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Photocounting measurements with dead time and afterpulses in the continuous-wave regime
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The widely used experimental technique of continuous-wave detection assumes counting pulses of photocur-
rent from a click-type detector inside a given measurement time window. With such a procedure we miss out
the photons detected after each photocurrent pulse during the detector dead time. Additionally, each pulse may
initialize a so-called afterpulse, which is not associated with the real photons. We derive the corresponding
quantum photocounting formula and experimentally verify its validity. Statistics of photocurrent pulses appears
to be nonlinear with respect to the quantum state, which is explained by the memory effect of the previous
measurement time windows. Expressions—in general, nonlinear—connecting statistics of photons and pulses are
derived for different measurement scenarios. We also consider an application of the obtained results to quantum

state reconstruction with unbalanced homodyne detection.
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I. INTRODUCTION

Born’s rule [1] lies at the heart of the measurement the-
ory, which is an integral part of quantum physics. A key
feature of this rule is that outcome probabilities of quantum
measurements linearly depend on the density operators rep-
resenting quantum states of the system, see, e.g., Refs. [2,3].
Photocounting experiments conducted with quantum light are
archetypal examples of such measurements. They are em-
ployed in many fields of fundamental and applied research
such as quantum optics and quantum information.

In the most general case, the outcome of photodetectors is
given by a number n of clicks or photocurrent pulses usually
associated with the number of detected photons. According to
Born’s rule, the probability distribution for these numbers is
given by the expression

P = Tr(pI1,), )

which is referred to as the photocounting formula. Here p
is the density operator, characterizing the state of the given
electromagnetic-field mode and IT,, are elements of the posi-
tive operator-valued measure (POVM), describing the detector
and the measurement procedure.

An alternative form of the photocounting formula (1),

P, = f PaP@), (@), ?)
C

involves the Glauber-Sudarshan P function P(«) [4,5] and the
Q symbols of the POVM, I1,(«) = (oz|f[,,|a), cf. Refs. [6,7].
The latter can be interpreted as the probability distribution for
the numbers n in the case if the electromagnetic-field mode
is prepared in the coherent state |«). Equation (1) resembles
also the photocounting formula for classical electromag-
netic fields [8—11]. In this case, P(«a) > 0 is the classical
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probability distribution of the complex amplitude « of the
electromagnetic-field mode and I1,(«) is the classical re-
sponse function, being the probability to get n clicks or pulses
given the classical amplitude o .

In the case of photon-number-resolved (PNR) detectors,
the POVM is given by the relation

A\

(i)
n!

M, = Bnl = exp (—na):, 3)
cf. Refs. [8,12]. Here 7 is the photon-number operator, n €
[0, 1] is the detection efficiency, and :---: denotes normal
ordering. Particularly, this means that El] = |n)(n| is the
projector on the Fock number state |n). The corresponding O
symbols read

(nla?)"

My(e) = Flos ] = =——exp(-nlal). @)

This indicates that the photon-number distribution in the case
of coherent states or deterministic classical single-mode fields
is the Poissonian distribution.

Realistic detectors mostly cannot perfectly distinguish be-
tween adjacent numbers of photons. Typical devices may only
indicate their presence or absence. To resolve this problem
at least approximately some experimental techniques have
been proposed. An example is given by the click detectors
based on spatial [13—16] or temporal [17-19] splitting of
the light beam into several modes and then detecting each
mode separately by on-off detectors. The number of triggered
detectors is associated with the number of photons. The cor-
responding POVM has been introduced in Ref. [20]. Based
on this consideration, the importance of the true expression
for the POVM has been demonstrated. For example, click
statistics can be sub-Poissonian even for classical light with
P(a) > 0. In this case, one can use alternative solutions for
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testing nonclassicality of click statistics, e.g., those proposed
in Ref. [21].

Another widely used experimental technique is based on
counting the number of photocurrent pulses inside a mea-
surement time window (MTW) of duration t,,. The number
of such pulses is associated with the number of photons.
However, the direct correspondence between the number of
photons and the number of pulses does not work due to a
number of detector imperfections; see, e.g., Refs. [22,23].
In this paper, we focus on a subset of these issues, mak-
ing a significant contribution to the interpretation of the
measurement results. First, a single pulse can correspond
to several absorbed photons. Second, most of detectors are
characterized by the dead-time interval tg4. During this inter-
val, which happens after each photocurrent pulse, detectors
do not produce any clicks even if photons are absorbed.
Third, detectors can produce so-called afterpulses following
photon-associated pulses or other afterpulses, which are not
associated with photons. The first issue can be easily in-
cluded in the POVM in a way as it is considered for click
detectors [20]. The two last issues, however, require separate
considerations.

Effects of detector dead time on photocounting statistics
of classical radiation have been widely discussed in litera-
ture; see, e.g., Refs. [24-31], including the case with the
presence of afterpulses [22]. Standard considerations assume
employing the theory of point processes [32]. However, a
straightforward generalization of those results to the quantum
case is impossible for some widely used scenarios. One reason
for this is that the time remaining until the end of the measure-
ment time window (MTW) after the last pulse may be shorter
than the dead-time interval. This modification will affect the
pulse statistics in the subsequent MTW. It can be consid-
ered as a memory effect of the pulse statistics from previous
MTWs. Therefore, this effect must be accurately incorporated
into the photodetection formula. Such a formula has been
recently derived for superconducting nanowire single-photon
detectors (SNSPDs), see Ref. [33], assuming even a more
general model of smooth detector recovering after each pulse.
However, this consideration does not include the presence
of afterpulses inherent to photodiodes and photomultiplier
tubes.

In this paper we derive the photocounting formula,
accounting for dead time and afterpulses, verify it experimen-
tally, and demonstrate its applicability to problems of quantum
optics. Our focus lies in providing a consistent description
of the memory effect that is suitable for nonclassical states.
Therefore, our model is based on assumptions that restrict its
applicability in the most general case, but highlight the main
goal of the paper. First, we assume that quantum states of light
are prepared for equal nonmonochromatic time modes with
a rectangular envelope, which width is equal to the MTW
duration t,,. However, this may not hold true for realistic
sources of nonclassical light. This restriction can be over-
come by applying the approach presented in Refs. [33,34]
for the considered case. Second, we consider the detectors
with nonparalyzable dead time, i.e., if a photon is absorbed
during the dead-time interval, it is lost and does not affect
the dead-time duration. Third, we assume that the detector
ability to register the next photon is instantly restored after

the dead time interval, which is a reasonable approximation
for avalanche photodiodes but should be reconsidered for the
SNSPDs [33]. Fourth, we assume that the afterpulses instantly
occur with a given probability after the dead-time interval.
The last two issues are experimentally reexamined by analyz-
ing the statistics of the time between pulses.

We consider two main scenarios. The first one, referred
to as the independent MTWs, assumes darkening detector
input after each MTW during the time interval exceeding
74. Such a procedure prevents us from the memory effect
of previous MTWs. The same result can be reached with
a proper postselection of the MTWs. A theoretical descrip-
tion can be obtained via straightforward generalization of
equations presented in Refs. [22,24-29,31]. However, for the
sake of completeness and transparent description of further
generalizations we reestablish these results also introducing
a classification of measurement events on so-called regular-
regular (rr) and regular-irregular (ri) parts. They are related to
the cases when the dead-time interval of the last pulse does
not exceed and exceeds, respectively, the MTW.

The second scenario, referred to as the continuous-wave
(cw) detection, does not assume any darkening of detector
inputs or postselections. Its proper consideration requires a
description of irregular-regular (ir) and irregular-irregular (ii)
events. They correspond to the cases when the dead-time in-
terval from the previous MTW occupies a time interval at the
beginning of the actual MTW. For our purposes it is important
to get separate descriptions for the ir and ii events. The proper
photocounting formula for the cw detection includes a nonlin-
ear expression on the density operator p showing the memory
effects of the previous MTWs. Elements of this formula can
be obtained as a solution of linear recursive equations. We
introduce its approximate solution and verify its validity with
numerical simulations and experimental data.

We have theoretically considered connections between
statistics of photons and photocurrent pulses. In the case of
cw detection this relation is nonlinear that demonstrates the
memory effect of the previous MTWs. We have adapted the
technique of geometrical reconstructions of expected values
of observables [35] to the scenario of independent MTWs.
This is applied to quantum-state reconstruction with unbal-
anced homodyne detection [36,37].

The paper is organized as follows: In Sec. II we adapt
the classical considerations to properly formulate the quan-
tum photocounting formula in the scenario of independent
MTWs. Here we also introduce the classification of the cor-
responding measurement events and obtain the corresponding
parts of the POVM. A nonlinear photocounting equation in
the presence of dead time and afterpulses is presented in
Sec. III. Relations between photon statistics and pulse statis-
tics are given in Sec. IV. In Sec. V we employ the obtained
photocounting formula to examples of quantum states. Appli-
cations of the obtained results to geometrical reconstruction of
expected values of observables and, particularly, to quantum-
state reconstruction with unbalanced homodyne detection is
considered in Sec. VI. Statistics of time passed between
subsequent pulses is analyzed in Sec. VII. The experimen-
tal verification of the photocounting formula is discussed in
Sec. VIII. A summary and concluding remarks are given in
Sec. IX.
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FIG. 1. The idea of photodetection with independent MTWs is
depicted. Each MTW of duration t,, is followed by a time interval
with nonoperating detector (hatched areas) exceeding the dark time
74 (shaded areas). In this case, the detection events in the actual
MTW are not effected by the detection events from the previous one.

II. PHOTODETECTION WITH INDEPENDENT
MEASUREMENT TIME WINDOWS

The scheme of photodetection considered in this sec-
tion assumes no effect of detection events from the previous
MTWs on the current one. It can be implemented via dark-
ening the detector-input after each MTW. The corresponding
time interval of darkening should exceed the dead time; cf.
Fig. 1. In practice, this purpose can be achieved in different
ways, e.g., by a proper postselection of the MTWs.

The equations obtained in this section have mostly prelim-
inary character as an introduction to our main results. Most
of them can be straightforwardly obtained from the corre-
sponding classical considerations in Refs. [22,24-29,31]. For
our purposes it is, however, important to reestablish these
results with a proper classification on regular-regular (rr) and
regular-irregular (ri) events, which will be used by us in the
next sections.

A. Dead time of detection

Here we derive the photocounting formula for the case of
independent MTWs assuming no afterpulses. For such a sce-
nario, there exist two cases of placing the photocurrent pulses
inside the time window 7y, see Fig. 2. The regular-regular
case, depicted as rt, corresponds to the case with the dead-time
intervals 74 situated inside the MTW. The regular-irregular
case, depicted as ri, corresponds to the situation wherein the
last dead-time interval exceeds the time window on the time
7; < 74. Therefore, the POVM 1" can be decomposed as

AD = A 4 00, 5)

where T1 and [10" are the POVMs for the rr and i cases,
respectively. For the sake of simplicity, we first assume the
unite detection efficiency and absence of dark counts.

Let us start our consideration with the rr case. Our task
is to find the Q symbols of the corresponding POVM that
can be interpreted as the probability of registering n pulses
given the coherent state |«). Dead-time intervals effectively
decrease the efficiency of photodetection. In this context, it is
convenient to introduce the adjusting efficiency, which is the

rr case
Y n pulses /
[7a]l [7d] [Tal[Ta]l << [Tl
Tm Time
ri case
/, n—1 pulses Y
[ Td|[Td| [7Td| e+ [7Td| [Tdlj
Tm "Time

FIG. 2. Placements of n photocurrent pulses inside the MTW for
the scenario of independent MTWs is shown. In the 1 case, all pulses
with the corresponding dead-time intervals 74 are situated inside the
MTWs. In the ri case, the last dead-time interval exceeds the MTW
for the time 7; < 4.

ratio of the time free from the dead-time intervals to the length
of the MTW,
nty

T —
r/rr(n) ==
Tm

(6)

This quantity explicitly depends on the number of detected
pulses n. The probability of registering n pulses is given in the
intuitively clear form by

Flo;n.(m)], (7)

where F;,(«; n) is the Q symbols of the POVM for ideal PNR
detectors, cf. Eq. (4). This equation is valid forn =0, ..., N,
where

21n
n)o
M) = [7:x( )j ] e emlal? _

N = |tn/74) )

is the maximal number of whole dead-time intervals 74 com-
pletely fitted inside the MTW, and |- - - | is the floor function.

There are several ways to derive Eq. (7) accurately. The
first technique is to apply directly the methods of Ref. [33]
for the rectangular mode. The second technique is based on
discretizing time, applying combinatorial considerations, and
transitioning back to continuous time. For this purpose, we
first divide the time 1, into n,, time slots of duration At, i.e.,
Tm = npAt. We assume that the dead-time interval includes
an integer number ny of times At, i.e., Ty = ngAt. In this case,
the probability of registering n pulses consists of the following
factors:

(1) the probability of registering no-photons during the
time free of dead-time intervals,

T
exp [—n—dlalz] = expl—nw(m)|a|’];

m

(2) the probability of registering n pulses at fixed time
slots,

(1 — exp[—la|*At/Tn])";

(3) the number
Am —Nng +n
Nm — NAg

013701-3



A. A. SEMENOV et al.

PHYSICAL REVIEW A 109, 013701 (2024)

of placements n,, — nnq time slots free of dead-time intervals
among n,, — nng + n elements that contain those slots and the
n dead-time intervals.

Applying in the product of all these factors the transition
At — 0, we arrive at Eq. (7). Similar consideration can be
applied in all other cases. Their common feature is that the
probability of registering n pulses can always be adjusted by
the corresponding efficiency, which is the ratio of the time free
of dead-time intervals to the measurement time t,.

Let us now consider the ri case for which the last dead-time
interval exceeds the MTW by the time ;. The probability that
the last pulse is detected during the infinitesimal time interval
drt; 1s

dt dty dr
jor|* — exp <—|a|2—> = Jo*—. ©)
Tm Tm Tm
This should be multiplied with the probability of registering
the rest (n — 1) pulses in the time free from the dead-time
intervals. The infinitesimal probability for this case is given
by
(xi) |Ol|2
A (s 1) = ——Fyles (T mldT. (10)

Herein the adjusting efficiency reads
Tm —NTg+ T
ma(zisn) = ————, (1)
Tm

and Fy[a; n] is given by Eq. (4). The resulting probability of
registering n pulses is obtained via the integration of Eq. (10),

A W 4N (e T
H;rl)(a):/ dTl n ( 1)
0

d'(l
n—1 n—1
=Y Floa:ne(m] — Y Fleine(n—1]. (12)
k=0 k=0
This equation is valid forn = 1, ..., N, where N is given by

Eq. (8).
In the case of t,/74 > N, the maximal number of pulses
is N + 1. For this scenario, only the ri case is different from

Zero,
i & AT (o 1)
ngﬂm=/1 do—H 7
(N+1D)tg—1m dr
N
=1-> Flo:n(N)]. (13)
k=0

Evidently, for t,, = Ntq4 this expression vanishes.

The final expression for the POVM in the case of indepen-
dent MTWs is obtained by substituting Egs. (7), (12), and (13)
into Eq. (5). This yields the POVM,

Yy = A1, (14)

n n—1
AP =Y Alnem] =Y Flne(—D]l  (15)
k=0

k=0
forn=1,...,N, and

N
Y, =1-> FlnN)l. (16)
k=0

rr case n pulses
/) f grouwf pulses /
[Ta[7a[7a] [Ta[Ta]l -~ [TaV//,
Tm Time
ri case
n pulses

7, f groups of pulses s pulses |71
| Td[Td[Td]+ « «|Td|Td| [Td[Td|Td

Tm

»

'Time

FIG. 3. Placements of n photocurrent pulses inside the MTWs in
the presence of afterpulses for the scenario of independent MTW s is
shown. The pulses are subdivided into f and f+1 groups for rr and ri
cases, respectively. Each group is started with a photon-related pulse
and followed by afterpulses. The last group in the ri case consists of

s pulses. The last pulse in this group exceeds the MTW on the time
T < 7.

To include realistic values of detection efficiencies and the
presence of dark counts, one should replace the photon-
number operator 7 in expressions Fi [1(n)] and [ (n — 1)]
under the sign of normal ordering, cf. Eq. (3), by nit + v,
where 7 is the detection efficiency, v = dq4. T, and Agc is the
dark-count rate, see, e.g., Refs. [38—41]. Equations (14)—(16)
can also be straightforwardly reestablished from the photo-
counting statistics of classical fields, see Refs. [24-29]. For
our further considerations, however, separate relations for
1™ and 10" given by Egs. (7), (12), and (13) are of im-
portance.

B. Effect of afterpulses

To consider the effect of afterpulses, we use the following
model: We assume that afterpulses may appear after each
photon-related pulse, dark-count pulse, and another afterpulse
with the probability p. Similar to the above scenario, we sub-
divide the measurement events on regular and irregular cases
depicted as rr and ri, respectively; see Fig. 3. All pulses can be
subdivided into groups started with pulses related to photons
or dark counts and followed by afterpulses. For simplicity, we
first consider the unit detection efficiency and the absence of
dark counts.

Let us consider f groups of pulses in the rr case. For the
n registered pulses, the number of afterpulses is n — f. The
probability of such an event is Fy[a; 0 (n)]p" /(1 — p)/ that
includes the probability of registering f photon-related pulses,
the probability of registering n — f afterpulses, and the prob-
ability of absence of f afterpulses at the end of each group.
Let r be the maximal size of the groups. We also consider that
fi groups consist of i pulses, i.e., Y ;_, fi = f. The number
of such events is given by the multinomial coefficient, i.e.,
by the number of all possible permutations of the groups of
pulses. Thus, the probability to register n pulses is obtained
via summation of all probabilities over all possible partitions
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of the number #:

f
o —
o= T (5,
th,_n

i=1

)Ff[a;nrr(n)]p”‘f(l -pY,

a7
N. Applying the combinatorial equality

= (L o2

f=1

wheren =0, ...,

)A(f), (18)

éifi:n
n # 0, see methods of Ref. [42] for its derivation,' one gets

the expression
! -1 . .
(M () — . n n—f f
I, (Ot)—fE=1 Ff[a,mr(n)](f_ 1)1) (I=p), 19

which are the Q symbols of the POVM for the rr case. The
case of n = 0 should be considered separately. It coincides
with Eq. (14).

For the analysis of the ri case, we assume that the last group
consists of s pulses. The last pulse of this group exceeds the
MTW on the time t;. The rest of pulses are combined in f
groups, cf. Fig. 3. The infinitesimal probability is obtained via
consideration of the following factors:

(1) the probability of registering the first pulse in the last
group during the infinitesimal time dt,, cf. Eq. (9);

(2) the probability of registering f photon-related pulses,
Fylasni(Tisn)];

(3) the probability of registering n — (f4+1) =n— f — 1
afterpulses, p" =/ 7';

(4) the probability of absence of afterpulses at the end of
f groups, (1 — p)/;

(5) the summation for f groups of n — s pulses with the
multinomial coefficient corresponding to all possible permu-
tations;

(6) the summation over all possible numbers of pulses in
the last group, s =1,...,n

This yields the expression,

dN(a; 71)

=Si 2 <f1f

=]
> ifi=n—s

i=1

f>|_| n—1lo nii (T3 m)]

m

x p" =1 = pYdr. (20)

After proper integration with respect to 7; € [0, 74] and appli-
cation of Eq. (18), we get

n—1 f
N (@) =Y Y {Fde; na(m)] — Fles (2 — D]
=0 k=0
n—1
x ( )p"fl(l -p). @21
S
This expression is valid forn =1, ..., N.

!'The authors thank E. Shchukin for enlightening discussions of this
equality.

The special case, n = N + 1, is obtained via integration of
Eq. (20) with respect to 7; € [0, (N+1)Ttq — T ],

N f

) @) =1->"Y" Rl nn(N)]<f> P —py.

=0 k=0
(22)

It vanishes for 1, = N14. The rr part of the POVM in this case
is zero.

Combining Egs. (5), (19), (21), and (22) we arrive at the
POVM for the scenario of independent MTWs in the presence
of afterpulses. The no-click element ﬁ(or) has the same form as
Eq. (14). For the rests of elements we have

N ° —1
0 = Y Fylne(m)] (;l - ])p"f (1—-p/
f=1

1

f
+ Z Eine(m)] — F[ne(n — D]}

3
|

F=0 k=0
x (" P l)p”f‘a —pY (23)
f
forn=1,...,N, and
N f
M =1-)_> A [nrr(N)]( f> PMa—-pl. @4
£=0 k=0

Realistic values of detection efficiencies and the presence
of dark counts are included by replacing the photon-number
operator 7 under the sign of normal ordering by ni + v. If
the probability of registering afterpulses, p, depends on the
field intensity, the corresponding dependence p(|a|?) should
be explicitly included in the Q symbols of the POVM. Equa-
tions (23) and (24) can be obtained as a straightforward
generalizations of results in Ref. [22]. Our further consider-
ations, however, require a proper separation on f[fl") and f[,(fi)
given by Eqgs. (19), (21), and (22).

III. CONTINUOUS-WAVE DETECTION

In standard implementations of cw detection, no time in-
terruptions between the neighboring MTWs are assumed. If
the dead-time interval from the last pulse exceeds the MTW,
it changes the pulse statistics in the next MTW. As a result,
the photocounting equation depends on the direct product
of density operators from several MTWs. The corresponding
expression is derived in this section.

A. Events dependent on previous measurements
1. Absence of afterpulses

First we consider the detectors with no afterpulses. Similar
to the previous consideration, we consider irregular-regular
and irregular-irregular cases depicted as ir and ii, respectively,
see Fig. 4. The both of these cases are left-side irregular in
the sense that the last dead-time interval from the previous
MTW occupies a time-interval 7, at the beginning of the
actual MTW. The parts of the POVM, which we obtain here,
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FIG. 4. Placements of n photocurrent pulses inside the MTW
for the scenario of cw detection and the left-side irregular cases is
shown. The most important difference of ir and ii cases from the
cases shown in Fig. 2 consists in the effect of the last pulse from
the previous MTW. The corresponding dead-time interval occupies
the time interval 7, < tg4 at the beginning of the actual MTW.

are conditioned by 1,. Integration with respect to this time will
be considered in Secs. III B and III C.

We remain that the Q symbols of the POVM correspond to
the probability of registering n pulses given the coherent state
|ae). This probability for the ir case reads

M7 (o3 ) = Byl min (2 )], (25)
where the adjusting efficiency is given by

m — 174 — 12

Nir(T23 1) = i (26)

Tm

This equation is valid forn =1,...,N — 1 and forn = N if
Ty < Ty — N14. For all other cases 19 (a; 75) = 0.

The infinitesimal probability of registering n pulses condi-
tioned by 1, in the ii case includes factors corresponding to
the infinitesimal probability of registering the last pulse (9)
and the probability of registering the rest n — 1 pulses,

dT0 (- _ g R
n (5T, ) = - n—tlas i (T, s m)ldn. (27)

m
Here the adjusting efficiency reads

Tm — Ny +7T1 — T

ni(T1, T23m) = (28)

Tm

This equation is valid in the domain 7y, 7, € [0, 74] for n =
1,...,N — 1. For two special cases, however, there are ad-
ditional conditions, see also Fig. 5: (i) i, — 71 < 1y — N4
forn=N;@{) o — 11 < Ty — (N+1)74 forn = N+1. For all
other cases this part of the POVM vanishes. Integration with
respect to the time 7| leads to the conditioned Q symbol of the
POVM for the ii case,

n—1 n—1
N 10) = Y Fles mie(rain)] = Y Felos mir(tasn — 1)]
k=0 k=0

(29)

A n=N

_Td

v
&
X«
N ~
N 4
o — N Tq

FIG. 5. The shaded areas show the integration domains with
respect to the times 1, and 1, in the ii case forn = N andn =N + 1.

for n=1,...,N—1, 1e[0,tq] and n =N, 1,€[0, 1, —
Nl

N-1

M (@) =1- ) Alain(mN =D (0)
k=0

for 1€ty — N1y, t4]; and

N
My} (@ n) =1-) FKlen(mN)] - (D)

k=0

for 7,€[0, 7, — Nt4]. In all other cases this part of the POVM
vanishes.

The overall POVM conditioned by the time 7, is a sum of
ir and ii parts,

M0 (z) = M1 (1) + N (1y). (32)

Substituting here Egs. (25) and (29)-(31) we get

ﬁg)(rz) = Folngn(t2; 0)], (33)
n n—1

f0(r) = Filne(rsm] = Y Filne(tsn — D] (34)
k=0 k=0
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for n=1,...,N—1, 1nel[0,1q] and n =N, 1,€[0, 1, —
Ntgl;
‘ N-1
MR () = 1= Filne(ta; N = 1] (35)
k=0
for roe[tm — N7y, 74]; and
3, (1) = 1= Filnie(12; N)] (36)

k=0

for 1, €[0, 1, — Nty4]. The realistic values of the detection effi-
ciency and the dark-count intensity are included via replacing
it with 71 4+ v under the sign of normal ordering.

A special interest is attended to averaging the POVM con-
ditioned by the time 1, with the uniform distribution, i.e.,

19 = 11 4 119, (37)
where the corresponding Q symbols are given by
1 d .
M@ = [ dunPemn). (38)
Td Jo
. 1 (v .
nyka)z-—:/ do,1W(a; 1)). (39)
T Jo

The proper integration yields for 107 ()

. T, "
N (@) = —"= Y " {Fuloi ne(n + D] — Fylo ne(n)]}
Tq|o|? =
(40)
forn=0,...,N—1,and
Iy (o) = d| 5 {1 —~ ZF [a; %(N)]} (41)
for n = N. Similarly, 11 («) reads
(o) = —=— ZZ{F [o; 7ee (n + 1)]
| k=0 m=0
—2F,[o; nrr(n)] + Fula; nrr(n - DI} (42)
forn=1,...,N —1;
) N-1 k
HE&”(a)— {N 23 Fulai e (W)
k=0 m=0
N-1 k
) N+ 1Dty — Ty
+ZZFm[OM7n(N - 1)]} + T
k=0 m=0
(43)
for n = N; and
- Tm—Ntg Tm(N+1)
ia) _ Im _ Im
w41 (@) T4 | |?7q
N
LY Z Fula;ne(N)] (44)
lal*7a {5 s
forn =N+ 1.

ir case n—u pulses
Ty U pBlses f groups « of pulses
|.Td Td|[7Td| [Ta[Td[Td[ee<[Ta]
' Tm Time
ii case
n—u—s pulses 7'1
Ty U pulses f groups 0 of pulses s pulses
|7a|7al 7a|[7a[7als « +[7a] \TdITd s

Tm 'Time

FIG. 6. Placements of n photocurrent pulses inside the MTW
for the scenario of cw detection and the left-side irregular cases in
the presence of afterpulses is shown. The last (after-) pulse from
the previous MTW exceeding it on the time 7, is followed by u
afterpulses. In the ii case the last (after-) pulse in the last group of
s pulses exceeds the MTW on 7;. The rest of n —uand n — u — s in
the ir and ii cases, respectively, form f groups.

2. Presence of afterpulses

In the presence of afterpulses, the situation is changed. In
the ir and ii cases a group of u afterpulses can be associated
with the last (after-) pulse from the previous MTW, see Fig. 6.
In the ii case the last group consists s pulses. Therefore, the
rest of n —u and n —u — s pulses for the ir and ii cases,
respectively, form f groups.

The Q symbols of the ir part of the POVM are obtained via
considering the following factors:

(1) the probability of registering f photon-related pulses,
Frlos 1]

(2) the probability of registering n — f afterpulses, p"~/;

(3) the probability of the absence of afterpulses at the end
of f+1 groups, (1 — p)/*1;

(4) summation for f groups of n — u pulses with the multi-
nomial coefficient corresponding to all possible permutations;

(5) summation over all possible numbers of pulses in the
first group, u =0, ..., n.

This yields the ir part of the conditional POVM,

M (e 72) = ) Frles mi(zs n))l (n>p”f(l —pYth
=0 f
(45)

This expression holds forn =0, ...,
forn =N, 1 €[0, 7, — N1gl.

The infinitesimal conditional probability of registering n
pulses given the time t; in the ii case can be obtained via
considering the following factors:

(1) the probability of registering the first pulse in the last
group during the infinitesimal time d 1y, cf. Eq. (9);

(2) the probability of registering f photon-related pulses,
Frlo mii (1, 125 )]

(3) the probability of registering n — f — 1 afterpulses,
pn f— l

“) the probability of the absence of afterpulses at the end
of f+1 groups, (1 — p)/+1;

N —1, 1 €[0, t4] and
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(5) the summation for f groups of n — s — u pulses with
the multinomial coefficient corresponding to all possible
permutations;

(6) the summation over all possible numbers of pulses in
the first group, u =0, ..., n —s;

(7) the summation over all possible numbers of pulses in
the last group, s =1,...,n

This leads to the infinitesimal Q symbols of the POVM in
the ii case,

1
EES
ANV (a; 71, 70) = T—dn > Frlasmi(ri, a3 n)]
m
£=0

n n—f=1¢1 _ p\f+!
X(f+1)p (1—=pyY™. (46)

The Q symbols of the ii part of the POVM given the time 1,
are obtained via integration of this expression with respect to
71 in the same domains as it considered for the case without
afterpulses. This yields

M (@ )

n—1

f
> ARl mie(ras )] — Fle mie (123 n — D]}

=0 k=0
x ( ) )p"f‘(l —py ! @7
f+1
for n=1,...,N—1, 1ne[0,1q] and n =N, 1,€[0, 1, —
Ngl;
.. N-1 f
M m)=1-Y " Fle; (N — 1)
£=0 k=0

=

N—f—1(1 _ \f+]
X <f+ 1)17 (1—p) (48)

for e[ty — N1y, 7q4]; and

N f
My () =1-Y Y Fla: (i N)]
f=0 k=0
X (?I:)ﬂ‘fﬂ -t @)

for 1,€[0, 7, — N14]. In all other cases this part of the POVM
vanishes.

The overall POVM conditioned by the time 7, is obtained
from Eq. (32). This yields

1 (12) = Folnir(12:0)1(1 — p), (50)

M) =) Flne(zain)] (;)p”_f(l -p)*!
f=1
n—1

f
+ Z Filnic(t2; n)] — Filnie(Tas n — DI}
0 k=0

n n—f—1 41
X (f+ 1) (1—p) (51)

~
Il
=~

for n=0...N—1, 1 €[0,ty] and n =N 1,€[0, 1, —
N4l
N-1 f
() =1-Y "> Alu:N-1D] (52
=0 k=0

( N )pN“(l—p)f“ (53)

f+1

for 1€ty — N1y, t4]; and

N f
My, (s 0) = 1 — ZZ (71 (723 N)] (54)
0 k=0

NAD\ vopo
X <f+ I)P 1-p (55)

for 7,€[0, 7, — Nt4]. Similarly to the previously considered
cases, the efficiency n and dark-count intensity v can be
included by replacing 7 by ni + v. Also the dependence of
probability of afterpulses on the intensity |«|? should be in-
cluded in the corresponding Q symbols of operators.

Let us consider averaging of this part of the POVM by the
uniform distribution such as it is presented by Eqs. (38) and
(39). The part 1'131’(05) in the presence of afterpulses is given by

i Tm . n _
M) = —— ( >p” 71— py !
Tq|a|? g f

f
X Y Al na(n + D] — Fyles e ()]} (56)

m=0
forn=0,...,N —1;

N

it N=F(] — p)/+!
w(e) = mPZ() =p

f
x 1= Fules; (V)] (57)

m=0
for n = N. Similarly, the part [T («) in the presence of after-
pulses reads

n—1

.. T, n
5 () = —— < )p"f - py !
Tqlee|? ; f+1

f
X Y (f —m A+ D{Fulas; ne(n+ 1]

m=0
—2F,[o; ne(m)] + Fula; ne(n — D]} (58)

forn=1,...,N —1;
i N+ 1)1g — Ty Nty
Ny («) = : 2(1-p)
T4 le|“Tq
N—1
T, N
m —f—1 1 f+1
o & (4 )7
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S
X 3 (f = m+ D{Fylo; ne(N — 1)

m=0
— 2F, o e (N)]} (59
for n = N; and
- — N1y T,
n (@)= L, By A N
N+1(O‘) o |Ol|2Td( PN +1)
Tm o (N + 1
4 fm N=f (1 — p)f+!
|a|2rdg<f+1>p t=p

f
X ) (f = m+ DEle:n:(N)] (60)
m=0
forn=N+1.

The time-conditioned POVM f[;,i)(rz) and the uniformly
averaged POVM I1% can also be obtained as a straightforward
generalization of classical photocounting statistics presented
in Ref. [22]. However, as it is discussed in the next section, the
proper photocounting formula requires also separate relations
for T100(7,) and T107(t,) given by Egs. (45) and (47)—~(49).
Similarly, an approximation to this POVM considered in
Sec. 111 C requires separate relations for [T and I1" given
by Egs. (56)—(60).

B. General theoretical model

One of the main results of this paper is a special form of
the photocounting formula for the cw detection. It differs from
its standard form (1) and (2) not only by another POVM but
also by a different dependence on the density operator. We
numerate the MTWs, starting from the first one. Evidently,
the Q symbols of the multiwindow POVM, A, (a), which are
also interpreted as the probabilities of registering n pulses,
are functions of the field amplitudes in the actual and in all
previous MTWs, where o = («; ...a;).> Consequently, the
photocounting formula in this case is given by

P, = f d* aP(o)P(aj—1) - - - P(a)) Ay(ed). (61)
(CI

The same equation rewritten in the operator form reads
P, = Tr(p® A,). (62)

This photocounting equation includes a nonlinear dependence
on the density operator p that is caused by the memory effect
from the previous MTWs.

The nonlinear dependence on the density operator can be
seen as a significant modification of Born’s rule. At first
glance, it appears to contradict the fundamental Gleason theo-
rem [43] in its generalized form [44,45]. However, this is not
actually the case, as Eq. (62) can still be considered a linear
Born’s rule with respect to the density operator p® in the
Hilbert space, which represents the tensor product of / Hilbert
spaces.

2We indicate dimension of the string (o, ..., a;) by the upper
index of the corresponding bold symbol a.

Let Q;(a!~") and o;(2;'~") be the probability of the
event with 7, = 0 and the probability distribution of 7, at the
Ith MTW, respectively. These quantities are normalized as

Q)+ / " dnoimid ) = 1. ©63)
0

Evidently, they also depend on the field amplitudes a/~! of
previous [ — 1 MTWs. The Q symbols of the multiwindow
POVM are given by

An(e) = Qe HI W ()

zd
+ / doo(mid s ).  (64)
0

This relation is obtained via averaging the r and i parts of the
POVM at the Ith MTW with the time 7,.

The probability Q;(e/~") and the probability distribution
Q;(rz;oc"‘) obey the recurrence relations, which can be de-
rived from rules of the probability theory,

Qi) = Qe HA(ay) + / ddr@(r;a’*l)B(m;r),
0
(65)
or1(t;a) = Qi HG(ay; 1)

Td
+/ duo/(t e "HH (a1, 1), (66)
0

Here

N
Afa) =TI (o) (67)

n=0
is the probability of occurring the rr case in the /th MTW,

N
Blay;t) =Y T (ays 1) (68)
n=0
is the probability of occurring the ir case in the /th MTW given
the last-pulse exceedance time 7 in the (I — 1)th MTW,

N+1

Gla;t) =Y T (1) (69)

n=1

is the probability density of the last-pulse exceedance time ©
for the ri case in the /th MTW, and

N+1
Ho; 7', 1) =Y N3, 1)) (70)

n=1

is the probability density of the last-pulse exceedance time
t for the ii case in the /th MTW given the last-pulse ex-
ceedance time 7’ in the (/ — 1)th MTW. Hence, Q;(a!~") and
o(1y;0!~") for any MTW can be obtained via applying the
recurrence procedure given by Egs. (65) and (66) with the
initial conditions

Q=1 o(n)=0 (71)

Technically, the obtained quantities and, as a consequence,
the POVM A, depend on all previous MTWs. The POVM
has also a specific form for each number / of the MTW.
However, as we demonstrate below, this dependence quickly
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disappears such that only few previous MTWs play the role.
As a result, the POVMs for different numbers / coincide with
good accuracy. Therefore, the pulse statistics of the MTW
with the number / 3> 1 can be obtained in a standard way via
sampling of events in all MTW.

C. Approximation by the uniform distribution

Resolving the recurrence equations (65) and (66) requires
involved resources. The task can be drastically simplified for
the case of 7y < T, and light fields with intensities |or|?> <
Tm/74. In this case Q(‘L’z;dl_l) can be approximately consid-
ered as the uniform distribution, i.e.,

-1
T P (72)
Td
which satisfies the normalization requirements (63).
This approximation enables to obtain the multiwindow
POVM in a simple form. Substituting Eq. (72) into Eq. (64)
we arrive at the corresponding expression,

An(e) = Q@ HTITP () 4 [1 — Q@ "HNV (), (73)

where 11" (e;) and MY (a;) are given by Egs. (5) and (37),
respectively. The corresponding components are given by
Eq. (19) for ™ (a;), Eqs. (21) and (22) for MM (a),
Eqgs. (56) and (57) for Hﬁfr)(a,), and Eqgs. (58)-(60) for
M (e) in the presence of afterpulses. In the absence of
afterpulses these quantities are reduced to Eq. (7) for qu")(oel),
Egs. (12) and (13) for l'[ffi)(al), Egs. (40) and (41) for
Hﬁfr)(a,), and Egs. (42)—(44) for Hf,ii)(a,).

As the next step, we obtain the recurrence relation for the
probability Q;(e!~"). For this purpose, we substitute Eq. (72)
into Eq. (65). This yields

Qii(a) = Qi ™C(ay) + Blaw), (74)

where

d N
B(oy) = T—ldf drBlai;) =y M), (79
0

n=0
Clay) = Alay) — Blay), (76)

and A(wy) given by Eq. (67). The recurrence relation (74) is
resolved as

Q@™ = B(oyy—1) + B(e—2)Clay—1)
+ B(oy—3)C(a;—2)Claj—1) + - -+ . (77

The structure of this equation has a clear interpretation. The
first term describes influence of events from the last MTW.
The second and subsequent terms describe influence of events
from the penultimate and earlier MTWs, respectively. In fact,
the contribution of such terms vanishes with increasing the
number of the involved MTWs. For many practical cases, it
is enough to consider only two first terms. This means that
the considered process is ergodic to a good approximation.
This implies that statistics of each MTW can be obtained by
averaging statistics from all MTWs except the first ones.

IV. PULSE STATISTICS VS PHOTON STATISTICS

A special interest is attended to the Fock-state represen-
tation of the POVM I1". For an arbitrary photocounting
procedure this results in the expansion

o = Z k) (k| (78)

where P;‘r,z = (k|f[fl‘)|k) is the probability of registering n
clicks (pulses) given k photons, |k) is the Fock number state;
see, e.g., discussions in Refs. [20,34,35]. In the absence of
extra events such as dark counts or afterpulses, this probability
satisfies the clear condition P, = O for n > k. This means
that summation in Eq. (78) starts in this case from n.

To separate the effects solely related to the imperfect reso-
lution of photon numbers caused by dead time of detection
and afterpulses, we consider the expansion by the POVM
F,[n] given by Egs. (3) and (4). This yields the expansion

) = ZP( Filnl, (79)

where P,ETZ is now interpreted as the probability to register n
pulses under the condition that the detector with the efficiency
n has absorbed k photons. Similarly, one can include in this
consideration dark counts. By averaging Eq. (79) with the
density operator p we obtain the relation

P = Z PP (80)

between the probability to get n pulses, P,, and the probability
to absorb k photons by the detector with the efficiency n,
Peln].

In the case of cw detection, wherein the events from previ-
ous time windows affect on the events from the current one,
Eq. (79) is replaced by its nonlinear form,

400
= > AwpiFilll®--@F M. @D
ki k=0
Here A,k = (kl,...,k1|1\,1|k1,...,k1) is the probabil-

ity of registering n pulses given k;, k;_; ..., kp, k| absorbed
photons in the MTWs with the numbers /,/ —1,...,2,1,
respectively. By averaging this relation with p®, we arrive
at the expression

- Pyl (82)

This expression states the nonlinear relation between the prob-
ability of registering n pulses, P,, and the probability to
absorb k photons by the detector with the efficiency n, Pi[n].

A. Independent measurement time windows

First, we consider the case of independent MTWs de-
scribed by Eq. (80). To find the probabilities P}glrz one can
expand the Q symbols of the POVM, I (@), by the Q sym-
bols of the projectors |k) (k| given by F,[a;n = 1]. Applying
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Eq. (5) we obtain the decomposition

(r) (rr) (ri)
P =P + Pyis (83)
where P = (k|T1(7|k) and P{) = (k|T1{0|k).
In the absence of afterpulses we get for the rr part
k
PR = (n) [ (I'1 = 1 ()], (84)
forn =0, ..., N. The ri part reads
. k k
P = > (m>{[nrr<n>]k—"’[1 — N (m)]"
m=k—n+1
— e = D1 = e = D"} (85)

forn=0,...,N, and
k

4 k
Pl=1- Y (m>[nn(N)]km[1—nn(N)]"’ (86)
m=k—N

for n = N + 1. As mentioned, P,f"? = 0 for n > k. A particu-
lar form of these equations in the case of n = k has also been
considered in Ref. [34].

In the presence of afterpulses the rr part is given by

min (k,n) k .
PP = 3" ( f> [ () [1 = nee ()]
r=1
n—1
n—f1 — p)/
x(f_1>p (1—py. (87)
The ri part in this case reads
) min (k—1,n—1) n—1
Pl= > ( f )p”f‘(l—p)f
=0
Kolk
x Yy ( ){[nn(n)]"—mn—nn(nn'"
m=k—f m
— [e(n = DI "[1 = pee(n — D]} (88)

forn=0,...,N, and
N

. N
(ri) -
Pyigpe=1- E <f)PN 1 -py
=

min (N,k—1) N .
_ -1 = p)
> < f)p (1-p)

=0

k
k —m m
x ( )[nrr(zvn" [1— 0" (89)
m
m=k—f

forn = N + 1. The second term of the last equation takes zero
value for k > N. In this scenario, the conditional probabilities
Pk # 0 even for n > k that is caused by contribution of
afterpulses.

B. Nonlinear relation for continuous-wave detection

The conditional probability A, ...« included in Egs. (81)
and (82) can be obtained as the Fock-state representation of

Eq. (73). We suppose that the uniform-distribution approxi-
mation is applicable. This yields the decomposition

Atk = [P} = P 10kt + PG (90)
Here P,ﬁfZ is given by Eq. (83), similarly
() (ir) (ii)

where P = (k|[10V|k) and P} = (k|I1{|) are Fock-state

representations of the averaged parts of the POVM given by
Eqgs. (38) and (39), respectively. Employing Eq. (77) we obtain

Ok_y.ky = B, + By .Gy, + By G, Gy + -+, (92)
where
Cr = Ag — By, 93)
N N
A=) PS. Bi=> P (94)
=0 =0

Therefore, all constituents of Eq. (90) are expressed in terms
of P,f‘r,?, P}ffg [see Eqs. (84)—(86) and Egs. (87)—(89) for the
cases of absence and presence of afterpulses, respectively] as
well as P,E",r{) , P}E“,‘(), which are obtained via expansion of the
averaged parts of the POVM, 1% and 1% [see Egs. (38)
and (39), respectively], by the Fock-state projectors |k) (k|.

In the absence of afterpulses, the conditional probabilities
P;;,? are given by

. Tm (k
P'illi) = _<n>B"fr‘i’(”“)$(k —n+1l,n+1) (95)

; k
P = (3B kN LN D 06

for n = N. The conditional probability P}gll}() reads

k
.. Tm k
15\1116) = 'L'_ Z <Z)I:Bn:r“‘](n+l);‘|j](l+1,k—l+1)
4 —k—n+t1
By a1,k =1+ 1) 97)
forn=0...N —1,
.. T, T k k
Pl =N+1-242 3" <1>
W W TN
X I:BNLd’l(l + I,k - l + l)
—By_payul+1,k—1+ 1)] (98)
forn =N, and
T T d k
(ii) _ ‘m _m ] B
PN+”k_‘[_d N '[d Z_;N (l)BNr:,’l(l—l—l’k l+1)

99)
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Here B, ,(a,b) = fzz dtt® (1 —t)>~! is the incomplete
generahzed beta function. Moreover, as it has been discussed
above, P(';() = (0forn > k.

In the presence of afterpulses, the conditional probabilities
P(lk read

- min (k,n) k n
P(lr) — ~m < )( ) n—f(l _ )f—H
nlk 74 Z f f p p

f=0

XB,u gk —f+1,f+1) (100)
forn=0...N —1, and
min(k,N)
k\ (N . X
-2 E ()0
Nk — Td fzzg I\ p p
XByu (k= f+1,f+1) (101)

for n = N. The conditional probabilities Prf‘i;{) are given by

min (k—1,n—1) f

- "E RO oo

x [Bni,(m)i(k I+ )

By k=141, 1+1)] (102)
forn=0...N—1,
(i) (N + 1)Td — Tm
Pyjo = T—de (103)
forn =N and k =0,
iy N+ Dta —
Powe=—""7—""
N—1
f—1 1 f+1
Z<f I)PN (1—-p)
f=k
k-1 f
Tm k N
=1 — )
93 <l)(f+1) =
f:O
x [BNLd,l(k—l—i—l,l—i-l)
By yu =1+ 1,0+ 1) (104)
forn=Nandk=1,...,N—1,
P(u) — (N + l)fd — Tm
Nk 74
N—1
Tm - k N
+_ZZ<>( )prl(l_p)f+1
T4 == l f+1
x [BNLd,l(k—l+ LI+1)
~Boy-nmyask—1+1,0+1)] (105)

forn=Nandk > N

" — Nt
P = “‘Td <N (106)
forn=N+1landk =0,
Tm — NT1g4
P(u) —
N+1k = T
N
Z < N—f(l _ p)f+1
o)
f=k S
k=1 f
Tm N+1 N_f
—m 1— f+1
fd;z<>(f+l>p 1=
X Byu ((k=1+1,1+1) (107)
forn=N+1landk=1,...,N,and
-- Tm — N1y
P(") —
N+1k 4
N f
Tm k)(N—i—l) N_f 1
- P (1=p
s 22 ()G
X Byu ((k—=1+1,1+1) (108)

forn=N+1landk >N+ 1.

V. EXAMPLES

In this section, we apply the derived photocounting equa-
tions to examples of quantum states of the radiation field in
order to demonstrate that the finite dead time, afterpulses, and
the memory effect from the previous MTWs may significantly
change photocounting statistics. Let us start with considera-
tion of coherent states |¢) given by the Glauber-Sudarshan P
function

Pla) = 8(ax — ap). (109)

The photon-number distribution in this case is given by the
Poissonian distribution,

Pn =Fn[a0a 1]5 (110)

where F,[«; n] is given by Eq. (4). Pulse-number distribution
in the case of independent MTWs reads

P =P (),

cf. Eq. (5), where Q symbols of the POVM are obtained from
Egs. (14)—(16) in the absence of afterpulses and by Eqgs. (14),
(23), and (24) in the presence of afterpulses. These statics are
compared in Fig. 7. It is clearly seen that the dead time and
the presence of afterpulses significantly modify this statistics.

The present analysis also demonstrates that the Mandel Qy
parameter [46] cannot be directly applied for testing nonclas-
sicality with the considered measurements, cf. also Ref. [21].
Indeed, a naive approach assumes that the number of pulses
corresponds to the number of detected photons. However, this
leads to Qm = —0.44 and Qy = —0.41 in the absence and
presence of afterpulses, respectively, for the cases considered

(111)
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FIG. 7. The photon-number and pulse-number distributions for
coherent states |o), op = 2, are shown. White bars correspond to
the photon-number distribution P,. The gray and black bars corre-
spond to the pulse-number distributions P, for the detection with
independent MTWs without and with afterpulses, respectively. Here
74 = 0.097,, p = 0.05.

in Fig. 7. Therefore, direct applications of the Mandel Qu
parameter falsely indicates nonclassicality for classical light.
Consider the modifications of pulse statistics by the mem-
ory effect from the previous MTW. Substituting Eq. (109)
into Eq. (61) and applying the approximate expression for the
POVM symbols (73), we arrive at the probability distribution
P = An(etp). (112)
where all components of «) are equal to a. In Fig. 8 we
compare the corresponding statistics between two measure-
ment scenarios: the detection with independent MTWs and the
cw detection. The difference between these cases can also be
clearly seen via comparison of expected values and variances:
(n) ~ 4.48, (An*) ~ 1.71, and (n) ~ 4.40, (An?) ~ 1.69 for
the independent MTWs and the cw detection, respectively.

0.30
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Probability %,
(=) (=) (=)
[ N
o [$)} (e}

S
o
&

0.00 B
o 1 2 3 4 5 6 7 8 9

Number of pulses, n

FIG. 8. The pulse-number distributions P, for the detection with
independent MTWs and for the cw detection of the coherent state
|atg), g = 2.7, are presented by white and gray bars, respectively.
Here 7y = 0.097,, p = 0.
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FIG. 9. The photon-number and pulse-number distributions for
the attenuated squeezed coherent states given by Eq. (113), r =1,
n = 0.6, oy = 2, are shown. White bars correspond to the photon-
number distribution P,. The gray and black bars correspond to the
pulse-number distributions P, for the detection with independent
MTWs without and with afterpulses, respectively. Here 7y = 0.097,,,
p=0.1.

Another example is a phase-squeezed coherent state given
by the Wigner function

2
W) = ~ exp[—2(c’ — ap)?e” —2a"e” ], (113)

where o’ =Rea, o =Ima, «f is the coherent displace-
ment amplitude, and r is the squeezing parameter. The
photon-number distribution P, in this case is obtained as the
coefficients in the power series

+00
P(t) =) Put", (114)
n=0

where
P(t)
. 1
T+ @ —n) =21 — ) — 2] sinh? 7

ox o n(1—Dn(1—1)(1—e?)—2]
P (T = m—2m(— ) — 2p2]sinh? 7} |
(113)

and n is the detection efficiency. To obtain the corresponding
probability distribution for the number of pulses, the proba-
bilities P, can be substituted in Eq. (80). The photon-number
and pulse-number statistics for these states are compared in
Fig. 9. In this case the effects of dead time and afterpulses
are clearly pronounced. The corresponding statistics is derived
under assumption that the probability of afterpulses p(|a|?)
has approximately the same value p for all values of «, where
the Wigner function W («) significantly exceeds zero.

The memory effect from the previous MTWs in the case
of cw detection can be considered via employing Eq. (82)
together with the approximate expression (90). The cases
of independent MTWs and the cw detection for a phase-
squeezed coherent state are compared in Fig. 10. In particular,
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FIG. 10. The pulse-number distributions, P,, for the detection
with independent MTWs and for the cw detection in the case of
attenuated squeezed coherent states given by Eq. (113), wherein
r=0.69, n =0.8, oy =4, are presented by white and gray bars,
respectively. Here 7y = 0.097,, p = 0.1.

the differences between these distributions are confirmed
by the values (n) ~ 6.53, (An?)~ 1.22, and (n) ~ 6.39,
(An?) ~ 1.24 for the detection with independent MTWs and
the cw detection, respectively.

Consider typical examples of phaseless quantum states,
which are diagonal in Fock basis,

+o00
o =) Pin)(n| (116)
n=0
In particular, we are interested in thermal states,
1 n
P, = (”—“) : (117)
14+ nm \1+ng

where ng, = (1), and Fock number-states |/) attenuated with

the efficiency 7,
l
P, = ( )n”(l -
n

As it is clearly seen from Figs. 11 and 12, the dead time
and afterpulses may result in pronounced modifications of the
corresponding statistics.

(118)

VI. EXPECTED VALUES OF OBSERVABLES

In many practical applications, it is important to recon-
struct the mean values of observables based on the given
experimental data. In this context, a special case is presented
by observables A = A(71) commuting with photon-number
operator 7. In the case of ideal PNR detectors, wherein pho-
tocounting statistics coincide with photon statistics P,, such
values are evaluated as

+00
(A) = ZA(n)P,,. (119)
n=0

However, this trick does not work anymore for realistic
detectors.

Py/P
o (=)
=R
2] o

0.04

Probability

0.02

0.06

0.00 —"% : :
01 2 3 4 5 6 7 8 9 1011 12

Number of photons/pulses, n

FIG. 11. The photon-number and pulse-number distributions for
the thermal state given by Eqgs. (116) and (117), ny, = 9, are shown.
White bars correspond to the photon-number distribution, P,. The
gray and black bars correspond to the pulse-number distributions
‘P, for the detection with independent MTWs without and with
afterpulses, respectively. Here 7y = 0.097,,, p = 0.07.

A way of reconstructing (A) in the case of imperfect
photon-number resolution has been proposed in Ref. [35]. The
idea is based on using the POVM as a basis for the space of
operators A. However, for detection techniques limited to a
finite number of outcomes, the measurement operators only
span a subspace of the former space of operators, leading to
systematic errors in the reconstruction.

In this section we adapt this technique for the pulse statis-
tics in the scenario of the detection with independent MTWs.
In this case, the expected value of the observable A is given by

]Vmax_1
(A)= > A"P,+R.
n=0

(120)

Probability P,/P,
e o <
\S} w >
]

e
—

l .
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o
o
f
:

FIG. 12. The photon-number and pulse-number distributions for
the attenuated Fock states given by Egs. (116) and (118),n =5,n =
0.8, are shown. White bars correspond to the photon-number distri-
bution P,. The gray and black bars correspond to the pulse-number
distributions P, for the detection with independent MTWs without
and with afterpulses, respectively. Here 74 = 0.097,,, p = 0.07.
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Here,

N = m | _ [N if tn/ta €N

T | T INFD i /e ¢ N
is the maximal number of the detection events in the
MTW, R is a residual term determining the systematic error
caused by finiteness of possible number of pulses, P, is the

pulse-number distribution, and A" are so-called contravariant
coordinates of the observable A. The latter can be obtained as

(121)

Nmax—1
A" = Z ¢ Tr(ANY), (122)
m=0

where g"" is the so-called contravariant metric tensor, which
is inverse to the covariant metric tensor given by
gum = Tr(IIOTIY). (123)

For the wide class of the Hilbert-Schmidt (HS) operators, the
upper bound of the residual term R can be estimated as the
HS mismatch,

Nmax—1
RS TA? — ) g Tr(AND)Tr(ANLY).  (124)
n,m=0

This mismatch quantifies to which extent we lose information
about the corresponding observable in the considered mea-
surement. As however for operators that do not have an HS
norm of one, i.e., Tr(A%) # 1, this mismatch scales with the
norm, it will make sense to consider the relative HS mismatch,
which we get by dividing the right-hand side of Eq. (124) by
Tr(4?).

A. Metric tensor for the detection with independent
measurement time windows

For the sake of simplicity, we consider the situation with
no afterpulses, no dark counts, and with 7,,/7¢ = N = Npax-
Also the detection efficiency will be included in the consid-
ered quantum states. In this case, the POVM 1" is given by
Egs. (14) and (15). This yields the covariant metric tensor in
the form

n m n m—1
8nm = Z Z Gk,n;l,m - Z Z Gk,n;l,mfl
k=0 1=0 k=0 1=0
n—1 m n—1 m—1
> Gin-ram+ DD Gen-tamr,  (125)
k=0 1=0 k=0 1=0

where
Ginitm = Tr(Be[ e (W1F; [0 (m)]).

Substituting here the explicit form of Fk[nn], cf. Eq. (3), one

gets
’“2*’: i 2i—k—1I
2~k -1 i—k

i=max{k,l

(e (T e (I [T = 0 (O[T = e (m)]
[nrr(n) + nrr(m) - Un(n)ﬁn(m)]iH

(126)

Gk,n;l,m =

(127)

D

-D

Ie—s

BS LO
T~1
la/R)

FIG. 13. The scheme of unbalanced homodyne detection. The
signal mode (S) is interfered at the beam splitter (BS) with the
transmission coefficient 7' close to unity with the field of a local
oscillator (LO) in the coherent state |o/R), where R is the reflection
coefficient of the beam splitter. The resulting state displaced in the
phase with the coherent amplitude « is analyzed at the detector D.

In these equations the adjusting efficiency 5. (n) is given by
Eq. (6).

As it has been discussed in Ref. [35], the covariant
metric tensor of the finite-dimensional measurements nec-
essarily should have at least one singular element. In the
considered case this is gyy = 00. This property implies that
the corresponding contravariant metric tensor satisfies the
conditions

gm=gVN=g"=0. (128)
Also the relation
N-1
> e =19, (129)
k=0

holds true that justifies the upper bound of the sums in
Egs. (120), (122), and (124). Another important feature of the
metric tensor is the fact that goo = g%° = 1 and go, = g =0
for all n #£ 0.

B. Application to unbalanced homodyne detection

As an example, demonstrating the developed techniques,
we consider their application to the quantum-state reconstruc-
tion scheme based on unbalanced homodyne detection, see
Refs. [36,37]. The idea consists in the fact that the value of
the Cahill-Glauber s-parametrized quasiprobability distribu-
tion P(«; s) [6,7] at the phase-space point « can be interpreted
as the expectation value of the operator

N 2 2
P(a;s) = m : exp |:—1 — sﬁ(a):| 5 (130)

where 7i(a) = (&' — a*)(@ — ) is the displaced photon-
number operator. The whole measurement procedure includes
displacement of quantum states in phase space and the detec-
tor, analyzing the resulting light mode, see Fig. 13.
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FIG. 14. Reconstruction of the phase-space distribution P(«, s)
with s = —0.8 on the real axis of a squeezed vacuum state with
squeezing parameter » = (.8 for detection with a maximal number of
counting events per interval of N = 8. The reconstructed distribution
(dashed line) is compared with the theoretical distribution of the state
(solid line).

The covariant components of the operator (130) can be
directly calculated as

Tr[P(O;s)f[flr)] =

2 [Z (=0 ()] (s + D1 — 5)

r(1=9) & 22—+

n—1

B i [=1(n = DI + DA =)
[2— (1 +s).(n— DI |

k=0
(131)

This relation is invariant with respect to simultaneous dis-
placements of the coherent amplitude o in the operators
P(0;5) and T1(". Let P, () be the pulse-number distribution
for the considered state displaced to the phase-space point «.
Then, Eq. (120) yields the estimation of the Cahill-Glauber
s-parametrized distribution

N—1
Pla;s)~ Y g™ Te[P(0; )1 | Po(). (132)
n,m=0

The systematic error of this procedure can be estimated as the
HS mismatch according to Eq. (124).

Let us illustrate the applicability of the method by sim-
ulating the reconstruction of the phase-space distribution of
an attenuated squeezed vacuum state, given by the Wigner
function (113) with o, = 0. We simulate M random values of
pulse numbers #; related to the probability distributions P, («)
for some values of «. After that we estimate the approximated
probability distribution as

1 M
Pale) ~ ~ > b (133)
i=1

This probability distribution is used in Eq. (132) for recon-
struction of the s-parametrized phase-space distribution.

An example of such a reconstruction compared with
the original theoretical phase-space distribution is shown in
Fig. 14. It is clearly seen that the procedure gives a satisfactory

1.0

0.8

0.6

0.4

0.2

Relative HS Mismatch

0.0
-1.0

-0.6 -0.4 -0.2 0.0

S

-0.8

FIG. 15. The relative HS mismatch for the operator P(a, s) is
plotted for the values of s ranging from —1 to 0 and a maximal
number of counting events per MTW for N = 8.

result near the phase-space origin and a larger error for other
values of «. The relative HS mismatch for such a procedure
is increasing with increasing the parameter s, as shown in
Fig. 15.

VII. STATISTICS OF THE TIME BETWEEN PULSES

In this section we consider statistics of the time between
two subsequent pulses of photocurrent, #,. The probability
distribution of this random variable can be straightforwardly
reconstructed in the experiment. This distribution explicitly
depends on characteristics of the detection process, such as the
dead time t4 and the probability of afterpulses, p. Hence, we
obtain a possibility to estimate the values of these quantities
and get other characteristics of the radiation field and the
detection process.

Let us consider the electromagnetic radiation, correspond-
ing to the coherent state |og) in the MTW of duration 7,,.
For the sake of simplicity, we consider that detection losses
are included in the signal attenuation such that the coherent
amplitude o is rescaled with the detection efficiency. In this
case, the photon flux A = |a|? /Ty, is the mean number of pho-
tons per unit time. The inverse quantity Ty = A~ defines the
mean time passing between registrations of two photons with
the ideal PNR detector.

If the first pulse in a couple of two neighboring pulses has
been registered, then the probability to register the second one
is zero inside the dead-time interval. Outside this interval, the
infinitesimal probability to register the second pulse during
the time interval dt is obtained similar to Eq. (9) and given by

dt dt dt
exp | — — .
Tphot Tphot Tphot

(134)
Multiplying this quantity by the probability of no-photon reg-

istration in the time interval [1gq, #,] given by exp[—r_hlt (tp —
74)], we arrive at the probability density of the time between

subsequent pulses,
1 h— T
exp | — ,
Tphot Tphot

defined outside the dead-time interval [0, 74].

Pphot(tb) = (135)
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Equation (135), however, does not consider the possibility
of a registration of an afterpulse at the time moment t4. The
corresponding probability density in this case is given by the
Dirac § distribution,

Pager (o) = 8ty — Ta). (136)

Considering the probabilities of registering and nonregistering
an afterpulse to be equal p and (1 — p), respectively, we arrive
at the probability distribution of the time between consecutive
pulses, which includes also the presence of afterpulses,

Pty) = 0(ty — ta)[(1 — p)Pphot(tb) + PPafier ()]

Here 6(1, — t4) is the Heaviside step-function corresponding
to the zero probability of registering photons during the dead-
time interval.

For comparing experimental data with the theoretical
model, it is convenient to use the cumulative probability dis-
tribution, F(#,) = Or" dt'P(t"), which reads

Fltp) =(1— p)]:phot(tb) + pFaster (fp)-

In the considered scenario

Fonor(t) = 0ty — rd){l — exp [—”’ — Td“, (139)

Tphot

137)

(138)

]:after(tb) = e(tb - Td)~

Since the distribution function explicitly depends on the
parameters p and tg4, they can be estimated from the experi-
mental data.

Let us consider the mean time between pulses,

(140)

+00
(1) = / dtotP(ty) = (1 = p) (oo + 7). (141)
0

This relation can be used for an estimation of the photon flux
given p and 14 as
-1 - p
P T S G = )
It is worth noting that in the absence of afterpulses Tpho =
(tv) — Ta-

Fitting experimental data related to the time between pulses
may require small modifications of the considered model. For
example, after ending the dead-time interval, the ability of
detectors to register the next photon is not recovered imme-
diately. Similar to superconducting nanowire single-photon
detectors (SNSPDs), this recovery can be described by the
time-dependent detection efficiency [33],

He(t) = 1 — exp (—TL)

Unlike the case of the SNSPDs, the recovery time t, for the
avalanche photodiodes is significantly less than the dead time
74. This recovery process does not effect the photocounting
statistics. However, it may still be taken into account for fitting
the statistics of time between pulses.

Similarly to the consideration in Ref. [33], the probability
distribution Pype (#,) is modified as

ne(ty — Ta) |: E(fb)i|
2 Texp|-— ,

Tphot

(142)

(143)

Pphot(tb) = (144)

Tphot

where

E(ty) = / din(t — 7). (145)

T4

The corresponding cumulative probability distribution reads

Fonoulty) = 0t — fd){l exp [_ c(rb)} }

Tphot

(146)

For the model of time-dependent efficiency given by
Eq. (143), one gets

t —
Ety) =t — Tqg — rr|:1 — exp (—b—Td)]
Tr

If the recovery time vanishes, t, = 0, Eqgs. (144) and (146)
becomes Eqgs. (135) and (139), respectively.

Another modification to the model given by Egs. (137) and
(138) is related to the fact that an afterpulse may not appear
immediately after ending the dead-time interval. This means
that Eq. (136) should be modified from the form with the
delta distribution to the form similar to Eq. (135) by replacing
the time Ty, related to the photon flux by another time Tasier
related to the afterpulses. Moreover, the ability of the detector
to register the afterpulse is also recovered smoothly with the
recovery time t, similarly to the same property for the photon-
related pulses. This implies that the probability distribution
Pater (fp) is now given by

Nt — Ta) |: E(tb):|
2 “Cexp|-— )

Tafter

(147)

Pafter(tb) = (148)

Tafter
The corresponding cumulative probability distribution reads
E(tp)
Fateer () = 0(tp — Ta){ 1 — exp | — .
Tafter

For t,5er = 7, = 0 these equations take the form of Eqs. (136)
and (140), respectively.

(149)

VIII. EXPERIMENTAL VERIFICATION

In this section we report about an experimental verification
of the theory presented in previous sections. In this context,
we perform four stages of the experimental-data processing.
First, we reconstruct the empirical probability distribution for
the time between pulses,

1 K
Fty) = _K kEzl e(fb _ ték)),
(k)

where 1" are K measured time intervals between pulses.
We estimate values of the photon flux A = rp_hél, the dead
time 74, the probability p of afterpulses, the afterpulse time
constant T,fer, and the recovery time t; via fitting the function
(150) with Egs. (138), (146), and (149). Second, we study
the dependence of 74, p, Tafer, and 7, on the photon flux A,
i.e., on the mean photon-number |¢|? in order to conclude ei-
ther this dependence should be included in the photocounting
formula. Third, we directly check the assumption of uniform
distribution (72) for Ql(fz;(xl_l). Fourth, we reconstruct the
photocounting statistics and compare it with the derived pho-
tocounting formulas. For this purpose, we use the values of
lee|?, T4, and p estimated at the first stage.

For detecting photons we used a silicon avalanche photodi-
ode module (7-SPAD by PicoQuant). Coherent states of light

(150)
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FIG. 16. Experimentally estimated empirical probability distri-
bution [cf. Eq. (150)], fitted theoretical model [cf. Egs. (138), (146),
and (149)], and the explicit theoretical contribution from afterpulses,
PFaer(fp). In this case the values of parameters are estimated as
Tohot = 48.77 ns, 74 = 60.54 ns, p = 0.0972, Tyer = 2.20 ns, and
7. = 0.12 ns.

were generated with continuous coherent illumination from
an Nd:YAG laser (Mephisto S by Innolight) at a wavelength
of 1064 nm. The output signal was continuously sampled with
an analog-to-digital converter at a sampling rate of 200 MSs ™!
and recorded for later processing.

An example of the fit results for the cumulative probability
distribution of the time between pulses with the model given
by Egs. (138), (146), and (149) is shown in Fig. 16. The model
demonstrates a good agreement with the experimental data.
The related values of the parameters are given in the caption
to this figure.

We find a dependence of the parameters on the incident
number of photons which we varied from roughly 1 to 20
photons per us corresponding to roughly 0.05 to 1.2 photons
per dead time interval. The fitted parameters are shown in
Fig. 17. The dead time t4 and the afterpulse time constant Ty,
exhibit largely negligible variations. However, the probability
for afterpulses p depends significantly (apparently linearly) on
the photon flux,

2y = po + —|a]? 151
plal”) = po+ —lal, (151)
Tm

. x10 2
215 62.5 . —10
~ X T4 . °
2 — +  Tafter et lg =
S ) M y X| &
= 10F = 60} o3 wox XXX &
T i 16 S
; 5 X . ‘ 14 L§
g Op g 575 x . 1
- 2 i 12 2
A A L TEA A ] £
Q
& 0Ot 55 . . . o
< 0 5 10 15 20

Photon flux A (10%s71)

FIG. 17. Detector parameters from fitting the model of
Eqgs. (138), (146), and (149) to experimental data. The photon flux
is also derived from the fit results such that the detection efficiency
is included in the signal attenuation.

where po and r are constants characterizing the detection
process. For the considered case they are estimated as py =
0.0093 and r = 4.4 x 10~ s. We hypothesize that this cor-
relation is linked to the detector thermal heating, which
increases linearly with the incident photon flux. This de-
pendence may be omitted if poty, /1 + () > (|(: AR? :)|)V/2.
Otherwise, it should be explicitly included in the derived
photocounting formulas.

As it is discussed in Sec. III B, an important concept in
theoretical model of the continuous-wave detection comprises
the influence of the detected photons in the previous MTWs on
the pulse-number distribution in the actual one. The dead-time
interval of a pulse at the very end of the (I — 1)st MTW can
leak into the /th MTW. This casts the detector in its dead
state at the beginning of the /th MTW during the time 7. The
probability distribution of this time o;(t>; &' ~!) is an integral
part of the multiwindow POVM (64). Since the process is
ergodic, we can omit the dependence on ! and consider this
probability distribution as o(t2; &), where & includes coherent
amplitudes from all previous MTWs.

The approximation o(7;;e) by the uniform distribution
(72) enables one to find an analytical form of the multiwindow
POVM, cf. Eq. (73). As it follows from the normalization
condition (63), the cumulative probability distribution in this
case reads

1 — Q)
=%,

Td

F(rso) = Q(a) + , (152)
where Q(a) is the probability that no dead-time interval
exceeds the MTW. This number explicitly depends on the
parameters 74 and p, cf. Eq. (77) and the definitions of its
constituents (67), (68), and (76). These parameters can be
taken from the estimation procedure described above.

We compare experimentally the empiric probability distri-
bution,

L
F(n) = % > 0(n-1). (153)
=1

where rzfl) are measured times 1, from L MTWs, with the

theoretical approximation (152). The result for different val-
ues of the photon flux is given in Fig. 18. One can see that

\
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FIG. 18. Cumulative probability distribution for the initial dead-
time interval, F(12; o), is given for theoretical uniform distribution
(152) (solid lines), and the estimated from experimental data empiric
probability distribution (153) (error bars).
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FIG. 19. Pulse number statistics for coherent states is shown.
Bars are related to the theory with independently estimated parame-
ters. Markers and error bars are obtained from the experimental data.
White and gray bars corresponds to the scenarios with independent
MTWs and the cw detection, respectively. The parameter values are
g = 59.12ns, p = 0.025 and 7y = 60.54 ns, p = 0.097 for the upper
and lower histograms, respectively.

the approximation by the uniform distribution demonstrates a
good agreement with the experimental data.

Finally, we compare the pulse-number statistics we ob-
tained experimentally with coherent illumination of varying
strength against the theoretical model of Secs. II and III. At
this point we want to stress, that the comparison has a quasi ab
initio character. We do not fit the experimental click statistics
to the theoretical model. We rather put in the fitted parameters
T4, p, and |« REE / Tphot from the previously described study
of the statistics of the time between subsequent pulses into the
theoretical model. Two examples from the low end and the
high end of the range of photon fluxes are shown in Fig. 19.

We conclude, that we observed no statistically significant
deviation between theory and experiment, and that the theo-
retical model is a bona fide description of our experimental

observation. We use the standard 95% confidence interval for
the error bars. A small discrepancy between the experimental
data and theory in Fig. 19 (the case with 12.30 photons per tp,)
can be caused by imperfections not included in our model, see
Refs. [22,23], by small deviations (near 2%) of the coherent
amplitude over the data collection time, or by imperfect esti-
mation of the model parameters through the fitting presented
in Fig. 16. At this stage we conclude, that the theoretical
model describes experimentally obtained click statistics with
continuous illumination appropriately.

IX. CONCLUSIONS

To conclude, we have derived the photocounting formula
for the detection technique consisting in counting the number
of photocurrent pulses inside a MTW and verified its validity
in experiments. In particular, this formula includes effects of
the detector dead time, afterpulses, and the memory effect
from the previous MTWs. The latter implies that the direct
product of density operators from previous MTWs is included
in the formula. This results in a nonlinear dependence of the
photocurrent-pulse statistics from the quantum state of an
electromagnetic-field mode. In the most general case, con-
stituents of the derived photocounting formula can be found
as a solution to a system of linear recursive equations. We
have also found an approximation for this solution in the case
of small number of photons per dead-time interval. It has
been shown that only a few previous MTWs affect on the
photocounting statistics. Hence, the photocounting process
is ergodic. This fact theoretically justifies the widely used
experimental practice, wherein the photocounting statistics is
assumed to be equal for all MTWs.

Fock-state representation of the photocounting formula de-
termines the relation between photocurrent pulse and photon
statistics. This expression is nonlinear in the case of cw de-
tection that describes the memory effect from the previous
MTWs. However, it has an ordinary linear character for the
measurements with independent MTWs, assuming that each
MTW is followed by a time interval with darkening detector
input.

The scheme with independent MTWs is described by the
photocounting formula, having the standard linear depen-
dence on the density operator. This gives a possibility to use
it in a variety of procedures involving data from detectors
with imperfect resolution of photon numbers. Particularly,
we have demonstrated with numerical simulations that the
obtained data can be used for quantum-state reconstruction
with unbalanced homodyne detection.

Our theory as well as the used approximation of the uni-
form distribution for the initial dead-time interval have been
directly checked experimentally. We have performed an in-
dependent estimation of parameters, describing the detection
process from analysis of statistics of time between pulses. The
values of these parameters have been substituted in our theo-
retical formulas. The latter has shown to be in good agreement
with the directly sampled experimental data. We believe that
the derived photocounting formula can be implemented in dif-
ferent applications, involving the considered type of detection.
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