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Formation of deeply bound polar molecules combining pump-dump pulses with infrared radiation
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We consider the formation of cold ground-state polar molecules in a low vibrational level by laser fields.
Starting from a pair of cold colliding atoms of dissimilar species, we propose a strategy consisting of three steps.
In the first step, a pump pulse induces the molecule formation by photoassociating the atomic pair in a high or
intermediate vibrational level of an excited electronic molecular state. This step is followed by a dump pulse
in an intermediate vibrational level of the ground state. The last step corresponds to the vibrational cooling or
vibrational stabilization process. Taking advantage of the permanent dipole moment, an infrared chirped pulse
induces downward transitions among the vibrational levels of the ground electronic state, reaching the ground
vibrational level. We perform the strategy with with fixed-shaped pulses and also with an optimized chirped
pulse for the stabilization step. To perform the optimization, we introduce an optimal control technique in which
the optimization of the chirping is carried out in the time domain. This methodology has the benefit of limiting
the pulse amplitude while focusing only on the frequency of the field. The proposed scheme is an alternative to
the use of two pairs of pump-dump pulses or to the direct photoassociation and vibrational stabilization in the
ground state.
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I. INTRODUCTION

The formation of molecules from pairs of colliding atoms
by the use of external fields is an important endeavor for
Physics representing a very fundamental controlled chemical
reaction [1–7]. Since direct cooling of molecules to ultra-
cold temperatures is still challenging, assembling molecules
from precooled atoms is a major means of creating ultracold
molecules [8–13]. In particular, there is a special interest in
forming ultracold gases of polar molecules due to their long-
range dipole-dipole interaction [14–24]. Magnetoassociation
followed by stimulated Raman adiabatic passage (STIRAP)
provides a successful pathway for the formation of deeply
bound molecules [25–29]. However, since magnetoassocia-
tion relies on the existence of favorable Feshbach resonances
in the ground electronic state, alternative formation schemes
must also be pursued.

Photoassociation reactions, in which the atoms are bound
through the interaction of a laser field, constitute another main
route leading to the formation of cold and ultracold molecules
[30–39]. This process is commonly achieved by inducing a
transition from the initial pair of atoms to an electronic ex-
cited molecular state using visible or ultraviolet radiation. To
produce stable samples, the photoassociation process needs
to be followed by a vibrational cooling or stabilization step,
aiming at leaving the molecules in the vibrational ground level
of the electronic ground state [40,41]. This second step can be
performed by either spontaneous or induced emission [42,43].
A pair of pulses can be employed for this goal, the pump,
photoassociating pulse, and the dump, stabilization pulse.
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However, to reach the ground vibrational level efficiently, two
sequences of pump-dump pulses may be needed, possibly
involving more than one excited electronic state [44,45].

In contrast with photoassociation processes which involve
electronic excited states, it is, in principle, possible to perform
both photoassociation and vibrational stabilization solely in
the electronic ground state by means of far-infrared (IR)
fields or terahertz radiation [46–50]. IR fields can induce free-
bound and bound-bound transitions due to the existence of a
nonnegligible permanent dipole moment of colliding atomic
pair from distinct species. This approach, though restricted
to heteronuclear molecules, has the benefit of not relying
on the lifetime and structure of excited states. However, the
coupling from the initial continuum levels representing the
colliding atomic pair to the bound vibrational levels of the
ground electronic are usually small compared to the coupling
to bound vibrational levels of excited electronic states. Even
if photoassociation is achieved within the ground state, the
stabilization step through transitions among its vibrational
levels may be hampered by the existence of forbidden or very
week adjacent transitions at certain vibrational levels. This sit-
uation, which has been termed the missing rung problem, can
be circumvented by inducing “multiple stepping” transitions
to avoid such a missing rung [51–53].

The formation and vibrational stabilization of the
molecules can be enhanced by the temporal shaping of the
laser pulses involved in these processes. Optimal quantum
control theory has been often invoked to accomplish this task
with considerable success, but still with limited experimental
implementations [54]. This can be attributed, in part, to the
complexity of the optimized fields. A simpler and more feasi-
ble approach is the use of optimized linearly chirped pulses,
for which the frequency varies linearly with time [55–58].
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Furthermore, with the increasing technological advances, con-
siderable progress has been obtained with the use of shaped
frequency chirps [59–63]. In a recent work, we proposed an
analytical form of the time-dependent frequency of the laser
pulse to perform photoassociation along with stabilization in
the cold regime [51]. However, this approach only works for
long pulse duration (tens of nanoseconds) and for low field
amplitudes.

In the present work, we investigate the formation of cold
heteronuclear molecules in deeply bound vibrational levels of
the ground electronic state from cold colliding atoms. We pro-
pose a photoassociation and vibrational stabilization scheme
based on three steps. The first two steps are carried out by a
pair of pump-dump pulses, which induce the molecular forma-
tion in an excited electronic state and a subsequent transition
to a intermediate vibrational level of the electronic ground
state. The third step employs a chirped IR pulse to perform
the final vibrational stabilization to the ground level. We start
by implementing the proposed scheme with fixed-shape for
the pump-dump pulses and linear chirped pulse for the vibra-
tional stabilization step. Concerning the first photoassociation
pulse, by optimizing the parameters of the its envelope, we
verify that a rapidly turned on and slowly turned off pulse
is very efficient to induce photoassociation as compared to
symmetric turning on and off. This result is distinct from
previous findings in which the photoassociation yields are
enhanced by slowly turned on and rapidly turned off pulses
[64,65]. We also apply quantum control theory to optimize the
far-IR pulse where the optimization of the chirping is carried
out in the time domain. This technique allows to accomplish
the stabilization in a shorter time and with a lower ampli-
tude than the linear chirp pulse. The numerical calculations
are performed in a model system for the formation of LiCs
molecules. Our scheme can be an alternative to the use of two
pairs of pump-dump pulses and to the purely IR photoasso-
ciation in the ground state, exploring the strong coupling of
the collision atomic pair with excited electronic state and also
taking advantage of the existing permanent dipole moment for
performing the stabilization with IR radiation, while avoiding
the missing rung problem.

II. THREE-STEPS SCHEME FOR PHOTOASSOCIATION

We envisage a scenario of two cold atoms of different
species colliding in the presence of an external laser field. The
situation is described by means of two electronic states, the
ground state and an electronic excited state, represented by
the Hamiltonian

Ĥ (t ) = Ĥ0 − ε(t )μ̂, (1)

with the molecular Hamiltonian Ĥ0 given by

Ĥ0 =
(

T̂g + V̂g 0
0 T̂e + V̂e

)
, (2)

where T̂ denotes the kinetic energy operator, V̂ the potential
energy operator, while μ̂ is the dipole moment operator

μ̂ =
(

μ̂g μ̂ge

μ̂ge μ̂e

)
, (3)
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FIG. 1. Schematic diagram of the three-step photoassociation
along with vibrational stabilization. In the first step, the pump pulse
drives the initial unbound state to a vibrational level ν ′ of an excited
electronic state. In the second step, the pump pulse drives a transition
to an excited vibrational level ν∗ of the electronic ground state. In
the last step, an IR pulse performs further vibrational stabilization
within the ground electronic state by driving downward transitions
and reaching the vibration ground level ν = 0.

where the subscript g refers to the electronic ground state and
the subscript e to the excited state. μ̂ge is the transition dipole
moment between the ground and excited electronic states.

The dynamics is given by the time-dependent Schrödinger
equation

ih̄
∂

∂t
|ψ (t )〉 = Ĥ |ψ (t )〉, (4)

for the two-component wave function

〈r|ψ (t )〉 =
(

ψg(r, t )
ψe(r, t )

)
, (5)

where r is the interatomic distance. To capture the essential
physics of the problem, we retain only the vibrational motion,
neglecting the rotational motion, due to the low temperatures
involved.

The external time-dependent electric field ε(t ) is composed
of three pulses

ε(t ) = εp(t ) + εd (t ) + εir (t ), (6)

where εp(t ) refers to the pump pulse, εd (t ) refers to the
dump pulse, and εir (t ) refers to the infrared pulse. Figure 1
sketches the three-step scheme for forming polar molecules
in their ground vibrational level. First, the initial unbound
state |ψ〉, which represents the colliding atomic pair, is driven
to a vibrational level ν ′ of an excited electronic state by a
pump pulse. In the next step, the transition between ν ′ and
an excited level ν∗ of the ground electronic state is induced
by a dump pulse. Finally, the last step consists of a vibrational
stabilization step, where the transition from ν∗ to the ground
level ν = 0 is induced by a single chirped IR pulse.
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FIG. 2. (a) Dipole coupling between the free levels of the
ground state and the bound levels of the excited state |〈φν′ |μ̂ge|φn〉|.
(b) Dipole coupling between the free levels of the ground state and
its bound levels |〈φν |μ̂g|φn〉|.

III. MODEL FOR THE LiCs MOLECULE

The molecular potentials encompass discrete and contin-
uum states. For a practical numerical solution, we discretize
the continuum sectors by the introduction of a spatial grid
[66]. The discrete energy levels of the ground state are la-
beled by Eν with eigenfunctions |φν〉, while the discretized
continuum levels are labeled by En with eigenfunctions |φn〉.
The energies and eigenfunctions of the excited state are dis-
tinguished from the ground state by a prime symbol.

We illustrate the three-steps scheme considering the X 1�

and B 1� states of LiCs as the ground and excited potentials
Vg(r) and Ve(r), respectively. The potential energy functions
and dipoles’ couplings were obtained from spline fittings
based on data available in the literature [67–71]. The vibra-
tional energies Eν and eigenfunctions |φν〉 of each electronic
state were calculated by applying the B-splines technique with
an exponential break-point sequence [72,73]. The calculations
resulted in 51 vibrational bound levels for the ground state and
34 bound levels for the excited state. A large grid of size rmax

was used to discretize the continuum (rmax of the order of 1500
atomic units).

Figure 2(a) shows the absolute value of the transition
dipole moment |〈φν ′ |μ̂ge|φn〉| from the continuum levels of
the ground-electronic state to some top bound levels of the
excited electronic state. The level ν ′ = 32 possess the highest
coupling in the entire range of continuum energies shown,
revealing a possible starting point for the photoassociation
process. We note that the lower vibrational levels of the
excited state (not shown in the figure) have even smaller
coupling. Figure 2(b) shows the dipole coupling between the
continuum levels and the bound levels of the ground state
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FIG. 3. (a) Dipole coupling between the bound levels of the
excited state for 	ν ′ = −1 and 	ν ′ = −2 downward transitions
|〈φν′ |μ̂e|φν′+	ν′ 〉|. (b) Dipole coupling between the bound lev-
els of the ground state for 	ν = −1 and 	ν = −2 transitions
|〈φν |μ̂g|φν+	ν〉|.

|〈φν |μ̂g|φn〉|. An available route is for IR ground-state pho-
toassociation is a transition to the ν = 45 level, which has the
highest coupling. However, these couplings are generally two
orders of magnitude lower than the corresponding couplings
to the excited bound levels.

Figure 3(a) shows the dipole couplings between bound
levels of the excited state corresponding to 	ν ′ = −1 and
	ν ′ = −2 downward transitions |〈φν ′ |μ̂e|φν ′+	ν ′ 〉|. We note
that vibrational stabilization within the excited state is pos-
sible, but there are some very small couplings for the one
	ν ′ = −1 (at ν ′ = 11) and 	ν ′ = −2 transitions (at ν ′ = 21),
which should make the descending from the vibrational levels
difficult. However, one can avoid these so-called “missing
rungs” by switching from 	ν ′ = −1 to 	ν ′ = −2 transition
frequencies [51,52]. We will not pursue the vibrational stabi-
lization in the excited state since a more promising route is
found in the ground electronic state. Figure 3(b) shows the
downward transitions within the ground state. The gaps for
the transitions (or missing rungs) are noted around ν = 19
(	ν = −1) and ν = 36 (	ν = −2). In contrast to the excited
state, the couplings are larger between the top vibrational
levels.

Figure 4 shows the absolute values of the transition dipole
moments between some top levels of the excited state and
the bound levels of the ground state |〈φν ′ |μ̂ge|φν〉|. It can be
noted that these top levels have a very strong coupling with
the very top levels of the ground state ν > 46. However, as
seen in Fig. 3(b), direct vibrational stabilization from such
high levels would have to face the missing rungs. For clarity,
the inset shows the couplings up to ν = 46. It can be seen that
the levels ν ′ = 31, 32, 33 have considerable couplings to the
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FIG. 4. Transition dipole moment from top levels of the elec-
tronic excited state to the bound levels of the ground state
|〈φν′ |μ̂ge|φν〉|. For clarity, the inset shows the couplings up to ν = 46.

ν = 4 level. Thus, once the excited level ν ′ = 32 is populated,
it can be transferred to the ν = 4 state by the action of the
dump pulse.

IV. FIXED-SHAPE PULSES

As seen in Fig. 2, for low temperatures, the coupling of the
ground continuum with the excited bound levels are stronger
than with the ground bound levels. The more favored route
is to form a molecule in the ν ′ = 32 level of the excited
electronic state. This transition will be induced by the pump
pulse. As noted in Fig. 4, there is a considerable coupling
between the ν ′ = 32 with the ν = 4 of the ground state, which
is induced by the dump pulse. Subsequently, the IR-chirped
pulse drives the transition to the ground level. We note that this
chosen pathway avoids the missing rungs both in the ground
electronic state around the ν = 19 level.

We consider the three-steps procedure with fixed shaped
pulses

εi(t ) = Si(t )Ai sin [αi(t )], i = p, d, ir, (7)

where Ai is the peak amplitude of the ith pulse, while the
envelope Si is given by

Si(t ) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

sin2
(

π
2

t−t i
0

t i
u−t i

0

)
, if t i

0 < t < t i
u,

1, if t i
u < t < t i

d ,

sin2
(

π
2

t+t i
w−2t i

d

t i
w−t i

d

)
, if t i

d < t < t i
w,

0, otherwise,

(8)

where t i
w − t i

0 defines the duration of the pulse that starts at t =
t i
0, while t i

u − t i
0 and t i

w − t i
d set the times of smooth switching

on and off, respectively.
The pump and dump pulses are chosen to be unchirped

pulses, αp = ωpt and αd = ωdt , while the IR pulse has a linear
chirping rate

αir = ωirt + 1
2χt2. (9)

We performed numerical calculations taking the initial
wave function representing the atomic collision as a Gaussian

wavepacket in the electronic ground state

〈r|ψ (t = 0)〉 =
((

2
πa2

)1/4
exp

[
iκr − (r−r0 )2

a2

]
0

)
, (10)

where a and r0 define, respectively, the initial width and the
central position of the wavepacket, while κ < 0 sets the initial
collision momentum. For the time propagation, we consid-
ered an initial state with position r0 = 450 a.u., width a =
100 a.u., and with collision energy corresponding to 50 mK.
This wavepacket is placed far from the interaction region, i.e.,
at t = 0 the potentials and dipole functions are negligible over
the wavepacket range. Although a description of a thermal
gas of atoms would require a density operator representing a
Boltzmann distribution [6], for s-wave collisions, the density
operator can be decomposed to a set of Gaussian wavepackets
[74]. An initial wavepacket is used often in the context of
collision beam experiments [50]. In the present case, consid-
ering the initial Gaussian wavepacket facilitates the numerical
calculations allowing us to demonstrate the proposed scheme.

As in previous works [46,75], we solve the time-dependent
Schrödinger equation expanding the wave function in the
basis of the energy eigenfunctions, and then truncating the
number of discretized continuum levels for each electronic
state. The expansion of Eq. (4) results in a coupled sys-
tem of first-order differential equations for the coefficients.
The unitary propagator U (t, 0) is expressed in terms of a
series of short time-step propagators U (t + 	t, t ) and each
propagator is approximated by a second-order split operator,
yielding the evolution of the wave function |ψ (t + 	t )〉 =
U (t + 	t, t )|ψ (t )〉. The number of discretized continuum
levels considered was roughly 500 and 200 for the ground
state and the excited state, respectively.

Figure 5 illustrates the three steps scheme with fixed-shape
pulses. In Fig. 5(a), we show the dynamics of the relevant
levels for the pump-dump pulses. The parameters of each
pulse were optimized separately to yield the maximum pop-
ulation transfer. Thus, for the pump pulse, we optimized
the parameters of the envelope t p

u , t p
d , t p

0 , t p
w, and the am-

plitude Ap and the frequency ωp. The same procedure was
carried out for the dump pulse. We obtained for the pump
pulse ωp = 11 731.47 cm−1, Ap = 830 Vcm−1, t p

0 = 750 ps,
t p
w = 2500 ps, t p

u = t d
d = 810 ps. We note that this is a rapidly

turned on and slowly turned off pulse: it spends 60 ps from the
start to attain the maximum amplitude, while it takes 2440 ps
to switch-off the pulse. We obtain a population of roughly 0.89
in the ν ′ = 32 level by the end of the pump pulse. The dump
pulse is a π pulse, which transfers essentially all the popula-
tion from the ν ′ = 32 level to the ν = 4 level with parameters
ωd = 16 736.24 cm−1, Ad = 4.4 kVcm−1, t d

0 = 2850 ps, t p
w =

700 ps, t p
u = 2920, t d

d = 3480 ps.
Figure 5(b) illustrate the use of a linear chirp to perform

the vibrational stabilization step starting with all population
in the ν = 4 state. In general, it can be obtained through high
yields in the ground level, but at the cost of using fields with
very high amplitudes. The results shown in the figure were
obtained for a field amplitude of Vir = 811 kVcm−1. The fre-
quency ωir is chosen as the resonance frequency between the
ν = 4 and the ν = 3 levels. The chirping rate is set as the
difference between the resonance frequency of levels ν = 1
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FIG. 5. Population dynamics of the relevant levels for the
three-step scheme with fixed-shape pulses. (a) Dynamics for the
pump-dump pulses. (b) Vibrational stabilization dynamics for a lin-
ear chirped pulse.

and ν = 0, ω01, and the frequency ωir , divided by the pulse
duration t ir

w = 1 ns, i.e., χ = (ω01 − ωir )/t ir
w . As we show in

the next section, the optimization of the chirping can perform
the stabilization process with considerably lower intensity.

V. OPTIMIZED CHIRPED PULSES

Consider the control problem of transferring some initial
state |ψ0〉 to a target vibrational level |φν〉 in a time t = t f with
a single pulse of the form of Eq. (7), where α(t ) is the control
function to be determined (for simplicity, we will drop here
the index i). To this end, we define the extended functional J
to be maximized,

J[α] = |〈φν |ψ (t f )〉|2−2Re

{∫ t f

0
〈χ (t )| ∂

∂t
+iĤ [α(t )]|ψ (t )〉

}
,

(11)
where |ψ (t )〉 is the wave function driven by the pulse and
|χ (t )〉 is the Langrange multiplier introduced to assure satis-
faction of the Schrödinger equation. The necessary condition
for optimality δJ = 0 yields the equations to be satisfied
by the wave function, Lagrange multiplier, and optimal
frequency

i
∂

∂t
|ψ (t )〉 = Ĥ [α(t )]|ψ (t )〉, (12)

with |ψ (0)〉 = |ψ0〉,

i
∂

∂t
|χ (t )〉 = Ĥ [α(t )]|χ (t )〉, (13)

with |χ (t f )〉 = |φν〉〈φν |ψ (t f )〉 and

Im{〈χ (t )|μ̂|ψ (t )〉}S(t )A cos [α(t )] = 0. (14)

FIG. 6. (a) Population dynamics of the IR vibrational stabiliza-
tion process with the optimized chirped pulse. (b) Power spectrum of
the optimized pulse and of the linear chirped pulse.

Any α(t ) which satisfies the above three coupled equa-
tions is a local optimal solution to the control problem.
To numerically solve the optimal control problem, we ap-
ply the two-point boundary-value quantum control paradigm
(TBQCP) scheme [76], in which α(t ) is updated in the nth
iteration according to

αn+1(t ) = αn(t ) − η0 f n
μ(t ), (15)

where η0 is a constant to be numerically adjusted for conver-
gence and fμ is the gradient δJ/δα,

f n
μ(t ) = −2Im{〈χn(t )|μ̂|ψn(t )〉}S(t )A cos [αn(t )]. (16)

The algorithm is started by choosing a trial control α0(t ) and
solving the equation for the Lagrange multiplier (13). Then,
the gradient is computed as the wave function is propagated
forward in time.

Figure 6(a) shows the resulting population dynamics with
the optimized chirped pulse built to perform the vibrational
stabilization from the ν = 4 to the ground level ν = 0. To per-
form the optimization, we fixed the pulse envelope parameters
and used as a trial pulse a linear chirped pulse, with the same
chirping rate of Fig. 5(b). However, we used a comparatively
smaller field amplitude of Air = 75 kVcm−1. The trial pulse
yields only a population of the order of 10−3 in the ground
level. After the optimization, the target-state population in-
duced by the optimized pulse is roughly 0.999. Figure 6(b)
compares the power spectrum of the trial linear chirped pulse
with the power spectrum of the optimized pulse. The opti-
mized pulse has a frequency modulation pattern around the
plateau of the linear chirped pulse. It is also noticeable that
the four main peaks observed in the spectrum correspond
to the 	ν = −1 transition frequencies between neighboring
levels from ν = 4 to the ν = 0 ground level.
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VI. CONCLUSION

In this work, we propose the combination of a pair of
pump-dump pulses with a chirped IR pulse to perform the
photoassociation of cold atoms along with the vibrational sta-
bilization of the associated cold polar molecule. The proposed
three-pulses scheme takes advantage of the high coupling of
the initial collision state to an excited electronic states as
compared to the electronic ground state. By performing part
of the vibrational stabilization in the selected excited elec-
tronic state, it can avoid the missing rung problems implied
in the ground-state-only stabilization. However, the scheme
populates only a single electronic excited state, avoiding the
complications of two pairs of pump-dump schemes, which
usually involves two excited states. We also perform the opti-
mization of the chirped IR pulse in a time domain, obtaining
high yields in the ground vibrational level. Our calculations
show that the optimized chirped pulses differs from a linear
chirped pulse by a small modulation of the time-dependent

frequency and by additional resonant frequencies. Therefore,
our proposed methodology can be an alternative pathway to
perform both photoassociation and vibrational stabilization
aiming at forming cold or ultracold polar molecules. An op-
tional scheme can also be conceived by replacing the pair of
pump-dump pulses by a pair of STIRAP pulses starting from
the continuum [29]. Finally, the vibrational stabilization with
optimized chirped IR pulse could also be applied in conjunc-
tion with a magnetoassociation process to produce molecules
in the vibrational ground level of the lowest triplet electronic
state, as was recently proposed [53].
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