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Deterministic generation of arbitrary n-photon states in a waveguide-QED system
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Quantum light sources play a vital role in various aspects of quantum information science, but on-demand
highly efficient generation of arbitrary multiphoton states which can be easily integrated is still challenging. Here,
we propose a chip-integrable scheme to deterministically generate a group of n photons with very high fidelity
based on the long-range collective interaction between the emitters mediated by the waveguide modes. The n
photons are shown to be emitted in a bundle while two successive n-photon bundles tend to be antibunched and
can behave as an n-photon gun. Our results here can find applications in areas such as chip-integrated quantum
information processing and quantum metrology.
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I. INTRODUCTION

Classical coherent light sources like lasers have been exten-
sively applied in many areas and have played important roles
in modern information science [1,2]. Similarly, quantum light
sources such as single-photon sources and entangled photon
sources have become key ingredients for photonic quantum
technologies [3–8]. The single-photon sources can be her-
alded generated by the parametric down-conversion [9–11] or
four-wave mixing processes [12], but these methods are usu-
ally probabilistic and their efficiencies are usually very low.
The photon blockade effect can also be exploited for single-
photon generation in the cavity quantum electrodynamics
(QED) system, but the efficiency is also not very high [13–19].
During the past two decades, solid-state quantum emitters
like semiconductor quantum dots (QDs) have been shown to
be a very promising material platform for on-demand high-
efficiency and high-quality single-photon sources [20–26] and
entangled photon sources [27,28]. Single-photon sources gen-
erated by a high-quality QD have been temporally multiplexed
to demonstrate highly efficient Boson sampling [29,30]. Al-
though the quantum advantages have been demonstrated using
very bright squeezed light sources (Gaussian Boson sam-
pling) [31,32], the quantum advantages for the original Boson
sampling problem have not yet been demonstrated due to
the lack of multiphoton Fock states with high purity and
indistinguishability.

In recent years, multiphoton Fock states or bundle emis-
sions where the system emits a bundle of strongly correlated
n photons have attracted much attention due to their fun-
damental applications in areas such as quantum information
protocols [33], N-photon lasers and photon guns [34], quan-
tum lithography and metrology [35,36], medical applications
with high resolution and minimum harm to tissue [37,38],
and biological photoreceptors with sensitivities greater than
classical light [39,40]. The Fock state can be conditionally
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generated via the state collapse from a coherent or thermal
state [41,42], but this process is not deterministic and the
probability decreases rapidly when n increases. By accurately
controlling the cavity-qubit coupling strength and interaction
times, multiple-photon states can also be prepared [43–47].
Muñoz et al. showed that a strongly coupled cavity-atom
system can form a series of anharmonic dressed states and
if the pumping frequency satisfies the right conditions the
system can emit n photons in a bundle [48]. Actually, if
the usual Jaynes-Cummings (JC) Hamiltonian in the cavity-
QED system can be generalized to the higher-order n-photon
JC Hamiltonian [49–51], the coupled system can oscillate
between the ground state and the n-excitation state (i.e., super-
Rabi oscillations) and an n-photon state can be also generated
[52,53]. Taking advantage of the nonlinear dynamics of the
Cooper-pair tunneling or the ultrastrong coupling, the effec-
tive Hamiltonian of the circuit-QED system can be described
by the n-photon JC model and antibunched N-photon bundles
can also be generated [54–57]. However, when n is relatively
larege, the efficiencies of the above methods are usually low.
Uria et al. showed that a cavity field initially in a coherent
state interacting with an atom can evolve to a quantum state
close to a Fock-like state at a certain interaction time, and
they numerically showed that an n ∼ 100 Fock-like state with
70% fidelity can be generated [58]. However, the generated
state in this method is not a Fock state but a displaced Fock
state. By coupling the field to a multilevel atom, multiple
photons can also be generated [59–61], but the number of
photons is largely restricted by the available atomic levels.
González-Tudela et al. proposed an interesting method for
deterministic generation of arbitrary multiphoton states in
a waveguide-QED system by pumping all N emitters into
many-body collective states with n excitations step by step
through carefully designed pulse sequences [62,63]. In their
scheme, they need to couple a dipole-forbidden transition, and
two-photon transitions were also required, which may present
difficulties in experimental realization.

In this paper, we propose an alternative scheme to generate
arbitrary n-photon states on demand in a waveguide-QED

2469-9926/2024/109(1)/013718(9) 013718-1 ©2024 American Physical Society

https://orcid.org/0000-0002-8935-3448
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.109.013718&domain=pdf&date_stamp=2024-01-22
https://doi.org/10.1103/PhysRevA.109.013718


FAN XING, ZEYANG LIAO, AND XUE-HUA WANG PHYSICAL REVIEW A 109, 013718 (2024)

FIG. 1. (a) Schematic diagram for generating n-photon bundle
states in a 1D waveguide-QED system where N multilevel emitters
couple to the waveguide. (b) The emitters are selectively pumped
from the ground state |g〉 to the excited |e〉 by external driving π

pulses. The emitters without being pumped remain in the ground
state. (c) The emitters being pumped to the excited state |e〉 can
couple to the waveguide and they can collectively decay to the
intermediate state | f 〉 and release n highly correlated photons into
the waveguide.

system which may be relatively easier to implement. In our
scheme, we employ the long-range dipole-dipole interaction
mediated with waveguide modes where the emitters with
large separation can still have strong collective interactions
[64–69]. Since the emitters here need not be very close, we
can selectively pump a specific number of emitters into the
excited state |e〉 by applying multiple ultrashort coherent π

pulses whose duration is much less than the collective decay
time of the emitters. Different from the methods proposed
by González-Tudela et al. [62,63] where they pump all N
emitters into a superposition state with n excitations step by
step, here we selectively pump n out of N emitters to their
excited states by a single step. Only the n emitters in the
excited state can couple to the waveguide and then they can
cascade down to the ground state through the superradiant
pathway which can deterministically emit n photons into the
waveguide. Our results show that the photons are emitted in a
bundle and the photons in different bundles are antibunched.
The proposed scheme can find applications in areas such as
studying multiphoton nonlinear effects and collective many-
body physics, demonstrating Boson sampling, and enhancing
phase measurement sensitivity in the chip-integrated photonic
system [70–78].

This article is organized as follows. In Sec. II, we dis-
cuss our scheme and the theoretical calculation methods.
In Sec. III, we numerically demonstrate the validity of our
scheme through three-atom examples. Finally, we summarize
our results.

II. MODEL AND THEORY

The schematic model is shown in Fig. 1(a) where N iden-
tical multilevel emitters couple to a one-dimensional (1D)
single-mode waveguide such as a photonic crystal waveguide,
a superconducting transmission line, or a plasmonic nanowire.
Among these atomic levels, only the transition between |e〉
and | f 〉 with transition frequency ωe f can couple to the
waveguide modes, and other transitions are decoupled from

the waveguide but they can couple to the external nonguided
fields. The emitters are initially in the ground state |g〉, which
decouples to the waveguide, and can be selectively pumped to
the excited state |e〉 by an external laser π pulse whose fre-
quency is tuned to be resonant with the |g〉 → |e〉 transition
[Fig. 1(b)]. The emitters without being pumped will stay in
the ground state |g〉 which is decoupled from the waveguide.
An emitter in the excited state |e〉 can either decay to the state
| f 〉 with rate �1D and emit a photon into the waveguide or
decay back to the ground state |g〉 with rate γ and emit a
photon to the free space. For a single-emitter case, the collec-
tion efficiency is given by �1D/(�1D + γ ). For the n-emitter
excitation case, the emitters can collectively decay to the state
| f 〉 and emit n photons into the waveguide. The collection
efficiency can be enhanced as follows: n�1D/(n�1D + γ ). The
emitters in the state | f 〉 can cascade down to the ground state
|g〉 through certain intermediate states with the effective decay
rate γ f . By repeating the above procedures, we can produce
a sequence of photon pulses with each pulse containing an
n-photon bundle. This is the basic principle of our scheme.

To deterministically generate pure n-photon states, it is
critical to selectively pump n emitters into the excited state
|e〉 with high fidelity, and the other irrelevant emitters are
decoupled from the waveguide. To achieve this, we apply
multiple focused laser beams to the target emitters from the
direction perpendicular to the waveguide. The emitter distance
is chosen to be much larger than the diffraction limit which is
about half wavelength to avoid cross excitation. In addition,
to ensure that the selected emitters are prepared in the excited
states |e · · · e〉 with very high fidelity, the pulses are chosen
to be π pulses and their time duration should be much less
than the collective decay time of the emitters (1/n�1D). Under
this condition, the emitters almost do not decay during the
pumping process and after that they decay without pumping
to avoid the occurrence of reexcitations.

The emitters in the excited |e〉 state can couple to the
waveguide and they can form collective states due to atom-
atom interaction mediated by the waveguide modes. By
tracing out the effects of the waveguide field, the effective
Hamiltonian of the emitters in the subspace of |e〉 and | f 〉 is
given by [64,65,79]

H (e f )
eff = h̄ωe f

∑
j

σ
j

e f σ
j
f e − i

h̄�1D

2

N∑
j,l=1

eikaz jl σ
j

e f σ
l
f e, (1)

where the real part gives the collective effective energy and
the imaginary part describes the collective decay rates. σ

j
e f =

|e〉 j〈 f | is the operator that describes the | f 〉 → |e〉 transition
of the jth emitter. z jl = |z j − zl | is the distance between the
jth and lth emitters. By diagonalizing H (e f )

eff , we can obtain
the effective collective eigenenergies and eigenstates of the
emitter system in the subspace spanned by |e〉 and | f 〉. Due
to the collective interactions, some states are superradiant
and others are subradiant. Here, we consider the case when
the emitter distances are integer multiple of resonant wave-
length under which the subradiant states completely decouple
from the waveguide field and only the superradiant states
can couple to the waveguide. Without loss of generality, here
we assume that the distance between the nearest-neighbor
emitters is the resonant wavelength λa corresponding to the
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transition frequency ωe f . The superradiant states are given
by |Sm〉 = 1√

n
sym{|e〉⊗m| f 〉⊗(n−m)}, which is the symmetric

superposition of the states with n emitters being in the state
|e〉 and the other n − m emitters being in the state | f 〉. The
eigenenergy of the state |Sm〉 is mωe f with the collective
decay rate �m = m(n − m + 1)�1D/2, where m = 0, 1, . . . , n
[Fig. 1(c)]. When m = 0, |S0〉 = | f . . . f 〉 is the lowest energy
eigenstate in the subspace, while when m = n, |Sn〉 = |e . . . e〉
is the highest energy eigenstate with the decay rate n�1D/2,
which is n times larger than that of the single emitter decay
rate. For other values of m, the collective decay rates can be
larger than n�1D/2. If the emitter system is prepared in the
state |Sn〉 with high fidelity, it can cascade down to the ground
state through the superradiance pathway and deterministically
emit n photons with high purity. Due to the superradiant effect,
the emitted n photons are bounded in the time and space
domain.

III. NUMERICAL SIMULATION

To prove the validity of our scheme, we can numerically
calculate the population dynamics and the photon statistics by
either solving the master equation [80] or using the quantum
Monte Carlo method (see Appendixes A and B) [81–83].
Here, as an example, we consider the case when three emitters
couple with a 1D waveguide and compare the results when
one or two or three emitters are excited. The nearest-neighbor
separation between the emitters is set to be λa. Here we
assume that the spontaneous decay loss to the free space
γ = 0.05�1D, which is realistic because as low as 1% loss has
been experimentally demonstrated in quantum dots coupled
to the photonic crystal waveguide [84] and in superconduct-
ing qubits coupled to the superconducting tranmission line
[85,86]. The effective decay rate from the state | f 〉 to the
ground state |g〉 is given by γ f = 2�1D. Initially, all the emit-
ters are in the ground state. We then apply multiple coherent
driving π pulses with a time duration much less than the
collective decay time 1/n�1D (n = 3 in this example) to se-
lectively excite a certain number of emitters. In the following
numerical simulations, we assume that the driving pulse is
Gaussian π pulses with the spectrum width � = 200�1D and
average photon number n̄d = 4182 (see Appendix A). The
peak driving Rabi frequency 	 =

√
γ n̄d�/2π1/4, which is

about 125�1D under the chosen parameters. For a quantum
dot coupled to a photonic crystal waveguide where �1D ≈
200 MHz, the peak driving Rabi frequency is about 25 GHz,
which is experimentally achievable [87].

A. Population dynamics and photon statistics

The population dynamics of the emitter system as a func-
tion of time and the photon statistics for the three excitation
cases are shown in Fig. 2.

Case 1. If only one emitter is excited by a short coherent π

pulse at the time marked by a red arrow shown in Fig. 2(a), we
can see that the emitter is then in the |e〉 state after the pulse
with very high fidelity (about 99% in this example). After
that, the excited emitter decays to the ground state through
the path |e〉 → | f 〉 → |g〉 and emits a single photon into the
waveguide with about 97.7% probability according to the
numerical Monte Carlo simulation [Fig. 2(b)]. There is about

FIG. 2. Population dynamics and photon count statistics for the
one-excitation case (a), (b), the two-excitation case (c), (d), and the
three-excitation case (e), (f).

a 2.3% probability that the emitter directly decays back to the
ground state and emits a photon into the free space with zero
photons in the waveguide.

Case 2. If we selectively excite two emitters (e.g., the first
and second emitters) by two separate short coherent π pulses
at the time marked by the red arrow shown in Fig. 2(c), the
system can be in the state |ee〉 after the pulse with about 97.7%
in our numerical example. The excited emitters then decay
back to the ground state through the path |ee〉 → |+〉 →
| f f 〉 → |gg〉, where |±〉 = 1√

2
(|e f 〉 ± | f e〉) [Fig. 2(c)], and

emit two photons into the waveguide with the probability
being about 94.2% [Fig. 2(d)]. It is clearly seen that the system
decays through the superradiant path since the population in
the subradiant state |−〉 is always zero [black dashed line in
Fig. 2(c)]. The Monte Carlo simulation shows that the proba-
bility of one-photon loss is about 5.6% and the probability of
two-photon loss is about 0.2% [Fig. 2(d)].

Case 3. If three emitters are excited by three short co-
herent π pulses with the probability being about 96.5% in
our numerical example, they can decay back to the ground
state through the path |eee〉 → |S2〉 → |S1〉 → | f f f 〉 →
|ggg〉, where |S2〉 = 1√

3
(|ee f 〉 + |e f e〉 + | f ee〉) and |S1〉 =

1√
3
(|eff〉 + | f e f 〉 + | f f e〉) as shown in Fig. 2(e). In this pro-

cess, the system can emit three photons into the waveguide
with the probability being about 91.2% [Fig. 2(f)]. According
to our Monte Carlo simulation, the probabilities of one-, two-
and three-photon losses are about 8.38%, 0.38%, and 0%,
respectively. From the photon distribution shown in Fig. 2,
we can clearly see that the generated photon states are highly
nonclassical.
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FIG. 3. Comparison of the population decay dynamics (a) and
the output photon intensities (b) of the cases when one, two, and
three emitters are excited. Statistics of the time intervals of the 9419
two-photon events (c) and the 9123 three-photon events (d) observed
in Fig. 2.

To clearly see that the photons are indeed emitted by the
collective decay, we compare the population decay dynamics
of the three cases as shown in Fig. 3(a). We can see that the
more emitters are excited the faster the decay rate is, which
is a signature of the superradiant effect. The output photon
intensity as a function of time for three different cases is
shown in Fig. 3(b), from which we can see that the emitted
field intensity is proportional to the number of excited emitters
and the photon pulse shape is sharper when more emitters
are excited, which is another signature of the supperradiant
effect. In Fig. 3(c), we show the statistics of the time interval
between two successive emitted photons for the case when
two emitters are excited. The red dotted lines in Figs. 3(c) and
3(d) are the single-photon emission curves for comparison.
It is clearly seen that the two emitted photons tend to bunch
together. Similarly, the statistics of the time intervals between
the three successive photons for the case when three emitters
are excited is shown in Fig. 3(d), from which we can also
clearly see the bunching effect among the photons in each
bundle.

B. Generalized second-order correlation function

The property of the generated photons can be
captured by calculating the higher-order correlation
function, especially the second-order correlation function
g(2)(τ ) = limt→∞〈a†(t )a†(t + τ )a(t + τ )a(t )〉/〈a†(t )a(t )〉2,
where a(t ) = ∫

dωa(ω)e−iωt/2π is the time-dependent
annihilation of a photon mode [88]. For a photon mode
with a frequency bandwidth, in principle, we need to
integrate all the frequencies belonging to each mode. In
the numerical simulation, we directly calculate the average
value of the time-dependent operators like 〈a†(t )a(t )〉 and
〈a†(t )a†(t + τ )a(t + τ )a(t )〉 from the input-output relations
which already integrate all the frequencies in each mode.
The above g(2)(τ ) function has been widely used to calculate
the correlation of photons in the waveguide-QED system
[81,87,89]. However, since the above g(2)(τ ) formula is

FIG. 4. Generalized second-order correlation functions driven by
nine pulses (a)–(c). Clicks over 20 quantum trajectories by quantum
Monte Carlo simulation (d)–(f). (a), (d) One-atom excitation, (b), (e)
two-atom excitation, and (c), (f) three-atom excitation.

usually used for the stationary solution with continuous wave
pumping, to confirm that the photons are indeed emitted
by bundles, we here calculate the generalized second-order
correlation function for the pulse excitation [88] as

g(2)
n [m] = 〈a†n[0]a†n[m]an[m]an[0]〉

〈(a†nan)[0]〉〈(a†n[m]an[m])〉 , (2)

where m is an integer number denoting the pulse index and
the angled brackets indicate the ensemble average. Here “0”
in the square bracket does not mean zero time but the first time
gap �τ between the zeroth and the first excitation pulses. m
denotes the time gap between the mth pulse to the (m + 1)th
pulse. Therefore, the expression shown in Eq. (2) counts for
the correlations between the emitted n photons in each pulse.
In the numerical simulation, we count the average photon
number that arrived at the first time gap and that arrived at
the mth time gap to calculate the generalized second-order
function. When n = 1, it returns back to the usual second-
order correlation function defined for pulse excitation. When
n > 1, it is the generalized second-order correlation function
characterizing the n-photon bundle emission under pulse ex-
citation. g2

n[0] = 0 indicates that the two n-photon bundles
never come together. The generalized second-order correla-
tion functions for the one-, two-, and three-photon cases are
shown in Figs. 4(a), 4(b), and 4(c), respectively. From the
figures, we can see that g2

1[0] = g2
2[0] = g2

3[0] = 0. The re-
sults clearly show that the photons are indeed emitted by
bundles and the bundles are antibunched.
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FIG. 5. Photon count statistics and statistics of the time inter-
vals of the three-photon events for exciting three quantum emitters
(1000 total trajectories). (a), (b) The quantum emitters have the same
frequency but their positions are set to 0, 0.95λ, and 2.1λ. (c), (d)
The quantum emitters are spaced at integer wavelengths, while the
frequencies deviate from the resonant frequency by �ε1 = �1D/10,
�ε2 = −�1D/10, and �ε3 = �1D/8.

The time structures of the emitted events by nine consec-
utive driving pulses with separation �τ = 6/�1D are shown
in Figs. 4(d)–4(f), in which each black circle indicates radi-
ating a single photon, each red circle indicates the absence
of one photon, and each green circle indicates the absence of
two photons. The results clearly show the bundle emissions
such that one-photon, two-photon, and three-photon events
predominate when one, two, and three emitters are excited,
respectively. The occasional photon losses are mainly due to
the decay channel from |e〉 → |g〉, in which the photons are
emitted to the free space.

Because quantum dots have a large inhomogeneous broad-
ening and cannot be positioned deterministically, we calculate
the results when the atomic spacing is not strictly equal to
the wavelength and when the frequency of the quantum dot is
modulated for exciting three quantum dots. From Fig. 5, the
three-photon yield does not decrease, and the emitted three
photons are still bunched in nonideal situations. This shows
that our scheme is robust to the uncertainty of atomic positions
and the large inhomogeneous broadening of quantum dots.

C. Nonideal case: Position uncertainty
and inhomogeneous broadening

In the above discussions, we mainly consider the ideal
case that the emitter distance is integer multiple of resonant
wavelength. However, the positions of the emitters may not
be placed at the required positions exactly in practice. Here,
we study the effects of position inaccuracy, i.e., the case when
the emitter spacing is not strictly equal to the wavelength. One
example is shown in Figs. 5(a) and 5(b) where the emitter
positions are set to be 0, 0.95λ, and 2.1λ. We can see that
the purity of the three photons is still very good (>90%) and
the generated three photons are still tightly bound. Therefore,
our scheme can still work even if the emitters are not placed
exactly at the required positions.

In practical realization, inhomogeneous broadening of
quantum emitters is another issue that needs to be considered.
Our theoretical proposal can be applied to various physical
systems such as superconducting qubits coupled to super-
conducting transmission lines or quantum dots coupled to
photonic crystal waveguides. For the first case, the transition
frequency of the superconducting qubit can be easily tuned by
the external magnetic field. For the latter case, there are also
some methods to tune the transition frequency of quantum
dots such as by either electromagnetic field or strain. For
example, in Ref. [87], they experimentally showed that two
quantum dots can be electrically tuned to the same frequency
using a pair of isolated p-i-n junctions. Nevertheless, here
we also numerically calculate the cases when the emitter
frequencies are not exactly the same. The results are shown
in Figs. 5(c) and 5(d), where the transition frequencies of
the three emitters deviate from the resonant frequency by
the amounts �ε1 = �1D/10, �ε2 = −�1D/10, and �ε3 =
�1D/8. Our results show that in this case the purity of the three
photons is still good (>90%) and the generated three photons
are still well bound. Therefore, our scheme can also tolerate a
certain frequency fluctuation.

IV. SUMMARY

To conclude, we propose a scheme to deterministically
generate an arbitrary n-photon number state on demand in
an integrated quantum electrodynamics system. Our results
show that by selectively pumping a certain number of emit-
ters into the excited state they can collectively decay to the
ground state and emit a certain number of photons into the
waveguide. The numerical results show that these photons are
emitted by bundles and the photons within each bundle are
highly correlated even if the emitter position and frequency
has certain uncertainties. Our study here can find applications
for on-chip integrated quantum information technology and
quantum metrology.
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APPENDIX A: MASTER EQUATION

To prove the validity of our scheme, we can numerically
solve the driven master equation [64,80]

ρ̇s(t ) = −i[Hcoh, ρs(t )] + L[ρs(t )], (A1)

with the coherent Hamiltonian given by

Hcoh(t ) =
√

γ

2

n∑
j=1

[
α j (t )σ j

eg + α∗
j (t )σ j

ge

]

+ �1D

2

∑
jl

sin(kaz jl )σ
j

e f σ
l
f e, (A2)
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where the first term is the external pumping term and the
second term is the coherent atom-atom interaction medi-
ated by the waveguide modes. α j (t ) is the time-dependent
field amplitude of the incident photon pulse. Here, we as-
sume that the pumping photon pulses are the same and they
are all short Gaussian pulses which are given by α j (t ) =√

n̄d �
π1/4 e− �2 (x0/c−t )2

2 eikax0 , where n̄d is the average photon number
of the driving field, � is the spectrum width, c is the speed of
light, and x0 is the initial central peak position. Here we as-
sume that the central frequency of the driving field is resonant
with the atomic bare frequency. The driving Rabi frequency is
given by 	 j (t ) = √

γ /2α j (t ), with the peak Rabi frequency
given by

√
γ n̄d�/2π1/4.

The second term on the right-hand side of Eq. (1) describes
the dissipation of the emitter system given by

L[ρs(t )] = −�1D

2

N∑
j,l=1

cos(kaz jl )L jl
e f [ρs(t )]

− γ

2

N∑
j=1

L j j
eg[ρs(t )] − γ f

2

N∑
j=1

L j j
f g[ρs(t )], (A3)

where L jl
e f [ρs(t )]=σ

j
e f σ

l
f eρs(t )+ρs(t )σ j

e f σ
l
f e−2σ l

f eρs(t )σ j
e f ,

L j j
eg[ρs(t )] = σ

j
egσ

j
geρs(t ) + ρs(t )σ j

egσ
j

ge − 2σ
j

geρs(t )σ j
eg, and

L j j
f g[ρs(t )] = σ

j
f gσ

j
g f ρs(t ) + ρs(t )σ j

f gσ
j

g f −2σ
j

g f ρs(t )σ j
f g. From

the master equation shown in Eq. (2), we can solve the
population dynamics of the emitter system.

APPENDIX B: QUANTUM MONTE CARLO METHOD

To calculate the photon statistics of the output field, it is
convenient to use the quantum Monte Carlo method [81–83].
The effective Hamiltonian of the emitter system can be written

as

Heff (t ) = Hcoh(t ) − ih̄

2

∑
β=R,L,γ ,γ f

J+
β J−

β , (B1)

where Hcoh(t ) is given by Eq. (A2) and the effec-

tive jumping operators J−
R,L =

√
�1D

2

∑N
j=1 e∓ikaz j σ

j
f e(t ), J−

γ =√
γ

2

∑N
j=1 σ

j
ge(t ), and J−

γ f
=

√
γ f

2

∑N
j=1 σ

j
g f (t ). Having the ef-

fective Hamiltonian, we can use the quantum Monte Carlo
method to numerically calculate the dynamics of the system
and the photon statistics with the following steps.

(i) Suppose the wave function at time t is |ϕ(t )〉.
(ii) Calculate the probabilities: PR,L =

dt〈ϕ(t )|J+
R,LJ−

R,L|ϕ(t )〉 is the probability that the emitters
jump from the |e〉 state to the | f 〉 state and emit a photon
to the right (left) direction; Pγ = dt〈ϕ(t )|J+

γ J−
γ |ϕ(t )〉 is

the probability that the emitters jump from the |e〉 state
to the |g〉 state and emit a photon to the free space; and
Pγ f = dt〈ϕ(t )|J+

γ f
J−
γ f

|ϕ(t )〉 is the probability that the emitters
jump from the | f 〉 state to the |g〉 state and emit a photon to
the free space.

(iii) Choose a random number r between 0 and 1,
and if (a) r < Pγ , |ϕ(t + dt )〉 = J−

γ |ϕ(t )〉/√Pγ /dt , a pho-
ton emits to the free space; (b) Pγ < r < Pγ + PR, |ϕ(t +
dt )〉 = J−

R |ϕ(t )〉/√PR/dt , a photon emits to the right
within waveguide; (c) Pγ + PR < r < Pγ + PR + PL, |ϕ(t +
dt )〉 = J−

L |ϕ(t )〉/√PL/dt , a photon emits to the left within
the waveguide; (d) Pγ + PR + PL < r < Pγ + PR + PL + Pγ f ,
|ϕ(t + dt )〉 = J−

γ f
|ϕ(t )〉/√Pγ f /dt , a photon decay to ground

states from | f 〉. (e) r > Pγ + PR + PL + Pγ f , |ϕ(t + dt )〉 =
(I − iHeffdt )|ϕ(t )〉/√1 − (PR + PL + Pγ + Pγ f ), no photon is
emitted and the system evolves coherently.

(iv) Repeat the above procedures for a sufficiently large
number of times, we can then obtain the density of the state
at arbitrary time by averaging over the results of each trajec-
tory, i.e., |ρ(t )〉 = ∑

m |ϕm(t )〉〈ϕm(t )|, where m denotes each
trajectory, and we can also calculate the photon statistics in-
cluding photon counts, photon correlations, and so on.
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