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Disorder-free localization in continuous-time quantum walks: Role of symmetries
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We investigate the phenomenon of disorder-free localization in quantum systems with global permutation
symmetry. We use permutation group theory to systematically construct permutation-symmetric many-fermion
Hamiltonians and interpret them as generators of continuous-time quantum walks. When the number of fermions
is very large we find that all the canonical basis states localize at all times, without the introduction of any
disorder coefficients. This time-independent localization is not the result of any emergent disorder, distinguishing
it from existing mechanisms for disorder-free localization. Next we establish the conditions under which the
localization is preserved. We find that interactions that preserve and break the global permutation symmetry
sustain localization. Furthermore, the basis states of systems with reduced permutation symmetry localize even
for a small number of fermions when the symmetry-reducing parameters are tuned accordingly. We show that
similar localization also occurs for a permutation-symmetric Heisenberg spin chain and permutation-symmetric
bosonic systems, implying that the localization is independent of the superselected symmetry. Finally, we make
connections of the Hamiltonians studied here to the adjacency matrices of graphs and use this to propose
a prescription for disorder-free localization in continuous-time quantum walk systems. Many of the models
proposed here feature all-to-all connectivity and can be potentially realized on superconducting quantum circuits,
trapped ion systems, and ultracold atoms.
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I. INTRODUCTION

A closed many-body system is described by a few param-
eters (temperature, pressure, etc.) once it attains equilibrium.
This thermal behavior, while true in nonintegrable classical
systems, may not always hold for their quantum analogs
where the effects of destructive interference among the con-
stituents can result in localized states that are nonthermal
[1,2], thus violating the eigenstate thermalization hypothesis
[3–6]. The typical mechanism to produce such states is to
use random potentials or introduce disorder coefficients in
the Hamiltonian. However, there exist methods to produce
localized states without disorder, now known as disorder-free
localization (DFL), showing that disorder is just a sufficient
feature and not necessary. Systems showing this phenomenon
include lattice gauge theories [7–10] and the so-called Stark
many-body localization (MBL) models [11–14], among oth-
ers [15–18]. In many of these systems the disorder is emergent
in the Hilbert space dynamics, resulting in the ergodicity-
breaking property.

In this work we show a completely different origin of DFL
in systems with and without superselected and global sym-
metries. Our method is to use the properties of the spectrum
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of Hamiltonians to produce localization of states in Hilbert
space. We observe that systems where one eigenvalue has
a large degeneracy compared to others can result in Hilbert
space localization without any disorder. We construct such
Hamiltonians in Fock space and find that all the basis states
of each number sector localize. Before we proceed further,
we will clarify the definition of localization we will use.
Consider a state |ψ〉, a basis element of some number sector
of the Fock space, evolving under a Hamiltonian H . If the
probability distribution computed from the overlap between
|ψ (t )〉 = e−iHt |ψ (0)〉 and |ψ (0)〉 stays close to one at all
times, we say that the state |ψ〉 is localized.1,2 In other words,
the time-evolved states in this system retain memory of the
initial states at all times t . This definition implies that the
states of our systems localize in Hilbert space. Due to this,
there is no notion of localization lengths for our states and in
this regard it is similar to localization via MBL states [21].

The systems we consider include various symmetries
including superselected symmetries. Typically, a quantum
theory with superselection sectors is tightly constrained,
restricting the possible representations that the algebra of ob-
servables can take. The operators of such theories commute
with the superselected symmetries and the Hilbert space splits

1This quantity is also related to the Loschmidt echo [19,20].
2In this definition, eigenstates of the system will be localized. For

the systems we study we will consider localized states that does not
include the eigenstates.
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into different superselection sectors that are labeled by the
irreducible representations of the superselected symmetries.
A physically important example of such a symmetry is the
permutation symmetry generated by the statistics operator
that occurs while studying a system of identical and indistin-
guishable bosons (fermions). In such theories the states are
symmetrized (antisymmetrized) and the operators are invari-
ant under this exchange symmetry.

In general, such systems, though constrained, are not
expected to show nonthermal behavior. For example, the tight-
binding Hamiltonian of fermions or bosons does not show
any localization without disorder. In this work we will exhibit
several fermionic Hamiltonians with and without global sym-
metries that show DFL. To construct these models we begin
with a many-fermion Hamiltonian with global permutation
symmetry SN . This Hamiltonian is number preserving and
we find that all the canonical basis states in each fermion
number sector localizes without any disorder for large N . The
requirement of the global SN symmetry enforces the interac-
tion of each fermion with every other fermion, making the
Hamiltonian similar in appearance to the Sachdev-Ye-Kitaev
(SYK) model [22–25]. Our naive intuition might suggest that
such a system where all particles interact with each other
should thermalize. On the contrary, we see complete local-
ization in their dynamics. It is also worth noting that there
is no emergent disorder in the models described here, unlike
the gauged models in the literature that exhibit DFL. Our
construction also considers permutation-symmetric operators
in higher-fermion number sectors, which can be thought of
as interactions. The localization is stable to the inclusion of
such terms. Additionally, there are terms that break the global
SN symmetry but preserve the localization. We show several
examples of such terms which both preserve and destroy the
localization.

Furthermore, the models we write down can be interpreted
as quantum walk Hamiltonians that have received a great
deal of attention in the past [26–31] in the context of search
algorithms [32–34], as quantum simulators [35–38], and for
universal quantum computation [39–42]. We are concerned
with continuous-time quantum walks of identical particles
[43–49] and especially those with an additional global sym-
metry. Symmetric quantum walks have been considered in the
case of discrete-time quantum walks [50–52] and have been
shown to feature topological phases [53–56] and localization
[57–61].

The rest of the article is organized as follows. We be-
gin Sec. II with the space describing the fermions and the
operators acting on them. The Hamiltonians with global SN

symmetry are constructed using simple ideas from the theory
of permutation groups. Among the many possibilities, we con-
sider the simplest such Hamiltonian in Sec. II. The solution
of the Hamiltonian is provided in Sec. III and the resulting
features are compared with the models that lack a global SN

symmetry.
In a rather long discussion in Sec. IV, we explore several

other models that both display and break the DFL discussed
for the SN -symmetric model in the first part of the paper. In
particular, we study the effect of perturbations that break the
global symmetry in Sec. IV A. Next we study when the local-
ization persists for different initial conditions in Sec. IV B. In

Sec. IV C we analyze the role played by the global symmetry
in the localization and find that a fermionic model with a
reduced global symmetry (SN → SN−k) can also exhibit lo-
calization. We note here that a spin system with a global SN

symmetry and a permutation-symmetric bosonic system also
display similar localization features. Then we highlight an
interesting connection of these systems to adjacency matrices
of graphs in Sec. IV D. This connection suggests a possible
way to generalize the DFL studied in this work. We then
conclude in Sec. V with a few remarks about experimental
realizations and future theoretical directions.

II. CONSTRUCTION

We begin with a brief description of the Fock space
(spanned by the states diagonalizing the number operator)
describing N identical and indistinguishable fermions. The
vacuum |�〉 denotes the state with no fermions. The state
|i〉, for i ∈ {1, 2, . . . , N}, describes the presence of a fermion
on site i. These are the one-fermion states and they span
an N-dimensional space, henceforth denoted H � CN with
the canonical inner product. In this notation, multiparticle
states such as |i〉 ⊗ | j〉 exist in H ⊗ H. No relation between
|i〉 ⊗ | j〉 and | j〉 ⊗ |i〉 is assumed a priori. However, in the
case of indistinguishable fermions, we work with normalized
antisymmetrized states 1√

2
[|i〉 ⊗ | j〉 − | j〉 ⊗ |i〉] that exist in

H ∧ H, with the ∧ denoting antisymmetrization. Thus the
full Hilbert space becomes the antisymmetrized Fock space⊕N

n=0 H∧n. This space is finite and its dimension is seen from

N∑
k=0

(
N
k

)
= 2N ,

with (N
k ) the dimension of H ∧ H ∧ · · · ∧ H︸ ︷︷ ︸

k times

.

The creation (a†
j ) and annihilation (a j) operators satisfying

the fermionic [self-dual canonical anticommutation relation
(CAR)] algebra

{a j, a†
k} = δ jk,

{a j, ak} = {a†
j , a†

k} = 0, (2.1)

where {a, b} := ab + ba, are realized in this space. The index
j take values in {1, . . . , N}. More generally, we could add an
extra index μ to each oscillator to denote an internal degree of
freedom like a color or spin index. For simplicity, we will stick
to just the indices j ∈ {1, 2, . . . , N} for the fermions, allowing
their interpretation as lattice sites.

An arbitrary k-fermion state expressed as

a†
i1

a†
i2

· · · a†
ik
|�〉 (2.2)

satisfies all the necessary antisymmetry properties, as can
be directly verified by using (2.1). With the help of these a
and a†, we can mutate between different particle sectors. For
example, the action of a†

i on an arbitrary state from H∧k yields

a†
i (a†

i1
a†

i2
· · · a†

ik
|�〉) = a†

i a†
i1

a†
i2

· · · a†
ik
|�〉 ∈ H∧k+1. (2.3)

The Fock space description ensures that the fermionic creation
and annihilation operators commute with the superselected
exchange symmetry of this system.
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Next we move on to the action of the global permu-
tation symmetry SN on the site indices {1, 2, . . . , N}. The
action of these operators on the states and operators of the
theory are obtained as follows. The vacuum is invariant un-
der permutations si j |�〉 = |�〉 and the transformation rule
of operators under conjugation by permutation generators is
s jkO··· j···k···s−1

jk = O···k··· j···, where O is an operator with several

indices including j and k (note that s−1
jk = s jk). Using these

properties, we can deduce the action of the permutation group
on arbitrary states of this system.

Permutation-invariant operators acting on these states
satisfy

siOi1···ipsi = Oi1···ip ∀ i ∈ {1, 2, . . . , N − 1}, (2.4)

where si ≡ si,i+1 are the transposition operators that generate
the permutation group (SN ) and satisfy

sisi+1si = si+1sisi+1, s2
i = 1, sis j = s jsi for |i − j| � 2.

(2.5)

For the particular value of N = 2, let us consider the two
operators

a†
1a1 + a†

2a2, a†
1a2 + a†

2a1. (2.6)

They clearly are invariant under the action of S2 and the
objective is to construct such permutation-invariant operators
for arbitrary SN . A natural place to look for such objects is
in the conjugacy classes of SN which are left invariant as
a set under the action of the group by definition. For the
permutation group, the elements of a conjugacy class have the
same cycle structure and their order is given by

N!∏N
k=1(kνk )νk!

,

where νk is the number of k-cycles. A clear invariance is
the sum of the elements of a given conjugacy class with a
particular cycle structure.3 These statements are independent
of the particular realization of the transposition operators. For
our current problem we will show a realization using the
fermionic creation and annihilation operators. The operators
we use are such that the resulting Hamiltonians are Hermitian
and number preserving as the permutation operators do not
change the number of fermions.

We will obtain the fermionic realization of SN by showing
the existence of the permutation operators for each particle
sector. The fermionic realization for a generic transposition
permutation σ ∈ SN in the k-fermion sector is given by

σ =
∑

i1<i2<···<ik

a†
σ (i1 )a

†
σ (i2 ) · · · a†

σ (ik )aik · · · ai2 ai1 . (2.7)

The permutation σ has a particular cycle structure. For exam-
ple, the fermionic realizations of the transpositions (i j) in the
one-fermion and two-fermion sectors are given by

(i j)1 = a†
j ai + a†

i a j +
N∑

k=1
k �=i, j

a†
kak (2.8)

3These are precisely the generators of the center of the permutation
group algebra C(SN ).

and

(i j)2 = a†
j a

†
i a jai +

∑
k �= j

a†
j a

†
kakai +

∑
k �=i

a†
ka†

i a jak

+
∑

k,l=1N

k<l �={i, j}

a†
ka†

l alak, (2.9)

respectively. The subscript α on (i j)α denotes the fermion
number sector on which this transposition acts. Thus, in the
full Fock space the transposition is given by

(i j) =
N⊕

α=1

(i j)α. (2.10)

A more nontrivial example is that of a three-cycle permuta-
tion in the one-fermion sector

(i jk)1 = a†
j ai + a†

ka j + a†
i ak +

N∑
l=1

l �={i, j,k}

a†
l al . (2.11)

Note that the Hermitian conjugate of this term is (ik j)1. In-
deed, the Hamiltonian identified as a sum of the elements of
the conjugacy class will turn out to be Hermitian. We can now
write an SN -invariant Hamiltonian for a given conjugacy class
made of p-cycles as

H (p) =
N⊕

α=1

H (p)
α , (2.12)

where

H (p)
α =

∑
i1<i2<···<ip

(i1i2 · · · ip)α (2.13)

acts on the α-fermion sector. Such SN -invariant Hamiltonians
(2.12) are true for any realization of the permutation group.
The fermionic realization in (2.7) introduces simplifications
to the Hamiltonian due to the CAR algebra (2.1).

Before going into these, we first note that the operators
corresponding to cycles of length larger than β annihilate the
vectors in the β-fermionic sector. Thus the bilinear expression
acting on the one-fermion sector affects all possible fermion
number sectors in a system of N fermions. It acts as an ex-
change operator on the one-fermion states and has a nontrivial
action on the remaining sectors.

In what follows we will restrict ourselves to the Hamiltoni-
ans constructed out of the two-cycle conjugacy class. We will
comment on models obtained from other conjugacy classes in
Sec. IV; however, a more detailed investigation is beyond the
scope of the present work.

Two-cycle Hamiltonian

Consider the conjugacy class made out of purely 2-cycles
which are just the transpositions. They include the exchange
of any two of the N indices and there are precisely N (N−1)

2 of
them. The two-cycle Hamiltonian in the one-fermion sector is
obtained using (2.8) and is bilinear in the fermion creation and
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annihilation operators,

H (2)
1 =

∑
i< j

[a†
i a j + a†

j ai] + (N − 1)(N − 2)

2
N̂ . (2.14)

The factor accompanying the number operator N̂ =∑N
k=1 a†

kak is a result of the substitution (2.8) for the 2-cycles.
Clearly, the term in square brackets commutes with N̂ and
represents a fermion on a given site hopping to any other
site. As noted earlier, this Hamiltonian has a nontrivial action
on every fermion number sector except on the one-fermion
sector where it acts as a permutation operator. It is clearly
SN invariant in its site indices.4 The second term in (2.14)
dominates for large N . Our goal is to study the localization
features of this system for large N and so the explicit presence
of N in the Hamiltonian can lead to incorrect conclusions
about the origin of the localization. To avoid this we will
choose the term in square brackets as our Hamiltonian

H =
∑
i< j

[a†
i a j + a†

j ai], (2.15)

where all the fermions interact with each other in a symmet-
rical manner. This model can be solved exactly by a simple
change of basis, as we will see in Sec. III.

In addition to the above bilinear Hamiltonian, we consider
the operators acting on the two-fermion states which are quar-
tic in the fermion creation and annihilation operators. This
Hamiltonian can be thought of as an interaction term when
added to the bilinear Hamiltonian in (2.15). However, a crucial
point is that this two-cycle Hamiltonian can be simplified5

using the CAR algebra in (2.1), resulting in

H (2)
2 =

(
(N − 2)(N − 3)

2
− 1

)
(N̂2 − N̂ )

+ 2
∑
i< j

[a†
i a j + a†

j ai](N̂ − 1). (2.16)

This Hamiltonian continues to remain SN invariant and acts on
two-fermion and higher-fermion states. These terms represent
interactions but reduce to the product of bilinear operators
due to the CAR algebra. As a consequence, they commute
with the Hamiltonian in (2.14) and thus merely shift their
eigenvalues while sharing the eigenstates. This further implies
that localized states of (2.15) are stable to such SN -preserving
perturbations. This trend continues to hold for higher-order
perturbations obtained using the two-cycle Hamiltonians act-
ing on three- and higher-fermion sectors (see Appendix B).

III. SOLUTION

The bilinear Hamiltonian in (2.15) is solved with a simple
change of variables in the space of creation and annihilation
operators. Consider a new set of annihilation and creation)

4A more rigorous proof is shown in Appendix A.
5The proof for this is shown in Appendix B.

operators Aα and A†
α defined as

Aα = 1√
N

N∑
j=1

ω jαa j, A†
α = 1√

N

N∑
j=1

ω− jαa†
j , (3.1)

with ω = e2π i/N the N th root of unity and α ∈ {1, 2, . . . , N}.
These operators satisfy the CAR relations required of
fermionic operators

{Aα, A†
β} = δαβ,

{Aα, Aβ} = {A†
α, A†

β} = 0. (3.2)

In these variables, the two-cycle Hamiltonian in (2.15) re-
duces to

H = NA†
N AN − N̂, (3.3)

where N̂ = ∑N
i=1 a†

i ai = ∑N
α=1 A†

αAα commutes with the
Hamiltonian. A number of fermionic symmetries for the
Hamiltonian in (3.3) become apparent in this basis. We find
that all bilinear operators6 A†

αAβ , AαAβ , and A†
αA†

β commute
with the Hamiltonian when α, β �= N . In fact, the permutation
operators of (2.7) can be written as linear combinations of
such bilinear operators and thus these are the operators that
map the states of a given eigenspace onto each other.

The spectrum can be found by labeling the eigenspaces
with the set {1, 2, . . . , N}. The dimension of the k-fermion
sector is N!

k!(N−k)! and this is spanned by two kinds of eigen-
states of the form

A†
α1

A†
α2

· · · A†
αk

|�〉, (3.4)

where no two α′s are equal to each other. The first set of
eigenstates are those where at least one of the α′s is N .
There is a total of (N−1)!

(k−1)!(N−k)! such states and they share the
eigenvalue N − k. The second set consists of those eigenstates
where none of the α′s take the value N . These account for the
remaining (N−1)!

k!(N−k−1)! states and they come with the eigenvalue
−k. In evaluating the spectrum we use the identities

[N̂, A†
α] = A†

α, [N̂, Aα] = −Aα. (3.5)

Having obtained the spectrum, we are in a position to com-
pute the probability distributions. We consider one-fermion
and two-fermion walks, which sufficiently illustrate the fea-
tures of the permutation-invariant systems considered here.
Following this, we also discuss the general k-fermion sector.
An important point to keep in mind is the role played by the
global SN symmetry in determining the structure of the spec-
trum. For instance, it is enough to find the time evolution of
any single state in a particular number sector. The remaining
states can be computed by the action of the appropriate SN

operators on this state. Furthermore, another crucial feature
arises as a consequence of the global SN symmetry, namely,

6Removing the number operator from (3.3) will enhance the num-
ber of fermionic symmetries as now Aα and A†

α will also commute
with the Hamiltonian when α �= N .
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the restriction on the subspace that a given state is allowed to
evolve into. For example, the two-fermion state |1, 2(t )〉 :=
exp(−iHt )a†

1a†
2|�〉 only evolves into the |1, j〉 and |2, j〉

states. There is no overlap with the states | j, k〉 := a†
j a

†
k |�〉

when j, k /∈ {1, 2}. In other words, any state in this system
does not explore the full Hilbert space under time evolution.
This is not apparent from the Aα or A†

α basis but becomes more
transparent in a new basis. We will demonstrate this for each
of the fermion number sectors below.

A. One-fermion walks

The features we wish to illustrate are immediately seen in
the following eigenbasis of the one-fermion sector: There is
one state of the form

N∑
j=1

a†
j |�〉, (3.6)

with eigenvalue N − 1, and there are N − 1 eigenstates of the
form

(a†
1 − a†

j )|�〉, j ∈ {2, 3, . . . , N}, (3.7)

with eigenvalue −1. The nondegenerate state in (3.6) is sym-
metric under the action of SN , whereas the degenerate states in
(3.7) are mapped onto each other under the action of SN . More
precisely, the transposition operators in the one-fermion sector
(2.8) perform this mapping. These operators can be written
as linear combinations of the bilinear operators A†

αAβ and as
noted earlier these commute with the Hamiltonian (3.3).

The nonzero probability distributions are found to be

|〈1|1(t )〉|2 = 1

N2
[1 + (N − 1)2 + 2(N − 1) cos(Nt )], (3.8)

|〈 j|1(t )〉|2 = 2

N2
[1 − cos(Nt )] (3.9)

for j ∈ {2, 3, . . . , N} and | j(t )〉 = e−iHt | j〉 are the time-
evolved states. The nonoscillating terms of both these
expressions highlight the localization effect. For large N the
term in (3.8) goes to 1 whereas the term in (3.9) goes to 0.
These features are illustrated in Fig. 1(e). The reason for the
restricted evolution can also be seen from the explicit structure
of the unitary evolution operator in the one-fermion sector and
this is shown in Appendix E.

The phase of the oscillating term in (3.8) and (3.9) is the
difference between the two energy levels in the one-fermion
sector. We have seen earlier that the addition of higher-order
interaction terms (2.10) will only shift these energy levels of
the Hamiltonian (2.15), leaving the structure of the eigenstates
intact. This implies that the localization seen here is stable to
the inclusion of such SN -symmetric interactions. This argu-
ment continues to hold even in the k-fermion sector as there
are just two energy levels in each fermion number sector.

B. Two-fermion walks

Using the eigenstates in (3.4), the amplitude for an initial
two-fermion state |i, j〉 to end up in a state |k, l〉 after a time t

is found to be

〈k, l|i, j(t )〉 = 1

N2

(
e−i(N−2)t

N−1∑
α=1

(ωiα − ω jα )(ω−kα − ω−lα )

+ e2it
N−1∑

α,β=1
α<β

(ωiα+ jβ − ωiβ+ jα )(ω−kα−lβ

− ω−lα−kβ )

)
, (3.10)

where |i, j(t )〉 are the time-evolved two-fermion states. As
mentioned earlier, the restricted evolution is not apparent from
(3.10), but it becomes more transparent in a changed basis for
the two-fermion states.7 Consider the normalized eigenstates

|[ j]〉2 = 1√
N − 1

a†
j

N∑
i=1
i �= j

a†
i |�〉, j ∈ {1, 2, . . . , N − 1},

(3.11)

|[ jkN]〉2 = 1√
3

(a†
j a

†
k + a†

ka†
N + a†

N a†
j )|�〉,

j < k ∈ {1, 2, . . . , N − 1}. (3.12)

For these two sets of states, the notation |[ ]〉2 indicates that
it is a linear combination of two-fermion states. From these
expressions we see that there are N − 1 eigenstates of this
form in (3.11) and they come with the eigenvalue N − 2 and
there are (N−1)(N−2)

2 states of the form (3.12) with eigenvalue
−2. This is consistent with the previous solution. As in the
one-fermion sector, the SN symmetries, generated using (2.9),
map the degenerate eigenstates onto each other. These oper-
ators can be written as products of the bilinear operators in
A†

αAβ and hence commute with the Hamiltonian in (3.3).
These eigenstates are used to expand |1, 2〉 = a†

1a†
2|�〉 as

|1, 2〉 =
√

N − 1

N
(|[1]〉2 − |[2]〉2) +

√
3(N − 2)

N
|[12N]〉2

−
√

3

N

N−1∑
j=3

(|[1 jN]〉2 − |[2 jN]〉2). (3.13)

The first three states in the above expression, |[1]〉2, |[2]〉2,
and |[12N]〉2, are linear combinations of |1, j〉 and |2, j〉 with
j ∈ {1, . . . , N}. The states under the summation, |[1 jN]〉2 and
|[2 jN]〉2, also contain the | j, N〉 states, but these cancel while
taking the difference of these two states. Thus, from these
arguments it is clear that the time-evolved |1, 2〉 state will not
overlap with a state | j, k〉 where neither j nor k is (1,2). This
is verified in the plot for the probability distribution shown
in Fig. 1(c). This is to be contrasted with a similar plot for a
Hamiltonian that is not permutation invariant [see Fig. 1(d)],
where the two fermions can now be found in states that do not

7The orthogonality and completeness of these states are discussed
in Appendix C.
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FIG. 1. Probability distributions for the symmetric Hamiltonian (2.15) and the tight-binding Hamiltonian
∑N

j=1 a†
j a j+1 + H.c. Localization

is observed for the former. (a) Two-fermion walk in the symmetric case, with the probability for the initial position (l = 9, k = 14) at t = 3.
(b) Two-fermion walk in the tight-binding case, with the probability for the initial position (l = 9, k = 14) at t = 3. (c) Two-fermion walk in
the symmetric case, with the probability for the initial position (l = 9, k = 14) at t = 3000. (d) Two-fermion walk in the tight-binding case,
with the probability for the initial position (l = 9, k = 14) at t = 3000. (e) One-fermion walk in the symmetric case, with the initial position
at 5.

follow the constraint for the symmetrized case.8 Subsequently,
we can also compute the probability distributions

|〈1, 2|1, 2(t )〉|2 = 1

N2
[4 + (N − 2)2 + 4(N − 2) cos Nt],

(3.14)

|〈ψ |1, 2(t )〉|2 = 2

N2
(1 − cos Nt ). (3.15)

Here |ψ〉 denotes the allowed two-fermion states that have an
overlap with |1, 2〉. These expressions present a clear indica-
tion of the localization for large N as the term 1

N2 [4 + (N −
2)2] in (3.14) tends to 1 and the term 2

N2 in (3.15) approaches
0.

8A similar result for quantum walks on Cayley graphs of the sym-
metric group is in [62].

C. k-fermion walks

This constraining feature continues to hold true for the
amplitudes and the corresponding probability distributions
in a general k-fermion sector. We will see below that a
point in k-dimensional space occupied by k fermions moves
to points where at least k − 1 of the coordinates coincide
with the initial state. As in the two-fermion case, this be-
comes apparent when we work with (N−1)!

(k−1)!(N−k)! eigenstates of
the form

|[i1i2 · · · ik−1]〉k = 1√
N − k + 1

a†
i1

a†
i2

· · · a†
ik−1

×
N∑

j=1
j �={i1,i2,...,ik−1}

a†
j |�〉, (3.16)
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with i1 < i2 < · · · < ik−1 ∈ {1, . . . , N − 1}. The second set of
eigenstates9 accounts for (N−1)!

k!(N−k−1)! of them and takes the form

|[i1i2 · · · ikN]〉k = 1√
k + 1

[a†
i1

· · · a†
ik

+ (−1)ka†
i2

· · · a†
N

+ · · · + (−1)k2
a†

N · · · a†
ik−1

]|�〉. (3.17)

An initial state of the form |1, 2, . . . , k〉 can be expanded using
the above eigenstates such that each of them contain at least
k − 1 of {1, 2, . . . , k}. Finally, the probability distribution for
the time-evolved k-fermion state to overlap with its initial
state is

|〈1, 2, 3, . . . , k|1, 2, 3, . . . , k(t )〉|2

= 1

N2
[k2 + (N − k)2 + 2k(N − k) cos Nt], (3.18)

generalizing the result in (3.14). It is clear from this expres-
sion that the localization feature continues to hold for the
k-fermion states as well.

IV. DISCUSSION

We have explored the question of localization in a system
with superselection sectors and a global discrete symmetry.
We saw that in a fermionic system with a global SN sym-
metry, all the basis states of the many-fermion Hilbert space
completely localize at all times t for large N . We can under-
stand this result in more general terms as follows. Consider a
finite-dimensional quantum system parametrized by the tuples
λ j = {N, θ, k, . . .} with the dimension of the Hilbert space
being a function of the integer N . The θ ′s can be taken as
complex in general and the k′s could denote another set of
integers. The j′s index the eigenvalues which, for a system
with huge degeneracies, are expected to be much smaller than
the size of the Hilbert space. Furthermore, there could be even
more parameters denoted by the ellipsis, but for the examples
we will consider here these three sets will suffice. We expect
such parameters to appear in the Hamiltonian describing the
evolution of such quantum systems.

For example, the fully symmetric Hamiltonian (2.15) con-
sidered in this paper is only parametrized by N and that
presents the only scale for this system. Other systems with
lesser and no symmetries will include more parameters. In all
such systems the probability distributions are computed using
the overlaps

〈ψ |ψ (t )〉 =
∑

j

|cλ j |2e−iEλ j t
, (4.1)

where the E ′
λ j

s are the energy eigenvalues parametrized by the
λ′

js. The normalization factors in the system are expected to
go as O( 1

N ) and this is carried over to the coefficients |cλ j |2.
The structure of the coefficients will determine the scaling
of these overlaps for large N . In the case where N appears
as the lone parameter in the system, the degeneracies of the
eigenvalues will determine the localization properties. We do
not expect to see localization if the number of eigenvalues is

9The proof for this is in Appendix D.

O(N ) or the degeneracies are O(1). On the other hand, when
there are very few eigenvalues, with some of them having
degeneracies O(N ), we will certainly see localization.

This is precisely the scenario for the SN -symmetric system
studied earlier. When the system includes more parameters,
the coefficients cλ j will also depend on them. In such cases
these parameters can be modulated to determine the localiza-
tion properties for fixed values of N . The energy eigenvalues
only appear in the phases of the oscillating terms and are thus
not affected at large N .

We will explore such scenarios in this section, which will
show that this type of localization can occur in more gen-
eral systems than the highly symmetric case studied earlier.
Furthermore, we also propose a prescription for this type of
disorder-free localization. To this end we will elaborate on the
following points that will help construct other systems that
show a similar phenomenon of disorder-free localization.

(i) We consider including perturbations that break the
global SN symmetry. We will discuss the cases when local-
ization persists and when it is destroyed.

(ii) We examine the sensitivity of the system to initial
conditions. Does the superposition of basis elements of each
number sector also show localization? This is another pos-
sibility that can affect the coefficients |cλ j |. Here again we
will see under what conditions localization survives and which
states delocalize.

(iii) We look at the role played by the symmetries in the
localization. Is this localization only true for fermionic sys-
tems? Do spin chains and bosonic systems with global SN

symmetry also exhibit this type of disorder-free localization?
Do the localization features continue to hold for models with
reduced global symmetry, namely, SN−k?

(iv) We suggest a plausible prescription by noting a
connection between graph theory and the disorder-free local-
ization studied here.

A. Effect of perturbations

The fully symmetric model features localization at large
N and for all times t . Naively, we expect a generic pertur-
bation, which breaks the global SN symmetry, to make the
system delocalize at large times t . We now study the effects
of symmetry-breaking perturbations for our system by con-
sidering the inclusion of two types of terms: terms that are
local and terms that are global with respect to the conjugate
variables. More precisely, by local we mean that the number
of additional terms is much lower than O(N ) and by global we
mean that the number of terms we include spans the full range
of the conjugate variable, i.e., N . In the global case we find
that the system can both localize and delocalize depending
on the coefficients appearing in the perturbation, while in the
local case the system always stays localized.

1. Case 1

We assume perturbations of the forms A†
αAβ , A†

α1
A†

α2
Aβ1 Aβ2 ,

and higher-order terms. For specific values of the conjugate
indices α and β these terms are clearly nonlocal in the real-
space indices i, j, k, etc., and they break the global SN

symmetry. For the first case we keep the number of such
terms to be lower than O(N ). They commute with the original
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TABLE I. The one-particle spectrum of (4.2).

Eigenvalue Eigenstate Degeneracy

N − 1 A†
N |�〉 1

−1 A†
γ |�〉, γ �= α, β, N N − 3

|θ | − 1 1√
2|θ | [

√
θA†

α + √
θ∗A†

β ]|�〉 1

−|θ | − 1 1√
2|θ | [−

√
θA†

α + √
θ∗A†

β ]|�〉 1

Hamiltonian and hence they introduce only a small split in
the energy levels. In particular, the energy levels of, say, the
k-particle sector will split into two groups centered around
the eigenvalues −k and N − k and with further splits in each
group. As a simple example consider the Hamiltonian

Hθ = NA†
N AN − N̂ + θA†

αAβ + θ∗A†
βAα, α �= β �= N.

(4.2)

The spectrum splits around the unperturbed energy eigen-
values and this is shown for the one-fermion and k-fermion
sectors in Tables I and II. In these cases the localization of the
basis states for all times continues to hold for any value of the
interaction coefficients.

The probability amplitude for the time 0 state |i〉 := a†
i |�〉

to be still in |i〉 after a time t is found to be

〈i|i(t )〉 = 1

N

[
(N − 3)eit + e−i(N−1)t

+ 2 cos2

(
π

N
(β − α) + φ

2

)
e−i(|θ |−1)t

+ 2 sin2

(
π

N
(β − α) + φ

2

)
ei(|θ |+1)t

]
, (4.3)

with φ the phase factor of the complex number θ . An analo-
gous computation for the k-particle sector of (4.2) gives

〈i1 · · · ik|i1 · · · ik (t )〉 = 1(N
k

)[(
N − 3

k

)
+

(
N − 3

k − 2

)]
eikt

+ O

(
1

N

)
. (4.4)

TABLE II. The k-particle spectrum of (4.2).

Eigenvalue Eigenstate Degeneracy

N − k A†
N A†

γ1
· · · A†

γk−1
|�〉 (N−3

k−1

)
N − k A†

N A†
αA†

βA†
γ1

· · · A†
γk−3

|�〉 (N−3
k−3

)
N − k + |θ | 1√

2|θ | A
†
N [

√
θA†

α + √
θ∗A†

β ]A†
γ1

· · · A†
γk−2

|�〉 (N−3
k−2

)
N − k − |θ | 1√

2|θ | A
†
N [−√

θA†
α + √

θ∗A†
β ]A†

γ1
· · · A†

γk−2
|�〉 (N−3

k−2

)
−k A†

γ1
· · · A†

γk
|�〉 (N−3

k

)
−k A†

αA†
βA†

γ1
· · · A†

γk−2
|�〉 (N−3

k−2

)
|θ | − k 1√

2|θ | [
√

θA†
α + √

θ∗A†
β ]A†

γ1
· · · A†

γk−1
|�〉 (N−3

k−1

)
−|θ | − k 1√

2|θ | [−
√

θA†
α + √

θ∗A†
β ]A†

γ1
· · · A†

γk−1
|�〉 (N−3

k−1

)

TABLE III. The k-particle spectrum of (4.5).

Eigenvalue Eigenstate Degeneracy

N − k A†
N A†

γ1
· · · A†

γk−1
|�〉 (N−3

k−1

)
N − k A†

N A†
αA†

γ1
· · · A†

γk−2
|�〉 (N−3

k−2

)
N − k A†

N A†
βA†

γ1
· · · A†

γk−2
|�〉 (N−3

k−2

)
N − k + θ A†

N A†
αA†

βA†
γ1

· · · A†
γk−3

|�〉 (N−3
k−3

)
−k A†

γ1
· · · A†

γk
|�〉 (N−3

k

)
−k A†

αA†
γ1

· · · A†
γk−1

|�〉 (N−3
k−1

)
−k A†

βA†
γ1

· · · A†
γk−1

|�〉 (N−3
k−1

)
θ − k A†

αA†
βA†

γ1
· · · A†

γk−2
|�〉 (N−3

k−2

)

It is easily verified that the binomial coefficient in (4.6) goes
to unity in the large-N limit and this is precisely the signature
of localization as seen in the fully SN -symmetric case.

2. Quartic interaction

Up to now, we have considered only perturbations which
are quadratic in the creation and annihilation operators. Now
let us introduce a quartic interaction which modifies the
Hamiltonian to

Hθ = NA†
N AN − N̂ + θA†

αA†
βAβAα, α �= β �= N. (4.5)

As before, this interaction, which is seemingly local in the
conjugate variables α, becomes global in the original indices
labeled by the j′s and also breaks the global SN symmetry.
The addition of this term affects every k � 2 particle sector.
The spectral information in an arbitrary sector can easily be
extracted and is listed in Table III. The probability amplitude
for the k-particle sector of (4.5) gives

〈i1 · · · ik|i1 · · · ik (t )〉 = 1(N
k

)[(
N − 3

k

)
+ 2

(
N − 3

k − 1

)]
eikt

+ O

(
1

N

)
. (4.6)

In the large-N limit, the modulus goes to unity and therefore
the state localizes. Thus these perturbations that break the
global SN symmetry do not spoil the localization features of
the fully symmetric system. This continues to hold as long as
the number of such perturbations is not too large or is much
lower than O(N ) and breaks down when the number of terms
is comparable to N . This brings us to the second case.

3. Case 2

For the second case we continue including similar interac-
tions as in the first case but now the number of such terms
included are O(N ). For example,

∑N
α=1 εαA†

αAα is one such
simple term. We see that such terms do not disturb the eigen-
states and the energy levels continue to split into two groups
as long as the perturbation coefficients εα are not comparable
to N . Assuming this is the case, the split is much finer com-
pared to the previous situation and hence the degeneracy is
drastically reduced and is no longer O(N ) when the ε′

αs are all
unequal. However, if a significant number of ε′

αs are equal to
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FIG. 2. Plot of the probability distribution ln |〈 j| j(t )〉|2 in the one-particle sector for N = 100 with energy splitting as given in case 2. The
thick gray curve represents the case where 90 out of the 100 eigenvalues are shifted by an equal amount of 1 and the remaining 10 eigenvalues
are shifted by amounts 2

√
l (l = 1, 2, . . . , 10). The other three curves follow from the expression (4.8) with specific values of �1 and �2 as

prescribed in the figure. As discussed below, this also can be thought of as representing the behavior of the spectral form factor.

each other we expect to see a different behavior. We will now
illustrate both these situations.

We consider the case G � �, where � is a measure of
the energy splitting caused by the perturbation and G is the
degeneracy before the splitting. Further, we demand that no
two energy levels occupy the same energy. Now, owing to
the presence of a large number of eigenstates within a very
small interval of energy, it is possible to have continuous
energy levels and thus an energy distribution function can
be associated with them. Also, the distribution function ρ(E )
should be such that ρ(E )|�→0 gives the correct result for the
unsplit case. One possible choice can be

ρ(E ) := G

�
√

π
exp

(
− (E − E0)2

�2

)
, (4.7)

with E0 the energy before splitting. The corresponding ampli-
tude in the one-particle sector becomes

〈i|i(t )〉 = 1

N2
[(N − 1)eit−�2

1t2/4 + e−i(N−1+�2 )t ], (4.8)

with �1 and �2 the shifts in the energy levels −1 and N − 1,
respectively. In general, for the k-particle sector, we have the
expression

〈i1 · · · ik|i1 · · · ik (t )〉 = 1(N
k

)[(
N − 1

k

)
eikt−�2

1t2/4 +
(

N − 1

k − 1

)

× e−i(N−k)t−�2
2t2/4

]
, (4.9)

where �1 and �2 are the spreads in the energies k and N − k,
respectively. We show the result graphically in Fig. 2.

In contrast to this, let us consider another situation where
we essentially continue working with the previous interaction
term, but now the number m of ε′

αs assume exactly the same
value, with m ∼ O(N ). As argued earlier, this suggests local-
ization and is further verified by the thick gray plot in Fig. 2.

Interestingly enough, one arrives at identical results while
exploring the so-called spectral form factor (SFF), whose
behavior is believed to indicate thermalization and chaos in
quantum many-body systems [63–65]. The SFF, denoted by
F (t ), is defined as

F (t ) =
∣∣∣∣Z (it )

Z (0)

∣∣∣∣2

, (4.10)

where Z (β + it ) = Tr(e−βH−iHt ) is the analytically continued
partition function. At β = 0, the ratio of the partition func-
tions in the k-particle sector becomes

Z (it )

Z (0)
= Tr(e−iHt )

Tr(I )
= 1(N

k

) ∑
α

e−iEαt , (4.11)

which, once appropriate energy distributions are chosen, turns
out to be exactly the same expression given in (4.9). This
happens precisely because the states |i1 · · · ik〉 are equal su-
perpositions of the eigenstates of the Hamiltonian. Therefore,
the analysis of the SFF for this particular case can capture the
existing features equally well.

Note that we have used number-preserving perturbations
and those that commute with the unperturbed Hamiltonian.
Perturbations that do not possess these two properties require
further investigation.

B. Sensitivity of the system to initial conditions

Using the time-evolution operator in the one-particle sector
(see Appendix E), we investigate the sensitivity of the system
to the initial conditions by considering an arbitrary initial state
|ψ〉 = ∑

j c j | j〉, with
∑

j |c j |2 = 1. The quantity |〈ψ |ψ (t )〉|2
turns out to be

P (t ) := |〈ψ |ψ (t )〉|2 = 1 − 2τ (N − τ )

N2
[1 − cos(Nt )],

(4.12)
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FIG. 3. Plot of Pε (t ) as a function of ε and t (N = 50).

where τ := ∑
i, j c̄ic j = C̄C, with C := ∑

j c j . Evidently, the
quantity τ is strictly positive and we can find the maximum
value it assumes by the method of Lagrange multipliers. This
amounts to solving the system of equations given by ∂τ

∂ci
=

λ
∂g
∂ci

, where g = ∑
i |ci|2 − 1 and λ is the Lagrange multiplier.

The maximum value can be found as τmax = N .
Note that P (t ) is symmetric about τ = N/2. Around τ =

N
2 + ε this becomes

Pε (t ) =
(

1

2
+ 2ε2

N2

)
+

(
1

2
− 2ε2

N2

)
cos(Nt ). (4.13)

When ε = 0 we have P0(t ) = 1
2 [1 + cos(Nt )] and this clearly

is not localized. On the other hand, if ε = ±N
2 , we find

P±N/2(t ) = 1 and the state is completely localized. In fact,
τ = N corresponds to the eigenstate |�〉 = 1√

N

∑
i a†

i |�〉 and
τ = 0 corresponds to the eigenstates of the form |φ[i, j]〉 =

1√
2
(a†

i − a†
j )|�〉. If we plot Pε (t ) as a function of both ε and

t , we obtain the plot in Fig. 3. One can see for ε ∼ ±N
2 the

probability remains very close to unity, i.e., the corresponding
states are localized, whereas near ε = 0 the probability oscil-
lates with time from zero to unity, suggesting that those states
are not localized at all.

The result given by (4.12) is also valid for the case of the
generic k-particle sector. The quantity τ turns out to be some
complicated combination of the coefficients c, appearing in
the expansion of the state |�〉 in the basis |i1 · · · ik〉. The phe-
nomenon of localization continues to depend on the quantity
τ in the same way as in the case of the one-particle sector.

C. Role of symmetries in the localization

It is important to understand the source of the localization
and the role played by the two symmetries, i.e., the supers-
elected symmetry and the global SN symmetry, in obtaining
this feature. To this end we consider the following possibili-
ties.

(1) We examine systems with reduced global symmetry
SN−k . We analyze the k = 1 case in full detail and then con-
sider the general k case. We find that all these systems localize
in a manner similar to the fully symmetric case, implying that
the global SN symmetry, though sufficient, is not necessary to
obtain these localization features.

(2) Next we check if this feature is exclusive to fermionic
systems and to verify this we find similar localization features
in a spin chain system with global SN symmetry and also in
SN -symmetric bosonic systems.

1. Models with reduced global symmetry SN−1

In the first situation we continue working with fermionic
systems and reduce the explicit global SN symmetry. This
is done by identifying a single site, say, 1, to modify the
Hamiltonian in (2.15) to

H = β

N∑
j=2

[a†
1a j + a†

j a1] +
∑

j,k=2
j<k

N

[a†
ka j + a†

j ak]. (4.14)

This model has a global SN−1 symmetry among the sites
{2, 3, . . . , N}.10 To analyze the consequences, we rewrite the
Hamiltonian in a different fashion. In the one-fermion sector
spanned by

a†
i |�〉 → |i〉 := (0, . . . , 1︸︷︷︸

ith position

, . . . , 0),

i = {1, 2, . . . , N}, (4.15)

the Hamiltonian becomes an N × N matrix. However, owing
to the residual SN−1 symmetry, we further can reduce the

10These models can be related to central spin systems [66–68]
when the unmarked sites are not interacting with each other. These
Hamiltonians are also related to the adjacency matrices of cone
graphs where similar localization features are studied [69,70] (see
Sec. IV D for the connection to graph theory).
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(a) (b)

FIG. 4. Probability distributions for the one-fermion sector of (4.14) where the first site is marked: (a) |〈1|1(t )〉|2 vs t and (b) |〈2|2(t )〉|2
vs t . The β = 1 curves correspond to the fully symmetric case and are the same in both (a) and (b). The first particle can now be localized for
even small values for N by tuning β appropriately [β = 1

10 curve of (a)]. The other sites with the SN−1 symmetry will be localized for large N .
When β is comparable to the value of N (β = N curves) we do not see localization.

dimension of the matrix. For example, we can work in the
space spanned by{

|1〉, |2〉, 1√
N − 2

(|3〉 + · · · + |N〉)

}
. (4.16)

The resulting Hamiltonian is

H =
⎛
⎝ 0 β β

√
N − 2

β 0
√

N − 2
β
√

N − 2
√

N − 2 N − 3

⎞
⎠. (4.17)

Using this, the probability that after evolving |1〉 in time we
still find it at |1〉 becomes

|〈1|1(t )〉|2

= 1 − 2(N − 1)β2{1 − cos[t
√

(N − 2)2 + 4(N − 1)β2]}
(N − 2)2 + 4(N − 1)β2

.

(4.18)

Similarly, we can compute |〈2|2(t )〉|2, and we show the plots
for both of these in Figs. 4(a) 4(b). The essential difference
between these two is that we can localize |1〉 even for small
N by tuning β, which is not possible for the other states that
continue to localize for large-N values as in the case of the full
global SN symmetry.

2. Models with reduced global symmetry SN−k

We expect similar statements to be true for a system with
a global SN−k ⊂ SN symmetry where k points are marked.
Consider the oscillators indexed by the conjugate variables α,

Aα = 1√
N − k + ∑k

j=1 |θ j |2

⎛
⎝ k∑

j=1

ωα jθ ja j +
N∑

j=k+1

ωα ja j

⎞
⎠,

(4.19)

TABLE IV. The one-fermion spectrum of the system with re-
duced global symmetry SN−k .

Eigenvalue Eigenstate Degeneracy

1 A†
N |�〉 1

0 (A†
α − κNαA†

N )|�〉, α = {1, . . . , N − 1} N − 1

with θ j complex parameters. Using this, the Hamiltonian11

H = A†
N AN (4.20)

is a simple example of a system with global SN−k symmetry.
In the original indices, this looks like

H = 1

N − k + ∑k
m=1 |θm|2

(
k∑

m, j=1

θ∗
mθ ja

†
maj +

N∑
m, j=k+1

a†
maj

+
k∑

m=1

N∑
j=k+1

(θ∗
ma†

maj + θma†
j am)

)
, (4.21)

which explicitly reveals the SN−k global symmetry among
the indices {k + 1, . . . , N}. It is easily verified that oscillators
(4.19) satisfy a deformed CAR algebra

{Aα, Aβ} = 0 = {A†
α, A†

β},
{Aα, A†

α} = 1,

{Aα, A†
β} = καβ, α �= β, (4.22)

with καβ =
∑k

j=1 ω(α−β ) j |θ j |2+
∑N

j=k+1 ω(α−β ) j

N−k+∑k
j=1 |θ j |2 . Note that when the

deformation parameters θ j → 1, this algebra reduces to the
undeformed CAR algebra (3.2). The spectrum of this system
is similar to the fully symmetric case as each particle number
sector has precisely two eigenvalues. The one-fermion and
two-fermion spectra are shown in Tables IV and V, respec-
tively, to illustrate this. We observe that the value of k and
the deformation coefficients θ j do not affect the nature of the
spectrum, i.e., they continue to have precisely two eigenval-
ues for a Hamiltonian taking the form A†

N AN . We expect the
resulting probability distributions to depend on the values of
θ j just as in the k = 1 case studied earlier. For example, when

11Note that, unlike the Hamiltonian for the SN−1 case, this Hamil-
tonian also includes the diagonal terms of the form a†

j a j . Removing

them amounts to including the term
∑N

α=1 A†
αAα in the Hamiltonian.

However, unlike the undeformed case, this term does not commute
with A†

N AN when the oscillators are deformed as in (4.19). This only
adds a layer of complication to the computation, but we do not expect
the features to change much and so we do not include it here.
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TABLE V. The two-fermion spectrum of the system with reduced global symmetry SN−k .

Eigenvalue Eigenstate Degeneracy

1 A†
N A†

α|�〉, α �= N N − 1

0 (A†
α1

A†
α2

− κNα1 A†
N A†

α2
+ κNα2 A†

N A†
α1

)|�〉, α1 < α2 �= N
(N−1

2

)
j ∈ {1, 2, . . . , k} we have, for the time-evolved state,

| j(t )〉 = 1

N

(
N + (e−it − 1)

N∑
α=1

ω jακNα

)
a†

j |�〉 + 1

Nθ∗
j

k∑
l=1
l �= j

(e−it − 1)
N∑

α=1

ω jακNαθ∗
l a†

l |�〉

+ 1

Nθ∗
j

N∑
l=k+1

(e−it − 1)
N∑

α=1

ω jακNαa†
l |�〉, (4.23)

with normalization N given by

N 2 = 1

N2

⎛
⎝N + (e−it − 1)

N∑
α1=1

ω jα1κNα1

⎞
⎠

⎛
⎝N + (eit − 1)

N∑
α2=1

ω− jα2κα2N

⎞
⎠

+ 1

N2|θ j |2 (e−it − 1)(eit − 1)
N∑

α1=1

ω jα1κNα1

N∑
α2=1

ω− jα2κα2N

k∑
l=1
l �= j

|θl |2

+ N − k

N2|θ j |2 (e−it − 1)(eit − 1)
N∑

α1=1

ω jα1κNα1

N∑
α2=1

ω− jα2κα2N . (4.24)

The apparent time dependence in the above expression should vanish upon simplification, as expected for a unitary system,
and we will see this explicitly below. The system with arbitrary complex θ ′

js is hard to analyze and so to better understand the
behavior of the probability distributions arising from these expressions we make a simplifying assumption that |θ j |2 = |θ |2 > 1
for all j ∈ {1, 2, . . . , k}. This is still a fairly general consideration as the different θ ′

js differ in the phases though they have the
same magnitude. This simplification makes

κNα = |θ |2 − 1

N + k(|θ |2 − 1)

k∑
j=1

ω−α j = δ

k∑
j=1

ω−α j, (4.25)

when α �= N . Using this, we see that the frequently occurring sum simplifies as

N∑
α=1

ωα jκNα =
{

1 + (N − k)δ for j ∈ {1, 2, . . . , k}
1 − kδ for j ∈ {k + 1, . . . , N}. (4.26)

With this the normalization in (4.24) simplifies to one. For j ∈ {1, 2, . . . , k} the different probability distributions are found to
be

|〈 j| j(t )〉|2 = {N + (e−it − 1)[1 + (N − k)δ]}{N + (eit − 1)[1 + (N − k)δ]}
N2

, (4.27)

|〈l| j(t )〉|2 = (e−it − 1)(eit − 1)[1 + (N − k)δ]2

N2
, l ∈ {1, 2, . . . , k}, l �= j, (4.28)

|〈m| j(t )〉|2 = (e−it − 1)(eit − 1)[1 + (N − k)δ]2

N2|θ |2 , m ∈ {k + 1, . . . , N}. (4.29)

It is easily seen that the sum of (4.27) and k − 1 times (4.28)
and N − k times (4.29) is one, implying probability conserva-
tion, and this serves as a consistency check of our expressions.
From these expressions it is clear that for large enough N
when compared to θ , only the expression in (4.27) goes to

one while the expressions in (4.28) and (4.29) go to zero,
implying localization. Furthermore, as in the SN−1 case, with
the introduction of the deformation parameters θ , we see that
we can now achieve localization by tuning their values for
fixed N and k. This is shown in Fig. 5(a), where for N = 20
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(a) (b)

(c)

FIG. 5. Probability distribution |〈 j| j(t )〉|2, as given by (4.27), plotted as a function of t for different values of (a) θ and (b) k and
(c) for different k and N values with fixed |θ | such that a particular k

N ratio (here 0.5) is maintained. One can arrive at both localization
and delocalization by modifying θ and k suitably just as in the SN−1 case studied earlier. Large values of N , with k

N fixed and finite, favor
localization as seen in (c).

we obtain almost perfect localization when θ = 0.1, which
should be contrasted with the θ = 10 case shown in the same
figure.

Note that for θ = 1 the deformed CAR algebra in (4.22)
reduces to the undeformed one in (3.2). However, this is still
not the fully symmetric case due to the continued presence
of the phases in front of the k oscillators. Nevertheless, the
probability distributions are blind to these relative phases and
hence the answers we obtain in this case are precisely the same
as the undeformed or the fully symmetric case. This suggests
that the fully deformed model, devoid of any global symmetry
and built using the oscillators

Aα = 1

|θ |√N

N∑
j=1

ωα jθ ja j, (4.30)

should mimic the undeformed and fully symmetric case. It
is easily seen that the deformed CAR algebra (4.22) reduces
to the undeformed one (3.2) for these oscillators. In fact, the
probability distributions in this case,

|〈 j| j(t )〉|2 = 1

N2
(N + eit − 1)(N + e−it − 1), (4.31)

|〈l| j(t )〉|2 = 1

N2
(eit − 1)(e−it − 1), l �= j, (4.32)

coincide precisely with the undeformed case. These expres-
sions can also be obtained by setting |θ | = 1 or δ = 0 and
k = N in (4.27) and (4.28). This is another example where
a model without global symmetries localizes in exactly the
same way as a model with one, as long as all the fermions
interact with each other modulo relative phase coefficients.

The role of k in SN−k is studied in Fig. 5(b), where we see
that for fixed N and |θ | the system localizes as k → N . Thus
the tuning of k can also be used to obtain localization for small
N . Moreover, as we increase k and N such that k

N is fixed we

see that localization occurs only for large N when |θ | is fixed
[see Fig. 5(c)]. In this case localization for smaller values of
N can be obtained by modulating |θ |. Also when k

N → 1 we
will always see localization.

As a further extension we remark that Hamiltonians of the
form A†

αAα , diagonal in the conjugate space, will have spectral
features similar to those of the fully symmetric case, for both
deformed and nondeformed oscillators. These systems do not
have any obvious global symmetries in the spaces indices j
but feature interactions where all the fermions interact with
one another, with some coefficients. We expect all of them to
exhibit similar disorder-free localization features.

3. Spin chain with global SN symmetry

To examine the role of the superselected symmetry, con-
sider a spin chain system with no superselected symmetry
and just a global SN symmetry. The permutation operator on
C2 ⊗ C2 can be written using Pauli matrices as

1 + X ⊗ X + Y ⊗ Y + Z ⊗ Z

2
=

⎛
⎜⎜⎝

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

⎞
⎟⎟⎠.

(4.33)

Thus we can generate the full permutation group SN using
these transpositions as generators. We have

si ≡ si,i+1 = 1 + XiXi+1 + YiYi+1 + ZiZi+1

2
(4.34)

as the generators of SN and they satisfy (2.5). Well-known
spin chains such as the Heisenberg XXX spin chain H =∑N−1

j=1 [XjXj+1 + YjYj+1 + ZjZ j+1] is a sum of such operators
up to a constant term. For our purposes we use these gener-
ators to construct permutation-invariant spin chains using the
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TABLE VI. The two-particle spectrum of (2.15) in the bosonic
case.

Eigenvalue Eigenstate Degeneracy

−2 A†
αA†

β |�〉, α, β �= N
(N−1

2

) + N − 1

2N − 2 (A†
N )2|�〉 1

N − 2 A†
αA†

N |�〉 N − 1

techniques of Sec. II. By noting that the generators are just
transpositions or 2-cycles, we can express an arbitrary 2-cycle
(i j) as a product of the s′

is in (4.34). We have

(i j) = 1 + XiXj + YiYj + ZiZ j

2
, (4.35)

where Xi, Yi, and Zi are the Pauli matrices on site i. This
operator exchanges the states on sites i and j. In this case the
two-cycle Hamiltonian generalizes the Heisenberg XXX spin
chain12

H = 1

2

N∑
j,k=1
j<k

(XjXk + YjYk + ZjZk ) + N (N − 1)

2
. (4.36)

The two-cycle Hamiltonian is just the sum of the N (N−1)
2 trans-

positions acting on ⊗N
j=1C

2
j . We will call this the symmetric

Heisenberg XXX spin chain.
The Hilbert space of this system splits into sectors labeled

by the number of |↓〉′s, as the Hamiltonian, being the sum of
permutation operators, cannot mix states containing different

numbers of |↓〉′s. Thus the problem we have now is similar
to the one encountered in the fermionic realization. For exam-
ple, consider the sector where there is a single |↓〉 with the
remaining sites filled by a |↑〉. There are N such states and the
Hamiltonian in this sector reduces to the form

(H1)i j =
(

(N − 1)(N − 2)

2
− 1

)
δi j + 1, (4.37)

which is similar to the one obtained in the fermion case (E1)
modulo the function of N appearing with the δi j . We expect
to see localization here as well, suggesting that this property
is true regardless of the realization chosen for the global
permutation symmetry. It is not hard to see that this pattern
continues for the other sectors of this Hilbert space and so we
conclude that the symmetric XXX chain of (4.36) will contain
localized states for large N .

4. Bosonic systems with global SN symmetry

The symmetric Hamiltonian in (2.15) can also be consid-
ered for the bosonic case by merely enforcing the canonical
commutation relations for the operators appearing in the
Hamiltonian. While the one-particle spectrum of this model is
similar to the fermionic case, the spectra of other sectors are
different. For the higher-particle-number sectors the number
of energy eigenvalues depends on the particle number of the
sector. There are k + 1 energy eigenvalues for the k-particle
sector. The spectrum of the two-particle sector is shown in
Table VI. The probability for the two-particle basis states is
found to be

|〈1, 2|1, 2(t )〉|2 = 2

N4

(
1 + 4(N − 1)2 + (N − 1)4

2
+ 2(N − 1) cos(E1 − E2)t + 2(N − 1)3 cos(E2 − E3)t

+ (N − 1)2 cos(E3 − E1)t

)
. (4.38)

For large N this expression clearly goes to unity, indi-
cating the same type of disorder-free localization as seen
in the fermionic system. The probabilities go as 1

N4 and
1+(N−2)2+(N−1)2

N4 when |1, 2(t )〉 overlaps with | j, k〉 and
|1, k〉, |2, k〉, respectively. Similar localization is seen in the
higher boson sectors as well and thus we conclude that this
type of disorder-free localization is also true for bosonic sys-
tems with global SN symmetry.

D. Prescription for disorder-free localization using graph theory

We begin with a few definitions from graph theory to keep
this part self-contained. A graph G = (V, E ) consists of a set
of vertices (V ) and a set of edges (E ). We consider simple and

12The Heisenberg XXX spin chain H = ∑N−1
j=1 (XjXj+1 + YjYj+1 +

ZjZ j+1) is a local Hamiltonian with nearest-neighbor interactions.
This can be thought of as an analog of the tight-binding Hamiltonian.
The analog of the SN -symmetric Hamiltonian in (2.15) is the model
given by (4.36).

regular graphs, which are those where more than one edge is
not allowed between two vertices and where all the vertices
have the same valence. The adjacency matrix A of a simple
and regular graph is a |V | × |V | matrix with matrix elements
Ai j = 1 when vertices i and j are connected by an edge and
Ai j = 0 when they are not.

From the graph theory perspective the Hamiltonian of the
one-fermion sector (E1) is precisely the adjacency matrix of a
complete graph.13 The automorphism group of such a graph is
precisely SN , where N is identified as the number of vertices
of this graph.

Now we establish the localization features seen in the one-
fermion Hamiltonian (E1) for the complete graph. To do this
we begin by making the set of vertices into a Hilbert space CN

with the N basis vectors given by | j〉 = (0 · · · 1 · · · 0)T , with 1
at the jth position and the inner product taken as the canonical

13A complete graph is a simple graph where all vertices are
connected with each other.
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one. Then the vectors | j〉 are evolved according to

| j(t )〉 = eiAt | j〉. (4.39)

Computing the probability corresponding to the overlap
〈1|1(t )〉,

|〈1|1(t )〉|2 = 1

N2
[1 + (N − 1)2 + 2(N − 1) cos Nt],

(4.40)

we see that it coincides with the one-fermion quantum walk
expression (3.8). The probability distributions corresponding
to states other than |1〉 precisely coincide with (3.9). These
results have appeared in the quantum walk literature from
the perspective of algebraic graph theory (see Sec. 1 of [69],
Eq. 15 of [71], Eq. 4 of [72], and [73,74]). Such localization
properties manifest as sedentariness in continuous-time quan-
tum walks and the “stay-at-home” property in the jargon of
graph theory. More generally, graph theorists study strongly
regular graphs (SRGs) [75,76] whose adjacency matrices have
spectra with the right properties to obtain the stay-at-home
property [69]. Strongly regular graphs are characterized by
a 4-tuple (n, k; a, c), with n the number of vertices, k the
valence, a the number of common neighbors for adjacent ver-
tices, and c the number of common neighbors for nonadjacent
vertices. Their adjacency matrices satisfy the characteristic
equation [69,75]

A2 − (a − c)A − (k − c)I = cJ, (4.41)

where I is the identity matrix of size n and J is the square
matrix with all entries unity. This matrix has just three eigen-
values, one of which is nondegenerate and the other two scale
with n.

Not all strongly regular graphs exhibit localization, but a
particular family characterized by the tuple (n2, k(n − 1); n −
2 + (k − 1)(k − 2), k(k − 1)) does show localization [69].
Most of the strongly regular graphs have trivial automorphism
groups [75], which shows that the global symmetry is really
not necessary to see this kind of disorder-free localization.

Interpreting the adjacency matrices as many-body Hamil-
tonians, we see that they only capture the one-particle sectors
of the corresponding physical systems. In this paper we have
shown how to construct the physical Hamiltonians14 corre-
sponding to such graphs which facilitate the study of the
localization properties of multiparticle sectors as well. For
example, the fermionic Hamiltonian corresponding to an ad-
jacency matrix A can be constructed by replacing the matrix
elements of A by a†

i a j + a†
j ai if and only if Ai j = 1. With this

rule, the fermionic Hamiltonian corresponding to the com-
plete graph is precisely the SN -symmetric model in (2.15).
This can then be used to study the higher-fermion sectors.
With this algorithm it is only natural to conjecture that the

14Note that in graph theory the localization results are derived
purely by studying the characteristic equation which translates to the
spectra of the underlying graphs. The exact form of the adjacency
matrix is not required to establish localization in graph spectra. In
fact, it is a hard problem to construct the adjacency matrices of
strongly regular graphs [75].

Hamiltonians corresponding to SRGs can be prescribed as a
way to obtain the disorder-free localization studied in this pa-
per. We reserve the investigation of this interesting connection
for a future work.

V. CONCLUSION

We end with a few remarks and possible future works.
(i) The models described in this paper feature all-to-all

connectivity of multiple fermions which are essentially two-
level systems, implying that they can be realized with qubit
systems. The many-fermion Hamiltonians in (2.15), (4.2),
and (4.5) can be modeled on both planar and nonplanar ar-
chitectures depending on the potentials used to realize the
interqubit couplings. However, it is in general impractical and
hard to engineer such long-range couplings between qubits
in experiments. Nevertheless, such systems are important in
quantum computing architectures as they can implement dif-
ferent quantum algorithms that assume quantum gates operate
on an arbitrary pair of qubits. An implementation of the homo-
geneous all-to-all connectivity among qubits was proposed in
[77] using superconducting qubits in circuit QED. Also, there
are now experiments in superconducting circuits using bus
resonators that can achieve tunable all-to-all couplings [78,79]
and more recently with ring resonators [80]. The architecture
proposed in the latter is also scalable and prevents crosstalk
between qubits.

All-to-all connectivity can also be seen in digital quantum
simulators using trapped ions [81,82]. In these setups the
qubits are encoded in the Zeeman states of electrically trapped
and laser-cooled calcium ions. A universal set of gates is im-
plemented in this system and they can simulate several types
of interactions among the qubits including nonlocal ones apart
from the local terms. These experiments also support both
inhomogeneous and homogeneous couplings. Similar effects
are also seen in ultracold-atom setups [83].

(ii) The out-of-time-order correlators (OTOCs) indicate
chaotic behavior in thermal systems [84]. The Lyapunov
exponent can be read off from such expressions [24].
The saturation of this quantity implies behavior similar to
that predicted by the anti–de Sitter/conformal field theory
correspondence and is like an SYK model [22–25]. The
systems discussed in this work describe the opposite be-
havior and thus the results on the OTOCs do not hold for
them.

(iii) An extension worthy of mention is adding an in-
ternal symmetry index α = 1, 2 transforming by the spin- 1

2
representation of SU(2) to the operators ai. Then, since this
representation is pseudoreal, aα

i (σ2)α,α′aα′
j is SU(2) invariant

and so is its adjoint (here σ2 is the second Pauli matrix.). So
we can add such SU(2) or color singlet Majorana terms which
are also permutation invariant and incorporate features of the
SYK model.

(iv) Furthermore, it would be interesting to consider the al-
gebra of observables that are permutation invariant and study
the corresponding Hilbert spaces built using the Gel’fand-
Naimark-Segal construction [85–90]. These can then be
used to explore the entanglement entropy and thermaliza-
tion properties of these systems and those derived from
them.
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APPENDIX A: H (2)
1 IN DIFFERENT PARTICLE SECTORS

Let us consider the operator

H (2)
1 =

∑
ρ∈2-cycle

conjugacy class

N∑
i=1

a†
ρ(i)ai. (A1)

This is invariant in every particle sector under global permutations among the site indices. In the one-particle sector this can be
seen very easily: (

σ1H (2)
1 σ−1

1

)
a†

m|�〉 = H (2)
1 a†

m|�〉. (A2)

Here σ1 is the realization of σ ∈ SN in the one-particle sector.
However, before proceeding further, let us consider the action of H (2)

1 on an arbitrary k-particle state a†
i1

· · · a†
ik
|�〉. We can

write.

H (2)
1 a†

i1
· · · a†

ik
|�〉 =

∑
ρ∈2-cycle

conjugacy class

(a†
ρ(i1 )ai1 + · · · + a†

ρ(m)am + · · · + a†
ρ(ik )aik )a†

i1
· · · a†

ik
|�〉 (rests give 0)

=
∑

ρ∈2-cycle
conjugacy class

(a†
ρ(i1 ) · · · a†

ik
+ a†

i1
· · · a†

ρ(m) · · · a†
ik

+ a†
i1

· · · a†
ρ(ik ) )|�〉 (A3)

We will now demonstrate the invariance of H (2)
1 in the k-particle sector,

σkH (2)
1 σ−1

k |i1, . . . , ik〉 = σkH (2)
1 |σ−1(i1), . . . , σ−1(ik )〉

= σk

∑
ρ∈2-cycle

conjugacy class

(|ρσ−1(i1), . . . , σ−1(ik )〉 + · · · + |σ−1(i1), . . . , ρσ−1(ik )〉)

=
∑

ρ∈2-cycle
conjugacy class

(|σρσ−1(i1), . . . , ik〉 + · · · + |i1, . . . , σρσ−1(ik )〉)

=
∑

ρ ′∈2-cycle
conjugacy class

(|ρ ′(i1), . . . , ik〉 + · · · + |i1, . . . , ρ ′(ik )〉)

= H (2)
1 |i1, . . . , ik〉, (A4)

where σρσ−1 = ρ ′ ∈ 2-cycle conjugacy class also and σk is the realization of σ ∈ SN in the k-particle sector.

APPENDIX B: PROOF OF (2.16)

The quartic Hamiltonian originating from the two-cycle
conjugacy class is

H (2)
2 =

∑
σ

∑
i< j

a†
σ (i)a

†
σ ( j)a jai = 1

2

∑
i, j

∑
σ

a†
σ (i)a

†
σ ( j)a jai.

(B1)

We notice that all σ ′s belonging to the two-cycle conjugacy
class can be grouped as i → i and j → j if there are N−2C2

such elements, i → j and j → i there is one such element,

i → i and j → m ( �=i, j) if there are N − 2 such elements, and
i → m ( �=i, j) and j → j if there are N − 2 such elements.
Considering this, we can simplify (B1) as

H (2)
2 = 1

2

∑
i, j

(
N−2C2a†

i a†
j a jai + a†

j a
†
i a jai

+
∑

m �=i, j

(a†
i a†

m + a†
ma†

j )a jai

)
. (B2)
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With A = ∑
i ai, N̂ = ∑

i a†
i ai, the number operator, and us-

ing the relations [N̂, A/a] = −A/a, we obtain

H (2)
2 = 1

2
(N−2C2 − 3)(N̂2 − N̂ ) + (A†AN̂ − A†A)

= 1

2

(
(N − 2)(N − 3)

2
− 1

)
(N̂2 − N̂ )

+ 2
∑
i< j

[a†
i a j + a†

j ai](N̂ − 1). (B3)

So we can write H (2)
2 in terms of H (2)

1 and N̂ and we expect this
trend to continue for higher-order Hamiltonians like a hexatic
Hamiltonian and so on.

APPENDIX C: ORTHOGONALITY
AND COMPLETENESS OF (3.11) and (3.12)

The inner product between two-fermion eigenstates 〈u|v〉
is zero when |u〉 is in (3.11) and |v〉 is in (3.12). However,
when both |u〉 and |v〉 belong to any particular eigenvalue they
may not be orthogonal to each other. Nevertheless, we can
show that these states are complete using the action of the
permutation operators from SN . To do this we first note that

the states in (3.11) are mapped onto each other,

s jk|[ j]〉2 = |[k]〉2, j, k ∈ {1, 2, . . . , N − 1}, (C1)

using the transpositions s jk and the states in (3.12) are mapped
onto each other,

s j1 j2 sk1k2 |[ j1k1N]〉2 = |[ j2k2N]〉2, (C2)

using the permutations s j1 j2 sk1k2 . Combining these identities
with the expression of the two-fermion state |1, 2〉 in (3.13),
we see that any other two-fermion state | j, k〉, with j, k �=
{1, 2}, can be obtained as

| j, k〉 = s1 j s2k|1, 2〉

=
√

N − 1

N
(|[ j]〉2 − |[k]〉2) +

√
3(N − 2)

N
|[ jkN]〉2

−
√

3

N

N−1∑
m=3

(|[ jmN]〉2 − |[kmN]〉2). (C3)

Notice that we have used s1 j |[2]〉2 = |[2]〉2 and s2k|[1]〉2 =
|[1]〉2. On the other hand, the states of the form |1, j〉 and
|2, j〉, for j ∈ {3, . . . , N}, are obtained by applying s2 j and
s1 j on ±|1, 2〉, respectively. Thus any two-fermion state can
be written as a linear combination of the two-fermion eigen-
states in (3.11) and (3.12), showing their completeness. These
arguments can be extended to a general k-fermion sector as
well.

APPENDIX D: PROOF OF (3.17)

We have the action of quadratic all-to-all on a general k-particle state as

H (2)
1 a†

i1
· · · a†

ik
|�〉 =

∑
σ

(a†
σ (i1 ) · · · a†

ik
+ a†

i1
· · · a†

σ (i j )
· · · a†

ik
+ · · · + a†

i1
· · · a†

σ (ik ) )|�〉. (D1)

We concentrate on the single term
∑

σ a†
i1

· · · a†
σ (i j )

· · · a†
ik

. As done previously, we can group the σ ′s as i j → i j if there are N−1C2

such elements and i j → m �= i j if there are N − 1 such elements. Then we finally have

∑
σ

a†
i1

· · · a†
σ (i j )

· · · a†
ik

= N−1C2 a†
i1

· · · a†
i j

· · · a†
ik

+ a†
i1

· · ·
⎛
⎝∑

m �=i j

a†
m

⎞
⎠ · · · a†

ik

= (N−1C2 − 1) a†
i1

· · · a†
i j

· · · a†
ik

+ a†
i1

· · ·
(∑

m

a†
m

)
· · · a†

ik

= (NC2 − N )a†
i1

· · · a†
ik

+ a†
i1

· · · A†︸︷︷︸
jth position

· · · a†
ik
. (D2)

Therefore, we have

H (2)
1 a†

i1
· · · a†

ik
|�〉 = k(NC2 − N )a†

i1
· · · a†

ik
|�〉 + A†a†

i2
· · · a†

ik
|�〉 + · · · + a†

i1
· · · A†︸︷︷︸

jth position

· · · a†
ik
|�〉 + · · · + a†

i1
· · · a†

ik−1
A†|�〉.

(D3)

Now let us consider the situation

H (2)
1 a†

i1
· · ·

∑
ik

a†
ik
|�〉 = k(NC2 − N )a†

i1
· · ·

∑
ik

a†
ik
|�〉 + A†a†

i2
· · ·

∑
ik

a†
ik
|�〉 + · · ·

+ a†
i1

· · · A†︸︷︷︸
jth position

· · ·
∑

ik

a†
ik
|�〉 + · · · + a†

i1
· · · a†

ik−1

∑
ik

A†|�〉

= k(NC2 − N )a†
i1

· · · A†|�〉 + Na†
i1

· · · A†|�〉. (D4)
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Thus we have the following eigenstates of H (2)
1 :

H (2)
1 a†

i1
· · · A†|�〉 = [kNC2 − N (k − 1)]a†

i1
· · · A†|�〉. (D5)

Now let us consider another kind of state

|i1, . . . , ik, N ; k〉 = a†
i1

· · · a†
ik
|�〉 + · · · + (−1) jka†

j+1 · · · a†
ik

a†
N︸︷︷︸

(k− j+1)th position

a†
i1

· · · a†
j−1|�〉 + · · · + (−1)k2

a†
N a†

i1
· · · a†

ik−1
|�〉.

(D6)

Let us focus on two particular expressions

H (2)
1 a†

i1
· · · a†

ik
|�〉, H (2)

1 (−1) jka†
j+1 · · · a†

ik
a†

N︸︷︷︸
(k− j+1)th position

a†
i1

· · · a†
j−1|�〉. (D7)

We should have two terms coming from the above,

a†
i1

· · · A†︸︷︷︸
jth position

· · · a†
ik
|�〉, (−1) jka†

j+1 · · · a†
ik

A†︸︷︷︸
(k− j+1)th position

a†
i1

· · · a†
j−1|�〉. (D8)

They have same index content. Rearrangement of the indices in the second of these yields

(−1)(k− j+1)( j−1)+(k− j)+ jka†
i1

· · · A†︸︷︷︸
jth position

· · · a†
ik
|�〉 = (−1)− j2+2 jk+ j−1a†

i1
· · · A†︸︷︷︸

jth position

· · · a†
ik
|�〉

= (−1)− j2+ j (−1)2 jk−1a†
i1

· · · A†︸︷︷︸
jth position

· · · a†
ik
|�〉

= −a†
i1

· · · A†︸︷︷︸
jth position

· · · a†
ik
|�〉. (D9)

Thus these terms always cancel and the states |i1, . . . , ik, N ; k〉 are eigenstates of H (2)
1 :

H (2)
1 |i1, . . . , ik, N ; k〉 = k(NC2 − N )|i1, . . . , ik, N ; k〉. (D10)

APPENDIX E: TIME EVOLUTION OPERATOR IN THE
ONE-PARTICLE SECTOR

The one-particle Hilbert space spanned by {a†
i |�〉; i =

1, 2, . . . , N} can equivalently be described by the space
spanned by

{|i〉 = (0, . . . , 1︸︷︷︸
ith position

, . . . , 0)T }.

In this framework, the bilinear Hamiltonian in (2.15) is given
by

(H )i j = 1 − δi j ⇒ H = I − I, (E1)

where the matrix I has entries Ii j = 1 and the matrix I is the
N × N identity matrix with entries Ii j = δi j . They satisfy the
properties

Im = Nm−1I, Im = I. (E2)

Then we can simplify

e−iHt =
[(

I − I
N

)
+ I

N
e−iNt

]
eit . (E3)

The matrix amplitudes turn out to be

〈i|e−iHt | j〉 =
[(

δi j − 1

N

)
+ 1

N
e−iNt

]
eit . (E4)

Further, the probability can be calculated as

|〈 j| j(t )〉|2 =
∣∣∣∣
[(

1 − 1

N

)
+ 1

N
e−iNt

]
eit

∣∣∣∣2

= 1

N2
[1 + (N − 1)2 + 2(N − 1) cos(Nt )]

(E5)

|〈 j′| j(t )〉|2j′ �= j =
∣∣∣∣
(

− 1

N
+ 1

N
e−iNt

)
eit

∣∣∣∣2

= 2

N2
[1 − cos(Nt )]. (E6)
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and A. L. Subaşı, Disorder-free localization in quantum walks,
Phys. Rev. A 103, 022416 (2021).

[58] A. Mandal, R. S. Sarkar, and B. Adhikari, Localization of
two dimensional quantum walks defined by generalized grover
coins, J. Phys. A: Math. Theor. 56, 025303 (2023).

[59] S. Singh and C. M. Chandrashekar, Interference and corre-
lated coherence in disordered and localized quantum walk,
arXiv:1711.06217.

[60] A. Joye, Dynamical localization for d-dimensional random
quantum walks, Quantum Inf. Process. 11, 1251 (2012).

[61] C. Cedzich and A. H. Werner, Anderson localization for electric
quantum walks and skew-shift CMV matrices, Commun. Math.
Phys. 387, 1257 (2021).

[62] H. Gerhardt and J. Watrous, in Approximation, Randomization,
and Combinatorial Optimization. Algorithms and Techniques,
edited by S. Arora, K. Jansen, J. D. P. Rolim, and A. Sahai,
Lecture Notes in Computer Science Vol. 2764 (Springer, Berlin,
2003), pp. 290–301.

[63] E. Brézin and S. Hikami, Spectral form factor in a random
matrix theory, Phys. Rev. E 55, 4067 (1997).

[64] J. S. Cotler, G. Gur-Ari, M. Hanada, J. Polchinski, P. Saad,
S. H. Shenker, D. Stanford, A. Streicher, and M. Tezuka, Black
holes and random matrices, J. High Energy Phys. 05 (2017)
118.
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