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Self-steepening-induced stabilization of nonlinear edge waves at photonic valley-Hall interfaces
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We study localized nonlinear modes guided by the valley-Hall domain walls in staggered photonic graphene.
We describe their propagation dynamics in the long-wavelength limit by a nonlinear Dirac-like model including
spatial dispersion terms. It leads to a modified nonlinear Schrödinger equation for the wave-field amplitude
that remarkably incorporates a nonlinear velocity term. We find that this nonlinear velocity correction results
in a counterintuitive stabilization effect for relatively high-amplitude plane-wave-like edge states, which we
confirm by calculation of complex-valued small-amplitude perturbation spectra and direct numerical simulation
of propagation dynamics in staggered honeycomb waveguide lattices with on-site Kerr nonlinearity. Our results
highlight the importance of taking into account higher-order nonlinearities in topological wave media and are
relevant to a variety of nonlinear photonic systems described by Dirac-like Hamiltonians.
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Introduction. Topological edge modes are the indicative
hallmark of the topologically nontrivial systems that can be
characterized by the quantized invariants of the bulk eigen-
spectrum. Driven by inspiration from the solid-state physics,
they were observed in many engineered photonic platforms
including waveguide arrays and photonic crystals [1]. Their
dispersion can often be captured by effective Dirac-like mod-
els. Their transformations induced by nonlinear effects in
optical systems constitute an important subject of research
in pursuit of potential applications in high-speed photonic
circuits and communication networks [2].

Modulational instability is a phenomenon that appears in
many nonlinear systems in nature as a result of the inter-
play between the nonlinearity and dispersion. In the course
of this process development even minor disturbances to the
stationary state in a nonlinear system experience exponential
growth over time. For the boundary problem, it may, in turn,
apply to the edge waves that propagate along the topological
domain walls; even when protected against backscattering
these waves can become unstable under long-wavelength
perturbations and break down into localized structures. Mod-
ulational instability can be used to probe bulk topological
invariants [3–5] and plays an important role in edge soliton
formation [6–9].

Recent observations of optical solitons in Floquet topolog-
ical lattices [10–12] and other related phenomena, such as
nonlinear coupling to topological edge modes [13] and non-
linear Thouless pumping [14,15], implemented in periodically
modulated waveguide arrays, reflect ongoing experimen-
tal interest in nonlinear effects in topological bands. It is
argued that valley-Hall photonic lattices, being simple in
design with no need for helical modulation, can combine
slow-light enhancement of nonlinear effects with topologi-
cal protection against back reflection and disorder [16–19].

Nevertheless, their performance versus conventional (non-
topological) waveguides is under debate and sensitive to the
fabrication tolerance of the specific design implementation,
as discussed in the recent experimental work of Ref. [20]
demonstrating enhanced backscattering in valley-Hall pho-
tonic crystal slabs.

Most previous studies [6–8,21] noted that the nonlinear
counterparts of the topological edge modes in the optical sys-
tems with the self-focusing nonlinearity are modulationally
unstable, and referred to the nonlinear Schrödinger equa-
tion (NSE) for the qualitative explanation [6,7,22–25]. Here,
we unravel the overlooked stabilization of the relatively high-
amplitude nonlinear edge waves originating from the linear
counterparts in the Dirac-like systems. It is rooted in the non-
linear velocity term correction to the NSE derived in Ref. [9],
which appears at interfaces between media with topological
band gaps of finite width. The nonlinear velocity generally
manifests itself in pulse self-steepening observable in exper-
iments [26–29]. The instability inhibition at larger powers
can loosely be interpreted as balanced compensation between
slowly moving humps and faster moving drops.

This paper begins by examining the linear stability of
the nonlinear edge waves localized near domain walls in
the framework of the generic nonlinear Dirac equations,
using purely analytical asymptotic analysis put forward in
our earlier works [9,30]. We then proceed to the discrete
lattice model based on the tight-binding description before
finally presenting numerical modeling of a realistic optical
implementation using optical waveguide arrays. These steps
collectively constitute a comprehensive methodological set
and self-consistently confirm the stabilization effect.

Continuum nonlinear Dirac model. Our starting point is
the nonlinear Dirac model (NDM) that describes the spa-
tiotemporal evolution of a two-component wave function
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� = (�1, �2)T :

i∂t� = Ĥ�, (1a)

Ĥ =
(

M − g|�1|2 d̂

d̂∗ −M − g|�2|2
)

, (1b)

where the off-diagonal spatial derivative operator in
the valley-Hall systems is defined as d̂ = −i∂x − ∂y −
η(−i∂x + ∂y)2 [9,30] and t is the evolution coordinate, cor-
responding to propagation distance z in case of waveguide
arrays. Note, taking into account the second-order derivatives
responsible for the spatial dispersion is significant for the
correct description of the system behavior in the nonlinear
regime, in particular, modulational instability, which is absent
in the NDM with η = 0.

A topological domain wall is formally introduced by
inverting the sign of the effective mass in two half-
spaces, M(y > 0) = M0, M(y < 0) = −M0. We take param-
eter M0 > 0 without loss of generality. The work of Ref. [30]
presents the analytical solution for the propagating nonlinear
edge mode confined to the interface at y = 0 and possessing
the profile [ψ0

1 (y), ψ0
2 (y)]T e−iωNLt+ikx and nonlinear disper-

sion ωNL(k, I1) = −k − gI1/2. Here I1 = |ψ0
1,2(y = 0)|2 is the

intensity of this edge mode’s components at the interface.
Although this formula for ωNL(k, I1) was derived at η = 0,
it is still applicable in the vicinity of k = 0 for small η.

In Ref. [9], we investigated dynamics of edge wavepack-
ets that vary slowly along the x direction and derived the
evolution equation for the slowly varying amplitude a(t, ξ ),
where ξ = x + t is a traveling coordinate of edge pulses with
accuracy order ∼μ2 (the small parameters are |gI1/2M0| ∼
μ � 1, ηM0 ∼ μ2):

i
∂a

∂t
≈ −g

4
|a|2a − i

g2

32M2
0

|a|2 ∂|a|2
∂ξ

a − η
∂2a

∂ξ 2
+ M2

0ηa. (2)

It enters the asymptotic expression for the spinor components

�1,2(x, y, t ) = ± 1√
2

a(ξ ; {μnt})e−M0|y|eikξ + O(μ). (3)

Equation (2) differs from the usual nonlinear Schrödinger
equation (NSE) due to the presence of a second higher-
order nonlinear term (second term on the right-hand side
of the equation), which accounts for phase modulation and
self-steepening effects and constitutes the nonlinear veloc-
ity; higher-amplitude edge waves travel more slowly. As
discussed in Ref. [9], the nonlinear velocity term is a conse-
quence of the asymmetric intensity-dependent localization of
the edge states in the direction transverse to the interface.

Based on Eq. (2), the nonlinear edge wave’s complex am-
plitude at the domain wall y = 0 is given by

a = A0ei(gA2
0/4−ηM2

0 )t , (4)

being exactly the steady-state solution of this equation. To
examine the stability of this state, we apply a standard linear
stability analysis by representing the perturbed solution in the
form

a = (A0 + δA0)ei(gA2
0/4−ηM2

0 )t , (5)

where δA0 is a small perturbation sought as wave-like mod-
ulations, δA0 = Re(CUe−iλt+iκξ ) + iRe(CVe−iλt+iκξ ), where
CU and CV are constants. The eigenfrequency λ = � + iγ is
a complex number obtained by solving the linear eigenvalue
problem for the perturbations in the first order of accuracy
upon substituting Eq. (5) into Eq. (2). The resulting depen-
dence of λ on the modulation wave number κ determines the
stability of the edge state, with γ ≡ Im(λ) being the growth
rate. If γ < 0, the nonlinear state is stable and only exhibits
small amplitude oscillations in the presence of perturbations.
However, if γ > 0, the nonlinear state is unstable, resulting in
significant profile variations during propagation.

In this way, the eigenfrequency is deduced to be

λ(κ ) = μ̄2κ

8
± i

√
ηκ2(μ̄M0 − ηκ2) − μ̄4κ2

64
, (6)

where we denote the parameter of nonlinearity μ̄ = gI1/M0 ≡
gA2

0/2M0 [31]. At η = 0, i.e., in the absence of dis-
persion, the nonlinear edge wave is stable. The positive
radicand ηκ2(μ̄M0 − ηκ2) > μ̄4κ2/64 indicates instability.
Therefore, the instability condition can be formulated as
follows:

μ̄η >
μ̄4

64M0
= 1

4M5
0

(
gI1

2

)4

. (7)

FIG. 1. (a), (b) Stability analysis based on the amplitude equa-
tion (2). Parameter plane of dispersion and nonlinearity illustrating
stability (white) and instability (gray) areas for the propagating
nonlinear edge modes, if the nonlinear velocity term is (a) omitted
(conventional NSE) and (b) properly taken into account as written in
MNSE Eq. (2). (c), (d) Normalized intensity distribution, denoted as
IN = (|�1(x, y)|2 + |�2(x, y)|2)/I1, in the plane (x, y) for (c, plus)
unstable and (d, cross) stable edge waves numerically calculated
in the framework of dynamic NDM (1) at times t = t1 = 8 and
t = t2 = 2t1, respectively. (e), (f) Intensity profiles along the domain
wall at y = 0 at the initial time t = t0 = 0 (dashed pink lines) and
after evolution (solid green line in stable case and solid red line in un-
stable case) to the times corresponding to panels (c), (d). Parameters
are M0 = 1, g = 0.6, k = 0, the perturbation wave vector κ = 4.9,
I1 = 1, η = (μ̄3/64M0)/3 (stable), η = (μ̄3/64M0 ) × 3 (unstable),
where μ̄ = (gI1)/M0, cf. Eq. (7).
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This analysis notably reveals the counterintuitive finding that
large-amplitude waves can be stable for the parameters obey-
ing Eq. (7). Thus, once the nonlinear velocity is included
into the modified nonlinear Schrödinger equation (MNSE),
the instability area is reduced compared to the conventional
NSE overlooking this contribution, as illustrated in Figs. 1(a)
and 1(b). This means that the nonlinear velocity term has a
stabilizing effect on the edge mode, making it less prone to
decay. Examples of time evolution for modulationally unsta-
ble and stable edge waves modeled in the framework of NDM
are shown in Figs. 1(c) to 1(f).

As discussed in our previous work [9], the self-steepening
nonlinearity appears because the Kerr nonlinearity shifts the
wavepacket frequency, which affects the wavepacket’s local-
ization transverse to the interface, thereby modifying the local
intensity at the interface. The more rapid spatial variation of
a wavepacket in the presence of self-steepening corresponds
to an asymmetric broadening of its components in momentum
space. On the other hand, modulational instability arises due
to a Kerr nonlinearity-induced amplification of perturbations
with small wave vectors. The self-steepening thus suppresses
the modulational instability by damping small wave vector
perturbations by coupling them to larger (nonamplified) wave
vectors.

To verify our analytical predictions, we further calculate
the perturbation spectra in Eq. (1) directly. To this end,
we follow the procedure similar to the described above for
Eq. (2) and analyze small perturbations to the numerically
found nonlinear stationary solution [ψ s

1(y), ψ s
2(y)]T eikx−iωst

at k = 0. The transverse profiles of the nonlinear mode
components are visualized in Fig. 2(c) in black color.
They exhibit noticeable asymmetry with respect to the
domain wall in the higher-intensity stable wave. We substi-
tute the functions �1,2 = [ψ s

1,2(y) + δψ1,2(x, y, t )]e−iωst into
Eq. (1) assuming the modulation of the form δψ1,2(x, y, t ) =
δϕ1,2(y)eiκx−iλt + δϕ̃∗

1,2(y)e−iκx+iλ∗t . The obtained spectrum
of linear perturbations localized near the domain wall is
depicted in Fig. 2. We then fix the dispersion parameter
η and consider two different nonlinearity strengths μ̄ cor-
responding to stable and unstable scenarios. As seen, the
MNSE and Eq. (6) provide a more accurate approximation
of the growth rate for unstable cases than NSE. Moreover,
the stabilization effect is observable only in the framework
of MNSE, while entirely absent in the conventional NSE.
Note, however, we can correctly predict the growth rate γ

until the real part of the perturbation’s frequency, under-
going the nonlinearity-caused shift, crosses the bulk band.
At that point, the approximate analytical approach breaks
down since the perturbations are no longer localized near the
domain wall.

Staggered graphene lattice model. Given that staggered
graphene [9,30,32–34] can be well described by the NDM
Eq. (1) in the continuum limit, we will use a dimerized
honeycomb lattice for further validation of our results with
the example of a discrete two-dimensional system made of
coupled sites. We consider the ribbon geometry of the lattice,
which is periodic along the horizontal (x) direction and has
a finite size in the vertical (y) direction and utilize the tight-
binding equations governing the propagation dynamics, which
assumes that each element is subject to linear interactions with

FIG. 2. Linearized stability analysis based on Eqs. (1) and (2).
(a) Color map of the growth rate of instability in the parameter
plane, calculated using Eq. (6). (b) Comparison of the growth rate
for transversely localized perturbations in stable and unstable cases
obtained within NDM (1) (blue crosses), MNSE (2) (gray solid line),
and NSE (dashed purple line) disregarding the additional nonlinear
velocity term in Eq. (2). (c) Field profiles and (d) the real part of
the perturbation eigenfrequency � ≡ Reλ in stable [lower row in
(d)] and unstable [upper row in (d)] cases, calculated using Eq. (1).
Gray dots correspond to bulk perturbation bands. (c) Profiles of the
spinor components in the nonlinear edge mode ψ s

1 (y) (black solid)
and ψ s

2 (y) (black dashed). Color lines: Profiles of the perturbation
eigenvector δψ1 (green) and δψ2 (pink). Parameters are M0 = 1, g =
10, η = 0.01, amplitudes

√
I1 = 0.25 (unstable),

√
I1 = 0.4 (stable).

The magnitude square root in (c) is taken for better visualization of
the different amplitude profiles within the same axis limits.

the coupling coefficient κ with its three nearest neighbors
only:

i∂tψa(n, m) = M(m)ψa(n, m) − κ{ψb(n, m) + ψb(n, m−1)

+ 0.5[(1 + (−1)m)ψb(n + 1, m)

+ (1 − (−1)m)ψb(n − 1, m)]}
− g|ψa(n, m)|2ψa(n, m), (8a)

i∂tψb(n, m) = −M(m)ψb(n, m)−κ{ψa(n, m)+ψa(n, m + 1)

+ 0.5[(1 + (−1)m)ψa(n − 1, m)

+ 0.5(1 − (−1)m)ψa(n + 1, m)]}
− g|ψb(n, m)|2ψb(n, m), (8b)

where a pair of integers (n, m) enumerates the dimer along
x (as n) and y (as m) directions [see Fig. 3(a)], indices a, b
distinguish two different sublattices, and we introduce the
local on-site nonlinearity of the strength g. We consider the
periodic stripe along the x direction, implying that the steady
solution has the form ψa,b(n, m) = ψa,b(K, m)eiKn�−iωst . The
period � is chosen such that the Dirac velocity, being the
coefficient in front of the first derivative in the corresponding
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FIG. 3. Modulational instability in the tight-binding model.
(a) Schematic of a honeycomb lattice stripe with staggered sublattice
potential M(m) (|M| = M0), which inverts the sign at a valley-Hall
domain wall positioned at y = 0. Here κ denotes the tunneling co-
efficient between elements within the tight-binding approximation, �

is the spatial period along horizontal axis, the nonlinear self-action
effect is denoted by the circular arrow g. (b) The real (purple)
and imaginary (green) components of the field in the edge state in
the purely linear (g = 0, upper panel) and nonlinear (lower panel)
regimes. (c) The real � (gray encircled dots) and imaginary γ (blue
dots) parts of the eigenvalue for the localized near domain wall per-
turbations in the unstable (left) and stable (right) cases. Blue squares:
The theoretical result Eq. (6). Parameters are M0 = 1, κ = 7, g = 5,
amplitudes

√
I1 = 0.15 (unstable),

√
I1 = 0.5 (stable).

continuum NDM Eq. (1), is unity. In fact, NDM (1) can read-
ily be derived from the system (8) by expanding the Hamilto-
nian near the high-symmetry point K = K+ = 4π/3� [32,34],

and, following this procedure, the dispersion coefficient
is η = 1/6κ.

We search for the solution of system (8) in the form

ψa,b(n, m) = [ψa,b(K, m) + ϕa,b(n, m)]eiKn�−iωst , (9)

where the wave function ψa,b(K, m) represents the precise
shape of the nonlinear Dirac edge mode [see Fig. 3(b)],
which can be numerically obtained using Newton’s method.
On the other hand, ϕa,b(n, m) are small disturbances of the
edge mode. Similar to Sec. II, we examine the eigenvalue
spectra of the plane-wave-like perturbations expressed as
ϕa,b(n, m) = δϕa,b(m)eiqn�−iλt + δϕ̃∗

a,b(m)e−iqn�+iλ∗t , q is con-
nected to the perturbation’s wave number in the Dirac system,
κ = √

3κ�q/2 [31]. The results summarized in Fig. 3(c) are
fully consistent with our findings in Sec. II, signalling the
presence of the nonlinear correction in MNSE.

Optical implementation. The discussed model can poten-
tially be implemented in a range of settings, including optical
lattices and metamaterials. In this section, as a possible
experimental platform, we examine valley-Hall waveguide
arrays made of laser-written single-mode waveguides with
parameters similar to those used in the experimental work of
Ref. [35]. The designed photonic lattice can be well described
by the tight-binding model with effective parameters κ ≈
3 cm−1 and M0 ≈ 1 cm−1. To study the evolution dynamics
in the realistic array, we apply numerical techniques to solve
Maxwell’s wave equations in the paraxial approximation [31],
namely, plane-wave expansion to get the edge-mode profile
transverse to the interface and the beam propagation method
to simulate propagation.

As an initial condition, we set the plane-wave-like edge
mode whose amplitude is modulated by 5% large-scale per-
turbation [see Figs. 4(a) and 4(b)]. Then we directly model
its dynamics up to large propagation distances along the z
axis, being the evolution coordinate analogous to variable t
in Eq. (1), for the two different wave amplitudes falling into
the unstable and stable regions in the parameter space for
comparison. Representative snapshots of instability develop-
ment are shown in Figs. 4(c), 4(d), and 4(g). The unstable

FIG. 4. Modulational instability of the nonlinear edge modes localized at the valley-Hall domain wall of the zigzag shape in an optical
honeycomb lattice of laser-written waveguides modeled in the paraxial approximation. (a), (c), (d), (e), (f) The snapshots of the wave-function
magnitude, normalized to the initial amplitude and taken at different propagation distances, indicate the instability development (c), (d) for
the wave with a smaller initial amplitude set in the input z = 0, while the wave of the larger initial amplitude is stabilized (e), (f). The cut of
the intensity along the domain wall (b) shows a profile of the initial excitation at z = 0 and its transformation after the propagation at finite
distance z = 448 mm in (g) for the unstable edge wave (red line) and at z = 1000 mm in (h) for the stable edge wave (green line).
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edge state disintegrates into a series of soliton-like localized
distributions. On the contrary, in Figs. 4(e), 4(f) and 4(h) we
observe that the perturbed edge mode remains unchanged up
to large distances, thereby indicating the stabilization effect.
Note, however, apart from the perturbations localized near the
domain wall and well described by Eq. (2), the amplitude
of the nonlinear wave in a realistic lattice can also undergo
fluctuations caused by the bulk perturbations or coupling with
other interfaces. This can shift a transition towards either the
unstable or stable regime.

Conclusion. The performed study emphasises the im-
portance of the nonlinear velocity term in the modified
nonlinear Schrödinger equation for the adequate effective
description of the nonlinear dynamics of edge waves sup-
ported by topological interfaces in the long-wavelength
limit. As its subtle consequence, the effect of the nonlinear
edge-mode stabilization at the valley-Hall interfaces was con-
firmed by the linearized stability analysis and direct dynamic
modeling.

While a previous study [29] explored the effect of self-
steepening nonlinearities in nontopological photonic crystal
waveguides, the analysis was limited to pulse propagation
(not the plane waves considered here), the self-steepening
nonlinearity was of a lower order, and the dependence of

the self-steepening strength on the band-gap size was not
analyzed, making it difficult to compare directly with the
present work. Nevertheless, since our model is based on an
inversion of a finite Dirac mass term M0, whereas standard
photonic crystal waveguides are based on modulation of an
effective potential term, this suggests the effect may require
topological defects that host spin-momentum-locked guided
modes. Thereby, similar phenomena can readily occur in other
chiral lattices, governed by the Dirac-like equations, such as
a nonlinear generalization of the Haldane model. Given the
generality of the models and methods employed, our results
establish the useful analytic concept of intuition for under-
standing dynamic effects in nonlinear topological photonic
systems of various natures.
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