. (21) is satisfied, indicating the
absence of quantumness (in the form of quantum steering) in
the macroscopic entangled state. Thus, the points on the solid
red curve give the tradeoff between two degrees of coarsen-
ing parameters δs

n,m and �s
n,m for which quantum-to-classical

transition occurs. It is now clear from the Figs. 5(a)–5(d) that
the degree of coarsening at which the quantum-to-classical
transition occurs in terms of a steering witness Sm can be
consistently pushed forward by testing another witness of
increased number of settings. Thus the effect of coarsening on
the amount of steering in certain macroscopic quantum states
can be compensated by increasing the number of settings of
the steering witness that is employed to test the steering. This
trend is explicitly depicted in Fig. 6.

V. EFFECT OF WHITE NOISE

So far we have only discussed the tensility of the quan-
tumness of a pure macroscopic entangled state. However,
as several experimental situations demand, it is essential to
investigate the robustness of the nonclassicality against the
noise introduced in the source. In this section, we will study
the robustness of quantum correlations (Bell’s nonlocality and
quantum steering) under a complete coarse-grained measure-
ment scenario in terms of mixed entangled states. In order
to do so let us first consider a system consisting of a pure
macroscopic maximally entangled state supplemented with
white noise (we call it the macroscopic Werner state) as

ρmix = p |�n〉 〈�n| +
(

1 − p

4

)
1. (22)

It is already mentioned that for p > 1√
2

the Werner state

shows Bell nonlocality, quantum steering for p > 1
2 , and en-

tanglement for p > 1
3 . Therefore, in the range 1

3 < p � 1
2 , this

state is only entangled and exhibits neither Bell nonlocality
nor quantum steering. It is steerable and entangled but not

TABLE I. Transition points in terms of variance (δ2, �2), for
m = 2 with varying degrees of visibility p.

Nonlocality Steering

Visibility δ2(� = 0) �2(δ = 0) δ2(� = 0) �2(δ = 0)

p = 0.85 8.29 0.046 8.94 0.046
p = 0.80 6.72 0.0308 7.615 0.0308
p = 0.75 4.81042 0.0147 6.137 0.0147

Bell nonlocal for 1
2 < p � 1√

2
, while for p > 1√

2
, it exhibits

Bell nonlocality along with quantum steering and entangle-
ment. In order to find the value of the quantum witnesses
we have to first obtain the joint bipartite correlation functions
〈Âi, B̂ j〉p

δ,� = 〈Âδ,�(φi) ⊗ B̂δ,�(φ j )〉p for the state ρmix. As in
the previous cases, here we will first introduce the fuzziness
solely in the resolution of the final measurement, then in the
measurement reference, and finally in both of these and then
study the quantum witnesses for both nonlocality and steering.

Let us first consider the case where no fuzziness has been
incorporated in the unitary transformation, which implies
� = 0, and the final detection of the measurement is inac-
curate (δ > 0). The correlation function can be written as

〈ÂiB̂ j〉p
δ = p

2
[Qδ (n, φa) Qδ (−n, φb)

+ Qδ (−n, φa) Qδ (n, φb) + 2Rδ (n, φa) Rδ (n, φb)]

+
(

1 − p

4

)
[Qδ (n, φa)Qδ (n, φb)

+ Qδ (n, φa)Qδ (−n, φb)

+ Qδ (−n, φa)Qδ (n, φb) + Qδ (−n, φa)Qδ (−n, φb)],
(23)

where Qδ (n, φ) and Rδ (n, φ) are defined earlier as given in
Eq. (16).

We have shown in the preceding sections that when m = 2,
the degree of coarsening for which a pure macroscopic en-
tangled state undergoes quantum-to-classical transition is the
same (δc

n,2 = δs
n,2) for both Bell’s nonlocality and quantum

steering. Surprisingly, for a particular mixed state with fixed
value of p, we found that even in the case of m = 2 the
quantum-to-classical transition points are different, i.e., δc

n,2 �=
δs

n,2. We also found as the value of visibility p approaches
unity, δc

n,m and δs
n,m become closer to one another and become

equal for p = 1. In order to illustrate this trend for m = 2, an
example of a set of transition points corresponding to different
values of p for a macroscopic entangled state with n = 5 is
shown in Table I. As the form of the correlation function
is the same for both the cases, it is evident that the forms
of the inequalities are viable for such differences. One can
find some other form of symmetric steering inequalities for
which this disparity evaporates. For any other value of m with
fixed δ we observe monotonic decrement of the value of both
the quantum witnesses Bm and Sm with an increase in the
visibility p.

We get a more strict constraint on the quantumness of a
mixed macroscopic entangled state by considering a complete
coarse-grained measurement performed by the respective
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parties. In this case the joint correlation function takes the
form

〈ÂiB̂ j〉p
δ,� =

∫ ∞

−∞

∫ ∞

−∞
dφadφbP�(φa − θa)P�(φb − θb)

× Tr{[U †(φa)FδU (φa)]⊗ [U †(φb)FδU (φb)]ρmix}

=
∫ ∞

−∞

∫ ∞

−∞
dφadφbP�(φa − θa)P�(φb − θb)

×
[

pMδ (n, φ) +
(

1 − p

4

)
Tδ (n, φ)

]
(24)

where Mδ (n, φ) = Qδ (n, φa)Qδ (−n, φb) + Qδ (−n, φa)Qδ

(n, φb) + 2Rδ (n, φa)Rδ (n, φb) and Tδ (n, φ) = Qδ (n, φa)Qδ

(n, φb) + Qδ (n, φa)Qδ (−n, φb) + Qδ (−n, φa)Qδ (n, φb) + Qδ

(−n, φa)Qδ (−n, φb).
The visibility p for which a particular mixed macroscopic

entangled state makes quantum-to-classical transition for dif-
ferent values of δ and � is calculated by putting Eq. (24) into
the expression of Bm and Sm and noting its classical bound.
However, in order to avoid clumsiness we are not including
(except for m = 2) numerical values of visibilities for differ-
ent measurement settings and different degrees of coarsening.
It is evident from Table I that for m = 2 unlike δ2 that takes
different values corresponding to the transition points for Bell
nonlocality and quantum steering even with fixed value of p,
the value of �2 corresponding to the transition points is the
same and is independent of which of these two is taken as a
measure of quantumness.

VI. CONCLUDING REMARKS

The quantum-to-classical transition of a macroscopic en-
tangled state [3] due to different forms of inefficiency of
measuring apparatus is investigated. In particular, we focus
on the interplay between the degree of coarsening of mea-
surement and the number of measurement settings used in
revealing the quantumness (nonlocality and quantum steering)
of the macroscopic entangled state with certain degree of
macroscopicity. As the degree of coarsening of the measure-
ment increases, the nonclassical behavior begins to fade and
eventually disappears as it crosses a certain threshold value.
We found that such decline of quantumness of the system
depends on the number of input settings of the particular wit-
ness employed to reveal the nonclassicality. Most importantly,
we have shown particular instances for which the effect of
coarsening can be compensated by increasing the number of
measurement settings.

We have first considered the violation of a family of
Bell inequalities (characterized by different number of mea-
surement settings) by a macroscopic entangled state under
coarsening of both final measurement resolution as well as
the measurement reference. This degree of fuzziness of such
coarse-grained measurement is one of the eligible candidates
on which the quantum-to-classical transition depends. We
have first studied the tensility of the nonlocality exhibited
by the macroscopic entangled states under varying strength
(degree) of coarsening. It is shown that similar to Ref. [3], that
only considered a two (m = 2) measurement setting symmet-
ric nonlocal witness, for m � 2 with any particular nonlocal
witness quantum to classical transition occurs at a greater

degree of coarsening as we increase the macroscopicity of
the entanglement. However, a disparity in transition points
is seen corresponding to even and odd number of settings.
Notably, when the number of settings is even, the value
of the degree of coarsening corresponding to the transition
point decreases as number of measurement settings increases.
Conversely, for the odd number of settings an increase of
the number of measurements leads to an increment of the
aforementioned value. Moreover, as one increases the number
of settings substantially, the transition points corresponding
to even and odd number of settings eventually converge and
the quantum-to-classical transition becomes independent of
the number of measurement settings. This disparity restricts
this particular set of symmetric Bell inequalities [34] from
establishing a consistent relationship between the trio, namely,
the macroscopicity of the entanglement, number of measure-
ment settings of the nonlocality witness, and the degree of
coarsening of measurements.

Against the backdrop, by considering unsteerability as a
form of classicality, we finally employed a family of lin-
ear steering inequalities to witness the quantum-to-classical
transition. It is clearly depicted that as the degree of macro-
scopicity increases, the quantum state becomes more robust
to the fuzziness of measurement. In terms of the the nature
of the tradeoff between the macroscopicity and the amount
of quantumness, quantum steering resembles the nonlocality
as discussed earlier. What singles out quantum steering from
nonlocality is the number of measurement settings one uses to
witness the quantumness of the system. It is shown that with
the increase in the number of input measurement settings of
the steering witness, the degree of coarsening corresponding
to the transition points increases. Moreover, in comparison to
nonlocality, for a particular entangled state and fixed number
of measurement settings the steering witness is shown to be
more robust than the nonlocality witness. Thus not only with
respect to the mixedness of the entangled state, but also in
terms of coarsening of measurements, steering remains the
weaker correlation compared to the nonlocality.

While concluding we note that the disparity between the
set of nonlocality witnesses with even and odd number of set-
tings in identifying the quantum-to-classical transition points
can possibly be eliminated by considering some asymmetric
nonlocality witness [47] instead of the symmetric witnesses
considered in this paper. Moreover, it will be interesting to
explore finer details about the quantum-to-classical transi-
tion by examining how the particular aspect of coarsening
of measurements discussed in this paper affects correlations
such as macroscopic nonlocality [48,49] and macroscopic
contextuality [50]. Yet another area deserving exploration
involves understanding the quantum-to-classical transition
of macroscopic entangled states in continuous variable
systems [23,24,51,52]. This calls for further study.
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