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Analytical analysis for additional ionization peaks of He induced by chirped xuv pulses
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When He is ionized by a chirped xuv pulse, additional peaks are identified in the joint energy spectra
besides ordinary ionization peaks. Our results are based on the solution of the full-dimensional time-dependent
Schrödinger equation of helium. Further numerical studies show that these additional structures are sensitive to
both the pulse duration and the chirp parameter. To reveal the underlying mechanism, we have developed an an-
alytical model based on the symmetric ionization assumption and the second-order time-dependent perturbation
theory, which can qualitatively reproduce these additional structures. By systematic comparison studies, one can
attribute the origin of these structures to the interference of two indistinguishable electrons and the diffraction
in the time domain. In addition, we find that the interference effect is absent when one uses a negatively chirped
laser pulse, while the diffraction in the time domain always persists.
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I. INTRODUCTION

Owing to the availability of intense xuv sources from the
high-order harmonic generation [1,2] and free-electron lasers
[3–5], the ionization of atoms by absorption of a few photons
has been experimentally accessible. As the simplest multielec-
tron system, helium provides an ideal platform to study the
role of the electron correlation. After several decades of inves-
tigations, the one-photon double ionization of helium has been
well understood [6]. Three mechanisms have been proposed,
i.e., the shake-off mechanism, the knock-out mechanism, and
the quasifree mechanism from the quadrupole channel [7–10].

Recently, further efforts have been expended on the more
complex two-photon double ionization (TPDI) of helium. In
the long-pulse limit, the TPDI of helium is usually divided
into two regimes, i.e., the nonsequential double ionization
(NSDI) regime and the sequential double ionization (SDI)
regime, depending on the photon energy. For the NSDI
regime, TPDI can occur by simultaneously absorbing two
photons with photon energy 39.5 < h̄ω < 54.4 eV, while for
the SDI regime with photon energy h̄ω > 54.4 eV TPDI can
be regarded as a result of two sequential one-photon single
ionizations (PSIs). Except for the discussion on the total cross
section of TPDI [11–20], the differential spectra regarding the
joint energy distribution and angular distribution also have
been well studied [21,22]. In the SDI regime, the sequential
peaks at energies h̄ω − Ip1 and h̄ω − Ip2 will appear in the
energy spectra, with Ip1 = 24.6 eV and Ip2 = 54.4 eV being
the first and second ionization potential of helium. If the
photon energy is large enough, the shake-up channel can be
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open and there will be more sequential peaks. As for the NSDI
regime, the energy spectra will show a “U” shape. Besides,
the angular distribution in the NSDI regime shows that the
two electrons tend to be emitted through the back-to-back
ejection mode. For the SDI regime, it is much more com-
plex because the ejection mode of the two electrons depends
on the energy sharing of two electrons [23–26]. Besides the
studies of TPDI within the dipole approximation, there are
several works to investigate the nondipole effects of the TPDI
including the nondipole angular distribution parameters and
the photon momentum transfer [27,28] by solving the full-
dimensional time-dependent Schrödinger equation (TDSE)
beyond the dipole approximation.

Although there are many theoretical studies for the TPDI
of helium, very few works have been devoted to investi-
gate the dynamic effects induced by a chirped xuv pulse
[29–31]. Nevertheless, in Ref. [29], preliminary numerical
results showed that the sequential peaks would change with
the chirp parameter and unexpected additional structures be-
tween the sequential peaks were observed with a positive chirp
parameter. However, the underlying mechanisms are elusive
and how these structures will depend on the laser parameters
was not discussed.

In this paper, we carry out a systematic investigation on
the dynamic effects in the TPDI induced by a chirped xuv
pulse. Based on a comparative studying of the results from
TDSE and an analytical model, we find that the appearance
and strength of additional structures are dependent on the
sign and value of the chirp rate, as well as the photon energy
and the pulse duration. These structures may be attributed to
two different reasons, i.e., the interference of two indistin-
guishable electrons and the diffraction of the wave packets
in the time domain. Our analytical model is based on the
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symmetric ionization assumption (SIA) and the second-order
time-dependent perturbation theory (TDPT).

The rest of this paper is organized as follows. In Sec. II,
we give a brief introduction to our TDSE and TDPT methods.
Then we show how to develop the analytical method based on
the SIA picture. In Sec. III, we present our results about these
additional structures and show the mechanisms based on the
SIA. In Sec. IV, we give a short summary. Unless otherwise
stated, atomic units are used throughout this paper.

II. THEORETICAL METHOD

One can assume that the chirped xuv pulse is polarized
along the z direction, with its vector potential given by

A(t, ξ ) = A0 f (t ) cos[ω(t, ξ )t]êz, t ∈
[
−T

2
,

T

2

]
, (1)

where ξ , A0, and T are the dimensionless chirp parameter, the
peak amplitude, and the total pulse duration, respectively. In
this paper, the laser intensity is fixed at 1012 W/cm2. The case
of ξ > 0 (ξ < 0) represents a positive (negative) chirp rate.
We take the Gaussian envelope with

f (t ) = exp

[
−2 ln 2

t2

τ 2

]
, (2)

where τ is the full width at half maximum of the pulse, taken
to be T

4 throughout this paper. The instantaneous frequency
ω(t, ξ ) is given by

ω(t, ξ ) = ω0 + 4 ln 2
ξ t

τ 2
. (3)

A. Methods of TDSE and TDPT

The full-dimensional two-electron TDSE is solved within
the dipole approximation in the length gauge. Details of the
methodologies can be found in our previous work [27,32–34].
Here, we only give a brief introduction and specify the param-
eters used in the present paper. In the spherical coordinates,
we employ the finite element discrete variable representation
method to discretize the radial coordinates and the Lanczos
propagator to evolve the two-electron wave function. The
maximal numbers of the single angular momentum (lmax) and
total angular momentum (Lmax) are set to be 5 and 3, respec-
tively. The average radial spacing is about 0.25 a.u. After the
end of the pulse, the wave function is further propagated for a
time period of 20 a.u. so that one can project it to the product
of two Coulomb waves and obtain the differential momentum
distribution of the two electrons P(k1, k2), from which all
other physical observables can be computed.

In order to understand the additional peaks observed in
the results of TDSE, we also adapt the semianalytical model
based on TDPT, in which the virtual sequential picture has
been proposed to successfully describe many phenomena of
double ionization of He [11,13,26,28,35–37]. According to
the model, the joint energy distribution of two ionized elec-
trons is given in the velocity gauge by

P(E1, E2) ∝ |
√

σ He(E1)ωai

√
σ He+ (E2)ω f aK (Ea)

+
√

σ He(E2)ωbi

√
σ He+ (E1)ω f bK (Eb)|2, (4)

where E1 and E2 are the energies of two electrons, σ He and
σ He+

are the PSI cross section of He and He+, ωai = Ea − Ei,
ω f a = E f − Ea, ωbi = Eb − Ei, ω f b = E f − Eb, Ei = −Ip =
−Ip1 − Ip2, Ea = E1 − Ip2, Eb = E2 − Ip2, E f = E1 + E2, and
the function K (Ea) is given by

K (Ea) =
∫ ∞

−∞
dτ1A(τ1)eiω f aτ1

∫ τ1

−∞
dτ2A(τ2)eiωaiτ2 , (5)

where A(t ) is the vector potential of the laser pulse. Replacing
the subscript a by b, one immediately obtains a similar ex-
pression for K (Eb). Please note that one can arrive at the same
numerical result for P(E1, E2) in Eq. (4) if the length gauge is
used, but with a slightly different expression.

For a Gaussian chirped pulse here, similar to Ref. [38] and
starting from Eq. (5), one can carry out the integration of
K (Ea) analytically by taking the rotation wave approximation
and t1 = τ1 + τ2, t2 = τ1 − τ2 with Eq. (2), which gives

K (Ea) = A2
0

4

∫ T

−T
dt1ei �t

2 t1 e−(1+2ξ i) ln 2
t2
1

τ2

×
∫ T

0
dt2ei �r

2 t2 e−(1+2ξ i) ln 2
t2
2

τ2 , (6)

in which �t = E1 + E2 + Ip − 2ω0 and �r = −E1 + E2 +
Ip2 − Ip1. Later on, one will find that the SIA can reproduce
the second line of Eq. (6), which accounts for the distribution
of the energy difference between the two electrons. As for the
first line of Eq. (6), it gives the distribution of two electrons’
total energy, which will be a Gaussian distribution as well for
the Gaussian laser pulse.

We note that, authors in Refs. [38,39] found that the
chirped pulse can be considered as a pump-probe scheme
due to the existence of the middle state, especially for 2pσu.
However, in our paper, such a middle state does not exist.
Therefore, if we only consider it as a pump-probe scheme,
we cannot reproduce the results of TDSE. In order to explain
the results, we will instead develop the SIA picture below.

B. Symmetric ionization assumption

Now, we proceed to show the illustration of the SIA of
the two-photon double ionization induced by the chirped laser
pulses. Taking the positive chirp as an example, the basic idea
is shown in Fig. 1, in which the ionization time of the first and
second electron is assumed to be symmetric with respect to
the pulse center.

Based on the SIA picture, one can formally develop an
analytical expression. Starting from the TDPT, we take K (Ea)
as an example. In the rotation wave approximation, K (Ea) in
Eq. (5) can be written as

K (Ea) ∝
∫ ∞

−∞
dτ1 f (τ1)e−i(ω0τ1+4 ln 2

τ2
1

τ2 ξ )eiω f aτ1

×
∫ τ1

−∞
dτ2 f (τ2)e−i(ω0τ2+4 ln 2

τ2
2

τ2 ξ )eiωaiτ2 . (7)

The symmetric ionization assumption means that τ1 + τ2 = 0,
so the above expression can be simplified to

K (Ea) ∝
∫ T

2

0
dt f 2(t )e−i8 ln 2 t2

τ2 ξ ei(−E−+Ip2−Ip1 )t , (8)
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FIG. 1. Illustration of the SIA of TPDI induced by a positively
chirped laser pulse. (a) The instantaneous frequency with a positive
chirp rate. The ionization time of the first and second electrons is
assumed to be symmetric relative to the pulse center (zero here).
(b) The vector potential of the chirped pulse. (c) The interference
of two indistinguishable electrons corresponding to Eq. (11). (d) The
diffraction of the electron wave packet in the time domain without
the consideration of the electron indistinguishability [see Eq. (12)].

with E− = E1 − E2 being the energy difference of two elec-
trons. Taking t = t2/2, one finds that Eq. (8) reproduces the
second line of Eq. (6).

Besides, the assumption of τ1 + τ2 = 0 can also be de-
duced from the on-shell ionization. For an unchirped pulse
with a constant frequency ω0, K (Ea) is given by

K (Ea) ∝
∫ ∞

−∞
dτ1 f (τ1)eiE f aωτ1

∫ τ1

−∞
dτ2 f (τ2)eiEaiωτ2 , (9)

with E f aω = ω f a − ω0 and Eaiω = ωai − ω0. The on-shell ion-
ization requires that E f aω + Eaiω = 0. Therefore, for a chirped
laser pulse, staring from Eq. (7), by making use of the in-
stantaneous frequency given in Eq. (3), the on-shell ionization
condition turns out to be

ω f a −
(

ω0 + 4 ln 2
τ1

τ 2
ξ

)
+ ωai −

(
ω0 + 4 ln 2

τ2

τ 2
ξ

)
= 0,

which can be reduced to

4 ln 2
ξ

τ 2
(τ1 + τ2) = E1 + E2 + Ip − 2ω0, (10)

which means τ1 + τ2 = 0 if Etot = E1 + E2 = 2ω0 − Ip.
With the same arguments, one can get a similar expression

for K (Eb). Finally, one gets the distribution of P(E−) at Etot =
2ω0 − Ip with SIA by

P(E−)|Etot=2ω0−Ip = P(E−, Etot = 2ω0 − Ip)

∝ P(E1, E2)|E1+E2=2ω0−Ip

∝ |Q(−E−) + Q(E−)|2, (11)

where the function Q(E ) is given by

Q(E ) =
∫ T

2

0
dt f 2(t )e−i8 ln 2 t2

τ2 ξ ei(E+Ip2−Ip1 )t . (12)

For a chirped Gaussian pulse with envelope Eq. (2), the
expression for Q(E ) can be further reduced to

Q(E ) ∝ e
−(1−2ξ i)

T 2 (E+Ip2−Ip1 )2

256(1+4ξ2 ) ln 2 [erf (z2) − erf (z1)], (13)

in which erf (z) is the error function, whose arguments z1 and
z2 are respectively given by

z1 = ei( π
4 − θ

2 ) T (E + Ip2 − Ip1)

16 4
√

1 + 4ξ 2
√

ln 2
,

z2 = z1 + z0,

z0 = ei( 5π
4 + θ

2 )4
√

ln 2 4
√

1 + 4ξ 2, (14)

where θ equals to Arg(2ξ − i) ∈ (−π, 0).
Now, we can give a simple discussion of the structure

observed in the distribution of P(E−), which is illustrated
in Figs. 1(c) and 1(d). The first origin of the structure is
the interference of two indistinguishable electrons due to the
overlap of the electron wave packets through the first and
second ionization. Note that it should only exist with a positive
chirp. For a negative chirp, it is impossible for the two wave
packets to overlap each other.

The second origin of the structure can be considered as the
diffraction of the wave packet in the time domain. For a short
pulse duration, such effects may be hidden by the interference
effects of the two indistinguishable electrons. However, it will
be obvious with a sufficiently long pulse. Without the con-
sideration of interference effects of the two indistinguishable
electrons, one can have a better look at Eq. (12). Different
from the traditional single slit diffraction where the strength
is uniform with a linear phase, here one notices that the
strength will decrease with time (t � 0) and the chirp induces
a quadratic phase. It can result in the oscillatory structure
which will be shown below. Finally, it is important to point
out that, unlike the indistinguishable interference effect, the
diffraction effect will also exist for a negative chirp rate.
According to Eqs. (11) and (12), one finds that both the
indistinguishable interference effect and the diffraction effect
only depend on the pulse duration and the chirp parameter.

III. RESULTS AND DISCUSSIONS

In this section, we will present our main results and dis-
cussions based on the TDSE and models shown in the last
section.

In Fig. 2, for ω0 = 52.7 eV and ξ = 1.75, we show the
joint energy distributions of two electrons calculated by TDSE
and TDPT, as well as the distributions of P(E−) at Etot =
2ω0 − Ip from TDSE, TDPT, and SIA. As one can see, the
results of TDSE and TDPT agree with each other quite well.
From Fig. 2(c), one can clearly observe the additional peak
between the two sequential peaks. Different from that previ-
ously observed in Refs. [29,30], here the additional peak is
much stronger than the usual sequential peaks for the pulse
duration of 1 fs. If one increases the pulse duration to 2 fs, the
additional single peak will split into multiple peaks, as shown
in Fig. 2(f).

In Figs. 2(a) and 2(d) [as well as Figs. 2(b) and 2(e)], one
may notice that the maximum in the distribution of P(E1, E2)

013113-3



FANG, GENG, AND PENG PHYSICAL REVIEW A 109, 013113 (2024)

FIG. 2. The results for ω0 = 52.7 eV and ξ = 1.75 at two dif-
ferent pulse durations of 1 fs (a)–(c) and 2 fs (d)–(f). (a), (d) The
joint energy distributions of two electrons from TDSE. (b), (e) The
joint energy distributions of two electrons from TDPT. (c), (f) The
distributions of P(E−) at Etot = 2ω0 − Ip, which is indicated by red
dashed lines in (a), (b), (d), and (e). The blue solid lines, orange
dash-dotted lines, and green dashed lines are the results of TDSE,
TDPT, and SIA, respectively. All the distributions are normalized by
the maximum.

deviates from the red dashed lines predicted by E1 + E2 =
2ω0 − Ip if one assumes the independence of cross section in
energy. However, for our purpose of discussion for P(E−), it
is sufficient to consider the distribution of P(E−) at Etot =
2ω0 − Ip. The conclusions will not change if one examines
it at other values of the total energy.

As shown in Fig. 2(c), one finds that results of P(E−) from
TDPT and SIA are almost identical, although their relative
ratios between the additional and the sequential peaks from
both models significantly differ from the accurate results of
TDSE where one takes the electron correlation into full con-
sideration. For a longer pulse of 2 fs, as shown in Fig. 2(f),
the distributions of P(E−) from TDSE, TDPT, and SIA agree
with each much better as the electron correlation becomes less
important.

From the above discussions, although the electron corre-
lation can play some role, the main structures of additional
peaks observed in P(E−) are consistent among the results
of TDSE, TDPT, and SIA. In order to uncover the mecha-
nism behind the structure, i.e., the interference effect and the
diffraction effect, we show the results of SIA and the part
of |Q(−E−)|2 and |Q(E−)|2 in Fig. 3. In addition, we also
show the incoherent distribution of PIC(E−) ∝ |Q(−E−)|2 +
|Q(E−)|2. Besides the ordinary sequential peaks, one finds
that in the distribution of |Q(−E−)|2 and |Q(E−)|2, there will
be additional peaks which do not exist with an unchirped laser
pulse, which will be called “chirped peaks” below.

The formation of the chirped peaks originates from the
diffraction effect. Besides, the indistinguishability of the two
electrons leads to the coherent superposition of the Q(−E−)
and Q(E−), which finally gives the SIA results of P(E−).
Comparing with these results at a fixed chirp parameter, one
finds that the difference between the distributions of the co-
herent and the incoherent summation becomes smaller and
smaller when the laser pulse duration gets longer. Such a
behavior is reasonable because by increasing the pulse dura-
tion, the frequency bandwidth will decrease. Therefore, the
overlapping of the Q(−E−) and Q(E−) becomes smaller.

The indistinguishable interference effect will be quite im-
portant and even hide the chirped peaks when the pulse
duration is short. In addition, one can infer that for a fixed
pulse duration the interference effect will be quite important
for a larger chirp rate.

For a better understanding of the diffraction effect, we
proceed to examine the chirped peaks without the consid-
eration of the interference effect. This can be done by only
looking at the distribution of |Q(E )|2, as shown in Fig. 4 for
various chirp rates. Clearly, one finds that the distributions of
the positive and negative chirp rates are symmetric about the
orange vertical solid line. According to Eq. (12), one has

Q(E ) =
∫ T/2

0
dt f 2(t )eiφ(t ), (15)

φ(t ) = −8 ln 2
t2

τ 2
ξ + (E + Ip2 − Ip1)t, (16)

which tells us that the chirped peaks come from the diffraction
in the time domain, but the phase is quadratically depen-
dent on t and the strength is decreasing with t (t � 0). It
is well known that, for a uniform strength in the case of
a linear phase, the maxima and minima can be predicted
by

∫ T
0 dteit = −i(eiT − 1). Specifically, it gives the maxima

for T = (2n − 1)π and the minima for T = 2nπ , with n =
1, 2, 3, . . . For the present case of a quadratic phase and a
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FIG. 3. The distributions of P(E−) from SIA with ω0 = 52.7 eV
and ξ = 1.75 at three different pulse durations of (a) 1 fs, (b) 1.75 fs,
and (c) 2 fs. The results from Eq. (11) are shown in blue solid lines
while the results of the part of |Q(−E−)|2 and |Q(E−)|2 are shown
in orange dash-dotted lines and green dashed lines. The incoherent
distributions of PIC(E−) ∝ |Q(−E−)|2 + |Q(E−)|2 are shown in red
dotted lines. All the distributions are normalized by the maximum.

decreasing strength, we suppose at t0 the quadratic phase φ(t )
acquires its extreme value, i.e., ∂φ(t )

∂t |t=t0 = 0. One further
supposes that φ(t ) can be approximately considered as linear
within t ∈ (0, t0). Then, we can assume that the strength is
uniform within t ∈ (0, t0) and becomes zero for t > t0. The
maxima and minima can then be given by φ(t0) = (2n − 1)π
and φ(t0) = 2nπ with n = 1, 2, 3, . . . Therefore, by using

FIG. 4. The distributions of |Q(E )|2 for a pulse duration of T =
2 fs at a positive chirp (ξ = 1.75, blue dashed line), a negative chirp
(ξ = −1.75, red dash-dotted line), and a zero chirp (green solid line).
All the distributions are normalized by the maximum. The orange
vertical solid line represents the position of Ip1 − Ip2. For clarity, we
only show the maxima corresponding to Eq. (17) with blue dashed
vertical lines for the positive chirp and the minima corresponding to
Eq. (18) with red dash-dotted vertical lines for the negative chirp.

Eq. (16), we can estimate the positions of the maxima and
minima by

Emax =
⎧⎨
⎩

Ip1 − Ip2 +
√

32 ln 2(2n−1)ξ
τ 2 , ξ > 0,

Ip1 − Ip2 −
√

− 32 ln 2(2n−1)ξ
τ 2 , ξ < 0,

(17)

Emin =
⎧⎨
⎩

Ip1 − Ip2 +
√

32 ln 2(2nξ )
τ 2 , ξ > 0,

Ip1 − Ip2 −
√

− 32 ln 2(2nξ )
τ 2 , ξ < 0,

(18)

with n = 1, 2, 3, . . . . For clarity, we only show the maxima
with blue dashed vertical lines for the positive chirp and the
minima with red dash-dotted vertical lines for the negative
chirp in Fig. 4. One finds the predictions are in reasonably
good agreement with the actual results. According to Eqs. (17)
and (18), one finds the maxima and minima positions only
depend on the pulse duration and the chirp rate. Further, one
can infer that similar results can be achieved by increasing the
pulse duration or decreasing the chirp parameter.

Although the additional peaks due to the diffraction and
the indistinguishable interference effects only depend on the
pulse duration and chirp parameter, the photon energy ω0 will
influence whether the complete structures can be resolved
or not. For example, we have already shown the results for
ω = 52.7 eV, which belongs to the NSDI regime. For the SDI
regime, all the main features will persist and the results of the
model match those of TDSE more closely. However, for the
deep NSDI regime, e.g., ω = 42 eV, the electron correlation
will be quite important and drastically change the interference
structures. We find that neither the TDPT nor the SIA can
reproduce the TDSE results (not shown here).

Finally, we have mentioned the indistinguishable interfer-
ence effect only exists for a positive chirp while the diffraction
effect can also be found for a negative chirp in principle.
Nevertheless, one cannot find the diffraction effect with a
negative chirp for photon energy of ω = 52.7 eV because
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FIG. 5. Similar to Fig. 2, but for ω0 = 90 eV, ξ = −2, and
T = 20Tc with Tc = 2π

ω0
. All the distributions are normalized by the

maximum. To better show the structure due to the negative chirp, the
joint energy distributions in (a) and (b) are shown for log10 P(E1, E2).
The distributions of P(E−) are shown in (c). Note that, outside the
ordinary sequential peaks, the peaks induced by the diffraction effect
do appear.

the energy difference E− between two electrons is not large
enough. Therefore, in Fig. 5, we show the distributions with
ω0 = 90 eV, ξ = −2, and T = 20Tc with Tc = 2π

ω0
. It is clear

that in the joint energy distributions of both TDSE and TDPT,
outside the ordinary sequential peaks, the peaks induced by
the diffraction effect do appear. The distributions of P(E−)
from TDSE, TDPT, and SIA agree with each other, which
confirms the above discussions.

One may notice that there seem to be additional signatures
between the ordinary sequential peaks for the results of TDSE.
We point out that it should belong to the shake-up channel
[21], i.e., for the middle state, He+ can be in the excited state
(n = 2, 3, . . . ). The shift of the sequential peaks from the
ordinary channel (n = 1) is opposite to the sequential peaks
from the shake-up channel (n = 2, 3, . . . ) with a chirped laser
pulse.

IV. CONCLUSION

In summary, we have systematically examined the addi-
tional ionization peaks between the usual sequential peaks in
the TPDI process of helium by a chirped laser pulse. Depend-
ing on the laser parameters, it can be much stronger than the
usual sequential peaks or split into multiple peaks. Starting
from the TDPT model, we have developed the SIA picture
to uncover the mechanism behind these structures. It is found
that the interference effect between the two indistinguishable
electrons and the diffraction effect in the time domain are
responsible for the formation of these structures. The inter-
ference effect should only exist with a positive chirp. As for
the diffraction effect, one can successfully predict the peak
and valley positions. It should also exist with a negative chirp.
Further, it is found that the interference and diffraction effects
only depend on the pulse duration and the chirp parameter,
although the photon energy will influence whether the com-
plete structure can be resolved or not in the spectra. Finally,
according to the SIA model, the target plays little role, and it
is believed that similar results can be derived for other noble
gases which have a larger cross section than helium and will
be easier to observe experimentally.
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