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Medium-induced bosonic clusters in a Bose-Fermi mixture: Toward simulating
cluster formations in neutron-rich matter
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Considering bosonic atoms immersed in a dilute Fermi gas, we theoretically investigate medium-induced
bosonic clusters associated with fermion-mediated two- and three-body interactions. Using the variational
approach combined with the fermion-mediated interactions, we numerically calculate the binding energies of
two- and three-body bosonic clusters in a one-dimensional system. It is found that the bosonic clusters can be
formed even with a repulsive boson-boson interaction due to the fermion-mediated interactions. Our results
would be relevant for ultracold-atomic systems as well as analog quantum simulations of alpha clusters in
neutron-rich matter.
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I. INTRODUCTION

Many-body physics, which we encounter in various con-
texts such as condensed-matter and nuclear physics, has been
presenting challenging problems for a long time in modern
physics. Strong interactions and multiple degrees of freedom
lead to nontrivial phenomena including many-body bound
states [1] and superfluidity or superconductivity [2,3].

In nuclear physics, strong nuclear forces facilitate the
formation of light clusters such as α particles, which are con-
sidered as a potential stable subunit within nuclei. Previous
studies showed that α clusters can appear across the table of
nuclides from light- or medium-mass elements to heavy or
even superheavy elements [1,4,5]. The α clustering has pro-
vided great assistance in describing various nuclear properties
with its specific structure and properties. In neutron-rich nu-
clei, the extra (valence) neutrons may be exchanged between
α-cluster cores [6,7]. Interestingly, recent experiments have
indicated the formation of α clusters in the surface region of
heavy neutron-rich nuclei [8], which can be regarded as the
in-medium clusters in neutron-rich matter [9]. The formation
of the medium-induced bound states in neutron-rich matter
has also been discussed in connection with diprotons [10].
However, it is still challenging to see how impuritylike par-
ticles behave and form bound clusters in the presence of a
background Fermi sea.

Nevertheless, this problem can be tackled in an analogous
system, that is, ultracold-atomic systems [11,12]. A control-
lable ultracold-atomic gas, where unique experimental access
to tunable interactions is available, is nowadays one of the
best candidates to investigate the unconventional many-body
states in a systematic way. Recently, a quasiparticle pic-
ture of impurities immersed in background media, called a
polaron [13,14], has been extensively examined in cold-
atomic systems [11,12,15]. Such polaronic states in the
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medium consisting of fermionic (bosonic) atoms are referred
to as Fermi (Bose) polarons, which provide us with oppor-
tunities to obtain a fundamental understanding of the role of
many-body correlations as well as medium properties in a
quantitative manner. As a step further, such an investigation
can also be extended to many-polaron systems. Because of the
medium-induced interactions, polarons may feel the effective
attraction leading to multibody bound polaronic states called
bipolarons [16,17] and tripolarons [18,19]. For instance, the
bound bipolaron states formed by repulsive phonon-mediated
interactions [20] and Bose bipolarons with an induced nonlo-
cal interaction mediated by density oscillations [21] have been
theoretically studied.

While it is known that ultracold atoms are unstable with
respect to the formation of three-body bound states because
of the three-body recombination [22], few-body properties
such as Efimov effects can be investigated in this system via
the three-body loss measurement [23]. In this regard, it is
worth investigating two- and three-body physics in ultracold-
atomic gases. In such a direction, the in-medium effects on
Efimov trimers and medium-induced three-body states are
of interest in atomic systems [24–33]. While in bosonic
[34,35] and fermionic [36,37] systems, the three-body re-
combinations involving identical particles are enhanced and
suppressed, respectively, due to different quantum statistics,
it remains elusive how three-body processes are modified
in the many-body background. The effective interpolaron
interaction mediated by the degenerate Fermi gas further com-
plicates the problem [38–40]. Recently, the fermion-mediated
interaction [41–43], which is analogous to the Ruderman-
Kittel-Kasuya-Yosida (RKKY) interaction [44–46], and the
suppression of unitary three-body loss in a degenerate
Bose-Fermi mixture with effects of both the Fermi statistics
and the RKKY interaction [47] have been experimentally
studied.

In this paper, we theoretically investigate the fate of
bosonic atoms immersed in a dilute degenerate Fermi gas.
Using the fermion-mediated two- and three-body interactions
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FIG. 1. Feynman diagrams for the medium-induced two- and
three-body interactions [9,49]. For the medium-induced two-body
interaction, the outgoing (incoming) momenta of bosons are given
by k′ and −k′ (k and −k), while they are k2 + q2/2, −k2 + q2/2, and
−q2 (k1 + q1/2, −k1 + q1/2, and −q1) for the three-body interac-
tion. The internal solid lines denote the Green’s function of a medium
fermion, and the arrows represent the direction of momentum and
energy transfer in each propagator.

at the low-energy and long-wavelength limit, we discuss
how in-medium bosonic clusters are formed in the presence
of background Fermi sea with arbitrary boson-boson and
fermion-boson interactions. From the experimental viewpoint,
these in-medium few-body bosonic clusters can be associated
with the three-body recombination process [48]. Although we
consider a one-dimensional system for simplicity, our setup
is similar to the previous work for α particles in cold neutron
matter in three dimensions [9]. In this regard, our study pro-
poses a way to perform the quantum simulation of α clustering
in neutron-rich matter by using an ultracold-atomic system.

This paper is organized as follows. The theoretical frame-
work is presented in Sec. II, where we show the Hamiltonian
for a one-dimensional system with both bosonic and fermion-
mediated interactions. We apply a variational method for
in-medium three-body states on top of the Fermi sea to this
model. In Sec. III, we first discuss a special case with zero
fermion-mediated interaction, i.e., bare bosonic potential in
vacuum. And then we show our numerical results for the
bound states in the fermion medium. Finally, a summary and
perspectives will be given in Sec. IV. In the following, we take
h̄ = c = kB = 1. The system size is taken to be a unit.

II. THEORETICAL FRAMEWORK

Here we consider the one-dimensional system of bosons
with bare mass mb in a dilute gas of fermions with bare
mass m f at zero temperature (T → 0). We start with diagram-
matic derivation of the medium-induced two- and three-body
interactions among bosons in a Fermi sea. As depicted di-
agrammatically in Fig. 1, the induced two-body [50] and
three-body [49] interactions can be obtained via the two-body
T matrix, T2(q, ω) [49], for boson-fermion coupling, which
just corresponds to the summation of the ladder diagram. In
detail, the results up to the leading order are given as

V (2)
eff (q, iv�) = T

∑
p,ωn

[T2(k + p, ωk + ωn)

× T2(p + q − k, ωn + v� + ω−k )]

× G(p + q, iωn + iv�)G(p, iωn) (1)

and

V (3)
eff (k, q, iv�, ivu) = 2T

∑
p,ωn

[T2(−k1 + q1/2 + p + k − q/2, ω−k1+q1/2 + ωn + v� − vu)

× T2(−q1 + p + k + q/2, ω−q1 + ωn + v�)T2(k1 + q1/2 + p, ωk1+q1/2 + ωn)]

× G(p, iωn)G(p + k + q/2, iωn + iv�)G(p + k − q/2, iωn + iv� − ivu), (2)

respectively.

Here, the two-body T matrix T2(q, ω) with boson-fermion
coupling Ub f is given as

T2(q, ω) = Ub f

1 − Ub f �b f (q, ω)
, (3)

where we neglect the medium correction to the propagator at
the low-energy and weak-interaction limits for approximation,
and then consider the in-vacuum two-body propagator as

�b f (q, ω) =
∑

p

1

ω+ − (p+q/2)2

2mb
− (−p+q/2)2

2m f

. (4)

We note that T2(q, ω) actually does not explicitly depend on
incoming and outgoing relative momenta since we adopt the
contact-type interaction here. Consequently, we obtain Ub f =
T2(0, 0) = −1/(mrab f ). Besides that, in Eqs. (1) and (2), v� =
2�πT is the bosonic Matsubara frequency, ab f is the s-wave

boson-fermion scattering length, mr = mbm f /(m f + mb) is
the reduced mass, and G(p, iωn) = (iωn − ξp)−1 is the ther-
mal Green’s function of a fermion with the fermionic
Matsubara frequency ωn = (2n + 1)πT and the fermionic ki-
netic energy ξ f ,p = p2/(2m f ) − EF measured from the Fermi
energy EF; (q, iv�) = (k − k′, ivs − ivs′ ), k = k1 − k2, q =
q1 − q2, iv� = ivs1 − ivs2 , and ivu = iv j1 − iv j2 are the trans-
ferred momenta.

At the low-energy (iv� = ivu = 0) and long-wavelength
(q → 0) limits, the medium-induced two- and three-body in-
teraction strengths are obtained as

V2 = − m f

2πkF

(
1

mrab f

)2

, (5)

V3 = m2
f

2πk3
F

(
1

mrab f

)3

, (6)
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in one dimension, respectively, where kF = √
2m f EF is the

Fermi momentum. It is known that the three-body force be-
comes important in one-dimensional systems [51–54]. We
note that the medium-induced interactions obtained here
decrease as ab f increases, which just corresponds to the
peculiarity of the present specific dimensionality associ-
ated with the form of the regularized interaction, T2(0, 0) =
−1/(mrab f ) [55].

In addition, such medium-induced interactions generally
have momentum dependence with a typical momentum scale
kF. Here, for simplicity, we consider the sufficiently large kF

such that the medium-induced interactions can be assumed to
be contact-type ones at the long-wavelength and low-energy
limits. Also, we ignore the effective mass and the quasiparticle
residue of bosons immersed in the Fermi sea. These may
affect the properties of multipolaron bound states; however, in
the weak-interaction regime to be considered in this work [i.e.,
1/(kFab f ) < 1], it is expected to be insignificant. As a typical
instance, the effective mass m∗ is almost equal to the bare
mass m when 1/(kFab f ) < 1, as shown in Refs. [56,57], which
indicates that the qualitative behavior would be unchanged
[10]. Anyway, the enhanced effective mass helps the cluster
formation [9] and thus the present scheme is sufficient to
predict medium-induced clusters.

Consequently, the effective Hamiltonian of the system
reads

H = H0 + U2 + U (2)
eff + U (3)

eff , (7)

where H0, U2, and U (2,3)
eff are the kinetic term of bosons,

the boson-boson interaction, and fermion-mediated two- and
three-body interactions, respectively. Each term is given by

H0 =
∑

k

ξb,kb†
kbk, (8)

U2 = U0

2

∑
p1,p2,p′

1,p′
2

b†
p1

b†
p2

bp′
2
bp′

1
δp1+p2,p′

1+p′
2
, (9)

U (2)
eff = V2

2

∑
k,k′,q

b†
k+qb†

k′−qbk′bk, (10)

U (3)
eff = V3

6

∑
p1,p2,p3,k,q

b†
p1−k−q/2b†

p2+k−q/2b†
p3+qbp3 bp2 bp1 , (11)

where bosonic kinetic energy reads ξb,p = p2/(2mb) and b†
k

(bk) is the creation (annihilation) operator of a boson. The
bosonic contact coupling U0 can be expressed in terms of the
s-wave boson-boson scattering length abb as

U0 = − 2

mbabb
, (12)

which can be derived from the two-body T matrix as

1

U0
−

∑
p

mb

k2 + iδ − p2
= mb

2

(
−abb + i

k

)
, (13)

where δ is an infinitesimally small number. Here the bosonic
interaction U0 is an attractive (repulsive) one when the
scattering length abb is positive (negative). In addition, we
note that the ultraviolet divergence is absent in the present
one-dimensional case, which is different from the three-
dimensional one [49].

As for the application to the quantum simulation for the
alpha cluster, the present medium fermions and impurity
bosons correspond to the extra neutrons and alpha clusters,
respectively, which is similar to the alpha cluster model [9,58].
However, for the specific Hamiltonian of the alpha cluster-
ing, since many other contributions such as the detail of
alpha-alpha interaction and Coulomb repulsion are needed
to be taken into consideration, it will be much more com-
plicated than the present model setup and left for a future
work. Consequently, here, as a first-step study, we consider
the simplified bosonic interaction characterized by the s-wave
scattering length for the sake of the elucidation of effects of
fermion-mediated interaction on cluster formations.

To see three-body bosonic bound states, we consider the
zero center-of-mass frame of three bosons. The three-body
variational function is adopted as

|	〉 =
∑

k1,k2,k3


k1,k2 b†
k1

b†
k2

b†
k3
δk1+k2+k3,0|0〉

=
∑
k1,k2


k1,k2 A†
k1,k2

|0〉, (14)

where the trimer creation and annihilation operators at zero
center-of-mass momentum are defined as

A†
k1,k2

=
∑

k3

b†
k1

b†
k2

b†
k3
δk1+k2+k3,0,

Ak1,k2 =
∑

k3

bk3 bk2 bk1δk1+k2+k3,0, (15)

and the reference vacuum state |0〉 is defined as the ground
state of the fermions without bosons. Because of the commu-
tation relation of bosonic operators in Eq. (15), one can find


k1,k2 = 
k2,k1 . (16)

From the variational principle, we obtain

δ〈	3|(H − E3)|	3〉
δ
∗

p1,p2

= 0, (17)

where E3 is the three-body ground-state energy. The resulting
variational equation reads

(ξk1 + ξk2 + ξ−k1−k2 − E3)(
k1,k2 + 
k2,−k1−k2 + 
−k1−k2,k1 ) = −(U0 + V2)
∑

q

(2
−k1−k2,q + 
q,k1+k2−q + 2
k2,q + 
q,−q−k2

+ 2
k1,q + 
q,−q−k1 ) − 3V3

∑
p1,p2


p1,p2 . (18)
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Detailed expressions for the expectation values of each term
in the Hamiltonian can be found in the Appendix.

III. RESULTS AND DISCUSSION

A. In-vacuum case with V2 = V3 = 0

For the first step, we consider the in-vacuum case with
vanishing fermion-mediated two- and three-body interactions.
As a result, the variational equation is simplified as

(ξk1 + ξk2 + ξ−k1−k2 − E3)(
k1,k2 + 
k2,−k1−k2 + 
−k1−k2,k1 )

= −U0

∑
q

(2
−k1−k2,q + 
q,k1+k2−q + 2
k2,q + 
q,−q−k2

+ 2
k1,q + 
q,−q−k1 ). (19)

Here we further introduce

B(p) =
∑

q

(2
p,q + 
q,−p−q ). (20)

Using B(p), we rewrite Eq. (19) as

(ξk1 + ξk2 + ξ−k1−k2 − E3)

× (
k1,k2 + 
k2,−k1−k2 + 
−k1−k2,k1 )

= −U0[B(−k1 − k2) + B(k2) + B(k1)]. (21)

The set of the variational parameters 
k1,k2 + 
k2,−k1−k2 +

−k1−k2,k1 can be expressed as


k1,k2 + 
k2,−k1−k2 + 
−k1−k2,k1

= − U0
B(−k1 − k2) + B(k2) + B(k1)

ξk1 + ξk2 + ξ−k1−k2 − E3
. (22)

Consequently, the self-consistent equation for B(p) reads

B(k2)

⎛
⎝1 + U0

∑
k1

1

ξk1 + ξk2 + ξ−k1−k2 − E3

⎞
⎠

= −2U0

∑
k1

B(k1)

ξk1 + ξk2 + ξ−k1−k2 − E3
. (23)

The momentum summation in the left-hand side of Eq. (23)
corresponds to the contribution associated with the two-body
scattering process. It can be analytically evaluated as

U0

∑
k1

1

ξk1 + ξk2 + ξ−k1−k2 − E3

= mU0

π

⎛
⎜⎝

arctan 2�2+k2√
3k2

2−4mE3√
3k2

2 − 4mE3

−
arctan −2�2+k2√

3k2
2−4mE3√

3k2
2 − 4mE3

⎞
⎟⎠

= mU0√
3k2

2 − 4mE3

(�2 → ∞). (24)

In the last expression of Eq. (24), we take an infinitely large
cutoff �2 → ∞ for the two-body scattering process.

We obtain the solution of three-body ground states by solv-
ing Eq. (23). The numerical result of the three-body energy
E3 is shown in Fig. 2 as a function of the inverse bosonic
scattering length 1/abb, where the momentum cutoff �3 for

FIG. 2. Three-body ground-state energy E3 as a function of the
inverse scattering length 1/(�3abb) with the momentum cutoff �3

and energy scale E� = �2
3/(2mb). For comparison, the exact result

of the McGuire trimer energy is also plotted [59].

the three-body sector is employed. In order to achieve the
infinite cutoff limit, a sufficiently large number of steps for
the discretization is performed. The McGuire result of an
exact trimer energy [59], where its energy is given by E3 =
−4/(mba2

bb), is also plotted for comparison. It can be seen
that the solution of the three-body ground state in vacuum
agrees well with the McGuire trimer result. These three-body
bound states are stable compared to the two-body ones with
the binding energy 1/(mba2

bb), although we do not explicitly
show it here.

B. Bosonic clusters arising from medium-induced
two- and three-body interactions

In this subsection, let us investigate the bosonic clusters
with medium-induced two- and three-body interactions. From
the full variational equation (18), one has


k1,k2 + 
k2,−k1−k2 + 
−k1−k2,k1

= −(U0 + V2)
B(−k1 − k2) + B(k2) + B(k1)

ξk1 + ξk2 + ξ−k1−k2 − E3

− 3V3
C

ξk1 + ξk2 + ξ−k1−k2 − E3
, (25)

where we introduced

C =
∑
p1,p2


p1,p2 . (26)

Further taking the summation of k1 in Eq. (19), one obtains

B(k2)

⎡
⎣1 + (U0 + V2)

∑
k1

1

ξk1 + ξk2 + ξ−k1−k2 − E3

⎤
⎦

= −(U0 + V2)
∑

k1

2B(k1)

ξk1 + ξk2 + ξ−k1−k2 − E3

− 3V3

∑
k1

C
ξk1 + ξk2 + ξ−k1−k2 − E3

. (27)
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We note that here Eq. (27) actually reproduces the
Skorniakov-Ter-Martirosian equation [48] in the case with the
absence of the medium-induced interactions. On the other
hand, taking the summation of k1 and k2 in Eq. (25), one has

C = −
⎡
⎣1 + V3

∑
k1,k2

1

ξk1 + ξk2 + ξ−k1−k2 − E3

⎤
⎦

−1

× U0 + V2

3

∑
k1,k2

B(−k1 − k2) + B(k2) + B(k1)

ξk1 + ξk2 + ξ−k1−k2 − E3
. (28)

Consequently, the closed equation for B(p) and E3 reads

B(k2)

[
1

U0 + V2
+ I2(k2, E3)

]

= I3(k2, E3;B) + I4(E3;B)I5(k2, E3)

1 + I6(E3)
, (29)

where we introduced

I2(k2, E3) =
∑

k1

1

ξk1 + ξk2 + ξ−k1−k2 − E3
, (30)

I3(k2, E3;B) =
∑

k1

−2B(k1)

ξk1 + ξk2 + ξ−k1−k2 − E3
, (31)

I4(E3;B) =
∑
k1,k2

B(k1)

ξk1 + ξk2 + ξ−k1−k2 − E3
, (32)

I5(k2, E3) = 3V3

∑
k1

1

ξk1 + ξk2 + ξ−k1−k2 − E3
, (33)

and

I6(E3) = V3

∑
k1,k2

1

ξk1 + ξk2 + ξ−k1−k2 − E3
, (34)

respectively. By taking the infinite cutoff limit as done in
Eq. (24), one can analytically perform the momentum sum-
mation in I2(k2, E3) and I5(k2, E3) as

I2(k2, E3) = mb√
3k2

2 − 4mbE3

(35)

and

I5(k2, E3) = 3V3
mb√

3k2
2 − 4mbE3

. (36)

In Fig. 3(a), by considering the 6Li - 7Li mixture as an ex-
ample, the in-medium three-body energy E3 obtained from
Eq. (29) is shown in a plane of the inverse scattering lengths
1/(kFabb) and 1/(kFab f ). �3 is taken as 10kF for the integrals
of the three-body sector given by Eqs. (31), (32), and (34).
It can be found that |E3| becomes larger when 1/(kFab f ) is
larger, indicating the formation of the medium-assisted three-
body bound states. �3 dependence of E3 is also shown in
Fig. 3(b). With an infinitely large cutoff being taken for the
two-body scattering process, one can see that our results of E3

are insensitive with respect to the change of �3.
While we have discussed the 6Li - 7Li mixture above, the

formation of the in-medium bound states may be affected by
the mass difference between the Fermi and Bose atoms. In
Fig. 4, the in-medium three-body energies E3 are shown as

FIG. 3. (a) Contour plot of in-medium three-body energy E3

in a plane of 1/(kFabb) and 1/(kFab f ) for 6Li - 7Li mixture.
The momentum cutoff �3 for the three-body sector is taken as
10kF. (b) Momentum cutoff dependence of E3 at 1/(kFabb) = 0.7,
1/(kFab f ) = 0.6 and 1/(kFabb) = 1.0, 1/(kFab f ) = 1.0.

functions of 1/(kFabb) for 6Li - 7Li, 40K - 87Rb, and 6Li - 133Cs
mixtures, respectively, with a fixed s-wave boson-fermion
scattering length, that is, 1/(kFab f ) = 1.0. �3 is also taken
as 10kF in Fig. 4. |E3| becomes larger with the increase of the
inverse bosonic scattering length 1/(kFabb), indicating that the
in-medium three-body state becomes stabler. For the mixture
with a larger mass ratio mb/m f (e.g., 6Li - 133Cs mixture), |E3|
becomes nonzero even at 1/(kFabb) = 0, but E3/EF keeps a

FIG. 4. In-medium three-body energy E3/EF as a function of
1/(kFabb) at 1/(kFab f ) = 1.0 with different mixtures. �3 is taken
as 10kF.
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FIG. 5. In-medium two- and three-body energies of the
6Li - 133Cs mixture as functions of 1/(kFabb) at 1/(kFab f ) = 1.0 for
the whole regime. �3 is taken as 10kF. Two- and three-body energies
with 1/(kFab f ) = 0 are also shown for comparison.

small value under the increase of 1/(kFabb) compared to the
nearly mass-balanced case (i.e., 6Li - 7Li mixture). We note
that this is due to the modification of the fermionic energy
scale in the dimensionless ratio,

E3/EF ≡ κ2

2mb

2m f

k2
F

= κ2

k2
F

m f

mb
, (37)

where we introduced the effective three-body parameter κ

[48] as a momentum scale for E3, although the Efimov state,
for which κ is conventionally used in three dimensions (3D),
is absent in the present 1D system.

As a step further, the in-medium three-body energy E3/EF

in a 6Li - 133Cs mixture is plotted in Fig. 5 as a function of
1/(kFabb) with fixed 1/(kFab f ). It is found that E3 is nonzero
even for negative abb and eventually becomes zero at a certain
negative value of abb. Namely, the bosonic three-body clusters
can be formed even with a repulsive boson-boson interac-
tion due to the fermion-mediated interactions. This result is
in sharp contrast with the case with 1/(kFab f ) = 0, which
exactly reproduces the McGuire trimer results and becomes
nonzero only when abb > 0. For comparison, here we also
show the two-body energy with fermion-mediated interac-
tions. For the case with 1/ab f = 0, the two-body energy E2,0

can be obtained as E2,0 = − 1
mba2

bb
. In the presence of finite ab f ,

namely, by replacing U0 with U0 + V2, here we introduce the
effective boson-boson scattering length as

1

kFaeff
bb

= 1

kFabb
+ m f mb

4πm2
r

(
1

kFab f

)2

. (38)

Consequently, one has the in-medium two-body energy as

E2 = − 1

mbaeff
bb

2 . (39)

We show such a two-body ground state as the blue dashed line
in Fig. 5. E2 also becomes nonzero simultaneously with E3 at
1/(kFabb) 
 −1.8 in the case with 1/(kFab f ) = 1.0. Indeed,

FIG. 6. In-medium critical bosonic coupling 1/(kFacrt.
bb ), where

one has E3 = 0, as a function of 1/(kFab f ).

the same tendency can be found in the case with 1/(kFab f ) =
0. In this regard, our results indicate that the formation of the
in-medium bosonic clusters can be observed via the medium
shift of three-body resonances (corresponding to the threshold
for the three-body recombination). Based on Ref. [60], the
three-body loss rate is related to C in Eq. (26), which charac-
terizes the amplitude of the three-body wave function. In the
present work, we numerically check that C becomes larger,
estimated from the difference of the couplings of E3 = 0 with
and without medium (i.e., Fermi sea). For a 6Li - 133Cs mix-
ture, we also show the in-medium critical bosonic interaction
strength 1/(kFacrt.

bb ), where E3 = 0, as a function of 1/(kFab f )
in Fig. 6. It can be seen that with stronger boson-fermion
interaction strength 1/(kFab f ), the shift of critical bosonic
coupling also increases. Note that 1/(kFacrt.

bb ) = 0 is found
in the absence of the Fermi sea where the McGuire trimer
appears, as shown in Fig. 2. The three-body loss rate can
thus be connected to the medium shift of the three-body loss
threshold. Incidentally, the spectral function of Bose polarons
under the presence of Efimov three-body correlations, which
is similar to our setting for impurities in a Fermi sea, has been
calculated in the high-temperature regime via the virial ex-
pansion [61]. As visible signatures of Efimov branches can be
found in such a similar system, additional branches associated
with in-medium clusters can also be expected to be found in
the spectral function. However, the calculation of the spectral
function in the present case is left for future work.

Here we also show the in-medium two-body energy E2

with 1/(kFab f ) = 1/(kFabb) and mb = m f in Fig. 7. It can
be seen that the qualitative behavior of E2 calculated via
Eq. (39) is similar to the one obtained using the Bethe ansatz
in Ref. [62], which also indicates that the qualitative behav-
ior of the multipolaron bound states will not change under
our present approximation at low-energy and weak-coupling
limits.

Similarly, in Fig. 8, we also plot E3/EF with fixed
1/(kFabb) = 1.0 as functions of 1/(kFab f ) in 6Li - 7Li,
40K - 87Rb, and 6Li - 133Cs mixtures, respectively. At van-
ishing medium-induced interaction, namely, 1/(kFab f ) = 0,
E3/EF is proportional to the ratio m f /mb as found in
Eq. (37). With the increase of boson-fermion coupling
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FIG. 7. In-medium two-body energy E2/EF as a function of
1/(kFabb) with 1/(kFab f ) = 1/(kFabb) and mb = mf . The one calcu-
lated using the Bethe ansatz [62] is also shown for comparison.

strength 1/(kFab f ), E3 monotonically decreases due to the
fermion-mediated interactions. Such behavior is qualitatively
unchanged for each mixture.

Finally, at 1/(kFab f ) = 1/(kFabb) = 1.0, both the in-
medium two- and three-body energies are shown as functions
of mass ratio mb/m f in Fig. 9. It can be seen that |E3| is larger
than |E2| for an arbitrary mass ratio, at least in the region we
explored. In this sense, while we considered specific mixtures
such as 6Li - 7Li, 40K - 87Rb, and 6Li - 133Cs mixtures, our
result can be useful for other mixtures with a different mass ra-
tio. In particular, the result at mb/m f = 4 is relevant for alpha
clusters in neutron-rich matter because the mass of an alpha
particle consisting of four nucleons may be approximately
given by the quadruple nucleon masses. In such a case, |E2|
and |E3| may be regarded as the in-medium binding energies
of 8Be and 12C nuclei in neutron matter [9]. The fermionic
spin degrees of freedom may further enhance the binding of
these clusters because the fermion-mediated interaction can
increase.

FIG. 8. In-medium three-body energies E3/EF as functions of
1/(kFab f ) at 1/(kFabb) = 1.0 with different mixtures. �3 is taken
as 10kF.

FIG. 9. In-medium two- and three-body energies as functions
of mass ratio mb/mf at 1/(kFab f ) = 1/(kFabb) = 1.0. �3 is taken
as 10kF.

We note that the increase of E2,3/EF with increasing mb/m f

is also associated with the change of EF, which is proportional
to m−1

f , as we found in Eq. (37). For the two-body case, one

can find E2
EF

= −2 m f

mb

1
(kFaeff

bb )2 , which indicates that E2/EF can

increase with mb/m f even for fixed 1/(kFaeff
bb ), while noting

that 1/(kFaeff
bb ) also depends on mb/m f .

IV. SUMMARY AND PERSPECTIVES

In this paper, we have investigated the cluster formation
of bosonic atoms immersed in a dilute background Fermi
gas in one dimension. To this end, we have employed the
variational approach and confirmed that it can reproduce an
exact three-body result of the McGuire trimer [59] in vac-
uum. After that, we have numerically calculated the two- and
three-body binding energies of bosonic clusters associated
with the medium-induced two- and three-body interactions
in this system. In addition to the stabilization of these clus-
ters due to the fermion-mediated interaction, it is found that
the bosonic clusters can be formed even with a repulsive
boson-boson interaction, in contrast to the in-vacuum case.
Our work would indicate that the in-medium cluster for-
mation can be observed via the three-body recombination
process in ultracold-atom experiments. In addition, our setup
is similar to the previous work for α particles in cold neu-
tron matter in three dimensions [9]. Consequently, our study
also proposes a way to perform the quantum simulation of
α clustering in neutron-rich matter by using an ultracold-
atomic system.

For future perspectives, while we employed the one-
dimensional system for simplicity, it would be important to
consider higher-dimensional systems. Moreover, we assumed
the contact-type medium-induced interactions, but their non-
local properties may be important for more quantitative
studies. The effect of the polaronic effective mass [9,10] may
also be worth investigating. The larger clustering states in
medium such as tetramer and pentamer are also left for an
interesting future work.
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APPENDIX: EXPECTATION VALUE OF HAMILTONIAN

In this Appendix, we show the detailed expressions for the expectation values of each term in the Hamiltonian. By applying
the trial wave function on the Hamiltonian, the expectation values for each part reads

〈H0〉 =
∑

k

∑
k1,k2

∑
k′

1,k
′
2


∗
k1,k2


k′
1,k

′
2
〈0|Ak1,k2ξkb†

kbkA†
k′

1,k
′
2
|0〉δk1+k2+k3,0δk′

1+k′
2+k′

3,0

= 2
∑
k1,k2

(ξk1 + ξk2 + ξ−k1−k2 )
∗
k1,k2

(
k1,k2 + 
k2,−k1−k2 + 
−k1−k2,k1 ), (A1)

〈U2〉 = U0

2

∑
p1,p2,p′

1,p′
2

∑
k1,k2

∑
k′

1,k
′
2


∗
k1,k2


k′
1,k

′
2
〈0|Ak1,k2 b†

p1
b†

p2
bp′

2
bp′

1
A†

k′
1,k

′
2
|0〉δp1+p2,p′

1+p′
2

= 2U0

∑
k1,k2,q


∗
k1,k2

(2
−k1−k2,q + 
q,k1+k2−q + 2
k2,q + 
q,−q−k2 + 2
k1,q + 
q,−q−k1 ), (A2)

〈
U (2)

eff

〉 = V2

2

∑
k,k′,q

∑
k1,k2

∑
k′

1,k
′
2


∗
k1,k2


k′
1,k

′
2
〈0|Ak1,k2 b†

k+qb†
k′−qbk′bkA†

k′
1,k

′
2
|0〉

= 2V2

∑
k1,k2,q


∗
k1,k2

(2
−k1−k2,q + 
q,k1+k2−q + 2
k2,q + 
q,−q−k2 + 2
k1,q + 
q,−q−k1 ), (A3)

and
〈
U (3)

eff

〉 = V3

6

∑
p1,p2,p3

∑
p′

1,p′
2,p′

3

∑
k1,k2

∑
k′

1,k
′
2


∗
k1,k2


k′
1,k

′
2
〈0|Ak1,k2 b†

p′
1
b†

p′
2
b†

p′
3
bp3 bp2 bp1 A†

k′
1,k

′
2
|0〉

= 6V3

∑
p1,p2

∑
k1,k2


∗
k1,k2


p1,p2 , (A4)

respectively.
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