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Recently, the polarization measurement of L-shell radiative recombination (L-RR) x rays was performed on
the Tokyo-EBIT [N. Numadate et al., Phys. Rev. A 105, 023109 (2022)], and the reported theoretical result
performed by the flexible atomic code (FAC) was higher than the experimental value. We present joint theoretical
investigations on the linear polarization of x rays emitted from the RR into Kr, Xe, Bi, and U ions by two distinct
theoretical approaches, i.e., the present relativistic calculations and the revised FAC using the density matrix
formalism, in which the relativistic and multipole effects are fully considered. In addition, the energy and atomic
number Z dependences of L-RR x-ray polarization are further investigated. Our results are in good agreement
with experimental values for K shells and are closer to those for L shells than previous calculations. However,
deviations still exist between the theoretical calculations and experimental results for L shells. It is found that
the effect of the configuration interaction and the finite nuclear size on the polarization of L-RR x rays is not
substantial. More theories and experiments are required to explain these deviations.

DOI: 10.1103/PhysRevA.109.012822

I. INTRODUCTION

Radiative recombination (RR) is an electron-ion collision
process in which the ion captures free electrons and emits
photons simultaneously. This process plays an essential role in
plasma research, such as astrophysical plasmas [1,2], vacuum
spark plasmas [3–5], and laser-produced plasmas [6]. Further-
more, RR has attracted much attention since it is considered as
a time-reversed process of photoionization [7–9]. Therefore,
the studies on RR provide a novel approach to investigate the
photoionization process.

In photoionization, the angular distribution of photoelec-
trons may exhibit anisotropy if the incident photons are
polarized. Consequently, the RR x rays can be polarized
if the incident electron beam is unidirectional. This feature
has made the measurements of the angular distribution of
emitted x rays widely used to study the relativistic effect in
RR [8–12]. With the advent of Compton polarimetry [13],
studies on x-ray polarization may become a more efficient
way to investigate the relativistic effect in RR. Since then,
experimental and theoretical studies of RR x-ray polariza-
tions were extensively carried out [7,13–19]. Most recently,
the polarization measurement of L-shell RR (L-RR) x rays
from highly charged bismuth ions was performed by using
the Electron Beam Ion Trap Compton Camera (EBIT-CC)
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installed on the Tokyo-EBIT [20], and the calculated linear
polarization 0.716 ± 0.023 performed by the flexible atomic
code (FAC) was significantly higher than the experimental
value, 0.666 ± 0.014 [21]. In addition, it was found that the
measured L-RR x-ray polarization 0.41 ± 0.1 was overesti-
mated by the FAC result 0.59 for the krypton measurement on
the Free Electron Laser in Hamburg (FLASH)-EBIT [22]. De-
spite numerous reviews on RR, there is still a lack of detailed
discussion regarding the linear polarization of L-RR. To date,
the theoretical overestimation of the L-RR x-ray polarization
remains unsolved.

In this paper, we present theoretical investigations on the
linear polarization of x rays. Special attention is paid to L-RR.
Due to the lack of high-energy polarization measurements,
some previous theoretical investigations on multipole effects
focused on a single multipole transition, e.g., the theoretical
basis for the old FAC polarization module [18]. Therefore,
there was little chance then to check the phase consistency
among different multipole components, which turned out to be
crucial for high-energy x-ray photons. To ensure the reliability
of the theoretical polarization calculation, we carry out a joint
theoretical calculation by two distinct theoretical methods,
i.e., the present relativistic calculations and the revised FAC
using the density matrix formalism. We calculate the polariza-
tions of K-RR and L-RR x rays into Kr, Xe, Bi, and U ions at
different energies. The excellent agreement between these two
calculations clearly demonstrated their quantitative reliability.
The energy and atomic number Z dependences of L-RR x-ray
polarization are also investigated. Our results indicate that the
energy and atomic number Z can cause a significant change in
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the polarization of x rays emitted from the RR into different
magnetic sublevels of L shells. Compared to those of 2s1/2
and 2p1/2 shells, the linear polarization of RR for the electron
captured in the 2p3/2 shells is more sensitive to the change in
electron energy. The calculations are compared with the the-
oretical results using the old FAC and the previously reported
experimental measurements. The comparison shows that our
calculations are in good agreement with experimental values
for K-RR and are closer to those of L-RR than previous calcu-
lations. However, deviations still exist between the theoretical
calculation and experimental results. It is found that the effect
of the configuration interaction and the finite nuclear size on
the polarization of L-RR x rays is not the main reason for these
deviations.

II. THEORY

A. The theoretical framework of RR x-ray polarization

In this work, the method is in a framework similar to that
of Eichler et al. [14]. It is assumed that an electron of a bound
state with a Dirac quantum number κn and angular momentum
projection μn is expressed as |κnμn〉.

In photoionization, the bound electron transforms to a
continuum free state with asymptotic momentum p and the
electron spin projection ms = ± 1

2 , and this state can be
expressed as |pms〉. We assume that the photon has helic-
ity λ = ±1. Hence, the transform matrix element can be
written as

M = 〈pms|α · ûλ exp(ik · r)|κnμn〉. (1)

Here, α is the Dirac matrix, and û is the unit vector of the
polarized photon. The radiation field can be expressed as

ûλ exp(ik · r) =
√

2π
∑
L,M

iL
√

2L + 1
(
Am

LM + iλAe
LM

)
DL

Mλ,

(2)

Am
LM = jL(kr)T M

LL , (3)
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LM = jL−1(kr)

√
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(4)

where the DL
Mλ is the Wigner D function to convert the photon

direction as the quantization axis to the electron direction.
Then we can write the cross section of circularly polarized
radiation as [16]

σ±(θ ) = 2πN
∑
μnms

∑
λ=±1
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LL

(−1)M+1iL−L

×
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∑

ν

(
L L ν

M −M 0

)

×
(

L L ν

λ −λ 0

)

× 〈pms|α · Aλ
LM |κnμn〉〈pms|α · Aλ

LM
|κnμn〉∗

× Pν (cos θ ), (5)

N = α3h̄2ω2a2
0

8me(α2ε2 + 2ε)
, (6)

where M = ms − μn and Aλ
LM = Am

LM + iλAe
LM , θ is the ob-

servation angle, Pν is the Legendre polynomials [23], α is
the finite structure constant, a0 is the Bohr radius, ω is the
photon energy, and ε is the electron energy. Here, we can
expand the Dirac continuum wave function of the electron
into partial waves |κms〉, and the transition matrix elements
〈pms|α · Aλ

LM |κnμn〉 can be expressed as

〈pms|α · Aλ
LM |κnμn〉 =

∑
κ

i−l ei�κ

√
4π (2l + 1)

×
(

l 1
2 j

0 ms ms

)

× 〈κms|α · A(λ)
LM |κnμn〉, (7)

where �κ is the Coulomb phase shift. Depending on differ-
ent atomic systems in our investigations, the Dirac atomic
orbitals are generated from either a pure Coulomb potential
or a Dirac-Slater self-consistent potential. If the Dirac-Slater
self-consistent field is used in the calculation, then the short-
range phase shift should also be included in �κ . The last item
in the above formula is the general multipole matrix element,
where the calculation formula can be found in Ref. [24].

To calculate the cross section for the photon in the direc-
tion of polarization σφ in the reaction plane, one should take
the interference terms σ int

φ between the helicity of circular
polarization λ = ±1 into account, where φ is the azimuth
angle of the polarization direction of the photon relative to the
direction of the electron being injected. Therefore, the cross
section of linear polarization can be expressed

σφ (θ ) = σ0(θ ) + σ int
φ (θ ), (8)

where σ0 is the cross section averaged over photon polariza-
tions, and is equal to σ±. The interference terms can be written
as

σ int
φ (θ ) = πN

∑
μnms
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LL
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(ν + 2)!
P2
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where P2
ν is the associated Legendre polynomials. The degree

of linear polarization can be written as

P = 1 − σ⊥/σ‖
1 + σ⊥/σ‖

= σ int
‖
σ0

, (10)

where σ⊥ = σφ=π/2 is the cross section for photons polarized
in the direction perpendicular to the reaction plane, and σ‖ =
σφ=0 is parallel to the reaction plane. The relationship between
different emitted angles and directions can be found in Fig. 1.

To facilitate the calculation of the RR angular distribution
and the linear polarization using the FAC, one can simplify
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FIG. 1. The relationship between different emitted angles and
directions. It is assumed that the direction of photon K and electron
P are located on the reaction plane. The angle between K and P is
θ , and the angle between the unit vector u of the linear polarization,
which is perpendicular to K , and the reaction plane is φ.

the formula from Eqs. (5) and (9) as [18]

σ RR
FAC(θ ) = σ RRT

FAC

4π

⎡
⎣∑

ν�0

BνPν (cos θ )

−
∑
ν�2

ν−1(ν − 1)−1Bφ
ν P2

ν (cos θ ) cos(2φ)

⎤
⎦, (11)

where σ RRT
FAC is the total RR cross section, Bν and Bφ

ν are cal-
culated using the ASYMMETRY function based on the density
matrix formalism. For the dipole transition, ν = 2 and Bν is
equal to Bφ

ν , while for the quadrupole transition, ν = 4, . . . ,

and so on. Equation (11) offers greater convenience for con-
sidering the electron correlation in further analysis.

B. Two different calculation programs

In this work, we use two different calculation programs for
computing the matrix elements and polarization parameters,
i.e., the present relativistic calculations and the FAC using the
density matrix formalism.

In the present relativistic calculations, summing and aver-
aging over the unobserved variables are performed explicitly,
and the central field is established as a pure Coulomb poten-
tial. Compared with the present relativistic calculations, the
FAC using density matrix formalism provides a systematic
and elegant basis for summing and averaging the unobserved
variables, which can avoid the introduction of unnecessary
variables and expedite the calculations [7,25–27]. To calculate
the polarization of photons emitted from the RR by using the
FAC, the ASYMMETRY function is used to calculate the radia-
tive transition process from bound states to free states [28].

In an earlier version (earlier than December 2022) of
the FAC (labeled as OFAC), almost all calculations pro-
duce higher polarizations than the experiments because of an
incorrect use of the phase factor. Due to the lack of high-
energy polarization measurements, OFAC just focused on a
single multipole transition, and it only works when the electric
dipole (E1) approximation dominates. The latest version of

TABLE I. The experimental linear polarization of K-RR into
bare Kr, Xe, and U ions, as well as the calculation results by using the
present relativistic calculations and NFAC at corresponding incident
electron energies and observation angles.

Z θ Energy Present NFAC Expt.a

(deg) (keV) (%) (%) (%)

36 90 58 98.19 98.19 96.2 ± 2.3
54 105 16.9 98.98 98.98 99.9 ± 1.5

122 81.7 96.69 96.69 95.6 ± 1.7
92 85 53.4 86.07 86.07 85 ± 7

89 71.9 84.00 84.02 83 ± 5
95 103.5 80.57 80.60 72 ± 5
110 217.9 69.74 69.75 61 ± 12
136 217.9 83.73 83.74 79 ± 8

aThe experimental results are taken from Refs. [13,20,29].

the FAC (labeled as NFAC) solves this problem and gives
more reasonable results, such as the RR differential cross
section and the polarization.

III. RESULTS AND DISCUSSION

To ensure the reliability of the calculation results, the linear
polarizations of K-RR x rays into bare Kr, Xe, and U ions
are calculated at incident electron energies of 58, 81.7, and
217.9 keV, respectively, using the present relativistic calcula-
tions and NFAC to compare with the experimental values. The
calculations are carried out in the laboratory frame, which cor-
responds to the EBIT measurements. The strictly relativistic
effects and a complete multipole expansion of the radiative
field are fully considered in the calculations. Comparisons
with other theoretical and experimental results are listed in
Table I, which reveals that our calculation results are in good
agreement with the experimental values for K shells.

Figure 2 shows the linear polarization as a function of
emission angle θ for L-RR x rays into U ions at different
electron energies. When an electron is captured in differ-
ent magnetic sublevels, it will produce x rays with different
polarization behaviors, so we need to calculate separately for
the 2s1/2 (L1), 2p1/2 (L2), and 2p3/2 (L3) shells. A “crossover”
feature is found in Fig. 2. For L2 shells, the linear polarization
obtains a crossover feature at about 120 keV. Beyond this
energy, linear polarization becomes increasingly negative at
forward angles. Additionally, the energy required is approxi-
mately 150 keV for the crossover in L3 shells, while for L1
shells, it requires exceeding 230 keV. Moreover, the crossover
angles for L2 and L3 are approximately 45◦ and 60◦, respec-
tively. Similar crossover features have been reported for the
linear polarization of K-RR x rays into bare ions and the
corresponding photoionization processes [14,30]. Figure 3
shows the linear polarization of L-RR x rays at 90◦ for atomic
numbers Z from 35 to 92. In this calculation, three energies
of two, four, and six times the ionization threshold of the first
electron in the L shell are investigated. The present relativistic
calculation and NFAC results show that the depolarization
of the L-RR x rays with an increase of electron energy is
particularly significant, and the linear polarization of L3-RR
is more sensitive to energy changes compared to those of
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FIG. 2. Linear polarization of L-RR x rays into U ions. The
results are given successively for the electron energies 120, 150, 180,
and 230 keV, respectively. L1 (solid line), L2 (dashed line), and L3
(dotted line) represent the electron captured in the 2s1/2, 2p1/2, and
2p3/2 shells, respectively.

L1-RR and L2-RR as shown in Fig. 2. When the energy and
atomic number Z are kept constant, the linear polarization
of the different magnetic sublevels in the 90◦ direction is
L3 < L2 < L1. In addition, the results of the three theoretical
methods are close at lower energies for lower Z ions. As the
energy increases, the OFAC results are obviously higher than
the present relativistic and NFAC results, and such differences
increase with energy. This shows the overestimation of the
OFAC calculations. Note that the linear polarization of L2
does not exhibit a significant Z dependence as the other two
magnetic sublevels. Here, the multipole convergence of the
linear polarization is limited in the direction of an observation
angle of 90◦. To achieve the convergence of the calculated
linear polarization of L-RR x rays into bare U ions, the
multipoles need to reach 20, 36, and 36 for L1-RR, L2-RR,
and L3-RR at 230 keV, respectively, while the corresponding
values are 16, 24, and 22 in turn at 120 keV.

Since the L-RR x-ray linear polarization includes different
charge states and magnetic sublevels, the effective L-RR x-
ray polarization is determined by averaging the polarizations
for each orbital of every charge state, where the ion abun-
dances and theoretical differential cross sections are taken into
account as weights, and it can be expressed as

P =
∑

i PiAiσ0i(90◦)∑
i Aiσ0i(90◦)

, (12)

where Pi, Ai, and σ0i are the linear polarization, ion abun-
dance, and RR differential cross section of the charge state
i, respectively. Here, the ion abundances Ai of Bi and Kr ions
are derived from Refs. [21,22].

FIG. 3. The atomic number dependence of linear polarization of
L-RR x rays with three theoretical methods at 90◦. Ee and EI.P. are the
electron energy and ionization threshold of the first electron in the L
shell, respectively.

Since the earlier version of FAC cannot correctly consider
multipole transitions, the calculation result (0.716 ± 0.023)
only took the E1 transition into account and it was compared
with the experimental result (0.666 ± 0.014) measured on
the Tokyo-EBIT [21]. The NFAC result is 0.627 ± 0.020 for
L-RR x rays into Bi ions at 51.1 keV, and it is closer to
the experiment than the previous calculation result. Further-
more, for L-RR x rays into Kr ions at 8.76 keV, the NFAC
result is 0.57, which is also closer to the experimental value
0.41 ± 0.1 [22] than the previous calculation result (0.59).
Here, the theoretical results for each ion are based on a single-
state approximation as listed in the second column of Table II.
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TABLE II. Configurations used in the NFAC calculations. Nele stands for the number of electrons. Ci represents the configuration
interaction coefficients. The figures in parentheses indicate powers of ten. For near-closed-shell ions such as F-like ions, the presence of a
multiconfiguration is negligible.

Nele Config. |C1|2Bi |C1|2Kr Config. |C2|2Bi |C2|2Kr Config |C3|2Bi |C3|2Kr 2J

He-like 1s2 1.00 1.00 1s2s 1.53(−2) 1.97(−2) 2s2 3.34(−4) 1.40(−2) 0
Li-like 1s22s 1.00 1.00 1s2s2 5.10(−7) 1.66(−6) 2s2p2

1/2 3.30(−7) 8.88(−7) 1
Be-like 1s22s2 0.98 0.97 1s22p2

1/2 1.53(−2) 1.97(−2) 1s22p2
3/2 3.42(−4) 1.40(−2) 0

B-like 1s22s22p1/2 1.00 0.99 1s22p1/22p2
3/2 3.76(−4) 1.33(−2) 1s2s2p1/22p2

3/2 4.51(−7) 2.86(−6) 1
C-like 1s22s22p2

1/2 1.00 0.97 1s22p2
1/22p2

3/2 3.59(−4) 2.29(−2) 1s22s22p2
3/2 1.25(−4) 8.28(−3) 0

N-like 1s22s22p2
1/22p3/2 1.00 0.91 1s22p2

1/22p3
3/2 1.77(−4) 6.85(−2) 1s22s22p1/22p2

3/2 1.24(−4) 1.98(−2) 3
O-like 1s22s22p2

1/22p2
3/2 1.00 0.95 1s22p2

1/22p4
3/2 3.48(−4) 4.05(−2) 1s22s22p4

3/2 1.33(−4) 5.74(−3) 0
F-like 1s22s22p2

1/22p3
3/2 3

The uncertainty of the theoretical calculation of Bi ions is 1σ

statistical error obtained from abundance fitting [21]. Since
Ref. [22] does not mention the uncertainty in abundance fit-
ting, the effective polarization calculations of Kr ions do not
take the uncertainty into account.

There may be differences in the self-consistent potential
and the magnitude of the electron correlation among different
configurations. Hence, we employed the configuration inter-
action to account for electron correlations. The configurations
used in the NFAC calculations are listed in Table II. For each
ion species, we have only listed the three most significant
contributing configurations. For near-closed-shell ions, e.g.,
F-like ions, the presence of a multiconfiguration is negligi-
ble. Figure 4 shows the configuration interaction coefficients
of He-like to O-like ions as a function of atomic number.
It is evident that, with the exception of Be-like ions (indi-
cated by the purple dashed line), the configuration mixing
approaches zero for high-Z ions. Therefore, it is interesting to
see the configuration interactions for Be-like ions and lower-Z
ions. For Be-like ions, the contribution of the configuration
interaction to L2 polarization is almost neglected because the
configuration state 1s22p2

1/2 can no longer capture an electron

FIG. 4. Configuration interaction coefficients of He-like to O-
like ions as a function of atomic number.

in the 2p1/2 orbital. In addition, for both the configurations
1s22s2 and 1s22p2

1/2, the captured 2p3/2 electron experiences
almost a pure Coulomb potential of Z − 4 in high-Z ions.
Therefore, the contribution of the configuration interaction
to L3 polarization is almost negligible as well. For lower-Z
ions, although the configuration mixing is significant, its con-
tribution to the effective polarization is relatively small. The
contributions of the configuration interaction to the effective
polarization of L-RR x rays are 0.1% and 0.4% for Bi ions and
Kr ions, respectively. Detailed calculation results can be found
in Fig. 5. It is obvious that the contribution of the configura-
tion interaction to the effective polarization of L-RR x rays is
negligible. Reference [21] suggested that electron correlation
was important for the polarization of the recombination x
rays. However, our investigation demonstrates that, within this
system, the effect of electron correlation is negligible, and the
present NFAC results are closer to the experimental results
than previous calculation results. In addition, we also consider
the effect of finite nuclear size using Fermi distribution func-
tion models [31]. It can affect the wave functions of 1s and
2s orbitals in the nuclear region. However, the contribution of
the finite nuclear size effect is less than 0.1% for the L1-RR
x-ray polarization into Bi ions at 51.1 keV. These factors
explain that the effects of the configuration interaction and
finite nuclear size are much smaller than the uncertainty of
ion abundance. It is worth noting that the uncertainty of ion
abundance in Ref. [21] is just a 1σ statistical error, and further
attention is required to additional factors that may affect the
uncertainty of ion abundance.

IV. SUMMARY

In summary, we theoretically investigate the linear
polarization of x-ray photons emitted from the radiative re-
combination (RR) into K and L shells of Kr, Xe, Bi, and
U ions by two distinct theoretical methods, i.e., the present
relativistic calculations and the revised FAC using the density
matrix formalism. Special attention is paid to L-RR. The
energy and atomic number Z dependences of L-RR x-ray
polarization are further investigated. It shows that the present
results are in good agreement with the existing experiments
for K-RR and are closer to those of L-RR than previous
FAC calculations. However, deviations still exist between the
theoretical calculations and experimental results. From the
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FIG. 5. Measurements (Bi ions at 51.1 keV [21] and Kr ions at 8.76 keV [22]) and theoretical calculations of L-RR x-ray linear
polarizations. The blue triangles and pink circles represent the calculations of NFAC with and without the configuration interaction (CI),
respectively. The black squares represent the calculations of the OFAC which are reported in previous papers.

results, the effect of the configuration interaction and the
finite nuclear size on L-RR x-ray polarization is not impor-
tant. Moreover, we found the uncertainty in ion abundance is
important for this discrepancy. For Bi ions, by considering the
1σ statistical error of abundance fitting only, our calculated
results almost reproduce the experiment within the uncertain-
ties. Due to the lack of experimental uncertainty, we do not
carry out the estimation for Kr ions. More theoretical and
experimental works are required to improve the remaining
deviations.
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