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Coexistence of nonlinear states with different polarizations in a Kerr resonator
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Temporal cavity solitons are optical pulses that can persist in passive resonators, such as microresonators
and fiber-based resonators. They can preserve their shape and energy during the propagation. In addition, other
typical nonlinear states including Turing rolls, chaotic state, and breathers also emerge in the Kerr resonator.
Normally, the occurrence of these states is not simultaneous due to their distinct parameter regimes. However,
their coexistence has been observed in scenarios where neighboring resonances corresponding to both the
same and orthogonal polarizations partially overlap. The coexisting nonlinear states in the strongly birefringent
resonator have not been thoroughly explored due to the challenge of superimposing multiple resonances. In
this paper, we investigate the feasibility of inducing coexistence states within a strongly birefringent fiber
ring resonator exhibiting anomalous dispersion. The dynamic effects are discussed in the context of zero and
nonzero net birefringence. By flexibly controlling the overlap of the nonlinear resonances corresponding to two
orthogonal polarizations, we can attain the coexistence of both homogeneous (two polarizations exhibit the same
states) and inhomogeneous states (two polarizations exhibit different states). These results could have significant

implications for high-compacity optical communication, LIDAR, dual-comb spectroscopy, and so on.
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I. INTRODUCTION

Temporal cavity solitons (CSs) are optical pulses sitting
atop a continuous wave (cw) background; they manifest them-
selves in the frequency domain as optical frequency combs
(OFCs) with a series of equidistant spectral lines. They are
special dissipative solitons that are able to recirculate indef-
initely in the resonator without changes in shape or energy.
The formation of the CSs results from a double balance
between losses and parametric gain, as well as Kerr nonlin-
earity and chromatic dispersion. Optical Kerr microresonators
with ultrahigh Q value are viewed as ideal platforms for the
generation of CSs due to the capability of strong energy ac-
cumulation. In 2014, temporal CSs were first experimentally
observed in a MgF, microresonator by Herr ef al. [1], and
thereafter soon demonstrated in the microresonators made up
of various nonlinear materials, such as SiN [2], AIN [3], SiO,
[4], etc. Temporal CSs exhibit strong stability in shape, ve-
locity, and intensity during propagation, and their spectra are
broad and strictly equidistant. The soliton frequency combs
have demonstrated applications including high-precision fre-
quency synthesis and measurement [5], distance measurement
and light detection and ranging (LiDAR) [6,7], frequency
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calibration of astronomical spectrographs [8], optical atomic
clocks [9], high-speed optical communications [10], and
optical dual-comb spectroscopy [11]. Apart from microres-
onators, fiber-based resonators also serve as platforms for
generating cavity solitons, including both Fabry-Perot (F-P)
resonators [12] and macroscopic fiber ring resonators [13].
The former is fabricated by coating the end facets of the opti-
cal fiber with highly reflective Bragg mirrors, which have high
finesse and repetition rates. As a comparison, the macroscopic
fiber ring resonators correspond to the longer round-trip time
and lower finesse. However, the meter-scaled cavity length
contributes to a more flexible control of the physical char-
acteristics, such as dispersion management [14,15], operating
bandwidth [16], combined gain [17-19], synthetic dimension
[20], and spatial parabolic potential [21].

Besides the CS state, the Kerr resonators with anomalous
dispersion can also sustain other typical nonlinear states in-
cluding Turing rolls, chaotic state, and breathers. It is worth
noting that recent investigations have shown that the chaotic
state has significant applications in LiDAR [22] and ran-
dom number generators [23]. One increasing interest in the
Kerr-cavity-based physical phenomenon is the coexistence of
distinct nonlinear states originated from the partial overlap of
the adjacent resonances [24]. This could be of applied rele-
vance to the generation of multiplexed OFCs. Compared to a
single polarization, the coexistence of nonlinear states in two
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FIG. 1. Schematic diagram of the fiber ring resonator, where the
fast axis (u) is aligned to the slow axis (v) at each spliced interface.

orthogonal polarizations has highly manipulating freedom and
can be simply separated by the extracavity polarization split-
ting. Nielsen et al. reported the coexistence of two different
polarization CSs in a weakly birefringent fiber resonator, but
the driven strengths of the two polarizations are unbalanced
[25]. The polarization dynamics of coexisting CSs and the
group-velocity-mismatch affections are also investigated [26].
The spontaneous symmetry breaking (SSB) of two coexisting
CSs [27] and the breathing dynamics [28] have been proved
by Xu et al. The interplay and coupling between the two
orthogonal polarization eigenstates with a negligible group-
velocity mismatch tends to introduce a strong bound state
[29,30]. In addition, similar polarization effects within F-P
resonators have also been extensively discussed [31-33]. In
this scenario, one would naturally wonder whether the po-
larization bound states can be flexibly controlled to achieve
coupling and decoupling.

In this paper, we propose a birefringent fiber ring with
two segments of polarization-maintaining fibers spliced to-
gether with a 90° rotation of polarization axes. The intracavity
dynamics are investigated in terms of zero and nonzero net
birefringence. The coexistence of homogeneous and inhomo-
geneous states is observed, encompassing the coexistence of
modulation instability (MI) patterns (both stable and unstable)
with CSs exhibiting both stable and breathing behaviors. Our
analysis indicates that adjusting the length difference of the
two fibers allows flexible control over the difference in rep-
etition rate of the polarization-multiplexed CSs. At the same
time, the number of coexistence states is determined by the
detuning difference between the two polarizations. Our inves-
tigations within a strongly birefringent resonator shed light on
the generation of manageable polarization-multiplexed CSs.

II. THEORETICAL MODEL AND ANALYSIS

We consider the typical polarization-maintaining fiber at
1550 nm, which supports two orthogonal polarization modes
expressed as E; and E,, respectively. As shown in Fig. 1,
two segment fibers are spliced together with a 90° rotation
to exchange the optical fields between two polarizations.

The evolution of the slowly varying intracavity optical field
envelopes E;, of each polarization mode can be described
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FIG. 2. Cavity resonances and observation of nonlinear states
calculated for @ =7.622 x 107 m™", y =12x 10 m~' W™,
6 =0.05, B, = -2 x 1072 s2/m, and p = 0.03. (a) The intracav-
ity power |E;|* corresponding to the cw steady-state solutions
of Eq. (1). Solid black lines correspond to stable solutions,
black dotted lines to homogeneously unstable solutions, and the
solid red lines represent MI unstable solutions. (b), (c), (f),
(g) Polarization field profiles at various detunings [blue dashed-
dotted vertical lines in (a)]. (d), (e), (h), (i) The time-domain
evolution of the optical field within 300 round trips correspond-
ing to (b), (c), (f), (g). (b) Turing rolls, ;o = —0.15 rad;
(c) MI patterns, §;5 = 0.4 rad; (f) breathing CS, 8;c = 0.7 rad; (g)
CS, §ip = 1.2 rad.

by two coupled mean-field Lugiato-Lefever equations (LLEs)
[34],
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FIG. 3. The time-domain evolution of the nonlinear coexistence
states in a zero birefringent resonator. (a), (b), (e), (f) Polarization
field profiles at various detunings (same as in Fig. 2). (¢), (d), (g),
(h) The time-domain evolution of the optical field within 300 round
trips corresponding to (a), (b), (e), (f). (a) Two different Turing rolls,
814 = —0.15 rad; (b) two different MI patterns, 6,5 = 0.4 rad; (e)
two different breathing CSs, §;c = 0.7 rad; (f) two different CSs,
Sip = 1.2 rad.

8EZ . . 2 2
tri— = = | —(@1 +i8) + iy LUE + BIEI)
2E
—n(r)LA/sl—— 2B g
2 9712
+ VOE; sin (¢), )

where tr; is the roundtrip time of polarization mode 1, and
the terms on the right-hand side of Egs. (1) and (2) indi-
cate the loss, detuning, self-phase modulation, cross-phase
modulation (XPM), group-velocity dispersion (GVD), and
coherent driving, in turn. oy = [e—Ig(1-6-2p)]/2 is the to-
tal loss, where 6 is the power coupling coefficient, and p
is the power loss coefficient at the splices. §; and &, are
the detuning between the monochromatic driving laser and
each of the polarization resonances (the order [, the period
2m), which can be expressed as §; = 2w l—(BouL1 + Povla),
8, = 2mwl—(Bouly + BovL1), respectively, where By, and By,
are the propagation constant, L; and L, are the lengths of
two segment fibers (thus AS = §—-6, = 2w AL/Lg, where
Lp is the polarization beat length), and y is the Kerr non-
linearity coefficient, B is the XPM coefficient of the two

(a) §1a=-0.12 (rad)

(b) 645 = 0.3 (rad)
0

4 e 5|
E? 2 \
- LU
o

0

Round trips
Power |Eq|*+|E|?
(W)

0 0
T (ps) 7 (ps)
2 ie) 84c = 0.7 (rad) - _(f) 640 = 1.4 (rad)
W 20
== 10
[T =
g 10 ‘
: |
0 0 ‘

300

200

100

Round trips

Power |E4|*+|E;)?
(W)

40 0
7 (ps)

-40 0
7 (ps)

FIG. 4. The time-domain evolution of the nonlinear coexistence

states when the detuning difference Aé = 2zn. (a), (b), (e), (f) Po-

larization field profiles at various detunings. (c), (d), (g), (h) The

time-domain evolution of the optical field within 300 round trips

corresponding to (a), (b), (e), (f). (a) Two different Turing rolls,

81a = —0.12 rad; (b) two different MI patterns, §;5 = 0.3 rad; (e)

two different breathing CSs, §;c = 0.7 rad; (f) two different CSs,

8ip = 1.4 rad. (Note that the Turing rolls, breathing CS, and CS
generated in polarization mode 2 exhibit a temporal delay.)

polarization modes (B = 2/3 for linear birefringence fiber),
n(t) takes the value of £1 (the change of sign indicates the
switching of the two polarization modes), AB; denotes the
differential group delay (DGD), 7 is the fast time, B, is the
GVD coefficient, and ¢ denotes the polarization ellipticity.
In the context of small driving field and detuning, we can
omit the effects of the stimulated Raman scattering (SRS)
[35,36].

We first consider exciting one polarization eigenstate to
display the typical nonlinear states sustained by the Kerr res-
onator (B = 0). In the following simulations, we set L= 85 m,
fr1 = 418.41ns,and Lg = 5 x 107> m. Figure 2(a) shows the
predicted intracavity power |E;|* varying with &;, which is
obtained by solving the cw steady-state solutions of Eq. (1).
As shown in Fig. 2(a), distinct detuning regions correspond to
different nonlinear states, including the Turing rolls (red rect-
angle), MI patterns (green rectangle), breathing CS (purple
rectangle), and CS (blue rectangle). The polarization tempo-
ral profiles at various detunings are depicted in Figs. 2(b),
2(c), 2(f), and 2(g), corresponding to the blue dashed-dotted
vertical lines in Fig. 2(a). Additionally, the pseudocolor plots
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FIG. 5. The intracavity power (|E; 12, 1E»|?) corresponding to the
cw steady-state solutions of Eqs. (1) and (2).

in Figs. 2(d), 2(e), 2(h), and 2(i) show the corresponding
time-domain evolution of the optical field within 300 round
trips.

III. NONLINEAR STATES COEXISTENCE

A. Zero net birefringence

In order to observe the coexistence of nonlinear states
within the resonator, two orthogonal polarizations are con-
sidered. We explore one scenario in which the resonator has
zero net birefringence, indicating the length difference of the
two fibers is zero (AL = 0). Figures 3(a), 3(b), 3(e), and 3(f)
show the coexistence of homogeneous nonlinear states at the
same detuning §; as those in Fig. 2. This occurs because
the detuning and length differences of the two polarizations
satisfy the condition of A§ = §;—6, = 27 AL/Lg. Their co-
inciding resonances result in the excitation of homogeneous
coexistence states. Additionally, the relative positions of the
two optical fields in the time domain remain unchanged at the
end of each round trip due to the equal round-trip time of the
two polarizations, which is consistent with the phenomenon
shown in Figs. 3(g) and 3(h).

B. Nonzero net birefringence and the detuning
difference A§ = 2nn

In another scenario, a nonzero fiber length difference
(AL # 0) results in a nonzero net birefringence in the
resonator. The resonances of the two polarizations, corre-
sponding to different orders, can coincide when the condition
AL = nlg (n is a positive integer) is met. Therefore, there
are two situations to be discussed separately according to
whether or not the detuning difference Ad is a multiple of 2.
Firstly, assuming A8 = 2zn, the homogeneous coexistence
states shown in Fig. 4 are akin to those depicted in Fig. 3. In
contrast to Fig. 3, the presence of AL = nlLg # 0 introduces
a proportional delay in the time domain for Turing rolls,
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FIG. 6. The time-domain evolution of the nonlinear coexistence
states when the detuning difference A§ # 2wn: A§ = 0.8 rad and
AL = 9.0637 x 1072 m. (a)—(e) Polarization field profiles at various
detunings (blue dashed-dotted vertical lines in Fig. 5). (f)-(j) The
time-domain evolution of the optical field within 300 round trips cor-
responding to (a)—(e). (a) Turing rolls and breathing CS, §;4 = 0.66
rad; (b) MI pattern and breathing CS, 8,5 = 0.72 rad; (c) MI pattern
and CS, §,c = 1.1 rad; (d) breathing CS and CS, §;p = 1.4 rad;
(e) two different CSs, 8, = 1.8 rad.

breathing CS, and CS generated in polarization mode 2, as
shown in Figs. 4(c), 4(g), and 4(h).

C. Nonzero net birefringence and the detuning
difference A§ # 2nn

Subsequently, the nonlinear coexistence states in a nonzero
birefringent resonator are considered when the detuning dif-
ference A§ # 2mn. In this case, the resonances corresponding
to the two polarizations exhibit partial overlap. Due to the
nonzero birefringence, the two polarizations are associated
with different resonant frequencies, and several distinct coex-
istence states are excited in the resonator. When the detuning
difference is Aé = 0.8 rad (corresponding to a length differ-
ence of AL =9.0637 x 1072 m), the optical power (|E;|?,
|E>|?) of the two polarizations varying with the detuning &,
is depicted in Fig. 5. Furthermore, Fig. 6 shows five distinct
coexistence states encompassing both homogeneous and in-
homogeneous, such as CS in polarization 1 coexisting with
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FIG. 7. Cavity resonances and observations of the coexis-
tence of nonlinear states calculated for A§ = 1.1 rad and AL =
9.0875 x 1072 m: (a) Total intracavity power (|E,|*, |E»|*) cor-
responding to the CW steady-state solutions of Eqs. (1) and
(2). (b), (¢), (), (g) Polarization field profiles at various detun-
ings [blue dashed-dotted vertical lines in Fig. 7(a)]. (d), (e), (h),
(1) The time-domain evolution of the optical field within 300
round trips corresponding to (b), (c), (f), (g). (b) Turing rolls
and CS, 8,5, = 0.96 rad; (c) MI pattern and CS, &3 = 1.4 rad;
(f) breathing CS and CS, 8;c = 1.7 rad; (g) two different CSs, §;p =
1.92 rad.

the aperiodic MI pattern in polarization 2 [Fig. 6(c)] and
two polarization CSs with distinct peaks and pulse widths
[Fig. 6(e)]. The results are in excellent agreement with the
theoretical predictions.

The overlap between the nonlinear states of the two po-
larizations narrows as the detuning difference increases. As

/= MI
mm: CSs

mm : Turing
mm: Breathing CSs

AL/Lg
s
T

polarization 2

FIG. 8. The field distribution of two polarizations as a function
of the difference in fiber length.

shown in Fig. 7(a), when the detuning difference is Ad=1.1
rad, the overlap region comprises solely the stable CS of polar-
ization mode 1. Four distinct nonlinear states in polarization
mode 2 coexisting with the CS in polarization mode 1 are
illustrated in Figs. 7(b), 7(c), 7(f), and 7(g).

As shown in Fig. 8, we further determine the coexistence
regions with respect to the detuning §; and the fiber length dif-
ference expressed as a fraction of the polarization beat length
(AL/Lg). The number of distinct coexistence states decreases
with the increase of AL/Lg. At the same time, the repetition
rate difference between the two polarizations also undergoes
alteration. Therefore, our findings suggest that the disparity
in repetition rates can be flexibly modified by adjusting the
length difference AL of the two fibers.

IV. DISCUSSION AND CONCLUSIONS

If we look back to the experiment of Anderson et al.
[24], we may understand that the impact of the Raman effect
cannot be simply neglected in the case of high-power pump-
ing to excite the generation of tristability of the resonances
and the subsequent supercavity solitons. We may predict that
the Raman effect and other high-order nonlinear terms will
probably induce the soliton form as well as the drifting trajec-
tory. Here we provide the proof-of-concept demonstration of
the coexistence of multiple stable states exhibited on distinct
polarizations. However, more quantitative analysis of the rich
nonlinear dynamic effects in fiber ring resonators still requires
further investigations.

In conclusion, we have investigated the dynamics of dis-
tinct polarizations within the strongly birefringent resonator
operating in the anomalous dispersion regime. Two segment
polarization-maintaining fibers are spliced together with a
90° rotation of polarization axes. Different coexistence of
nonlinear states is achievable by varying the length differ-
ence of the two fiber sections. The homogeneous coexistence
was observed when the length difference was zero. Fur-
thermore, when the nonzero length difference is an integer
multiple of the polarization beat length, the homogeneous
coexistence was also observed, while the Turing rolls, breath-
ing CS, and CS generated in polarization mode 2 exhibit
a temporal delay. In addition, the coexistence of various
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nonlinear states, such as the CS with the MI pattern (both
stable and unstable) and inhomogeneous CSs, is observed
when the length difference is not an integer multiple of the
polarization beat length. The number of coexistence states
varies with the length difference. In particular, two coex-
isting CSs in different polarizations have been observed.
Our findings could have important implications for the gen-
eration of polarization-multiplexed dual optical frequency
combs.
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