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Driven-dissipative four-mode squeezing of multilevel atoms in an optical cavity
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We utilize multilevel atoms trapped in a driven resonant optical cavity to produce scalable multimode squeezed
states for quantum sensing and metrology. While superradiance or collective dissipative emission by itself has
been typically a detrimental effect for entanglement generation in optical cavities, in the presence of additional
drives it can also be used as an entanglement resource. In a recent work [B. Sundar, D. Barberena, A. M. Rey,
and A. Pifieiro Orioli, companion paper, Phys. Rev. Lett. 132, 033601 (2024)], we described a protocol for
the dissipative generation of two-mode squeezing in the dark state of a six-level system with only one relevant
polarization. There we showed that up to two quadratures can be squeezed. Here, we develop a generalized
analytic treatment to calculate the squeezing in any multilevel system where atoms can collectively decay by
emitting light into two polarization modes in a cavity. We show that in this more general system up to four spin
squeezed quadratures can be obtained. We study how finite-size effects constrain the reachable squeezing, and
analytically compute the scaling with N. Our findings are readily testable in current optical cavity experiments

with alkaline-earth-like atoms.
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I. INTRODUCTION

Creating many-body states of matter with large useful en-
tanglement that can be harnessed for quantum sensing and
metrology is a highly sought-after goal. Optical cavities are
natural candidates for creating such types of entangled states
since photon-mediated interactions between atoms allow for
the generation of collective (i.e., fully symmetric) quantum
many-body states with entanglement that grows with the atom
number N. One particular type of entangled states that can be
created in this way is the spin squeezed state [1-7], i.e., a state
with a reduced variance along some spin direction.

Most of the effort so far has been focused on the generation
of squeezing by restricting the dynamics to two levels per
atom [7], using either coherent interactions [8—12] or dissi-
pation [13-17]. However, the use of the full multilevel atomic
structure can open up new opportunities for creating different
types of collective entangled states [18,19], such as multimode
squeezed states, i.e., states with two or more squeezed spin di-
rections. Multimode squeezed states are not easily accessible
in collective two-level systems, and they could be useful for
multiparameter estimation [20].

In Ref. [21], we proposed to use coherent driving and
superradiance on multilevel systems with one relevant cavity
polarization as a resource for generation of scalable two-mode
squeezing. We also showed ways to store squeezed states
in dark manifolds that are robust to collective dissipation
[21,22]. In this paper, we describe the dissipative squeezing
dynamics for a wide range of multilevel structures in the case
of two relevant cavity polarizations. We derive the condition
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for the system to be stable to quantum fluctuations, and show
that up to four spin variables are typically squeezed in this
more general system. We study how finite-size effects con-
strain the reachable squeezing, and analytically compute the
scaling of the squeezing with N.

The paper is outlined as follows. In Sec. II, we describe the
proposed experimental setup and derive the effective master
equation. In Sec. III, we describe the mean-field (MF) physics
and stability to quantum fluctuations. In Sec. IV D, we calcu-
late the quantum correlations that develop between the atoms,
and the emergent squeezing, during the driven-dissipative dy-
namics. In Secs. V and VI, we apply the techniques developed
in prior sections to an effective two-level and multilevel sys-
tem, respectively. We conclude in Sec. VII.

We note that we include a reference table with all symbols
used in Table I that the reader might find helpful.

II. SYSTEM AND INITIAL STATE

We consider an ensemble of N multilevel atoms pinned in
a deep optical lattice within an optical cavity [see Fig. 1(a)].
We consider the atoms to have a degenerate ground mani-
fold with 2F, + 1 levels, labeled |g, m)(—F, < m < Fg), and
a long-lived degenerate excited manifold with 2F, 4 1 levels
labeled |e, m)(—F, < m < F,). Here, F, and F, are the spins
in the ground and excited manifolds, and m denotes the an-
gular momentum projection along the quantization axis. The
ground-excited transition frequency is w = w,.

The cavity is assumed to be resonant with the atomic tran-
sition and to support a pair of photon modes with degenerate
angular frequency w, = w, = w and orthogonal polarizations
[see Figs. 1(b) and 1(c)], both perpendicular to the cavity
axis [see Figs. 1(b) and 1(c)]. The atoms couple to these two
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TABLE I. Description of list of symbols used.

Symbol Meaning Location(s) first used
D; Jump operator Egs. (1) and (2)
Qq Drive strength Eq. (1)

@Oj Effective jump operator, 13; +iQ Eq. (3)

W (g, Bo; B )) Initial wavefunction Eq. (4)

H Hessian matrix Eq. (10)
V&, C13 W) Superradiance potential Eq. (11)

¢, (g, Oos B), ¢y Schwinger c-bosons Above Eq. (14)
8o v Matrix elements of jump operator in the c-Schwinger basis Eq. (14)
X Yoo Matrix elements of jump operator in the c-Schwinger basis Eq. (15)
X, Y, Real and imaginary parts of ¢, Below Eq. (15)
Xy Ve List of Xy 1, Y, values Below Eq. (15)
by Bogoliubov b-bosons Eq. (18)

X": , Ylf Real and imaginary parts of l;M Below Eq. (18)

c e Qc
» Bixx, Byys Sxy
b =mb  =b  mb
» Bixxo Syys Sxy

o o

>

0
2 2
%_X,a,sq’ %-Y,a,sq

&5 &
X,«,anti—sq’> SY,«,anti—sq

Covariance matrices for Schwinger c-bosons

Covariance matrices for Bogoliubov b-bosons

Area of initial pulse to prepare coherent state
Squeezing in X; and Y, quadratures

Antisqueezing in X, and Y quadratures

Above Eq. (19)
Sec. IVD
Eq. (4)

Eq. (33)
Eq. (33)

cavity modes with single-photon Rabi frequency 2g. The cav-
ity modes are also driven with a resonant laser with frequency,
w; = w. Additionally, photons can leak out of the cavity at a
rate «.
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FIG. 1. (a) An ensemble of atoms trapped in a deep lattice in
an optical cavity, with the cavity frequency on resonance with the
atomic transition from the ground states to the excited states (with
spins F, and F,), w. = w,. The cavity is driven by a resonant laser,
and the atoms superradiantly decay at rate I" from the excited to the
ground states. (b), (c) Transitions driven by the collective atomic ex-
citation operators. (b) L* and R* transitions due to coupling to a left
or right circularly polarized photon when we choose the quantization
axis to be parallel to the cavity axis. (c) IT* and X transitions due
to coupling to a vertically or horizontally polarized photon when we
choose the quantization axis to be perpendicular to the cavity axis.

If « > g«/N, we can adiabatically eliminate the cavity
photons and obtain an effective master equation for the atoms
only, h’z—f = —i[Hyive, o]+ L[p]. The effective Hamiltonian
and dissipation terms for the atoms are

A Q2 A~ A
Hive = 3 | —= (D, + D7), (1)
o
1.4 AL A

Llpl =) KT (D;p[); —-DfD;p— —ijD;>, 2

o

where €2, is the intracavity drive strength, and DA;F is a
collective atomic operator that excites atoms by absorbing
an «-polarized photon. If the «-polarized photon has angu-
lar momentum projection [, = +1, 0 along the quantization
axis, then ﬁ;r = Zi ﬁifa with i running over the atoms, and

df, =3, Crst . . where the sum runs over the ground-
state atomic levels. The single-particle spin-raising operator
§j,;’i,a = |le,m+1,);(g, m|; drives a transition between the
levels |g, m) and |e,m + 1,), and C}' = (Fg, m; 1, 4| F,, m +
ly) is the Clebsch-Gordan coefficient for this transition.
I' = 4¢?/k is the cavity-induced decay of an atom from the
excited manifold.

The master equation hi[l—f = —i[Hurive, p]+ L[p] can also

be written as

dp
h— =L
o (o]

>

N .
Zhr<%_p%+—§ WDy = 5P J%‘) 3)

where 9 = D + i, /T. Detailed derivations of Egs. (1),
(2), and (3) are given in Appendix A.
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The basis states |g, m) and |e, m) are associated with a par-
ticular choice of the quantization axis. In this paper, we will
either choose the quantization axis to be along the cavity axis
or perpendicular to the cavity axis, and we will explicitly spec-
ify this where necessary. Similarly, the cavity supports two
polarizations of light, which we will choose to decompose into
either linear modes or circular modes. Whenever we choose
the atomic quantization axis along the cavity axis, we will
choose the polarizations as left handed (denoted o = L and
having I, = —1) and right handed (denoted o« = R and having
ly = +1) [Fig. 1(b)]. Whenever we choose the atomic quan-
tization axis to be perpendicular to the cavity axis, we will
define the polarizations as vertical (denoted « = IT and having
l, = 0) and horizontal (denoted o = X, which includes both
lo = 1 and —1) [Fig. 1(c)] and define D} = (D] + Di)/+/2.

We initialize the atoms in a product of single-particle
ground states |GB> =Y, Bnlg m), and apply a laser pulse of

duration t and polarization ¢ such that Huysive T = 90[))0‘(0.
This leaves the atoms in the coherent state

W0, 60; B)) = exp (—i6oDy, ) 1G5 =", )

where DY = (D} + D;)/2and D}, = (D} — D)/2i. We will
denote the polarization that is orthogonal to o as .

The goal of this paper is to study the properties of the
system at the steady state, i.e., £'[pss] = 0. In general, our
multilevel system contains a continuum of steady states, since
the steady state realized by the dynamics as t — oo depends
on the choice of initial state and the parameter 2, /NT". To
constrain the number of possibilities, we will only consider
initial states |W(oy, Bo; B)) as given in Eq. (4) for which the
single-particle observables (O) are approximately stationary
from the beginning and focus on the behavior of the fluctua-
tions captured by higher-order observables.

III. MEAN-FIELD APPROXIMATION

We discuss first the properties of the steady state in
a MF approximation. For collective systems, MF assumes
(0,0,) =~ (0,)(0,) for any set of collective single-body spin
operators O, and O, [23]. This approximation works well
when N is large and can be seen as the leading-order expan-
sion in powers of 1/N. Under this approximation, the master
equation [Eq. (3)] for any collective single-body spin variable
(0) reduces to

A

d A r A A oAl
ar ‘O =5 2T e 10, 7 D

+ (L2 OVl D )i 5)
Here, we used that the commutator [ 2 Ojf, 0] is a collective
single-body spin operator.

A. Mean-field stationary state

A sufficient condition for making all spin variables
stationary at the mean-field level is to choose the
drive €2, and the initial state |\IJ(050,90;B)) such that
(W(wo, 6o; B) 2 |W(a, 603 B)) = O [see Eq. (5)]. Satisfying

this requires two conditions:

(W(a, Bo; B)IDL |1 (atg, Bp; B)) = 0, (6)
(W(ao, 003 B)IDL W (o, 6o B)) = Q4/T. (7)

Throughout this paper, we will choose |W(wy, 6o; ,3)) and Q,
to satisfy Egs. (6) and (7), i.e., we only consider initial states
that are stationary states at the mean-field level. Moreover,
we will later consider only examples where the continuous
drive has the same polarization as the preparation pulse, i.e.,
Q4, = 0, but the discussion in the following sections does not
assume this.

B. Stability of the mean-field state

The mean-field stationary state may be stable or un-
stable to quantum fluctuations. If it is stable, the fluc-
tuations remain small and the mean-field state pyp =
| W(ap, OO;B))(\IJ(ao, 90;3)| turns out to be a good approxi-
mation to the full quantum steady state pss, which satisfies
[24-26]

I3 Dy pss = 0. ®)

Note that the approximate sign “~” means that the above
expression is zero up to higher-order corrections in 1/N which
are qualitatively irrelevant for our purposes. In our analytical
approximation, we have (@j @a‘ ) = 0 at the steady state, as
is shown below.

In the stable phase, the dynamics of (ZF %) is well
captured by making an approximation where we set the
thAirdA—ordeA:r cumulgnt to zero, (OIA(A)ZA)(QA3) +(0,05)(0,) +
(0203)(01) = 2(01)(02)(03) = (010,03) ~ 0. Under this
approximation and further assuming the mean-field stationary
condition [Egs. (6) and (7)] is also met, the master equa-
tions for (9&; 92;0 ) and (9?0‘: 92;] ) couple to the equations for
(@O‘g @a’] ) and (@(j‘ 92(;0 ). The coupled equations are

(P D)
o |17 2a)
(24 %)
(7 D)
o 4 00 ((207:)
%_F:\% % AOOSAH ?\7:: <:0;E:DE> > O
2 2 72 < ) (xo)
o g ) \(%59)

where we denoted A;; = ([@a_i, @;;]). The value of A;; is a
constant at leading order in NV, A;; ~ ([9?;,, , 92;; ])MF, since it
is a single-particle observable and is therefore stationary. Note
that Eq. (9) is independent of 2, which means that the stability
is determined by the light emission properties alone.
Generically, demanding that (@&Z @a‘o ) and (.@j} @a‘l ) decay
to zero, Eq. (9) requires that (9?(;; 920[_] )y and (@O‘fl _@Ojo ) also
decay to zero, since they are coupled. This means that the
matrix in Eq. (9) needs to be positive definite. The condition
for positive definiteness of this matrix can be obtained by
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rewriting Eq. (9) in terms of the sums and differences of
correlators:

>
>

(YarZaa) + (7 )
| zsay+ oz
(YY) =124 72)
(92 %a) (24 9%,)
(D Do) (%4 D)
_ M |28 %0) 195 7%) (10)
2 (24 %0) =24 72)
(9890) i )
where
Aoo + A1 Aot +Aio Aoo — A Aot — Ao
M- Aot + Ao Ao+ An 0 0 ,
Aoo — A1 0 Aoo + A1 0
Ao — o1 0 0 Xoo + A1
(11)
and A;; = ([@;’_ ,92;; 1). The correlations (@j @ﬁ_ )y decay

to zero if the real parts of the eigenvalues of M are
all positive. This occurs if the symmetric part of M is
positive definite. The eigenvalues of the symmetric part,
(M +M")/2, are koo + Aii, koo + A1, and Ago + Apy £
VOwo — 21102 + (ho1 + A10)2. All four eigenvalues will be
positive if the latter two are positive, and the condition for the
latter two eigenvalues being positive is equivalent to requiring

200 10112%10
H = >~ 0. (12)
<)Ln|72L)~10 A

The timescale of the dynamics due to Eq. (9) is O(1/NT"). Cor-
rections beyond the cumulant approximation drive dynamics
on a timescale of O(1/+/NT') > 1/NT (see Appendix B).

C. Superradiance potential

We now introduce the concept of a superradiance potential
as a visual aid to understand Eq. (12). For any state |\V), we
define the potential V (&, ¢1; W) as

l(q”el({nDX +01D% ) 4

“ ) fie l(!oﬁ§0+§1f>;])|q,>’

V%o, S13 W) =
13)

where ¢; have a similar interpretation to 6 in Eq. (4), and 71, =
va > . le. m);(e, m|; is the occupation in the excited states.

The matrix H in Eq. (12) is proportional to the
Hessian matrix of V' evaluated at {o = ¢{; = 0 and for |W) =
|W(ao, o; B)):

2y v
El% 80d¢)
=2N 14
H a2y #v (14)
3509& art fo=¢1=0

To see this, note that the second derivative of V with respect
togoatgy=¢ =0is

1
ﬁ(\m[zD" [iD},. 2 ]]1W), (15)

op’

82

8_{()2‘/@0’ 0; ‘p)i;():o =
which is equal to *00 . Similarly, 2 5 {2 Vi to=t1=0 = ” . These give
the two diagonal elements of H. In using the product rule
to calculate the mixed derivative 5.—=—|.—¢ o, the expression

dl dC
involves either one derivative on the unitaries on each side of

i1, or both derivatives on the same side. Noting that

d —i(¢oDy, +41D5,

350 f—ci—0 = ~iD> (16)
8{1 =01=0 1
52 . Dg‘[ODgl +D Dx as)
020981 —0=0 " 7 ,

we obtain that = %. The stability condi-

3;‘ 3{ |§0 &=0 —
tion, i.e., the requirement that both the eigenvalues of H are
positive, therefore corresponds to the requirement that the
potential has positive curvature along all (&, ¢;) directions at
¢o = ¢; = 0. This condition generalizes the stability condition
for single-polarization potential described in Refs. [21,22] to
consider fluctuations along arbitrary polarizations («g, o).

As illustrative examples, we plot the eigenvalues of the
Hessian matrix for two specific parameter regions of the initial
state |V) = |W(wy, 90§B)> in Fig. 2. We choose an effective
two-level system in Figs. 2(a) and 2(b), and F, = F, = 3/2
in Figs. 2(c) and 2(d) for concreteness. We will calculate the
spin squeezing in these examples later in Secs. V and VI. Our
arguments, however, are general and work for any Fy, F, and
[ (o, Bo; B)).

In the first example [Figs. 2(a) and 2(b)], we consider an ef-
fective two-level system (F, = F, F, = F + 1), realized with
the levels |g, F') and |e, F 4 1) and we choose the quantization
axis as the cavity axis [Fig. 1(b)]. We initialize the atoms
in |g, F) and drive the system with right-circularly polarized
light, thus preparing [W(R, 6p; B)) = exp(—i6pD})|g, F)&N
with parameters that satisfy Egs. (6) and (7). In this case, only
the right-handed polarization is relevant, and therefore there is
only one nontrivial eigenvalue for H, plotted in Fig. 2(b). The
stable region corresponds to |6y| < /2 (marked by a thick
black line).

In the second example [Figs. 2(c) and 2(d)], we consider
an eight-level system with F, = F, = 3/2 where all levels
and both cavity polarizations are relevant. We initialize the
atoms in |Gg) = cos glg, —%) + sin §|g, %). For simplicity,
we choose the quantization axis to be perpendicular to the
cavity axis [Fig. 1(c)]. We then drive thg system with a
Y-polarized laser: |W(X, 6p; B)) = e ®Px|Gg)®N.  This
choice of quantization axis makes #H diagonal [27].
Figure 2(d) shows the regions where the two diagonal
elements are positive or negative, with the stable phase (in
black) being the one where both are positive.

The superradiance potential has further significance be-
yond the stability criterion. To see this, note that the derivative
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FIG. 2. (a) An ensemble of effective two-level atoms is driven by
a right-circularly polarized laser with strength €2 and superradiantly
decay at rate I' to the ground state. The quantization axis is parallel
to the cavity axis. (b) Negative of the curvature of the potential,
—d*V (g, 0; W)/d¢?|,_. There are two critical points, at 6y = +7 /2,
indicated by two dots. The thick black line marks the stable region.
(c) An ensemble of eight-level atoms is driven by a X-polarized laser,
and superradiantly emits - and IT-polarized light. The quantization
axis is perpendicular to the cavity axis. (d) Regions of stability and
instability vs the angle B in the ground state manifold and state
preparation pulse area 6, (see text). The system is stable to emission
of both polarizations in regions marked 1, unstable to emission of
Y -polarized light in region 2, unstable to emission of I1-polarized
light in region 3, and unstable to emission of both in region 4.
Green lines and dots mark critical manifolds and points where the
system crosses from a stable or unstable region to an unstable or
stable region for each polarization, and cyan and red lines show the
critical manifolds where emission of only one polarization crosses
from stable to unstable.

of V with respectto ¢, at {o = §; =0 is

X% P
_|§0=51=0 =—(‘I’|[D21 ne]|\ll>

FY N
1 ~
—N—(‘IIIDE,I\IU. (19)

The right-hand side in the second line is €2, /NT in the steady
state [Eq. (7)], therefore

o, =nr Y . 20)
e Lo=51=0

Thus, the slope of V helps determine the location of MF
steady states. In the examples above, ; «x dV/d¢, =0 in
Fig. 2(c), and Qp o« dV/d¢n = 0 in Fig. 2(d). Furthermore,
we showed in previous works [21,22] that when there is only
one relevant polarization, the superradiance potential fully
describes the mean-field time evolution [28]. However, we
note that in general a two-parameter potential V (&, ¢;) cannot
describe the mean-field dynamics when both polarizations are
relevant, because of the noncommutativity of LA)Ojf0 and DAOjf] .

D. Critical manifolds

Critical manifolds are manifolds where one or both eigen-
values go to zero, i.e., det(H) = 0. Typically, these manifolds
separate regions where one or both eigenvalues of H have
opposite signs, i.e., regions that are stable and unstable to
either one or both polarizations. The critical manifolds will be
crucial when we study dissipative squeezing generation, be-
cause the system acquires scalable squeezing near the critical
regions.

The critical points for the two-level system in Fig. 2(a) are
at 6p = £7 [black dots in Fig. 2(b)]. As we will show in
Sec. V, the system acquires scalable squeezing in one mode
near these critical points.

For multilevel systems where two polarizations are rele-
vant, the system can be critical to emission in one polarization,
i.e., one of the eigenvalues of H is zero, indicated by red or
blue dashed lines in Fig. 2(d), or the system can be critical
to emission in two polarizations, i.e., H = 0, indicated by
green dashed lines or dots. In Fig. 2(d), there are two lines
and four points in the (o, ¢;) plane where H = 0. The system
is stable to emission of both polarizations in regions marked 1,
unstable to emission of X-polarized light in region 2, unstable
to emission of IT-polarized light in region 3, and unstable to
emission of both in region 4. For the multilevel example, we
will show that it is possible to generate scalable squeezing in
four different quadratures near critical lines between regions
1 and 4, whereas only two squeezed directions can be created
close to critical lines between regions 1 and 2 or 1 and 3.

We emphasize that the only region where the MF state
is a good approximation of the full quantum steady state is
where the system is stable to both polarizations, i.e., the black
region in Fig. 2(d). Outside this region, quantum fluctuations
destabilize this MF state and drive it towards a mixture of
stable steady states. Calculating the steady state for an initial
state in the unstable region is outside the scope of this paper.
In the remainder of this paper, we will focus on the properties
of the steady state in the stable region.

It is also reasonable to ask what the critical lines are sepa-
rating exactly. In the two-level system it is well known that the
critical points are associated to a normal to superradiant phase
transition [24-26,29-34]. The stable region corresponds to
the system being in the superradiant phase, where the quan-
tum steady state is close to the MF state. The normal phase
corresponds to the case where 2, /NT is large enough that
the system oscillates forever in the MF approximation. In
the multilevel system, a similar normal to superradiant phase
transition can take place, but other possibilities can emerge
as well, such as superradiant to superradiant transitions. This
will be investigated in future work.

IV. QUANTUM CORRELATIONS

Even though we initialize the system in a mean-field
steady state, the quantum fluctuations around this state are
not stationary. They lead to the development of nonzero con-
nected spin correlations, (SMSV) — (S’ﬂ) (S,), and under certain
conditions quantum entanglement. Here, S’M are collective
Gellmann spin operators. We will next calculate some of
these connected spin correlations, focusing in particular on
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correlations between spin variables orthogonal to the mean
Bloch vector. We will show that the dissipative quantum dy-
namics towards the full quantum steady state leads to nonzero
correlations between these spin variables, and in our case,
to the formation of entanglement between the atoms man-
ifested in the form of spin squeezing [18,19,21]. We treat
these quantum fluctuations as a small perturbation around the
mean-field state via bosonic degrees of freedom in the large-N
approximation, which allows us to analytically compute the
value of the variances in the bosonic quadratures at the steady
state.

This calculation proceeds in four steps, described in de-
tail in Secs. IV A-IV D, and exemplified in Secs. V and VL.
First, we define an exact map between collective spin oper-
ators and Schwinger bosons. Second, we make the master
equation quadratic in boson operators by making a large-N
approximation. Third, we diagonalize the master equation by
making a Bogoliubov transformation. And fourth, we solve
the master equation. In this way, we demonstrate the presence
of spin squeezing. We determine the finite-size scaling of the
best achievable squeezing by including higher-order terms in
the large-N approximation.

A. Schwinger bosons

We can define £ Schwinger bosons for a collective system
of atoms with £ relevant internal atomic levels, i.e., those
levels that participate in the dynamics. The most straightfor-
ward way to set the Schwinger bosons is by defining bosonic
Operators dy),» Which annihilate a particle in |g(e), m). How-
ever, this choice is inconvenient because the mean-field state
| (e, Bo; B)) = ¥ (o, o; B))®N is in a superposition of
states created by () . A more convenient choice is to define
Schwinger boson operators ¢, which annihilate particles in a
different orthonormal manifold of states |u), u € [0, £ — 1],
where | = 0) is defined as |0) = | (o, 60; B)). We call
these Schwinger ¢ bosons. The basis states |u) are related
to |g(e), m) by a unitary transformation. Our main results do
not depend on this basis choice, but choosing |0) in this way
simplifies the calculation. For brevity, we will hereafter drop
the symbols «, 6y, and B from ¢, (crg, ; B).

Any collective spin operator can be formally expressed in
this basis in a matrix form. For example, we can write the

J

. 2Re()?;0 . yan)

Re(¥5, - Yo + %, Vo)

Basis rotations lead to SU(£ — 1) rotations of X, and y,,, and
their dot products are invariant under SU(¢ — 1) rotations. For
our examples, x, , and y,,, are real, and as such we will set
them to be real hereafter.

C. Bogoliubov transformation

To leading order in N, i.e., ignoring g, ,.v~0 in Eq. (22), the
jump operators are linear and the master equation is quadratic
in the Schwinger bosonic variables in the HP approximation.

jump operators as 7, = >, ., 8. uv|1);(V];; Where g, are
their matrix elements. In terms of the Schwinger ¢ bosons, the
jump operators then have a quadratic form:

Dy = 8uuvlhly 1)
w,v
Due to the mean-field stationary state conditions,

Egs. (6) and (7), we have that the coefficient gy 00 =
¥ (W(ao, 60 B)| 7y | W(ao, 60; B)) = 0.

B. Holstein-Primakoff approximation

If the quantum state p is close to the mean-field state py,
which is a macroscopically occupied state of the ¢y operator,
we can assume that p also has macroscopic occupation for ¢y,

ie., (686’0) ~ N at all times. Therefore, we make the general-

ized Holstein-Primakoff (HP) approximation & &~ /N [35].
Under this approximation, the jump operators simplify to

92(1_ = \/NZ (xol,p,‘)?;i —|— iy‘%p’f}li‘) + Z ga,uvé;é\.U, (22)

n>0 n,v>0
Py AT A At
where X¢ = 22 and ¢ = %= are the real and imaginary
1z V2 Iz iv2

parts of ¢, and are analogous to position and momentum
quadratures. The coefficients x, , and y, , are given by
e + Yo = V20015 i |12)

.9
J

Yo = Yau = V2(ul; d;,|0) (23)

J

As we will show, the x,, and y,,, terms in &, determine
the leading-order [O(1)] behavior of the quantum correlations,
while the g ,,-0 terms lead to finite-size corrections of order
O(1/N). For brevity, we will collect the components of xg,
and y,,, into the vectors X, and j,, and the components

8a, >0 into the matrix (é_’)a.

While the values of x,, and y, , are related to matrix
elements of 92(; , and are therefore basis dependent, physically
relevant quantities such as the curvature of the superradiance
potential, critical points, and spin squeezing do not depend
on the basis choice. Instead, they only depend on the physi-
cal parameters (&g, 6p; E}). For example, to leading order the
Hessian matrix H can be written as

Re()_é;o 'y"‘l +)?;1 : y“~'0) (24)
2Re(X - Vo)

(

Thus, we can analytically solve the system using a Bogoliubov
transformation. For this purpose, note first that at this order,
the jump operator @a’ o~ \/NZN>O(X¢1,#X: + iya’#f;f) can
be interpreted as being proportional to a single annihilation
operator. Specifically, we define two Bogoliubov operators 13a0
and b,, as

1 N
9, o€ {ug, ar}. (25)

V2NZy - Fu

S
R
1
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We call them Bogoliubov » bosons. Importantly, the steady-
state condition @J p = 0 implies that the steady state is the
vacuum of 13a0 and 50,] .

The commutators [130[, 13:;,] are proportional to the
Hessian matrix elements in Eq. (12). The normalization factor
in Eq. (25) ensures that [Ba, 5(2] = 1. If H is not diagonal,
then [BD,O, BZ]] is nonzero. In this case, a convenient method
is to first find the basis of atomic jump operators that di-
agonalizes H, i.e., a convenient polarization basis, and then
define Bogoliubov operators corresponding to those jump op-
erators. Thus, without loss of generality, we can assume that
[13%, IQZ“] = 0 and the Hessian is diagonal.

Since there are (£ — 1) Schwinger ¢ bosons ¢, with i > 0,
there have to be (£ — 3) other independent Bogoliubov b
bosons, Ey, y € [1, £ — 3], in addition to 13% and 130”. These
Bogoliubov operators commute with @Ojf, and correspond-
ingly are conserved during the evolution to the steady state in
this approximation. Despite their dynamics being trivial, they
can still play an important role in shaping the dynamics of the
Schwinger ¢ bosons, as will be explained in Sec. VI.

D. Calculating the quantum correlations

Starting from |\W(«g, Oo; B)), which is the vacuum of ¢,,-.,
the driven-dissipative dynamics leads to the development of
correlations between the bosonic fields ¢,,.9. The bosonic
variables X ., and Y .. approximate the collective spin variables

§ =3,(10)(ul +He)/v/8N and 8} =Y (il0)(u] +

H.c.)/+/8N. Therefore, the quantum correlations between
the bosonic variables, e.g., (X X])— (X7)(X]) and

(Y r7) — (Y)(Y)), capture correlations between the spin
variables.

We quantify the correlations via the covariance ma-
z¢ B¢
. e o__ Sxx Sxy =c =c =c
trix B = (g z'), where Eyy, Exy, and jy are the
covariance matrices for the Schwinger c-boson variables
X¢and Y¢:

Eg(Y)lw = ;i vc + YVCX;> - 2( A;i)( Avc)’
(E9y) . = P05+ 7575) = 200 (), (26)

and u, v > 0. Att = 0, EC is the identity matrix.

In the HP approximation, the bosonic operators &, ap-
proximate the spin operators A w = \/Lﬁ > 10);{ul;, which are
2(¢ — 1) spin variables perpendicular to the collective spin
vector. Therefore, the matrix elements of E¢ are approxi-
mately equal to covariances of the real and imaginary parts
of A - These are the only relevant variables as they have O(1)
fluctuations in the initial state |0); the remaining orthogonal
variables f\/w = ﬁ > ) i(vl; with g, v > 0 are suppressed

by 1/+/N. Therefore, the covariance matrix Z¢ describes the
quantum noise (normalized spin variances) perpendicular to
the collective spin vector. Any eigenvalue of E¢ decreasing
below 1 indicates a reduction in spin projection noise perpen-
dicular to the collective spin vector, as compared to the initial
coherent state. Such noise reduction perpendicular to the col-
lective spin vector is spin squeezing in a multilevel system

XC
@ r+1] © (©) 5%
le,m) — =0~ 4
Q
Q 11 >_< | ||
lg,m) 0=
L F
10
(d) 5 © 0230 e e < N-1/3
0.25
> R o’
By e Soberentstate [ U 020
0.5
~~~’HP 0.15 ~‘
00 01 02 03 04 05 500 1000 2000 5000
Oo/m N

FIG. 3. (a) An ensemble of effective two-level atoms [see also
Fig. 2(a)]. (b) Hlustration of the steady-state squeezing in bosonic
quadratures. The steady state is the coherent vacuum of X? and ¥?,
which makes it squeezed in X¢ and antisqueezed in Y¢ (see text for
definitions of the quadratures). (c) Visualizing the collective spin
squeezing on a Bloch sphere in the two-level system. The squeezing
is along 8. The visualization shows a particular example where
the steady state is near 6. = 7 /2. (d) Steady-state squeezing vs 6y
in the two-level case, obtained from an exact numerical calculation
with N = 100 atoms (solid line). The black dashed line plots the HP
prediction, cos 6y, and the blue dotted line plots E§ in the coherent
state. (e) The best squeezing achievable vs N has a scaling close
to N~1/3,

when the spin length is order N [18,35], and is analogous to
spin squeezing for spin-1/2 atoms.

The simplest way to calculate E¢ is in the Bogoliubov
framework. As argued above, the dynamics brings the system
to a steady state where the occupation of the Bogoliubov
modes associated to by, and by, relaxes to the vacuum value,
any correlations associated with 130,0 or 130,1 decay to zero, and
correlations of all other Bogoliubov modes are left untouched.

=b zb
Analogous to E¢, we define Ehz((ﬁ,j‘xr ~X¥y where
Exy) Syy
I o
b __ bu+bu b __ b,—b, =b =b =b
X, = and ¥/ = 7 and Eyy, Eyy, and By, are

defined similar to Eq. (26) but in terms of quadratures of Bo-
goliubov b-bosonic operators instead of Schwinger ¢ bosons.
We obtain E€ by inverting the Bogoliubov transformation, and
the squeezing can be inferred from the eigenvalues of E¢. Note
that since the Bogoliubov transformation is not unitary, the
eigenvalues of E¢ are different from those of E”.

In the following sections, we show concrete examples of
this procedure using effective two-level (Sec. V) and multi-
level (Sec. VI) systems.

V. TWO-LEVEL SYSTEM

First, we review the driven-dissipative dynamics of an
effective two-level system realized within the |g, F) and
le, FF 4 1) manifold of a system with F, = F and F, = F + 1,
when driven by right-circularly polarized light as shown in
Figs. 2(a) and 3(a). Even though the driven-dissipative dy-
namics of two-level systems has been studied extensively in
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the literature [24-26,29-34] we discuss it first to facilitate
the understanding of the more complex multilevel systems
presented below.

The jump operator for emission of right-circularly polar-
ized light is 7. The left-handed polarization is irrelevant.
The only relevant term in 95 for the two levels is C§ S’; R
with S‘; & = 2 i8¢ g and all the relevant dynamics can be

visualized on one Bloch sphere whose axes are S’j’é RO E
{x, v, z}. The Clebsch-Gordan coefficient for this transition is
CE = 1. For brevity in this section, we will refer to §% , as
simply $, dropping the subscripts referring to the angular
momentum and polarization. The mean spin direction on this
Bloch sphere, i.e., the mean Bloch vector, initially points
along Spioch = (0, sin 6y, — cos By), where 6, is the angle that
the Bloch vector makes with the south pole.

From Sec. III, the superradiance potential for the two-
level system is V (¢, 0; V) = sin? % The mean-field state
is stationary if Qp = %sin@o. Figure 2(b), which plots
d*V/d¢?|,_y, shows that the system is stable in the region
—7% <6 < 7, as discussed in Sec. IIL

A. Quantum correlations

The system has quantum fluctuations along the directions
(1,0,0) and (0, cos by, sin6y), which are the two directions
perpendicular to the Bloch vector Shioch on the Bloch sphere.
The driven-dissipative dynamics squeezes and antisqueezes
the quantum noise in these orthogonal directions, which we
calculate with the Bogoliubov framework in the HP approxi-
mation.

To do this, we define two Schwinger ¢ bosons via

A 0 A .. 0 .
Cop = COS E(lg,}r 4+ isin Eae,[:_H,

f )
¢, = isin 30&“ + cos EOag,M. Q7

This determines gy ,v:

o 0 IV (1 + cos o)

ir=| o .08
5= (1 — cos ) —3 sintp

and thus Fp = YR +icosfoFf) — (R 4 if)

()?f - in). The Schwinger c-bosonic variables )?f and ?f

are proportional to the orthogonal spin variables S$* and

cos 6pS” + sin 6yS°, respectively. Following Sec. IVC, we

define the Bogoliubov b boson 13R =~ rcosts

order, QZR_ = /N cos 6 ER.

J

A= (—NF cos 6y — I"'sin? 6,

[ sin? 6y cos? 6y

Explicit calculation of e~

yields
sec? 6y

2(N cos 6y + 2 sin® 6y)

=b

Sxx =

The master equations for the elements of E° are

% By =NT cos (1 — E4y)

=b
) Syy =b
+ I' sin 6’0(0032 % - ._AXX>,

finite size
=b — gb
% Eyy =NT cosby(1 — Ey)

2 (b 2 =b
+ I'sin Go(aXX cos“ 6y — aYY),

finite size

3 B4y = —(NT cos ) + 4T sin’ 6)) B, . (29)

The higher-order terms are highlighted with an underbrace
for clarity, and we will use them to calculate the finite-size
corrections for the steady-state squeezing. Solving Eqs. (29)
and inverting the Bogoliubov transform, we obtain the leading
[O(NT')] and subleading [O(I")] terms for the time evolution
of the covariance matrix for the Schwinger ¢ bosons. The
solution for E¢ due to only the leading [O(NT")] terms is

By = cosby + (1 — cosfp)e Nreosth,

E;Y — 1 + <l _ 1 >e—NI‘rc0s(907

cos b cos by
E%y = 0. (30)

e

Therefore, E¢ is diagonal, and its eigenvalues are =%y
and Ejy. Of these, Ey <1 (for 0 < |6p| < ), and is
therefore squeezed. The squeezing is along )?f o« 8%, and
reaches a steady-state value of cosfy as t — oo, at the rate
1/(NT cos6y). The antisqueezing is along Yf o sin BpS* +
cos 6pS?, with a steady-state value 1/ cos 6. The squeezing
E%x approaches zero in the steady state at the critical points
0, = :I:%. In Figs. 3(b) and 3(c) we illustrate the steady-state
noise distribution in the Bogoliubov basis ()2 b Ylé’), in the
Schwinger basis ()? e )71"), and on the Bloch sphere.

B. Finite-size corrections in the steady state

Although to leading order the squeezing at the critical
points goes to zero, in reality, higher-order corrections limit
the amount of attainable squeezing.

The squeezing including higher-order effects can be ob-
tained by solving Eq. (29):

=b
BYx ) _ —arfsect Ay a1 [NT cos by
<E’;Y) =€ (cos@o> td—e™)A <N1" cos 6

3D

I tan? 6
—NT cos 6§y — I sin® 90>' (32)

. _ 2
(_N cos 90 Slllz 9()6 I't(N cos 6p+2 sin” 6y)

0
— e NTteostoy gin? EO(N cos By + 2 sin® By) + 2[N cos’ 6y + sin® 6y(1 + cos’ 90)]>,
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1
b _
Yy 2(N cosby + 2 sin? 6o)

. _ 2
( — N cos 90 Sln2 906 T't(N cos 6p+2 sin~ 6y)

0
— g NTreostoy gin? EO(N cos By + 2 sin® By) + 2[N cos 8y + sin” Gy(1 + cos? 9(,)]>. (33)

The squeezing is ESy = E%y cos 0, and the antisqueezing is
ES, = Eb,/cosb.

Close to the critical points we have cos 6y ~ 0. Setting t —
oo for the steady state and expanding in powers of cos 6, the
steady-state squeezing is

1
Ncos?6,
— ——
finite size

Thgs shows that the squeezing reaches an optimum value of

@ when the Bloch vector’s angle with the south pole is

b~ 5 — ()"

Figure 3(d) shows the steady-state squeezing versus 6,
obtained from an exact numerical calculation with N = 100
atoms. The squeezing agrees well with the HP leading-order
prediction 8%, = cos 6, until finite-size effects kick in and
set a limit on squeezing. Figure 3(e) shows that the best
squeezing reaches an N~!/3 scaling in agreement with previ-
ous literature [25,26,34,36], and close to the scaling predicted
by our analysis.

8%x & cosby + (34)

VI. MULTILEVEL SYSTEM

Next, we consider the squeezing generated in multilevel
atoms. In principle, there are multiple level structures and
initial conditions one may consider. However, our main con-
clusions will be the same for most other internal structures or
initial states.

(1) The system generally hosts two squeezed modes for
each relevant cavity polarization. If only one polarization is
relevant [21], two modes are squeezed; if both polarizations
are relevant, four modes are squeezed, as we show below.

(2) The best squeezing attainable close to the critical point
generally scales as N~/4,

We note that there are some fringe cases where the system
behaves like a two-level system for emission of one of the
polarizations, and the number of squeezed modes is reduced
to either 1 or 3. We will explain these fringe cases in Sec. VIC.

To illustrate these findings, we choose the example of
Fig. 2(c) with Fy = F, = 3/2, where all £ = 8 internal levels
and both cavity polarizations are relevant. We choose to de-
compose the polarizations in the linear basis, such that the sys-
tem’s evolution is governed by h‘;—f = Ls[pl+ Lnlp], where

the respective jump operators for Ly, and Ly are 925 and @ﬁ.
A. Holstein-Primakoff approximation and Bogoliubov
transformation

The jump operators @g and @ﬁ expressed in terms of the
Schwinger c-boson operators are

95 = JNZ (g, X +ive  Y5) + Z s wlhé,,

n>0 nv>0
D =vVNY (e, X +ive, T + D g nti,. (35)
n>0 pv>0

(

The values of xsm), ., Ys(m),u. and gsamy, v depend on the
basis states |u) used to define the Schwinger ¢ bosons.
Appendix D gives the values of Xs(m) and yx(m) for one
particular choice of basis:

B B

A cos 5 0 sin 5 0
é .
0 0 i 0
61 . B . B
A —isiny 0 icos3 O
C3 = .
0 0 0 i 0
1
&
g3/
Qg 12
x %% | Qg1 (36)
Qe 32

where dy. is the matrix for af): in the {|g, m), |e, m)} basis.
Following Sec. IV C, we define two Bogoliubov b bosons:

132 = Z x}:'“X/i + iyE,uY;f
u=1 vV 2)_5): : fz
7 5o . O
. xn X +iyg YC
by = Z I,u " ITu"p (37)

= V2&Enn

such that 95 = /N¥s-ysbs +0(1) and I =
VNXn - ¥n bn 4+ 0(1). Additionally, there are (£ —3) =35
more Bogoliubov b bosons, which we can write as

7 & . 5o
A y
b, = —E P P 38
= 7 (38)

The normalization condition [EU, 133] = 1 is equivalent to set-
ting X, - ¥, = 1. Because of the commutation relations and
using an appropriate choice of basis, all the X vectors can be
made mutually orthogonal to each other, and the ¥ vectors can
be made mutually orthogonal to each other (see Appendix C).
This is why for convenience we reversed the definition of
x and y in Eq. (38) compared to Eq. (37).

Since H is diagonal for this choice of polarization ba-
sis and |W(wyg, Op; B )), the system is critical to emission of
a-polarized light if X, - ¥, = 0, (¢ = X, IT).

B. Quantum correlations

Next, we calculate the 14 x 14 covariance matrix for
the Bogoliubov b bosons, and invert the Bogoliubov
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transformation to get the covariance matrix for the Schwinger
¢ bosons. As in the two-level system (Sec. V), we again have
E%, = 0 at all times for our choice of initial conditions, and
therefore E” is block diagonal. Similar to the two-level system
[Eq. (29)], We write and solve the master equations for the
elements of 8%, and E%,.

The initial values for the elements of E%, are

RUR) AR N

%) = 4/ G - 5a) G5 - 3p)

}?h)?b — Xa‘)_j//- i

N

AT I |

(LX) = S50 3o = S8, (39)

where o, 8 € {¥,I1} and u,v # X, 1. Their subsequent
evolution at leading order is governed by the master equations

)

0,(X3Xq) = —NT'(¥x T +7cn Im)(RLRE),
)
)

=0. (40)

The solution to the first line is that ((X$)2> exponentially
decays to its value in the vacuum state, ((X?)?)¢q = 1/2. The
second and third lines describe correlations between X):(n)
and a different quadrature, and they exponentially decay to
zero. The correlation in the last line stays constant. Similar
equations can be obtained for the elements of E%,. Thus,
the steady-state solution for the covariance matrices for the
Bogoliubov bosons is

Eby = diag(1, 1,51 - 51, %2 - ¥2, .. ),
E)b’Y = diag(l, 1,X; - X1, X2 - X2, ...),

g%, =0. (41)

C. Squeezing in the multilevel system

The steady-state covariance matrices of the Schwinger ¢
bosons, obtained by inverting the Bogoliubov transformation,
have a nontrivial form, and host squeezed modes. Inverting
the Bogoliubov transformation for the 14 x 14 dimensional
matrix, and understanding why there is squeezing, is non-
trivial. However, an appropriate basis rotation of the | > 0)
states makes the calculations simpler and gives a geometric
understanding of the generation of squeezing (the squeezing
itself is independent of the basis transformation).

We make the basis transformation

PR e

Xl "

n>0

(b) Ylb
.........
’ v
}/}16 ch

FIG. 4. Visualization of the evolution of the quantum noise
distribution, projected onto the ¥, 1”-1?2" plane (see text), and the emer-
gence of squeezing and/or antisqueezing. The noise distribution in
the initial coherent state is isotropic (dashed circle), and the evolution
conserves the noise along ?2"’. (a) When ¢x # 0 [see Eq. (43)],
the circular noise distribution shears into an ellipse, leading to one
squeezed and one antisqueezed mode. (b) When ¢ = 0, the circular
noise distribution fattens into an ellipse if ||ys| < ||Xs]|, leading to
one antisqueezed mode but no squeezed modes (and shrinks into a
narrower ellipse with one squeezed mode if ||ys|| > || Xs]]).

X2 oo 5e
E X, > Xy,
w>

< 1%l
Do pe, ge 2 42
Y X X v (42)
< 11X
where ¥ =y — Xz ﬁ, %H =g — fn% (see

Appendix C), and all the X, are orthogonal to each other.
This basis transformation transforms the X, and ¥, vectors to

= [IX=(1,0,0,...),

? = [Iysl(cos ¢x, sin s, 0, ...),

¥n = [1*n (0,0, 1,0,0,...),

yn = I¥nll0, 0, cos ¢n, sin ¢, 0, ... ),
Xy «(0,1,0,...),

¥1 « (—sin ¢y, cos ¢x, 0, ...),

X, « (0,0,0,1,0,...),

y2 ¢ (0,0,

—sin ¢, cos ¢, 0, ...),

X = Yuv = 8#,1}-&-2 (n > 2). (43)

After this transformation, the relation between the Bogoliubov
b bosons and the Schwinger ¢ bosons is simpler. In particular,
for the X variables we find

o lxsll o
Xg = ———X{,
NESRND>
ob lxnll o
n-— X3

VX - ¥n >

R = I51ll(sin ps X — cos pX5),

X7 = [%1l(sin pnXs — cos pnXy),
o b
X, =X, (44)
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Xy Ve 3= _ s X5y
where cos¢e = Fipry, Vi =X —Prygp.  and
Yo =X — fn% (see Appendix C). This basis transforma-

tion is useful because it block diagonalizes the covariance
matrix of the Schwinger c bosons at all times. This is because
in this basis Bg and 131 only depend on ¢ 7, IQH and 132
only depend on ¢34, and 13#23 = Cu42. This facilitates the
visualization of each pair of squeezed and corresponding
antisqueezed modes in a two-dimensional space that is
independent of the other squeezed and antisqueezed modes,
as we explain below.

Equation (40) shows that the X quadratures evolve inde-
pendently from the ¥ quadratures, so we will consider them
separately, focusing first on the ¥ quadratures and applying a
similar argument to the X quadratures. Because of the struc-
ture of the basis choice in Eq. (43), the covariances of ?f and
YZ" have coupled master equations, the covariances of Y;’ and
1746 have coupled master equations, and all other covariances
evolve independently. Thus, we will focus on the evolution of
Y¢ and Y5 first.

The two most important elements to understand the evolu-
tion of these covariances are the following.

(I) The noise along ?):b o (cos qb);Yf + sin qbgff) evolves
towards its vacuum value, as discussed previously.

(IT) The noise in Yf is conserved, since ?{ commutes with
95 and Iy [see Egs. (37), (38), and (43)].

Note that the initial noise of Y¥|* and Yy in the initial coher-
ent state is equal, i.e., the noise has a circular distribution.
In the general case where ¢y # 0, the conservation of fzc
sets a constraint on Yzb resulting in an evolution that shears
the circle into an ellipse as shown in Fig. 4(a), which leads
to one squeezed and one antisqueezed mode. Similar shear-
ing on the ?36—?40 plane due to emission of I1 polarization
leads again to one squeezed and one antisqueezed mode, and
a similar process happens in the X¢ quadratures. In total,
there are four squeezed and four antisqueezed modes. Their
values can be obtained from diagonalizing the Schwinger
bosons’ covariance matrix. In the transformed basis,
for example,

A lxs P lys 1P —GEs-yx)?

X5 Yy
llxs 112 0 lles: 112
0 Xn-n 0
llen 112
e A s Plys 12— @Ex 5 )? 0 llys I + lxs Pllysl> _ Fz9s
Eyx = =1 Gs¥2) s yu ) =12 (45)
0 0
0 0 0 0 1
The covariance matrix elements of Ef, can be similarly computed. The nontrivial eigenvalues of E%, and Ef, are
Vo Fu ), T Jo Fa\o (1, FaFa)*_ Fu T
Ewasqzqoz _.01 (l‘f‘ﬂa _'o:)_ (_’a _)oc) <1+_'oz _’a) _4_'01 _’a’
’ Xa " Vo Xa " Vo Xa Vo Xa Vo Xa Vo
Xy X Vo ¥ % X\, Vo Ja) | Fe X
Syasq:_}a _'a(l_i_ﬂa _,a>_ (_}a ﬂa) <1+_'a _)a) 4_'01 _)oz7
o Xa " Vo Xa * Vo o Yo Xa Vo Xa Vo
Ja Ju (|, Fa % o S\ () B Fa)® Fa T
2 a " Va o " Ao o " Ja o Ao o " Ja
i:X,a,anti—sq =z o (1 +—= ) + <—> > ) (1 + = ) _4—> 5
Xa * Vo Xa " Vo o Yo Xa Vo Xa Vo
Xa X Vo 3 T X\ FaVa\ Ea X
%_Y'ayami_sq — ﬂa _'Ol (1 + _)oz qa) + (_}a _)oz) <1 + _)Dt _)a) _ 4_'01 _)a ) (46)
Xa * Vo Xa " Vo o Yo Xa * Ya Xa * Ya

£f q.5q and &7 ,  are the values of squeezing, and &5 , i
and Eéwnﬁ_sq are the antisqueezing values.

The special case ¢y, = 0 is qualitatively different from the
general case of ¢5 # 0 [see Fig. 4(b)]. In this case, we have

YL = ‘Hljyf Y¢ and thus its evolution towards the vacuum

value is unconstrained by Y 7. Therefore, the noise in Y

increases to its vacuum state value if [[Fsll < Xz leadmg
to antisqueezing in Y¢, and the noise in Yb decreases to its
vacuum state value if ||yx| > || Xs]| leadlng to squeezing in

l?f. The opposite happens in )?g and Xf Because of this,
the number of squeezed modes is reduced by 1 compared to
the general case ¢y # 0. This is essentially what happens
in the two-level system of Sec. V, where we had that Xz was
parallel to ¥ (instead of Xy and Vy).

Figure 5 plots the steady-state values of the squeezing
versus 6y and B. Figures 5(a) and 5(b) show the value
of the squeezing in two modes if the system collectively
emitted X-polarized light only. Figure 5(c) shows the value of
the squeezing if the system collectively emitted IT-polarized
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FIG. 5. Steady-state squeezing for the eight-level system shown
in Fig. 2(c). (a), (b) Squeezing in a combination of the X and ¥
quadratures, respectively, when the system collectively emits only
¥ -polarized light. (c) Squeezing when the system collectively emits
only I1-polarized light. There are two squeezed modes, one in a com-
bination of X quadratures and one in a combination of ¥ quadratures,
and they both have the same value. Red and blue dashed lines are
critical lines, and white regions are unstable. (d)—(f) Squeezing when
the system collectively emits light of both polarizations. The system
is squeezed only in the regions where it is stable to emission of both
polarizations, and the value of the squeezing in this region is the same
as in (a)—(c).

light only. In the latter case, two modes are squeezed but the
amount of squeezing in both modes is the same, so we plot
them together. The white regions are unstable to quantum
fluctuations, and critical lines (dashed) separate the stable and
unstable regions (the small white gaps between the critical
lines and the gray regions are due to truncating the squeezing
at 1072). Note that emissions of X- and IT-polarized light
have different regions of stability. For example, the system
may be stable to emission of X-polarized light, but unstable to
emission of [T-polarized light, or vice versa. Figures 5(d)-5(f)
plot the squeezing in the same four modes as Figs. 5(a)-5(c),
but only in the region where the system is stable to emission of
both polarizations, which is the physically relevant case. The
squeezing due to emission of X-polarized light approaches
zero near the red lines, the squeezing due to emission of
[T-polarized light approaches zero near the blue lines, and
squeezing in all four modes approaches zero near the green
lines and points.

D. Finite-size corrections in the steady state

As in the two-level system (Sec. V A), the best squeezing
reachable near the critical point is limited by N. Here, we
calculate the finite-size corrections to the steady-state squeez-
ing by including the higher-order terms in the HP approxima-
tion.

Near any critical point in a multilevel system, X, - ¥,
approaches zero, which means generally that the angle ¢,
[Eq. (43)] between them approaches 7 /2 (for the two-level-
like case [see Fig. 4(b)], ||y«|l approaches zero near the
critical point, and the arguments below do not apply). From
Fig. 4(a), we see that for ¢, &~ 7 /2, the squeezed variable is

approximately Y¢ = RIECVLIANS rh. Xof,sq =

wsa = R Similarly,

X .
—Z“”x“ﬁ £ o X b and the antisqueezed quadratures are
»
c Zuyu,ux; ¢ Zu e .
Xa antisg = T Bl and YD, antisg — R 0 YT X, I

Since X, - y, approaches zero, we expand the squeezing and
antisqueezing in powers of X, - ji,. Focusing on only one pair
of these variables, X sq and X¢ as an example, their

a,anti—sq°
steady-state values are [see Eq. (46)]
2 ~ Xo ya
EX,ct,sq '\'2)—5 +0(1/N)
(X - Xa)(ya Vo)
gXadnu sq NEY& anti— sq (—+0(1/N)
Yo+ Ya)?
(47)

The O(1/N) terms in both equations arise due to the higher-
order terms, i.e., the g, ,.v~0 terms, in the master equation. As
the critical point is approached, those O(1/N) terms increase
proportionally to (5)%‘&’ anti—sq)/ (%a * Yor)- This in particular af-
fects the squeezing:

O(')_;Ot A

EX,a,sq ~ 3 - N - = \3°’
Xa * Xa (-xa . )’a)‘
—_— ——
finite size

(48)

where A is some constant. Thus, the squeezing does not de-
crease monotonically; instead it increases as the critical point
is approached. The optimal value of X, - y,, scales as X, - o X
N4 and the optimum squeezing also scales oc N~/* (see
also Ref. [21]).

VII. DISCUSSION

We described a method to produce a collective four-mode
squeezed state of matter using the interplay of driving and
dissipation in a cavity. For the model considered, there are
two main differences in the nature of the squeezing dynamics
in the multilevel systems as compared to the well-known case
of two-level systems.

First, driven-dissipative dynamics in two-level systems
generate only one squeezed mode, whereas dynamics in mul-
tilevel systems can generically produce up to two squeezed
modes per polarization. In Ref. [21], we studied cases when
only one cavity polarization is relevant and explained that
squeezing emerges from shearing perpendicular to two con-
served spin variables. Here we generalized the analysis for
the more general case when two polarizations are in play.

The second difference between two-level and multilevel
systems is the finite-size scaling of the best squeezing near
the critical points. Near the critical point, the squeezing gets
an admixture of the antisqueezing, which limits the best
squeezing achievable. The antisqueezing increases faster in
the multilevel system than in the two-level system, as the
critical point is approached. Therefore, the scaling of the best
squeezing in a multilevel system is usually worse (ox N~/4)
than a two-level system (ox N —173,

We have focused on a specific level structure and type of
initial conditions. However, there is still a large parameter
space to explore the dynamics and squeezing generation of
multilevel atoms. While our results hold for cases with a

013713-12



DRIVEN-DISSIPATIVE FOUR-MODE SQUEEZING OF ...

PHYSICAL REVIEW A 109, 013713 (2024)

single ground and excited manifold, one might consider more
general level structures with multiple hyperfine ground or
excited manifolds, which could be relevant to alkali-metal
atoms. These more general cases might show richer behaviors.
We note that our formalism can be straightforwardly applied
to these richer cases as well.

For the sake of simplicity, we only considered cases when
the mean-field dynamics starts at a stable stationary state.
However, extending the analysis to more general situations
where the mean-field dynamics is nontrivial could lead to
more interesting steady states and phases. For example, quan-
tum fluctuations may drive an initially unstable state towards
a mixture of stable macroscopic steady states which could be
entangled. Furthermore, the large number of steady states and
unstable regions anticipates a rich phase diagram with super-
radiant to normal transitions analogous to two-level atoms, as
well as potentially other types of transitions such as superra-
diant to superradiant.

While we considered the generation of squeezing in a
system with only coherent driving and collective emission of
light, the cavity can also mediate elastic interactions between
the atoms via exchange of photons [26,37,38]. The interplay
between elastic interactions and the dissipation could be an
interesting question for the evolution and finite-size scaling of
the squeezing. The effects of other decoherence sources such
as spontaneous emission or dephasing on the squeezing, as
well as the effect of experimental details such as inhomoge-
neous couplings, are also important questions to address in
future work.

Finally, in Ref. [21] we showed that it is possible to prepare
a squeezed state and rotate it into a state that is dark to emis-
sion on one polarization by taking advantage of the conserved
quadratures. That analysis can be extended to the case of two
polarizations, such that the four squeezed modes discussed
here can be preserved in dark states. Furthermore, since atoms
with many levels will contain many conserved quadratures
(¢ — 3), it is in principle possible to create squeezing, store
it in a conserved quadrature, then create squeezing again and
store it in the remaining conserved quadratures. This would al-
low the creation of multilevel spin states with many squeezed
directions which might be useful for multiparameter quantum
sensing protocols [39].
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APPENDIX A: DERIVING THE EFFECTIVE
MULTILEVEL SPIN MODEL

The dynamics of the atom-light system is modeled by the
Lindblad master equation:

d ~
h—p = —i[Htota ,0] + Ecav[p]~

dr (Ab

Here, H, = Hy + H; + H,; is a Hamiltonian including con-
tributions from the atoms, cavity modes, atom-light coupling,
and external driving:

HA = ﬁa)ﬁe,

ihie :
5 o (&l elwt

_ &ae—ia)t)’

A, =) hoala, +
Ay = thaaD; +Hec., (A2)

and L, [p] describes the dissipation terms due to leakage of
photons out of the cavity at rate «:

N =

Lenlpl =Ty (aapa; — %&l&a,o — pa;aa). (A3)
a

In the above equations, 7, is the occupation in the excited

manifold, and &, annihilates a photon in the cavity mode with

polarization «.

It is convenient to move to a rotating frame that rotates at
the atomic and photon frequency w. In this frame, the atomic
angular frequency, cavity frequency, and laser frequency are
shifted by w, yielding the Hamiltonian

N i€, . oA
Ao = Xa: T(a; —a,) + hg(a.Df +He),  (Ad)
and the same Lindblad jump operators as before.
The master equation for the photon operators is
A K. . oA €y
0r{Qy) = <—§aa —igh, + ?> (AS5)

Assuming the bad cavity limit, k > g+/N, the photons’ evo-
lution follows the spins:

ieq + 28Dy
ik '

(A6)

dg —

We adiabatically eliminate the photons by substituting
Eq. (A6) into Egs. (A2) and (A3), and obtain

_ VhK(ieg + Zgﬁ;)
ik '

~ N

Her =0, Legr

(AT)

The Lindbladian equation due to Lesr is identical to the master
equation due to Hyive [Eq. (1)] and £ [Eq. (2)], with @, =

268 and T = 48
K K

APPENDIX B: HIGHER-ORDER EFFECTS ON THE
STABILITY OF THE MEAN-FIELD STATE

In the main text, we derived the leading-order condition for
the stability of the mean-field state by looking at the evolution
of two-body observables and arguing that (@; @a_j )=0to
leading order at the steady state. We assumed that A;; is

A

constant, (%, ) = 0, and that the cumulant approximation is
valid. Here we use the HP approximation to show that Eq. (9)
is indeed correct to the order in N considered, and argue that
higher-order corrections become relevant only at timescales

of order O(1/+/NT).
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In the HP approximation rij= ([@ 9*])
2N /G, - a) ey - o LBy, B, 1) + OGN The leading-
order term in A;; is proportlonal to the commutator of
[ba, a] which is a constant. If the polarization basis is
chosen such that the Bogoliubov b bosons commute, then
Aij = 2N (X, - 2,)8i; + O(VN).

Similarly, in the HP expansion we have the correlation
(Dt D) = 2N /G, - ), - Y ) (B}, b, ) + O(VN). The
master equation for (lAJLil;al_) is

= ZN[‘)‘C}, - Vul[BL B, by, 1B

+ B} [bl,b,, bu])+ O(WNT).  (BI)

Expanding the commutators and inserting the definition of A;;
yields

o r
0,(BL b, =-3 D Ve Va

Ao PPN A, 3
Jo <bl b i
<\/ xot, ya, \/ xa, )’a, < >>

+ O(VNT). (B2)

Reverting from the Bogoliubov b-boson correlator 13213 5 back

to the spin correlator 2 Jﬂ@ﬂ_ ) gives

+<@
ZN\/ (ia ',Va)(fﬁ'yﬂ) o
W) =5 2 (raal 5595

o

+ hea| 24 95)) + OGNT). (B3)

The leading terms give Eq. (9), and drive dynamics on the
timescale of 1/(NT"), since A;; ~ O(N). The subleading terms
can drive dynamics on the timescale of O(1/ N I'), which
is much longer than the O(1/NT') timescale of the dominant
dynamics.

APPENDIX C: RELATION BETWEEN THE ¥ AND j’
VECTORS

Here, we show that for the state |W) = |W(ay, Bo; B)) con-
sidered here, we can make an appropriate basis choice such
that all the X vectors are orthogonal to each other, and all the
¥ vectors are orthogonal to each other, and also that Xy, - y =
Xn - ¥x = 0. We will do this in three steps.

1. ¥y and y’s orthogonal to ¥y and ¥

The jump operators are @; =95 — i7%, where their
real and imaginary parts are 7} = /N Zwoxa,ﬂ)?ﬁ and
D = “/NZH>0)’&,/A?§~

Statement 1. Xx, - ynp = 0 and Xy - yx = 0.

Proof. Due to the choice of the quantization axis, we
have that (W|[@g , .@f{ 1|¥) = 0. We also have the operator
identity [@g , @H 1 = 0. Applying the HP approximation and
the standard commutation relations for Xﬁ and ?/f leads to
Statement 1.

Statement 2. X5, - Xg = 0.
Proof. Since |V¥) is the vacuum of ¢,-, therefore
(\II|XCX‘|\I') SM,and

. N
(WIZLTIW) = 3z . (C1)

Since | W) is a coherent state, Eq. (C1) can be explicitly calcu-
lated, and it evaluates to zero. This proves Statement 2.
Statement 3. yx - yn = 0.
Proof. We note that

(V| D5 T|0) =

> o (widy

i

(WL | W) = Z(w(d,.{z - N_i‘)

din|v),

i

Ay Qn

d’ v
(,,n NF>| ).

The terms with i 7 j are zero, due to Eq. (6). Next, using
the operator identity d’ d‘n = d¥ ):dl - the fact that we do
not need a Il- polarlzed drive, Qn = O and the value of Qyx
from Eq. (7), we find that (\1/@;@;@) = (V| 2L D5 |V) =
0. Applying the HP approximation, this proves Statement 3.

Statement 4. Both Xy and yy are orthogonal to both Xp
and yp.

Proof. This follows from Statements 1, 2, and 3.

(C2)

2. Xy=3,m orthogonal to X« i and analogously for ¥ vectors

The Bogoliubov operators 13#2,1-[ are independent of Eg
and EH, i.e., [5”'7&2![‘[, Ba:):,l'l] = [[;M#X.l_h I;I(:Z,l'[] = 0. This
leads to the fact that X,—y rj are orthogonal to X,.x n, and
also that yo—x 1 are orthogonal to y,+x 1.

A simple choice is to make X; and y; be coplanar with Xy
and yx and satisfy appropriate orthogonalities, and similarly
make X, and y, be coplanar with Xr; and y1; and satisfy appro-
priate orthogonalities. Explicitly, this choice is

. . Xp-Xsz
X=Xy —5——=Vs (C3)
Xy - ¥z

and so on. It is easy to check that Eq. (C3) is orthogonal to X .
We can then make X,-, and y,-, as orthogonal to these two
planes.

3. All ¥, x> n mutually orthogonal and analogously for y,

The Bogoliubov operators l;,ﬁég,n are independent of each
other, ie., [b,,b,1=0 and [b,,b] =35,,. This leads to
xﬂ Yy = '(SW A simple choice to satisfy these is to set
Xu>2 = ¥,>2, and choose X,-, mutually orthogonal to each
other. Since we already chose X,., as orthogonal to the
planes of X; and X,, therefore all the X, are orthogonal
to each other. Similarly, all the y, are orthogonal to each
other.
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APPENDIX D: SCHWINGER BOSONS FOR THE MULTILEVEL SYSTEM

For the basis chosen in Eq. (36), the X,, and y,, vectors are

L 2 B cos(B/2)  sin(B/2)
<OOOO 15sm2 JTo ,0, /10 >,

o (—3cosﬁ+\/§sin,3)(3sin\/§90—sinj—%) 9cos f@o 3s1n——cos§)—cosjl(\/§sm +3cos & )
s =|0, ,0,0, ,
124/10 12+4/10

cos ([00) 3c0s——3s1n )—cosm(\/gcos + sin ﬁ)
44/10 ’
B 26, B 26, B 2 6 o B in2 b 1 200 _ _ B qin2 b
= _coszsm\/ls,()’ smzsm\ﬁ”s,_\/gcosicos \/—%“1‘511'155111 «/—;LS’O,\/f(I‘ﬁcos«/f5 1) €os 5 sin m,() |
/10 /10 /10 6+/10
B
5 51nf(251n5—x/§cos5) o 6 . ,3 3 cos n'Bcos 6 0 o)
nm—=1— y Yy ~ 5 .
V30 \/_ s 10 \/_ \/_ V15

Modifying the definition of the Schwinger ¢ bosons in Eq. (36) would lead to a SU(¢ — 1) rotation on (the complex vectors)
X, and y, in Eq. (D1), which would leave the dot products such as X, - ¥, invariant. All physically relevant quantities such as
criticality and squeezing depend only on these SU({ — 1) invariant constants.

APPENDIX E: FINITE-SIZE CORRECTIONS TO THE SQUEEZING

S 5 Vs o

The squeezed quadratures near the critical points are approximately X sq = TR Xof’ and Y; o = % x Yof’. The
squeezing in these variables will be limited by finite-size effects, which can be captured by including the O(1) terms in the
master equation. Here, we will calculate the finite-size corrections, and the best squeezing reachable, by calculating and solving

the steady-state value of ((X< . )?). The calculations of the finite-size corrections to «Xlgl,sq )?) and ((YO(C sq )?) are similar.

2,sq
We separate the jump operators into their leading and subleading terms, 7, = «/ﬁlﬁm + L, and expand the master equa-
——

tion 3 (XE )% = 2 ¥, (5 [(R¢ (). 2]+ Hec.). It can be shown that (L] [R5 )%, Lao]) = 0 and [(XE )% Lon] = 0.
—— ’ ——
Expanding the remaining terms in the master equation gives

2 5 )2
8(( ¢ )2>:NF(XE yE)

- Xz -y X< 2 —F Qc_':'C ,(_)T. Sc Se
.s5q TAE 2NT (Zs YE)((XE,sq) )+ TENE ;((X iYe). 85 (XC +iY°)

x (@ - X)WFx - 8o X+ V)] = Gp - XO)[Fx - 87 - (X =iV )] + [F5 - 8o - X+ V)] Ex - X)

<~ 3

—[Fs - 87 (X — i¥)|GEs - X)) + Hee) (E1)

finite size

A
5

3 N e 5
where we have used shorthand notation v - X = 3 v, X7 and0- 8o - X =D o Uu8uun Xy
The steady-state value of (X3 )?), obtained by setting its derivative to zero, is

e\ _ Xz Vs 1 5. 3. op 3. B
(R s = S + TonTmaras o) 2 (K779 £ar KO4iFD)

A

= i\’c > < 3c -:’c (= i\'c - (_>T i\’c_-i\'c = < i\'c -:'c = v
X (&g - X)Es - 8o - X+ Y)] — Fx - X)Xn - &, - X —i¥)]| 4+ [¥x - 84 - (X +iY)]Ex - X©)

—[Fs - &7 (XC = i79)]|@Es - X)) + Hely. (E2)

finite size
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The expectation value in Eq. (E2) is calculated in the steady state pss. It can be somewhat simplified using the fact that pgs is
the vacuum of by, and br;, which means that (%5, - X¢ + iyy - Y)pss = (B - X + iy - Y)pss = 0 and (X;Yy)gg = 8 /2. This

simplification yields

se 2
((XE,sq) )ss
_ ¥r s 1

T 20Esl? 16N - s)lIEs |12

0 (s B2 (e R (e R B K 4 5 BT s 7T
o

x5 - 80 Fe(X 8u XV 84 Yo +

2)?2-gﬁ-gﬁ-)’é:—i—ig-gﬁ‘%ig—iyé’ﬁ%i@) (E3)

2

finite size

<~ <> <> <> <> <>
where 85 = g, + &7 and 84 = g, — 87.

The dominant contribution to the O(1/N) terms comes from the antisqueezed quadrature. Keeping only this dominant
contribution, the value of the steady-state squeezing is approximately

<>
(Fs - 85 -%p)?

(B ) ~T2Ts 5l
Esa)Iss To|Rg 2 16N (Fsx - )3

%5 112

(X - 84 -5x)?

N (_)A -
Xy - 8y Vs

N (_)S > N (_)S N
y:.ga.yz xz.ga.xz

= +
I35 112

= = (E4)
I5x 112 |15 12

1
The coefficient of the second term, ~ =
N@s - Js)
is denoted A in Eq. (48).

finite size

tends to a constant value as the critical point is approached. This constant value

[1] J. Ma, X. Wang, C.-P. Sun, and F. Nori, Phys. Rep. 509, 89
(2011).
[2] M. H. Schleier-Smith, I. D. Leroux, and V. Vuleti¢, Phys. Rev.
A 81, 021804(R) (2010).
[3] L. D. Leroux, M. H. Schleier-Smith, and V. Vuleti¢, Phys. Rev.
Lett. 104, 073602 (2010).
[4] Z. Chen, J. G. Bohnet, J. M. Weiner, K. C. Cox, and J. K.
Thompson, Phys. Rev. A 89, 043837 (2014).
[5] K. C. Cox, G. P. Greve, J. M. Weiner, and J. K. Thompson,
Phys. Rev. Lett. 116, 093602 (2016).
[6] O. Hosten, N. J. Engelsen, R. Krishnakumar, and M. A.
Kasevich, Nature (London) 529, 505 (2016).
[7] L. Pezze, A. Smerzi, M. K. Oberthaler, R. Schmied, and P.
Treutlein, Rev. Mod. Phys. 90, 035005 (2018).
[8] M. Kitagawa and M. Ueda, Phys. Rev. A 47, 5138 (1993).
[9] J. Borregaard, E. Davis, G. S. Bentsen, M. H. Schleier-Smith,
and A. S. Sgrensen, New J. Phys. 19, 093021 (2017).
[10] B. Braverman, A. Kawasaki, E. Pedrozo-Penafiel, S. Colombo,
C. Shu, Z. Li, E. Mendez, M. Yamoah, L. Salvi, D. Akamatsu
et al., Phys. Rev. Lett. 122, 223203 (2019).
[11] J. Hu, W. Chen, Z. Vendeiro, A. Urvoy, B. Braverman, and V.
Vuleti¢, Phys. Rev. A 96, 050301(R) (2017).
[12] R.J. Lewis-Swan, M. A. Norcia, J. R. K. Cline, J. K. Thompson,
and A. M. Rey, Phys. Rev. Lett. 121, 070403 (2018).

[13] E. G. Dalla Torre, J. Otterbach, E. Demler, V. Vuletic, and M. D.
Lukin, Phys. Rev. Lett. 110, 120402 (2013).

[14] C. A. Muschik, E. S. Polzik, and J. I. Cirac, Phys. Rev. A 83,
052312 (2011).

[15] M.J. Kastoryano, F. Reiter, and A. S. Sgrensen, Phys. Rev. Lett.
106, 090502 (2011).

[16] S. Diehl, A. Micheli, A. Kantian, B. Kraus, H. P. Biichler, and
P. Zoller, Nat. Phys. 4, 878 (2008).

[17] FE. Verstraete, M. M. Wolf, and J. Ignacio Cirac, Nat. Phys. 5,
633 (2009).

[18] G. Vitagliano, P. Hyllus, 1. L. Egusquiza, and G. Téth, Phys.
Rev. Lett. 107, 240502 (2011).

[19] G. Vitagliano, I. Apellaniz, I. L. Egusquiza, and G. T6th, Phys.
Rev. A 89, 032307 (2014).

[20] R. Demkowicz-Dobrzanski, W. Gérecki, and M. Gutd, J. Phys.
A 53, 363001 (2020).

[21] B. Sundar, D. Barberena, A. M. Rey, and A. Pifieiro Orioli,
companion paper, Phys. Rev. Lett. 132, 033601 (2024).

[22] A. Pifieiro Orioli, J. K. Thompson, and A. M. Rey, Phys. Rev.
X 12, 011054 (2022).

[23] By collective single-body spin operator, we mean an operator
of the form O = >, 0i, where 9; is an operator that acts only on
atom 1.

[24] R. R. Puri and S. V. Lawande, Phys. Lett. A 72, 200 (1979).

013713-16


https://doi.org/10.1016/j.physrep.2011.08.003
https://doi.org/10.1103/PhysRevA.81.021804
https://doi.org/10.1103/PhysRevLett.104.073602
https://doi.org/10.1103/PhysRevA.89.043837
https://doi.org/10.1103/PhysRevLett.116.093602
https://doi.org/10.1038/nature16176
https://doi.org/10.1103/RevModPhys.90.035005
https://doi.org/10.1103/PhysRevA.47.5138
https://doi.org/10.1088/1367-2630/aa8438
https://doi.org/10.1103/PhysRevLett.122.223203
https://doi.org/10.1103/PhysRevA.96.050301
https://doi.org/10.1103/PhysRevLett.121.070403
https://doi.org/10.1103/PhysRevLett.110.120402
https://doi.org/10.1103/PhysRevA.83.052312
https://doi.org/10.1103/PhysRevLett.106.090502
https://doi.org/10.1038/nphys1073
https://doi.org/10.1038/nphys1342
https://doi.org/10.1103/PhysRevLett.107.240502
https://doi.org/10.1103/PhysRevA.89.032307
https://doi.org/10.1088/1751-8121/ab8ef3
https://doi.org/10.1103/PhysRevLett.132.033601
https://doi.org/10.1103/PhysRevX.12.011054
https://doi.org/10.1016/0375-9601(79)90003-3

DRIVEN-DISSIPATIVE FOUR-MODE SQUEEZING OF ...

PHYSICAL REVIEW A 109, 013713 (2024)

[25] O. Somech and E. Shahmoon, arXiv:2204.05455.

[26] D. Barberena, R. J. Lewis-Swan, J. K. Thompson, and A. M.
Rey, Phys. Rev. A 99, 053411 (2019).

[27] The superradiant dynamics (in the absence of drive) of this
particular eight-level structure with this type of initial condition
was also analyzed in Ref. [22]. The stability criterion in that
work only considered the diagonal of the Hessian, which was
correct for the cases considered there. However, as we have
shown here, for more general initial conditions the full Hessian
needs to be taken into account.

[28] In Refs. [21,22], the convention for defining the
one-polarization superradiance potential V({) was V() =
V¢, 0; | W(w, O; B))), where the dependence on « and ,3 was
usually suppressed. The derivatives were evaluated at £ = 6, in
Refs. [21,22].

[29] D. F. Walls, P. D. Drummond, S. S. Hassan, and H. J.
Carmichael, Prog. Theor. Phys. Suppl. 64, 307 (1978).

[30] P. D. Drummond and H. J. Carmichael, Opt. Commun. 27, 160
(1978).

[31] P. D. Drummond and S. S. Hassan, Phys. Rev. A 22, 662 (1980).

[32] P. D. Drummond, Phys. Rev. A 22, 1179 (1980).

[33] H. J. Carmichael, J. Phys. B 13, 3551 (1980).

[34] E. Wolfe and S. F. Yelin, arXiv:1405.5288.

[35] Z. Kurucz and K. Mglmer, Phys. Rev. A 81, 032314
(2010).

[36] E. Shahmoon, D. S. Wild, M. D. Lukin, and S. F. Yelin, Phys.
Rev. Lett. 118, 113601 (2017).

[37] M. A. Norcia, R. J. Lewis-Swan, J. R. K. Cline, B. Zhu, A. M.
Rey, and J. K. Thompson, Science 361, 259 (2018).

[38] J. A. Muniz, D. Barberena, R. J. Lewis-Swan, D. J. Young,
J.R.K. Cline, A. M. Rey, and J. K. Thompson, Nature (London)
580, 602 (2020).

[39] R. Kaubruegger, A. Shankar, D. V. Vasilyev, and P. Zoller, PRX
Quantum 4, 020333 (2023).

013713-17


https://arxiv.org/abs/2204.05455
https://doi.org/10.1103/PhysRevA.99.053411
https://doi.org/10.1143/PTPS.64.307
https://doi.org/10.1016/0030-4018(78)90198-0
https://doi.org/10.1103/PhysRevA.22.662
https://doi.org/10.1103/PhysRevA.22.1179
https://doi.org/10.1088/0022-3700/13/18/009
https://arxiv.org/abs/1405.5288
https://doi.org/10.1103/PhysRevA.81.032314
https://doi.org/10.1103/PhysRevLett.118.113601
https://doi.org/10.1126/science.aar3102
https://doi.org/10.1038/s41586-020-2224-x
https://doi.org/10.1103/PRXQuantum.4.020333

