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Extending relax-and-round combinatorial optimization solvers with quantum correlations
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We introduce a relax-and-round approach embedding the quantum approximate optimization algorithm
(QAOA) with p � 1 layers. We show for many problems, including Sherrington-Kirkpatrick spin glasses, that
at p = 1, it is as accurate as its classical counterpart, and maintains the infinite-depth optimal performance
guarantee of the QAOA. Employing a different rounding scheme, we prove the method shares the performance
of the Goemans-Williamson algorithm for the maximum cut problem on certain graphs. We pave the way for
an overarching quantum relax-and-round framework with performance on par with some of the best classical
algorithms.
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I. INTRODUCTION

Solving combinatorial optimization problems [1,2], or
Ising models [3,4], is a formidable challenge connecting ba-
sic sciences, such as mathematical optimization, statistical
physics, and condensed matter, with everyday life problems
in logistics, scheduling, routing, finance, chemistry, biology,
etc. [5]. The advent of controllable quantum simulators has
inspired the development of quantum-based approaches for
tackling combinatorial optimization. Notable examples in-
clude quantum annealing [6,7] and the quantum approximate
optimization algorithm (QAOA) [8–11] for programmable
quantum computers.

These quantum approaches have been successfully imple-
mented at various scales on a wide range of platforms. For
instance, superconducting quantum computers executed the
QAOA for finding the ground state of spin glasses, solving the
maximum cut problem, and performing a machine learning
task for up to 23 qubits [12,13]. Trapped ions simulated the
QAOA for solving a long-range Ising model on 40 spins
[14]. Researchers observed a super-linear speedup in finding
the maximum independent set on various graphs up to 289
vertices using ultracold Rydberg atoms [15–17]. A supercon-
ducting quantum annealer considered a spin glass with 5000
variables [18]. Despite ever-improving practical implementa-
tions as to the number of qubits, coherence, operating fidelity,
and programmability, it remains an open question whether
quantum machines can deliver—even in the fault-tolerant
regime [19]—an advantage, in terms of speed, or the quality
of the solution, versus the best classical methods.

The quality of a solution z ∈ ZN is typically characterized
by the approximation ratio α = C(z)/C(zopt), where C(z) is
a problem-dependent objective function that scores the so-
lution and zopt is the optimal solution. Many combinatorial
optimization problems are NP-hard with no efficient way of
obtaining the optimal solution. Hence, an overarching goal is
to develop approximate algorithms that return α as close to
one as possible [20]—noting that it can also be NP-hard to
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get α past a certain threshold. Celebrated classical examples
include Goemans-Williamson algorithm for the maximum cut
problem with α � 0.878 [21], Christofides-Serdyukov α =
3/2 algorithm for the traveling salesman problem [22,23], and
the α = 7/8 approximation algorithm for the class MAX-E3-
SAT of boolean satisfiability problems [20].

One of the most promising quantum algorithms for solving
quadratic binary optimization problems on near-term quantum
computers is the QAOA [8–11]. Given an objective function

C(z) =
∑

i j

Wi j ziz j, (1)

where W ∈ RN×N is the adjacency matrix of an N-vertex undi-
rected weighted graph encoding the problem, the optimization
task is to minimize C(z) over z ∈ {±1}N . This is done by
preparing a parameterized quantum state

∣∣�〉p =
[

p∏
�=1

e−iβ�

∑N
j=1 X̂ j e−iγ�Ĉ

]
Ĥ⊗N |0〉⊗N , (2)

where Ĥ is the one-qubit Hadamard gate, X̂i is the Pauli opera-
tor on qubit i, Ĉ is the operator corresponding to the objective
function of Eq. (1) obtained by replacing the binary variables
zi with Pauli operators Ẑi, and {γ�, β�} are real-valued angles.
These angles are optimal when they minimize the expectation
value of the objective function 〈Ĉ〉p over |�〉p of Eq. (2).

The depth p acts as a control parameter of the quantum
algorithm, such that the quality of the solutions improves as
p is increased [8]. The solution from the QAOA is guaranteed
to converge to the optimal solution (α = 1) for p → +∞ due
to the adiabatic theorem [8,24]. However, it is more difficult
to ascertain its performance at low p. Yet, the low-p regime is
particularly relevant for near-term quantum devices, which in
the absence of quantum error correction [25], can only execute
shallow algorithms. In some cases, the average approximation
ratio is known for the QAOA at low p. For instance, the
average approximation ratio at p = 1 for the maximum cut
problem on random 3-regular graphs is α � 0.692 [8], and
for ring graphs is α = (2p + 1)/(2p + 2) [8,26]. For paradig-
matic Sherrington-Kirkpatrick (SK) spin glasses [27], the
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QAOA yields α � 0.397 at p = 1, and α � 0.901 at p = 20
[28,29]. Devising quantum algorithms with the lowest depth
and highest performance compared to other known algorithms
is a highly desired goal on the quest to achieving quantum
advantage.

Here, we introduce an efficient quantum relax-and-round
(QRR) algorithm that builds on top of QAOA to enhance its
approximation ratio on a range of problems. QRR requires
no more data from the quantum computer than what is al-
ready computed as part of the QAOA, making it an attractive
plug-and-play addition to quantum optimization workflows.
We show that at p = 1, QRR has the same performance as a
classical relax-and-round algorithm on a large class of prob-
lem instances, much higher than that of the raw QAOA at
p = 1. The solution from QRR converges asymptotically to
the optimal solution for p → +∞ and displays robustness to
certain types of quantum noise.

II. QUANTUM, RELAX, AND ROUND

A. The quantum relax-and-round (QRR) algorithm

Relax-and-round approaches are ubiquitous in approxi-
mate classical algorithms, such as those based on semidefinite
programming [20]. Indeed, the difficulty in solving binary
optimization problems comes from the solutions being re-
stricted to the integer domain. If this constraint is relaxed
(e.g., z ∈ {±1}N to z ∈ RN with ‖z‖ = constant), the problem
becomes an eigenvalue problem and is, therefore, solvable
efficiently. A judicious rounding scheme is then employed to
map the relaxed solution back to a valid one. For instance,
for quadratic binary optimization problems [Eq. (1)] where W
is drawn from the Gaussian orthogonal ensemble, which cor-
responds to SK spin glasses [27], a relax-and-round scheme
leads to an approximation ratio α = 2/πP∗ � 0.834 [31–33],
where P∗ is the Parisi constant [30].

Here, we propose to perform a relax-and-round step on the
correlation matrix resulting from the QAOA at depth p,

Z(p)
i j = (δi j − 1)〈ẐiẐ j〉p, (3)

where δi j is the Kronecker delta and 〈ẐiẐ j〉p is the expectation
value of the two-point correlation between qubits i and j over
|�〉p [Eq. (2)]. Specifically, we do an eigendecomposition
of Z(p) to obtain its eigenvectors {z ∈ RN }. We round the
eigenvectors entrywise to their sign {z ← sign(z) ∈ {±1}N }
to recover a valid solution to the original problem. Finally, the
best rounded eigenvector with respect to the objective function
is returned.

The intuition is that the correlation matrix elements encode
the similarity between variables i and j: A positive matrix ele-
ment means the variables zi and z j are negatively correlated in
the ensemble of measurements, and a negative element means
the variables are positively correlated in the ensemble. Thus
implementing a relax-and-round algorithm on Z(p) returns one
solution z such that pairs of variables (zi, z j ) tend to minimize
Z(p)

i j ziz j .
A similar argument explains the intuition for the classical

relax-and-round algorithm [31–33]. However, the quantum
relax-and-round algorithm is more powerful, since there can
potentially be more nontrivial information in Z(p) than in W.

For example, consider a twofold degenerate optimal solution
±zopt because of the global Z2 sign flip symmetry zi → −zi ∀i
for problems in the form of Eq. (1). In the p → +∞ limit,
the correlation matrix becomes Z(∞) = I − zopt ⊗ zopt, where
⊗ denotes the outer product and I is the identity matrix. The
second term is a rank one matrix with eigenvector ±zopt/

√
N ,

where the sign depends on the numerical solver. This eigen-
vector gets rounded to ±zopt. For problems with degenerate
optimal solutions beyond the global Z2 symmetry, vanish-
ing one-body terms limhi→0 hizi can be added to the original
objective function to favor a single solution. For a nondegen-
erate solution, the rounding procedure should attempt both
z ← ±sign(z) to ensure the optimal solution is recovered in
the infinite-depth limit.1

B. Case study: Sherrington-Kirkpatrick spin glasses

We show that the QRR at p = 1 performs as well as its clas-
sical counterpart for a large class of problems. We exemplify
this on SK spin glasses with random weights Wi �= j = ±1 [see
Figs. 1(a) and 1(b)] and extend the analysis in Appendix C.
The correlation matrix can be evaluated analytically through
back-propagation at p = 1. At the optimal angles for the
QAOA and employing a large-N expansion, the correlation
matrix elements are given by (see Appendix C for details)

lim
N→+∞

Z(p=1)
i j � Wi j√

eN
+ Ni j

eN
, (4)

where Ni j ≡ −[W2]i j/2 = −∑k WikWk j/2 measures the
sign imbalance in weights Wik and W jk for all nodes k �= i, j.
Because of the random nature of the weights, it is distributed
similarly to a random walk with a total number N/2 − 1 of ±1
steps. Consequently, W and N commute, and at the optimal
angles and large N , the adjacency and correlation matrices
also commute. Therefore they have the same eigenvectors and
the QRR implemented on Z(1) gives the same approximation
ratio α = 2/πP∗ as the classical relax-and-round algorithm
based on W. This is evidenced by the perfect agreement be-
tween marker symbols in Fig. 1(c), and between the bars for
the SK model in Fig. 2. For comparison, the raw QAOA leads
to α � 0.397 at p = 1 and crosses the threshold α � 0.838 >

2/πP∗ only for p � 11 [28].
To ascertain the performance of the QRR at finite p >

1, we perform numerical experiments (see Appendix D for
details) for finite-N SK spin glasses and report the data
in Fig. 1(c). We observe a systematic improvement as p
increases, approaching the p → ∞ value. Additional data
analyses in Appendix E show that the QRR algorithm
converges asymptotically faster to the optimal solution than
the underlying QAOA at the same depth p.

1This is because the correlation matrix Z(∞) captures zopt up to
a global sign. In practice, the eigenvectors are real and defined
up to a global ±1 sign. Either can be returned depending on the
numerical implementation of the eigendecomposition. Yet, only one
corresponds to the nondegenerate optimal solution.
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(a) (b) (c)

FIG. 1. (a) SK optimization problem instance [27] as a complete graph with N = 12 vertices. (b) The graph is encoded through adjacency
matrix W. Running the QAOA at depth p gives access to a two-point correlation matrix Z(p) [Eq. (3)] between all variables i and j of the
problem. A relax-and-round approach (QRR) is used on Z(p). (c) Numerical experiments at fixed optimal angles [28,29] for SK spin glasses.
Objective function value normalized by 2N3/2 as a function of N . Each data point is averaged over 104 to 105 independent random problem
instances. We report the value in the limit N → +∞ returned by the QAOA at p = 1 [28] and the optimal value P∗ [30].

C. Algorithmic complexity

The QRR algorithm has a complexity of O(N2) for a fixed
number nex of QAOA circuits executed. Executing one cir-
cuit takes a time ∼pN [34] for SK instances. Building the
correlation matrix takes a time ∼N2, and assuming that the
desired eigenvector is within the leading k � N ones, the
leading k eigenvectors of the correlation matrix Z(p) can be
found in ∼N2 operations. Finally, the rounding requires ∼N
steps and computing the objective function value ∼N2, i.e.,
the number of edges in the graph. We study numerically the
algorithmic time complexity of these steps in Appendix H.
To date, the best performing classical algorithm for SK prob-
lems is an approximate message-passing algorithm that can
return a solution with approximation ratio α = 1 − ε and
complexity ∼Q(ε)N2, where Q(ε) is an inverse polynomial
of ε controlling the desired accuracy [35]. We note that there

FIG. 2. Approximation ratio for different problem types at a
fixed size N : SK with random ±1 weights (SK), unit-weight random
3-regular graphs (3REG), random Newman-Watts-Strogatz small-
world graphs with weights uniformly distributed on the unit line
(NWS), and random Barabási-Albert graphs with weights drawn
from a normal distribution (BA). Data are averaged between 103

to 104 independent random problem instances. For each case, the
left-most dashed bar is the result of the classical relax-and-round on
W. Subsequent bars show data from the QAOA and QRR algorithms
at depth p.

is a nontrivial control of the desired accuracy with the circuit
depth p in the quantum case. In particular, there is an overhead
in the QAOA algorithm for finding the optimal angles which
are only known up to p � 17 [28,29]—an overhead which
could scale exponentially with N and p [36,37]. Besides, we
find in Appendix G that achieving optimal accuracy with the
QRR algorithm requires a number of circuit executions for
computing the correlation matrix elements going as nex ∼ Nκ ,
where κ ≈ 1.5 for p = 1 and where, by definition, κ → 0 for
p → +∞.

D. Robustness to noise and near-term friendliness

The QRR algorithm is robust to certain types of incoher-
ent quantum noise such as those captured by a depolarizing
noise channel. Under this channel, the system is in the mixed
state [38], ρ̂p,F = F |�〉〈�|p + (1 − F )Î/2N , where Î is the
N-qubit identity matrix and F ∈ [0, 1] the total circuit fidelity.
The expectation value of the two-point correlation of Eq. (3)
reads

Z(p,F )
i j = (δi j − 1) tr(ρ̂p,F ẐiẐ j ) = F Z(p,F=0)

i j , (5)

which is just a rescaling of the noiseless correlation matrix
by the total fidelity F . Therefore the eigenvectors of Z(p,F )

i j
and the relax-and-round approach are unaffected by depolar-
izing noise. In practice, simulating an N-variable SK problem
requires a minimum of pN2 two-qubit gates [34]. Assum-
ing the average gate fidelity is f ∈ [0, 1], and that errors
are uncorrelated, the circuit fidelity is F � f pN2

. Thus an
exponentially large number of circuit executions nex is re-
quired to obtain a reliable signal-to-noise ratio

√
nex f pN2 � 1.

Depending on the problem (N), circuit (p), and hardware
( f ), the algorithm can remain practical in the absence of
quantum error correction [25]. In particular, the algorithm
is based on expectation values, enabling expectation-based
error mitigation techniques [39] which are otherwise inappli-
cable with the QAOA for mitigating solutions. This reinforces
its usability on the current generation of noisy quantum
hardware.
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E. Practical performance

We perform numerical experiments on various types of
graph problems in the form of Eq. (1) (see Appendix A),
and report the approximation ratio in Fig. 2. At p = 1, we
empirically find that the QRR algorithm is always at least
on par with its classical counterpart. For unit-weight random
3-regular graphs, this is because the adjacency and correlation
matrices commute in the large N limit (see Appendix F),
similar to SK problems. For the other two cases, the QRR
algorithm outperforms the classical one. This is confirmed
numerically on much larger problem instances up to N = 256
in Appendix I. As p increases and correlations get closer to
that of the optimal solution, we find a systematic improvement
in the QRR algorithm’s results. Moreover, the approximation
ratio is always larger than that of the underlying QAOA at the
same depth p.

F. Quantum-flavored version of the Goemans-Williamson
algorithm for the maximum cut problem

Noting that the classical relax-and-round algorithm that
we used as a baseline does not have a performance guar-
antee for problems besides SK spin glasses, including the
various types of graphs in Fig. 2, next we exemplify how the
QRR algorithm can be modified such that it analogizes other
classical algorithms with a performance guarantee. As a con-
crete example, we consider the Goemans-Williamson (GW)
algorithm.

In the GW algorithm, the optimization task is to find the
maximum cut of a graph, which is given by maximizing the
objective function C(z) =∑i j Li j ziz j/4 subject to z ∈ {±1}N ,
where L = D − W is the Laplacian matrix with Wi j � 0 and
Di j = δi j

∑
k Wik is the degree matrix. The largest eigenvalue

of NL/4 gives an upper bound to the actual maximum cut
C(zopt) [40–43]. Noting that the objective function C(z) is
invariant under the transformation D → D + diag(u), where
diag(u) is a traceless diagonal matrix formed by the so-called
correcting vector u ∈ RN , it follows that the maximum cut is
also bounded by max‖z‖=1 zT N

4 [D − W + diag(u)]z for any
vectors

∑
i ui = 0 and z ∈ RN . Thus one can make the eigen-

value bound tighter by implementing the relax-and-round
algorithm on the following u-augmented version. First, solve

min∑
i ui=0

max
‖z‖=1

zT N

4
[D − W + diag(u)]z, (6)

and then sign-round the leading eigenvector z ∈ RN . This is
equivalent to the GW algorithm and guarantees a maximum
cut such that α � 0.878 [21,40–43]. A first task for this clas-
sical relaxed problem is to find the optimal correcting vector
uopt minimizing the maximum eigenvalue, which is an upper
bound to the optimal solution C(zopt). Finding uopt is a convex
optimization problem, and thus numerically straightforward
[41–43].

Equation (6) can naturally be adapted to our QRR algo-
rithm by replacing W with Z(p). In some cases, the quantum
relax-and-round algorithm with D − Z(1) + diag(u) can be
analytically shown to perform at least as well as than the
classical relax-and-round algorithm on D − W + diag(u) for
some correcting vectors u.

(a)

(d)

(b)

(c)

FIG. 3. Left: Maximum cut on unit-weight random 3-regular
graphs (3REG). Right: Weighted maximum cut on random Newman-
Watts-Strogatz small-world graphs with weights uniformly dis-
tributed on the unit line (NWS). Comparison of the GW algorithm
with the QRR algorithm and the QAOA at depth p. (Top) Density
of edges cut C(z)/

∑
i j Wi j for different problem sizes N at p = 1.

(Bottom) Approximation ratio versus p at fixed N = 16. Data are
averaged between 103 to 104 independent random problem instances.

As a first example, we show this in the p → +∞
limit, where Z(∞) = I − zopt ⊗ zopt. Choosing diag(u) =
tr(D)I/N − D makes the eigenvalue problem trivial. The lead-
ing eigenvector is ±zopt/

√
N , which gets rounded to ±zopt.

Our second example is for certain vertex-transitive graphs.
Due to the vertex-transitive nature, all the elements ui are
equal, and this is valid in both the classical and quantum
algorithms. Since

∑
i ui = 0, each element ui is, therefore,

zero [41–43]. For such graphs, the degree matrix D is
proportional to the identity matrix. Thus the classical and
QRR algorithms round the leading eigenvectors of −W and
−Z(p), respectively. The last step is to show that the leading
eigenvector is the same in both cases, which is verified for
ring and complete graphs (see also Appendix K).

We emphasize that the performance guarantee of the clas-
sical GW algorithm is agnostic to the graph, and showing
whether a similarly strong statement can be made for the
quantum version remains an open question for future work.
Regardless, numerical experiments in Fig. 3 show that the
QRR is a powerful heuristic even without theoretically es-
tablished performance guarantees, on par with the classical
version at p = 1—and surpassing it for p > 1.

III. CONCLUSION

Our approach can embed other algorithms than the
QAOA and directly applies to higher-order problems and
those with one-body terms. For instance, we consider in
Appendix J the maximum independent set problem on
random unit disk graphs using a quantum annealing protocol.
It is a straightforward testbed for Rydberg atoms thanks
to their intrinsic blockade mechanism acting as a penalty
for nonindependent set solutions [15–17,44,45]. A penalty
disfavors invalid solutions but will not prevent them outside
the p → +∞ limit. Here, the QRR algorithm provides a
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heuristic to post-process for hard constraints: The squared
values of the normalized eigenvectors of the correlation
matrix Z(p) can be interpreted as probabilities to belong to
their ±1 sign-rounded groups. For instance, this probabilistic
interpretation can guide a post-processing greedy approach
for resolving out-of-constraint solutions, such as the one em-
ployed for maximum independent set problems with Rydberg
atoms [15].

Furthermore, algorithms iteratively freezing variables to
their classical values through consecutive executions of the
QAOA on smaller and smaller problems [46–49] can also
leverage this probabilistic interpretation as a natural freezing
selection strategy.

A slightly different version of our algorithm would opti-
mize the QAOA angles {γ,β}p with respect to the solution
returned by relax-and-round step instead of 〈Ĉ〉p directly. In
addition to the proven guarantees at p = 1 and p → +∞, this
variant would ensure that the QRR algorithm with p layers is
necessarily at least as good as the QRR algorithm with p − 1
layers for all p, with the lower bound obtained by setting the
variational angles γp = βp = 0.

Relax-and-round strategies are at the roots of classical
semidefinite programming methods—which are some of the
best combinatorial problem solvers [20]. This makes our algo-
rithm a fierce competitor and paves the way toward a quantum
advantage for combinatorial optimization.
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APPENDIX A: DEFINITION OF PROBLEM
AND GRAPH TYPES

We define the different problem and graph types consid-
ered throughout this work. The objective function of the fol-
lowing problems, that one seeks to minimize, is defined over a
graph. The structure of the graph is encoded into its adjacency
matrix W with Wii=0 and Wi �= j the weight between vertices
i and j (it is zero for nonadjacent vertices). The following
problem types define effectively different adjacency matrices
W. When needed for numerical experiments, we generate
these graphs using the PYTHON package NETWORKX [50].

(1) Sherrington-Kirkpatrick (SK) with random ±1 weights.
SK problem instances [27] can be represented as complete
graphs (i.e., all-to-all) with a random ±1 weight of equal
probability between all vertices.

(2) Random 3-regular graphs with a unit weight. Random
3-reguar graphs correspond to graphs where each vertex is
connected to three other vertices. The weight of the edges
connecting those vertices is chosen to be one.

(3) Random Newman-Watts-Strogatz small-world graphs
with uniform random weights on the unit line. The first step
for building a Newman-Watts-Strogatz graph is to construct a
ring graph. Then, an edge is added between all next-nearest
neighbors, i.e., each node is connected to its k = 4 nearest
neighbors. Then, with probability p = 1/2, we randomly pick
an edge between vertices i and j, and rewire it to vertices i
and k [51]. Finally, each edge is given a random weight drawn
uniformly from the range [0,1].

(4) Random Barabási-Albert graphs with normally dis-
tributed random weights. The first step for building a
Barabási-Albert graph with N vertices is to generate a star
graph with N/4 + 1 vertices. Then, the graph is grown by
attaching new 3N/4 − 1 nodes each with m = N/4 edges that
are preferentially attached to existing nodes with high degree
[52]. Finally, a random weight drawn from a normal distribu-
tion of mean zero and unit variance is given to each edge.

(5) The ring graph. The ring graph is a d = 2 regular graph
with unit weight on the edges.

(6) The Bethe lattice. The Bethe lattice is an infinite con-
nected cycle-free graph where all vertices have the same
number of nearest neighbors. We consider the unit-weight
Bethe lattice with d nearest neighbors.

(7) The ring graph with additional next-nearest neighbor.
The starting point is the ring graph. Then, a connection be-
tween next-nearest neighbors is added. Thus each node has
four connections. Each edge has unit weight.

(8) The honeycomb lattice. The honeycomb lattice is a
hexagonal Bravais lattice with two nodes per unit cell. Each
vertex has degree three. We either consider infinite honey-
comb lattices, or lattices with periodic boundary conditions.
Each edge has unit weight.

(9) Random two-dimensional geometric graphs. The
graphs are generated by placing uniformly at random N ver-
tices in the unit plane of dimensions 1 × 1. Then, nodes are
connected by an edge if they are within an euclidean distance
of r = √

ρ/N . Here ρ is a parameter of the graph leading to
an average vertex degree for the nodes of πρ. This graph is
also known as random unit disk by rescaling r → 1 and the
dimension of the plane to

√
N/ρ × √

N/ρ.

APPENDIX B: ANALYTICAL EXPRESSION
FOR THE EXPECTATION VALUES

IN THE QAOA at p = 1

We calculate analytically the expectation value of the two-
point correlation function 〈ẐiẐ j〉1 from the quantum state |�〉1

resulting from a one-layer (p = 1) QAOA circuit. We denote
C(z) =∑i j Wi j ziz j the objective function for a graph prob-
lem with adjacency matrix W and Ising variables zi = ±1.
The quantum state reads

|�〉1 = e−iβ1
∑N

j=1 X̂ j e−iγ1ĈĤ⊗N |0〉⊗N , (B1)

where Ĥ is the one-qubit Hadamard gate, X̂i is the Pauli
operator on qubit i, Ĉ is the operator corresponding to the
objective function obtained by substituting the binary vari-
ables zi for Pauli operators Ẑi, and {γ1 ≡ γ , β1 ≡ β} are
real-valued angles. Hence, the expectation value of the two-
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point correlation function reads

〈ẐiẐ j〉1 = 〈+|eiγ Ĉeiβ
∑N

j=1 X̂ j ẐiẐ je
−iβ

∑N
j=1 X̂ j e−iγ Ĉ |+〉, (B2)

where

|+〉 ≡ Ĥ⊗N |0〉⊗N =
( |0〉 + |1〉√

2

)⊗N

, (B3)

corresponds to an equal superposition of all the basis states.
The inner term eiβ

∑N
j=1 X̂ j ẐiẐ je

−iβ
∑N

j=1 X̂ j involves exponentials
of sum of terms acting independently on the qubits and can be

easily expanded to

eiβ
∑N

j=1 X̂ j ẐiẐ je
−iβ

∑N
j=1 X̂ j

= [cos(2β )Ẑi + sin(2β )Ŷi][cos(2β )Ẑ j + sin(2β )Ŷj],

(B4)

where Ŷi is the Pauli operator acting on qubit i. Expanding this
product gives four terms. To compute 〈ẐiẐ j〉, one should first
multiply these four terms on either side by eiγ Ĉ and e−iγ Ĉ , and
then compute the expectation value with respect to |+〉. We
use the Baker-Campbell-Hausdorff formula to write

eiγ Ĉ ẐiẐ je
−iγ Ĉ = ẐiẐ j, (B5)

eiγ Ĉ ẐiŶje
−iγ Ĉ = Ẑi

[
cos

(∑
k

2γ W jk Ẑk

)
Ŷj + sin

(∑
k

2γ W jk Ẑk

)
X̂ j

]
, (B6)

eiγ ĈŶiẐ je
−iγ Ĉ =

[
cos

(∑
k

2γ Wik Ẑk

)
Ŷi + sin

(∑
k

2γ Wik Ẑk

)
X̂i

]
Ẑ j, (B7)

eiγ ĈŶiŶje
−iγ Ĉ =

[
cos

(∑
k

2γ Wik Ẑk

)
Ŷi + sin

(∑
k

2γ Wik Ẑk

)
X̂i

][
cos

(∑
k

2γ W jk Ẑk

)
Ŷj + sin

(∑
k

2γ W jk Ẑk

)
X̂ j

]
. (B8)

In Eqs. (B5)–(B8), all the arguments inside the cosine and sine functions commute with each other. Therefore we can use standard
trigonometric formulas to expand the cosines and sines. Specifically, cos(A + B) = cos A cos B − sin A sin B and sin(A + B) =
sin A cos B + cos A sin B.

Next, we compute expectation values of Eqs. (B5)–(B8) with respect to |+〉, one by one. The expectation value of Eq. (B5) is
zero due to the global Z2 sign flip symmetry of the objective function, i.e, 〈+|ẐiẐ j |+〉. The expectation value of the first term in
Eq. (B6) is also zero, because the expectation value must be real but Ŷi has a purely imaginary matrix. For the same reason, the
first term in Eq. (B7), and two out of four terms in Eq. (B8) are zero

〈+|Ẑi cos

(∑
k

2γ W jk Ẑk

)
Ŷj |+〉 = 0, (B9)

〈+| cos

(∑
k

2γ Wik Ẑk

)
ŶiẐ j |+〉 = 0, (B10)

〈+| cos

(∑
k

2γ Wik Ẑk

)
Ŷi sin

(∑
k

2γ W jk Ẑk

)
X̂ j |+〉 = 0, (B11)

〈+| sin

(∑
k

2γ Wik Ẑk

)
X̂i cos

(∑
k

2γ W jk Ẑk

)
Ŷj |+〉 = 0. (B12)

The second term in Eq. (B6) is 〈+|Ẑi sin(
∑

k 2γ W jk Ẑk )X̂ j |+〉. The state |+〉 is an eigenstate of X̂ j , so we replace X̂ j with its
eigenvalue: one. We expand the sine function and obtain

〈+|Ẑi sin

(∑
k

2γ W jk Ẑk

)
|+〉 = 〈+|Ẑi sin

(
2γ Wi j Ẑi

)
cos

⎛
⎝∑

k �=i, j

2γ W jk Ẑk

⎞
⎠+ Ẑi cos

(
2γ Wi j Ẑi

)
sin

⎛
⎝∑

k �=i, j

2γ W jk Ẑk

⎞
⎠|+〉.

(B13)

The second term in Eq. (B13), 〈+|Ẑi cos(2γ Wi j Ẑi ) · · · |+〉 evaluates to zero due to the Z2 symmetry. The first term is nonzero.
Using the identity that sin(2γ Wi j Ẑi ) = Ẑi sin(2γ Wi j ), it reduces to sin(2γ Wi j )〈+| cos(

∑
k �=i, j 2γ W jk Ẑk )|+〉. Now, repeatedly

expanding the cosine again, and using Z2 symmetry to send appropriate terms to zero at each step, we are left with

〈+|Ẑi sin

(∑
k

2γ W jk Ẑk

)
X̂ j |+〉 = sin(2γ Wi j )

∏
k �=i, j

cos(2γ W jk ). (B14)
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A similar argument to above yields that the second term in Eq. (B7) is

〈+| sin

(∑
k

2γ Wik Ẑk

)
X̂iẐ j |+〉 sin(2γ Wi j )

∏
k �=i, j

cos(2γ Wik ). (B15)

The nonzero terms in Eq. (B8) are 〈+| cos(
∑

k 2γ Wik Ẑk )Ŷi cos(
∑

k 2γ W jk Ẑk )Ŷj |+〉 and 〈+| sin(
∑

k 2γ Wik Ẑk )X̂i

sin(
∑

k 2γ W jk Ẑk )X̂ j |+〉. Note that X̂i commutes with sin(
∑

k 2γ Wik Ẑk ) and recall that |+〉 is an eigenstate of X̂i. First,
let us compute

〈+| sin

(∑
k

2γ Wik Ẑk

)
X̂i sin

(∑
k

2γ W jk Ẑk

)
X̂ j |+〉 = 〈+| sin

(∑
k

2γ Wik Ẑk

)
sin

(∑
k

2γ W jk Ẑk

)
|+〉. (B16)

We use the trigonometric formula sin A sin B = 1
2 [cos(A − B) − cos(A + B)] and obtain

〈+| sin

(∑
k

2γ Wik Ẑk

)
sin

(∑
k

2γ W jk Ẑk

)
|+〉

= 1

2
〈+| cos

[∑
k

2γ
(
Wik + W jk

)
Ẑk

]
|+〉 − 1

2
〈+| cos

[∑
k

2γ
(
Wik − W jk

)
Ẑk

]
|+〉. (B17)

Repeatedly expanding the cosines and using Z2 symmetry at each step to keep only nonzero terms, it simplifies to

〈+| sin

(∑
k

2γ Wik Ẑk

)
sin

(∑
k

2γ W jk Ẑk

)
|+〉 = 1

2

∏
k

cos 2γ (Wik − W jk ) − 1

2

∏
k

cos 2γ (Wik + W jk )

= cos2(2γ Wi j )

2

∏
k �=i, j

cos 2γ (Wik − W jk )

− cos2(2γ Wi j )

2

∏
k �=i, j

cos 2γ (Wik + W jk ). (B18)

Next, let us compute

〈+| cos

(∑
k

2γ Wik Ẑk

)
Ŷi cos

(∑
k

2γ W jk Ẑk

)
Ŷj |+〉 = 〈+|Ŷi cos

(∑
k

2γ Wik Ẑk

)
cos

(∑
k

2γ W jk Ẑk

)
Ŷj |+〉. (B19)

Using the trigonometric formula cos A cos B = 1
2 [cos(A + B) + cos(A − B)], repeatedly expanding the cosines, and again using

Z2 symmetry, we obtain

〈+| cos

(∑
k

2γ Wik Ẑk

)
Ŷi cos

(∑
k

2γ W jk Ẑk

)
Ŷj |+〉 = sin2(2γ Wi j )

2

∏
k �=i, j

cos 2γ (Wik − W jk ) − sin2(2γ Wi j )

2

∏
k �=i, j

cos 2γ

× (Wik + W jk ). (B20)

Finally, adding together the results from Eqs. (B9), (B14), (B15), (B18), and (B20), and multiplied by the right coefficients, the
two-point correlation between variables i and j after a one-layer (p = 1) QAOA circuit reads

〈ẐiẐ j〉1 = sin
(
2β
)

cos
(
2β
)

sin
(
2γ Wi j

)⎡⎣∏
k �=i, j

cos
(
2γ Wik

)+
∏

k �=i, j

cos
(
2γ W jk

)⎤⎦

− sin2(2β )

2

[∏
k �=i, j

cos 2γ (Wik + W jk ) −
∏

k �=i, j

cos 2γ (W jk − Wik )

]
. (B21)

It follows that the expectation value of the objective function is

〈Ĉ〉1 =
∑

i j

Wi j

⎧⎨
⎩sin(2β ) cos(2β ) sin(2γ Wi j )

⎡
⎣∏

k �=i, j

cos(2γ Wik ) +
∏

k �=i, j

cos(2γ W jk )

⎤
⎦

− sin2(2β )

2

⎡
⎣∏

k �=i, j

cos 2γ (Wik + W jk ) −
∏

k �=i, j

cos 2γ (W jk − Wik )

⎤
⎦
⎫⎬
⎭. (B22)
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APPENDIX C: ANALYTICAL RESULTS
FOR THE QRR ALGORITHM

1. Sherrington-Kirkpatrick with random ±1 weights

a. Rewriting the correlation matrix

We define the correlation matrix element Z(p=1)
i j = (δi j −

1)〈ẐiẐ j〉1, where δi j the Kronecker delta. For N → +∞, it
is shown that the optimal QAOA angles are β = −π/8 and
γ � 1/2

√
N [28]. Plugging this in Eq. (B21), it follows:

−Z(p=1)
i �= j =

(
−

√
2

2

)(√
2

2

)
sin

(
Wi j√

N

)
2 cosN−2

(
1√
N

)

− 1

4

⎡
⎣∏

k �=i, j

cos

(
Wik + W jk√

N

)

−
∏

k �=i, j

cos

(
W jk − Wik√

N

)⎤⎦. (C1)

We use sin x ∼ x for x � 1 and cosx−2(1/
√

x) ∼ e−1/2 for
x → +∞

Z(p=1)
i �= j = Wi j

1√
eN

+ 1

4

⎡
⎣∏

k �=i, j

cos

(
Wik + W jk√

N

)

−
∏

k �=i, j

cos

(
W jk − Wik√

N

)⎤⎦. (C2)

If we compare terms for a given k one by one in the two
products above, one is equal to 1 while the other is equal
to cos(2/

√
N ). We denote Ki j ∈ [0, N − 2] as the number of

times W jk − Wik �= 0 for the edge (i, j). Then

Z(p=1)
i �= j = Wi j

1√
eN

+ 1

4

[
cosN−2−Ki j

(
2√
N

)
− cosKi j

(
2√
N

)]
. (C3)

The distribution of Ki j follows from a discrete one-
dimensional random walk with steps +1 or 0 of equal
probability. On average, E[Ki j] = N/2 − 1, and for a given
walk, we denote Ni j ∈ [−N/2 + 1, N/2 − 1] the distance
from the expected average position. This is now a random
walk on the variable Ni j with step ±1 and a total number of
step of N/2 − 1. We introduce

Vi �= j
(
N
) =

√
eN

4
cosN/2−1

(
2√
N

)

×
[

cos−Ni j

(
2√
N

)
− cosNi j

(
2√
N

)]
, (C4)

which implies that

lim
N→+∞

Vi �= j (N ) ∼ Ni j√
eN

. (C5)

In the limit of large N , because Ni j is normally distributed
with mean zero and variance N/4, Vi j also follows a normal

distribution with mean zero and variance 1/4e. We write

Z(p=1)
i �= j = 1√

eN
(Wi j + Vi j ). (C6)

b. Equivalence with classical relax-and-round approach

In the large-N limit, we show that the matrices W and
Z(p=1) share the same eigenvectors, and thus provide the same
solution when used in the relax-and-round approach. To do
so, we show that W and V commute (this also assumes that
W has distinct eigenvalues, or that V does). For this, we first
write 2Ni j = −∑k WikWk j . We have

[W, Z(p=1)] = [W, V] = [WV]i j − [VW]i j

= 1√
eN

(∑
k

WikNk j −
∑

k

NikWk j

)

= 1

2
√

eN

⎛
⎝∑

k,q

WiqWqkWk j −
∑
k,q

WikWkqWq j

⎞
⎠

= 1

2
√

eN
([W3]i j − [W3]i j ) = 0. (C7)

This proves that in the large-N limit, W and V share the same
eigenvectors—although they may not be ordered in the same
way with respect to their corresponding eigenvalues. Thus
the relax-and-round approach based on Z(p=1) has the same
solution as the classical RR algorithm based on W.

2. Unit-weight d-regular graphs

a. The correlation matrix

We consider unit-weight d-regular graphs, i.e., graphs
where each node is connected to exactly d others. The weights
Wi j of the adjacency matrix of the graph are 1 if two nodes
are connected, and 0 otherwise. The correlation matrix el-
ement Z(p=1)

i j = (δi j −1)〈ẐiẐ j〉1 where δi j is the Kronecker
delta, reads

−Z(p=1)
i �= j = Wi j × sin(2β ) cos(2β ) sin(2γ ) cosd−1(2γ )

− sin2(2β )

2

[ ∏
k �=i, j

cos 2γ (Wik + W jk )

−
∏

k �=i, j

cos 2γ (W jk − Wik )

]
. (C8)

We introduce the scalar number

f = −2 sin(2β ) cos(2β ) sin(2γ ) cosd−1(2γ ) (C9)

and rewrite the correlation matrix as

Z(p=1)
i �= j = f

(
Wi j + tan(2β )

4 tan(2γ ) cosd (2γ )

×
[∏

k �=i, j

cos 2γ (Wik + W jk )

−
∏

k �=i, j

cos 2γ (W jk − Wik )

])
. (C10)
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For a pair of nodes (i, j), we denote νi j as the number of nodes
k �= i, j which are nearest neighbors to both i and j but for
which i and j are not nearest neighbors (Wi j = 0). Then,

(1) there will be a total of 2d − νi j � 0 nontrivial nonunit
terms in the first product. When both i and j are nearest
neighbors with k, we get a contribution cos 4γ . When k is
the nearest neighbor of either i or j, we get a contribu-
tion cos 2γ . Else the contribution is trivially cos 0 = 1. Thus∏

k �=i, j cos 2γ (Wik + W jk ) = cosνi j (4γ ) cos2d−2νi j (2γ ).
(2) For the second product, we get nontrivial nonunit

terms only if k is a nearest neighbor to either i or j, but not
both. Thus

∏
k �=i, j cos 2γ (Wik − W jk ) = cos2d−2νi j (2γ ).

For a pair of nodes (i, j), we denote λi j as the number of
nodes k �= i, j which are nearest neighbors to both i and j and
for which i and j are also nearest neighbors (Wi j = 1). Then,

(3) each node i and j has a total of d − 1 nearest neighbors
others than j and i, respectively. When k is nearest neighbor
with both i and j, the first product will give a contribution
cos 4γ . When k is the nearest neighbor of either i or j, but
not both, we get a contribution cos 2γ . Else, the contribution
will be trivially cos 0 = 1. Thus

∏
k �=i, j cos 2γ (Wik + W jk ) =

cosλi j (4γ ) cos2d−2−2λi j (2γ ).
(4) For the second product, we get trivial unit contribu-

tions for triangles and when k is neither a nearest neighbor of i
nor of j. Thus

∏
k �=i, j cos 2γ (W jk − Wik ) = cos2d−2−2λi j (2γ ).

Plugging everything together, we get

Z(p=1)
i �= j

f
= Wi j + tan(2β )

4 tan(2γ ) cosd (2γ )

×
⎧⎨
⎩

cos2d−2νi j (2γ )[cosνi j (4γ ) − 1] if Wi j = 0

cos2d−2−2λi j (2γ )[cosλi j (4γ ) − 1] if Wi j = 1

(C11)

which we can rewrite in a single expression

Z(p=1)
i �= j

f
= Wi j + tan(2β ) cosd (2γ )

4 tan(2γ )

× {(1 − Wi j ) cos−2νi j (2γ )[cosνi j (4γ ) − 1]

+ Wi j cos−2−2λi j (2γ )[cosλi j (4γ ) − 1]}. (C12)

We can express λi j and νi j directly with the weights. We
introduce ni j =∑k WikWk j , which counts the number of
times nodes i and j share a common nearest neighbor k, and
this is independent of whether i and j are nearest neighbors
themselves. We note that ni j is different than Ni j previ-
ously introduced for the SK problems. Therefore we can
write

λi j = Wi jni j, and νi j = (1 − Wi j )ni j = ni j − λi j, (C13)

and express Z(p=1)
i �= j as a function of λi j and ni j exclusively

Z(p=1)
i �= j

f
= Wi j + tan(2β ) cosd (2γ )

4 tan(2γ )

× {(1 − Wi j ) cos−2ni j+2λi j (2γ )[cosni j−λi j (4γ ) − 1]

+ Wi j cos−2−2λi j (2γ )[cosλi j (4γ ) − 1]}. (C14)

b. The ring graph

We consider the special case of a d = 2 regular graph with
unit weight, which is a ring. In that case, λi j = 0 ∀i, j and
ni j = 1 if and only if i and j are next-nearest neighbors, and
zero otherwise. If i and j are next-nearest neighbors, then by
definition, Wi j = 0. We get

Z(p=1)
i j

f
= Wi j + ni j

tan(2β )

4 tan(2γ )
[cos(4γ ) − 1]. (C15)

Ordering the variables according to the ring structure makes
the matrix Z(p=1) circulant with an entry when (i, j) are
nearest- and next-nearest neighbors. Its eigenvectors are
the Fourier modes. Because, the adjacency matrix W of
the problem is also circulant, it shares the same eigenvec-
tors as Z(p=1). Thus the QRR algorithm on Z(p=1) has the
same solution as the classical RR algorithm on W. For an
even number of variables, one of such Fourier modes is
|φ〉 = (+1,−1,+1, . . . ,−1)T /

√
N , which solves the initial

problem exactly when rounded. It follows that the QRR al-
gorithm at p = 1 also solves the ring graph exactly. The
result holds independently of the value of the QAOA an-
gles β and γ . For completeness, the optimal angles are
β = γ = π/8 and the correlation matrix takes the following
form:

Z(p=1)=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1
2 − 1

8 0 · · · 0 − 1
8

1
2

1
2 0 1

2 − 1
8 0 . . . 0 − 1

8

− 1
8

1
2 0 1

2 − 1
8 0 . . . 0

0 . . .
. . .

. . .
. . .

. . .
. . .

...

...
...

...
...

...
...

...
...

− 1
8 0 . . . · · · − 1

8
1
2 0 1

2
1
2 − 1

8 0 · · · 0 − 1
8

1
2 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(C16)

with minimum eigenvalue 4/5 and corresponding eigenvector
|φ〉 = (+1,−1,+1, . . . ,−1)T /

√
N . Thus the leading eigen-

vector of the correlation matrix is the optimal solution to the
problem.

c. The Bethe lattice

The result for the Bethe lattice extends straightforwardly
the result for the ring graph. We consider a unit-weight Bethe
lattice where each node has d nearest neighbors. In that case,
λi j = 0 ∀i, j and ni j = 1 if and only if i and j are next-nearest
neighbors, and zero otherwise. If i and j are next-nearest
neighbors, then by definition, Wi j = 0. We get

Z(p=1)
i j

f
= Wi j + tan(2β ) cosd−2(2γ )

4 tan(2γ )

× [cos(4γ ) − 1]

(∑
k

WikWk j

)
. (C17)

012429-9



MAXIME DUPONT AND BHUVANESH SUNDAR PHYSICAL REVIEW A 109, 012429 (2024)

We now compute the commutator

[WZ(p=1)]i j − [Z(p=1)W]i j = f
tan(2β ) cosd−2(2γ )

4 tan(2γ )
[cos(4γ ) − 1]

(∑
k,q

WikWkqWq j −
∑
k,q

WikWkqWq j

)

= f
tan(2β ) cosd−2(2γ )

4 tan(2γ )
[cos(4γ ) − 1]([W3]i j − [W3]i j ) = 0. (C18)

Thus the QRR algorithm on Z(p=1) has the same solution as
the classical RR algorithm on W.

d. The ring graph with additional next-nearest
neighbor connections

We consider the special case of a d = 4 regular graph
with unit weight, which is a ring with additional next-nearest
neighbor connections between the vertices. In that case, λi j =
0, 1, or 2, and νi j = 0, 1, or 2. When limited to these values,
we have the trigonometric identity

cos−2νi j (2γ )[cosνi j (4γ ) − 1] = −2νi j tan2(2γ )

for νi j ∈ {0, 1, 2}(νi j ↔ λi j ). (C19)

Thanks to the linearization with respect to νi j and λi j , we get

Z(p=1)
i �= j

f
= Wi j − 1

2
tan(2β ) cos4(2γ ) tan(2γ )

× [(1 − Wi j )νi j + Wi j cos−2(2γ )λi j]. (C20)

We recall that we consider a graph with unit weights
where Wi j = 0, 1. There is redundancy because νi j = 0 when
Wi j = 1 and λi j = 0 when Wi j = 0. Thus we drop Wi j and
(1 − Wi j ) in the second term

Z(p=1)
i �= j

f
= Wi j − 1

2
tan(2β ) cos4(2γ ) tan(2γ )

× [νi j + cos−2(2γ )λi j]. (C21)

We now express νi j and λi j in terms of ni j and Wi j

Z(p=1)
i �= j

f
= Wi j − 1

2
tan(2β ) cos4(2γ ) tan(2γ )

× [(1 − Wi j )ni j + Wi jni j cos−2(2γ )]

= Wi j − 1

2
tan(2β ) cos4(2γ ) tan(2γ )ni j

× {1 + Wi j[cos−2(2γ ) − 1]}
= Wi j − ni j

2
tan(2β ) cos4(2γ ) tan(2γ )

− ni jWi j

2
tan(2β )

× cos4(2γ ) tan(2γ )[cos−2(2γ ) − 1]. (C22)

Depending on (i, j), there are four possible cases for large N :
(5) if i and j are nearest neighbors, then Wi j = 1 and ni j =

2,

(6) if i and j are next-nearest neighbors, then Wi j = 0 and
ni j = 1,

(7) if i and j are next-next-nearest neighbors, then Wi j =
0 and ni j = 2,

(8) if i and j are next-next-next-nearest neighbors, then
Wi j = 0 and ni j = 1.

Ordering the variables according to the ring structure
makes the matrix Z(p=1) circulant. Its eigenvectors are the
Fourier modes. Because, the adjacency matrix W of the prob-
lem is also circulant, it shares the same eigenvectors as Z(p=1).
Thus the QRR algorithm based on Z(p=1) has the same so-
lution as the classical RR algorithm on W. When N is a
multiple of 4, it is known [53] that the ground state of the
initial Ising model is the antiphase “〈2〉” state in the form
± ± ∓ ∓ ± ± . . . ∓ ∓ with four-fold degeneracy by translat-
ing this state by one, two, or three entries. Because this sign
structure is captured by a Fourier mode, the QRR algorithm
based on Z(p=1) solves this problem exactly, as does the RR
algorithm on W.

e. The complete graph

The adjacency matrix W of a unit-weight complete graph
is filled with ones except on its diagonal which is zero. The
QAOA circuit conserves the symmetry of this graph, resulting
in a correlation matrix Z(p) ∝ W. Hence, they trivially share
the same eigenvectors and their eigenvalues are equivalent up
to a global rescaling factor.

f. Circulant graphs

For circulant graphs, the QAOA circuit will lead to a corre-
lation matrix Z(p) which is also circulant. The eigenvectors of
circulant matrices are Fourier modes. Thus both W and Z(p)

will share the same eigenvectors. This is the property we used
previously for the cycle graph and cycle graph with additional
edges between next-nearest neighboring vertices.

g. The honeycomb lattice

We can extend the above calculations to a two-dimensional
honeycomb lattice, either infinite or with periodic bound-
ary conditions for simplicity. It has d = 3, λi j = 0 ∀i, j and
ni j = 1 if and only if i and j are next-nearest neighbors, and
zero otherwise. If i and j are next-nearest neighbors, then by
definition, Wi j = 0. We get

Z(p=1)
i j

f
= Wi j + tan(2β ) cos2(2γ )

4 sin(2γ )

× [cos(4γ ) − 1]

(∑
k

WikWk j

)
. (C23)
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We now compute the commutator

[WZ(p=1)]i j − [Z(p=1)W]i j = f
tan(2β ) cos2(2γ )

4 sin(2γ )
[cos(4γ ) − 1]

(∑
k,q

WikWkqWq j −
∑
k,q

WikWkqWq j

)

= f
tan(2β ) cos2(2γ )

4 sin(2γ )
[cos(4γ ) − 1]([W3]i j − [W3]i j ) = 0. (C24)

Thus the QRR based on Z(p=1) has the same solution as the classical RR algorithm on W for the unit-weight honeycomb lattice.

h. Random 3-regular graphs

By definition d = 3 for 3-regular graphs as all vertices have exactly three nearest neighbors. Because of that, λi j = 0, 1, or 2,
and νi j = 0, 1, 2, or 3. We can use the same trigonometric identity used for the ring graph with additional next-nearest neighbor,
except for the νi j = 3 case. We handle this case separately by introducing δνi j 3 the Kronecker delta. We get

Z(p=1)
i �= j

f
= Wi j + tan(2β ) cos3(2γ )

4 tan(2γ )

{
(1 − Wi j )

[
δνi j 3

cos3(4γ ) − 1

cos6(2γ )
− (1 − δνi j 3)2νi j tan2(2γ )

]
− Wi j

2λi j tan2(2γ )

cos2(2γ )

}
(C25)

and expand the terms in the bracket

Z(p=1)
i �= j

f
= Wi j + tan(2β ) cos3(2γ )

4 tan(2γ )

{
δνi j 3

cos3(4γ ) − 1

cos6(2γ )
− (1 − δνi j 3)2νi j tan2(2γ ) − Wi jδνi j 3

cos3(4γ ) − 1

cos6(2γ )

+ Wi j (1 − δνi j 3)2νi j tan2(2γ ) − Wi j
2λi j tan2(2γ )

cos2(2γ )

}
. (C26)

Because we consider unit-weight graphs, we remove redundancies that may exist when multiplying Wi j with λi j , νi j , and δνi j 3

Z(p=1)
i �= j

f
= Wi j + tan(2β ) cos3(2γ )

4 tan(2γ )

{
δνi j 3

cos3(4γ ) − 1

cos6(2γ )
− 2νi j tan2(2γ ) + δνi j 36 tan2(2γ ) − λi j

2 tan2(2γ )

cos2(2γ )

}
. (C27)

Using the trigonometric identity [cos3(4γ ) − 1] cos−6(2γ ) + 6 tan2(2γ ) = −2 tan6(2γ ), it can be further simplified to

Z(p=1)
i �= j

f
= Wi j − tan(2β ) cos2(2γ ) sin(2γ )

2
[δνi j 3 tan4(2γ ) + νi j + λi j cos−2(2γ )] (C28)

and then to

Z(p=1)
i �= j

f
= Wi j − tan(2β ) cos2(2γ ) sin(2γ )

2

× [ni j + δni j 3 tan4(2γ ) + Wi jni j tan2(2γ )]. (C29)

Unlike other cases previously discussed, it cannot be easily
shown that the last two terms commute with the adjacency
matrix. However, relying on numerical experiments, we find
in Sec. F that the operator norm of the commutator [W, Z(p=1)]
slowly goes to zero as N → +∞. We find strong numerical
evidence that the performance of the QRR algorithm is on
par with that of the classical RR algorithm, similarly to SK
models.

APPENDIX D: NUMERICAL EXPERIMENTS

The relax-and-round algorithm requires expectation values
of Pauli Ẑ observables to construct the correlation matrix.
When the optimal angles of the QAOA are unknown, these
expectation values are also necessary to compute the cost in
order to optimize the angles. Numerical experiments are per-
formed using the PYTHON packages NUMPY [54], SCIPY [55],
and NUMBA [56]. Graph problems are generated using the
PYTHON package NETWORKX [50]. For the quantum relax-and-

round version of the Goemans-Williamson algorithm, which
requires finding the optimal correction vector, we use the
PYTHON convex optimization solver CVXPY [57,58].

1. Running the QAOA algorithm

For QAOA depth p = 1, we compute these expectation
values using the analytical formulas of Sec. B. We use these
formulas for up to several hundred variables N . For p > 1,
we rely on state vector simulations, which explicitly compute
the quantum state |�〉p resulting from the QAOA circuit.
We use state vector simulations for up to N = 26 variables
and compute expectation values exactly without sampling the
quantum state unless specified otherwise.

When needed, we optimize the angles of the QAOA circuit
using the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algo-
rithm [59–62] with a maximum number of 100 iterations. For
a problem of size N using the QAOA with depth p (there
are 2p parametric angles), we run the BFGS algorithm in-
dependently min(24+p, 210) times with random initial angles
[0, 2π ]2p. The best result of these simulations is kept and the
angles are considered as optimal for computing expectation
values. However, it should be noted that there is no guarantee
these angles are actually optimal.
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FIG. 4. Ratio of (1 − α) obtained from the relax-and-round ap-
proach to that obtained from the raw QAOA, where α is the
approximation ratio. Problem instances considered: (a) Sherrington-
Kirkpatrick with random ±1 weights (SK), (b) random 3-regular
graphs with unit weight (3REG), (c) random Newman-Watts-
Strogatz small-world graphs with weights uniformly distributed on
the unit line (NWS), and (d) random Barabási-Albert graphs with
weights drawn from a normal distribution with mean zero and unit
variance (BA). Each data point is averaged between 103 to 105

independent random problem instances. The dashed horizontal line
is at 1 and corresponds to no improvements.

2. Collecting statistics

Unless specified otherwise, the data are averaged between
103 and 105 randomly generated problem instances.

3. Relax-and-round step

We use a standard numerical eigendecomposition method
to perform the relax-and-round approach on the adjacency and
correlation matrices W and Z(p). For an N-variable problem
both matrices are of size N × N , real, and symmetric. The
eigendecomposition returns N eigenvectors {z}, which are real
and normalized to unity. The eigenvectors are rounded entry-
wise {z ← sign(z) ∈ {±1}N }. We also consider sign-flipped
eigenvectors {−z}, also rounded entrywise. Therefore we ob-
tain a total of 2N potential solutions to the initial problem.
The objective value of each of these solutions is computed and
the one extremizing the objective function is returned by the
relax-and-round algorithm. A zero entry is rounded at random
to ±1.

APPENDIX E: IMPROVEMENT
OF THE APPROXIMATION RATIO

FROM QAOAp(W) to QRR(Z(p) )

In Fig. 4, we plot the ratio of (1 − α) obtained from
the relax-and-round approach to that obtained from the raw
QAOA. For all the cases studied here and up to p � 8, the
numerical experiments show that the relax-and-round algo-
rithm outperforms the QAOA at the same depth. Whether this
remains true for larger N or p is an open question. In the
limit p → +∞, both methods converge to the optimal answer
where the ratio of (1 − α) obtained from the relax-and-round
approach to that obtained from the raw QAOA is one.

(a)

(b)

(d)

(c)

FIG. 5. Norm of the commutator [Eq. (F1)] between the adja-
cency matrix W and the correlation matrix Z(p) based on the QAOA at
depth p as a function of the problem size N . Problem instances con-
sidered: (a) Sherrington-Kirkpatrick with random ±1 weights (SK),
(b) random 3-regular graphs with unit weight (3REG), (c) random
Newman-Watts-Strogatz small-world graphs with weights uniformly
distributed on the unit line (NWS), and (d) random Barabási-Albert
graphs with weights drawn from a normal distribution with mean
zero and unit variance (BA). Each data point is averaged between
103 to 105 independent random problem instances. Lines are a guide
to the eye.

APPENDIX F: COMMUTATOR BETWEEN
THE ADJACENCY AND THE CORRELATION

MATRICES W AND Z(p)

We consider the operator norm ‖ · ‖2 of the commutator
[W, Z(p)] between the adjacency and the correlation matrices
W and Z(p)

‖[W, Z(p)]‖2 = ‖WZ(p) − Z(p)W‖2 = σmax, (F1)

where σmax is the largest singular value of the commutator. We
have used the commutator to prove analytically for several
problem instances that the relax-and-round approach on W
or Z(p=1) leads to the same result. In Fig. 5, we numerically
compute and plot the norm as a function of the problem size
N at various values of the QAOA depth p for different problem
types. We find that the norm of the commutator increases
with p.

APPENDIX G: EFFECT OF THE FINITE NUMBER
OF CIRCUIT EXECUTIONS

We investigate the effect of a finite number of circuit execu-
tions nex to compute the entries of the correlation matrix Z(p)

used in the relax-and-round approach. After collecting nex bit
strings {b ∈ {0, 1}N }nex , expectation values are estimated as

〈ẐiẐ j〉 ≈ 1

nex

∑
{z}

〈b|ẐiẐ j |b〉, (G1)

with an error decreasing as ∼1/
√

nex as per the central limit
theorem. The effect of a finite number of circuit executions on
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(a)

(b)

FIG. 6. Data for the relax-and round algorithm for SK problem
instances based on the QAOA at p = 1. Each data point is aver-
aged between 103 to 104 independent random problem instances.
(a) Average objective function at finite nex for different problem sizes
N (legend displayed in the other panel). (b) Average ratio of the
objective function at finite nex over nex = ∞ versus nex N−3/2.

the correlation matrix can be modeled by a random component

Z(p)
i �= j (nex) = Z(p)

i �= j (∞) + N (0, 1)√
nex

, (G2)

with N (0, 1) a random normal variable of mean zero and
variance unity such that Z(p) is symmetric.

The robustness of performing an eigendecomposition of
noisy matrices has a rich history. We suggest Ref. [63] for
a recent review. The size N of the matrix, the strength of the
noise 1/

√
nex, the level spacing between eigenvalues, and the

condition number of the matrix are parameters typically play-
ing a role on the distance between the eigenvectors of Z(p)(nex)
and those of Z(p)(∞). Here, the fact that we round the entries
after computing the eigenvectors complicates the analysis. A
noisy toy model for clustering, based on the stochastic block
model [63], suggests that rounding enhances robustness to
noise.

In the absence of a theoretical framework for a more
general case, we rely on numerical experiments. We run the
QAOA at p = 1 for SK problem instances with a finite num-
ber of circuit executions to evaluate the correlation matrix
Z(p=1)(nex). We consider nex = 4, 16, 64, 256, 1,024, 4,096,
16,384, and 65,536. We then perform the relax-and-round
approach and report the data in Fig. 6. We find that the average
objective function value follows as scaling relation relating nex

to the number of variables N

CZ(1) (nex) = CZ(1) (∞)G(nex N−3/2), (G3)

where G(x) is a scaling function such that G(x → +∞) = 1.
Hence, achieving a constant relative performance with respect

FIG. 7. Data for the relax-and round algorithm for SK problem
instances based on the QAOA at depth p. Each data point is averaged
between 103 to 104 independent random problem instances. Distance
to optimality of the objective function value at finite nex over nex =
∞ versus nex N−3/2. The same data for p = 1 are also displayed in
Fig. 6.

to the ideal nex = ∞ case only requires a polynomial number
of circuit executions with respect to the problem size N . We
empirically find that this number is well-fitted by an expo-
nent ≈3/2, i.e., nex ∼ N3/2. It remains an open question to
theoretically establish this scaling law, and in particular the
exponent ≈3/2.

We extend the analysis by running the same numerical
experiments for various values of the QAOA depth p. In the
p → +∞ limit, a single circuit execution is enough to capture
the correlation matrix that will lead to the optimal solution.
This corresponds to κ = 0. We show in Fig. 7 that for a fixed
accuracy, the number of circuit executions required decreases
as p increases. Moreover, the scaling relation with κ ≈ 1.5
does not hold as p increases, in line with the expected behavior
as p → +∞.

APPENDIX H: ALGORITHMIC TIME COMPLEXITY
OF THE RELAX-AND-ROUND STEPS

We investigate the actual clock time it takes to run the
classical relax-and-round steps of the QRR algorithm on SK
problem instances of size N given nex input bit strings. The
steps include: Building the N × N correlation matrix from the
input of nex bit strings, finding its k = 5 leading eigenvectors,
sign-rounding those eigenvectors, and computing the cost of
each of these rounded eigenvectors in order to find the best
one. Because we cannot easily sample bit strings from the
QAOA at arbitrary N , for the practical purpose of this investi-
gation, the bit strings used for building the correlation matrix
are generated at random. However, the eigendecomposition
is performed on the correlation matrix computed from the
formulas of Appendix C, to ensure its genuine properties that
will matter for the convergence of the eigensolver.

The dominant algorithmic complexity scaling of these
steps is O(N2), as observed in Fig. 8. Besides, we note that
the various steps can be massively parallelized to reduce the
actual clock time, if needed. The total clock time for the
QRR algorithm is the sum of the algorithmic time computed
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FIG. 8. Time in seconds to execute the relax-and-round steps as
a function of the problem size N given an input of nex bit strings.
SK problem instances are considered. The time is evaluated from
a PYTHON code leveraging NUMPY and SCIPY running on an Apple
M1 Max 64GB laptop (see Sec. D). The steps include: building the
N × N correlation matrix from the input of nex bit strings, finding its
k = 5 leading eigenvectors, sign-rounding those eigenvectors, and
computing the cost of each of these rounded eigenvectors in order
to find the best one. The dominant algorithmic complexity scaling
of these steps is O(N2). Each data point is averaged over 10 to 103

independent runs.

here and the time taken to execute the nex circuits on actual
quantum hardware. In addition, there might be an overhead
in optimizing the variational parameters of the circuit when
using the QRR in combination with the QAOA algorithm.

APPENDIX I: SIZE DEPENDENCE FOR THE DATA
OF FIGURE 2 IN THE MAIN TEXT AT p = 1

Figure 4 of the main text suggests that, on average, the
QRR algorithm on Z(p=1) performs better than the classical
RR on W for the NWS and BA problem types at N = 16.
Here, we consider different problem sizes N � 256 with the
QAOA depth p = 1 using the analytical formula.

Data of Fig. 9 seems to confirm, on average, the superiority
of the QRR algorithm for the NWS and BA problem types:
the ratio of the objective values—or equivalently the ratio of
the approximation ratios—is larger than 1. For the SK and
3REG problem instances, the two approaches perform, on
average, equally well. We prove analytically in this work that
this is expected for the SK models in the N → +∞ limit and
numerical experiments show this result is robust to finite N .

APPENDIX J: RELAX-AND-ROUND
FOR THE MAXIMUM INDEPENDENT SET PROBLEM

WITH QUANTUM ANNEALING

The objective function to minimize for the weighted maxi-
mum independent set problem is given by [64]

min
zi=±1

C(z) = J
∑
i< j

Wi j ziz j +
∑

i

[Jdeg(i) − 2ui]zi, (J1)

where Wi j = 0 or 1 depending whether two vertices of the
graph problem are connected by an edge, ui ∈ R+ a vertex-
dependent weight, deg(i) is the degree of vertex i, and J >

FIG. 9. Ratio of the objective values from the relax-and-round
approach based on the correlation matrix Z(p=1) and the adja-
cency matrix W as a function of the problem size N . Problem
instances considered: Sherrington-Kirkpatrick with random ±1
weights (SK), random 3-regular graphs with unit weight (3REG),
random Newman-Watts-Strogatz small-world graphs with weights
uniformly distributed on the unit line (NWS), and random Barabási-
Albert graphs with weights drawn from a normal distribution with
mean zero and unit variance (BA). Each data point is averaged
between 103 to 105 independent random problem instances.

min(ui ) ∀i a parameter. We draw ui ∈ [0, 1] at random from
a uniform distribution and choose J = 2. The maximum in-
dependent set of the graph is given by the variables with
the value zi = +1 in the optimal solution zopt. We consider
random unit disks with N variables and density parameter
ρ = 7.

Unlike the rest of this work focusing on the QAOA, we
now use a quantum annealing protocol [6,7] to obtain the
correlation matrix Z. We define the Hamiltonian

Ĥ(T, t ) = −
(

1 − t

T

) N∑
j=1

X̂ j + t

T
Ĉ, (J2)

where the operator Ĉ is obtained by substituting the binary
variables z j for Pauli operators Ẑ j , X̂ j is the Pauli operator, t ∈
[0, T ] the time, and T the total evolution time. The quantum
state at time t reads

|�〉T = T exp

[
−i
∫ T

0
dtĤ(T, t )

]
Ĥ⊗N |0〉⊗N , (J3)

where Ĥ is the Hadamard gate and T indicates a time-ordered
exponential. In the limit T → +∞, the quantum state will
converge to the ground state of the objective function Ĉ, i.e.,
the optimal solution zopt to the combinatorial optimization
problem. In practice, we discretize the above unitary by in-
troducing a finite time step δt

|�〉T =
[

p∏
�=1

eiδt β�

∑N
j=1 X̂ j e−iδt γ�Ĉ

]
Ĥ⊗N |0〉⊗N , (J4)

where p = T/δt , β� = 1 − �δt/T , and γ� = �δt/T . From the
quantum state time-evolved for a total time T , we compute
the correlation matrix Z(T ) on which to perform the QRR
algorithm, just like we did with the QAOA.
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FIG. 10. Ratio of the objective values from the relax-and-round
on Z(T ) and the expectation value of the quantum state 〈Ĉ〉T as a
function of the total evolution time T for different problem sizes N .
We consider random unit disk graphs with density ρ = 7 where the
objective function is that of a weighted maximum independent set
problem. Each data point is averaged over 103 to 104 independent
random problem instances.

In the following, we use δt = 0.1 and perform numerical
experiments. We consider the objective function value for
the relax-and-round divided by the expectation value 〈Ĉ〉T .
Data plotted in Fig. 10 converge to zero as T → +∞ since
both methods are expected to return the optimal solution.
At finite T , the QRR algorithm systematically outperforms,
on average, the quantum annealing protocol. This advantage
increases with N . Note that we do not post-process for in-
dependent sets. We observe that the advantage of the QRR
algorithm over the underlying quantum annealing protocol
reduces algebraically with T , approximately as ≈ T −3/2.

APPENDIX K: A QUANTUM RELAX-AND-ROUND
VERSION OF THE GOEMANS-WILLIAMSON

ALGORITHM

1. The p → +∞ limit

In the p → +∞ limit, when the QAOA algorithm returns
the optimal solution zopt, the correlation matrix takes the form
Z(∞) = I − zopt ⊗ zopt. The matrix in the bracket becomes
D − I + diag(u) + zopt ⊗ zopt where zopt ⊗ zopt is a rank one
matrix. What is the optimal correcting vector uopt such that

the maximum eigenvalue is minimized? More generally, this
eigenvalue problem is that of of a diagonal matrix modified
by a rank one matrix which has been studied mathematically.
We denote di = Dii − 1 + ui with i = 1, . . . , N the diagonal
entries of D̃ = D − I + diag(u) and λi the eigenvalues of
D̃ + zopt ⊗ zopt. Eigenvalues are ordered such that λi � λi+1

and di � di+1. It can be shown that [65,66]

di � λi � di+1 for i = 1, 2, . . . , N − 1,

dN � λN � dN + zopt ⊗ zopt. (K1)

The goal is to minimize the eigenvalue λN bounded from be-
low by dN = DNN − 1 + uN , and where dN is at least as large
as dN−1, etc. We recall the constraint

∑
i ui = 0. Hence, the

optimal solution is such that di are a constant for all i, which is
given by D + diag(uopt) = tr(D)I/N . Thus the leading eigen-
vector for the optimal correcting vector is that of the matrix
−I + tr(D)I/N + zopt ⊗ zopt, which is simply ±zopt/

√
N as a

constant diagonal matrix is irrelevant for computing eigenvec-
tors.

Therefore the above algorithm substituting the adjacency
matrix W for the correlation matrix Z(p) solves the problem
exactly in the limit p → +∞.

2. The case of finite p

It is more difficult to establish performance bounds
for the finite p case for arbitrary graphs. We focus on
vertex-transitive graphs. For such graphs, it is known that the
optimal correcting vector for the Goemans-Williamson algo-
rithm is null, i.e., uopt = 0 [41–43]. The correlation matrix
Z(p) will have the same symmetries as the adjacency matrix:
The correlation matrix can be pictured as the adjacency matrix
of a graph which will also be vertex-transitive. It follows that
the optimal vector is also uopt = 0. From there, demonstrating
that W and Z(p) share the same leading eigenvector is enough
for the algorithm based on either W or Z(p) to be equivalent.
We have shown this is the case for different graphs such as the
ring and complete graphs.

We emphasize that the performance guarantee of the clas-
sical Goemans-Williamson algorithm is agnostic to the graph,
and showing whether a similarly strong statement can be made
for a quantum relax-and-round version remains an open ques-
tion. Here, we used the fact that we can show that the optimal
correcting vector is the same in the classical and quantum
versions, but this is not necessary for the two methods to have
equivalent performance.
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