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We study general lattice bosons with long-range hopping and long-range interactions decaying as |x − y|−α

with α ∈ (d + 2, 2d + 1). We find a linear light cone for the information propagation starting from suitable initial
states. We apply these bounds to estimate the minimal time needed for quantum messaging, for the propagation
of quantum correlations, and for quantum state control. The proofs are based on the ASTLO method (adiabatic
spacetime localization observables). Our results pose previously unforeseen limitations on the applicability of
fast-transfer and entanglement-generation protocols developed for breaking linear light cones in long-range
and/or bosonic systems.
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Introduction. The finite speed of information propaga-
tion is an empirical fact of Nature. In relativistic theory,
the existence of the light cone is a fundamental requirement
with wide-ranging consequences. It is remarkable that sim-
ilar effective “light” cones also constrain the nonrelativistic
quantum theory that governs condensed-matter physics. The
existence of such an effective “light” cone was discovered by
Lieb and Robinson [1] 50 years ago in quantum spin systems.

In the early 2000s, starting with the work of Hastings
[2] on the Lieb-Schultz-Mattis theorem, several works lever-
aged Lieb-Robinson bounds (LRBs) to great effect to control
ground-state correlation properties and study topological
quantum phase transitions [3–11]. These important develop-
ments revolutionized our understanding of the information
content of quantum matter at zero temperature. Since then,
inspired by these works, an active research area dealing with
the dynamics of quantum information has sprung to life.
A variety of improvements and extensions of the original
LRB have been found, e.g., to long-range spin interactions
[12–15], lattice fermions [16,17], open quantum lattice sys-
tems [18,19], and anomalous transport [20,21]. Moreover, the
applications of LRBs and related propagation bounds have
been expanded and deepened to include, e.g., quantum state
transport [22,23] and error bounds on quantum simulation
algorithms, e.g., [13,14,24,25], equilibration times [26] in
condensed-matter physics, and scrambling times relevant to
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high-energy physics [27–29]. See the survey papers [30–33]
for further background on LRBs, and [34,35] for their experi-
mental observation.

The present paper focuses on lattice bosons, for which it
had been a long-standing problem to derive useful propaga-
tion bounds for general initial states because interactions are
effectively unbounded. This problem has recently seen rapid
progress [17,23,36–39] especially for nearest-neighbor boson
hopping [38]. Nonetheless, some problems have remained,
particularly concerning propagation in systems of bosons with
long-range hopping and long-range interactions. Long-range
interactions are subtle in quantum spin systems—see [13]
for the phase diagram for LRBs in long-range quantum spin
systems, and [40,41] for reviews of the effect of the long-range
interactions on the transmission of quantum information—
and the relation to the bosonic case is also subtle [42]. For
bosons, the long-range hopping and long-range interactions
are effectively unbounded, and the challenge is to derive LRBs
with performance guarantees that are independent of ad-hoc
truncation of the local particle number.

To tackle this problem, we consider a broad class of many-
boson Hamiltonians with long-range hopping and long-range
interactions on lattices. We present results on the minimal
time for quantum messaging and the propagation of quantum
correlations (including nonexistence of fast scrambling; cf.
[27,28]) and control of states. Concretely, fixing a finite lattice
� ⊂ Rd , d � 1, we consider many-boson Hamiltonians of
the form

H� =
∑

x,y∈�

hxya∗
x ay + 1

2

∑
x,y∈�

a∗
x a∗

ywxyayax, (1)
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acting on the bosonic Fock spaces F� over the one-particle
space �2(�). Here ax and a∗

x are bosonic annihilation and
creation operators, respectively, hxy is a Hermitian |�| × |�|
matrix representing a one-particle Hamiltonian h (where |�|
denotes the number of vertices of �), and wxy is a real-valued
|�| × |�| matrix representing a two-particle pair potential.
The results we present here extend to fermionic lattice
systems.

The class of Hamiltonians (1) goes beyond Bose-Hubbard-
type Hamiltonians because the hopping matrix hxy and the
two-particle interaction wxy can be of infinite range. Our prop-
agation estimates take into account the decay properties of the
hopping matrix and the interaction through moments of the
position operator. Namely, we assume that there exists some
integer p � 1 such that

κp = ‖h‖p + ‖w‖p < ∞,

where ‖u‖p = sup
x∈�

∑
y∈�

|uxy||x − y|p+1. (2)

For example, in the short-range (e.g., finite-range or subexpo-
nentially decaying) regime, condition (2) holds for arbitrarily
large p � 1. Importantly, condition (2) holds also for long-
range interactions |hxy|, |wxy| � C(1 + |x − y|)−α with decay
rate α > d + 2 for any p < α − d − 1.

Our first main result is the maximal velocity bound (MVB),
Theorem 1 (i), which holds for completely general initial
states. It essentially says that even bosons with long-range
hopping and long-range interactions cannot propagate parti-
cles superballistically. We also extend an idea of [23] to bound
the speed of propagation of macroscopic particle clouds in
Theorem 2.

Next, we use the MVB to derive Theorem 3 on the light-
cone approximation of quantum dynamics, which, in turn,
yields the weak LRB, Theorem 4, for localized initial states.
It is remarkable that a linear light cone for information
propagation can be proved for a subclass of initial states
for such general long-range bosonic Hamiltonians because
such a linear light cone is expected to break for bosonic
Hamiltonians with only nearest-neighbor hopping in general
[38]. Another reason the result is surprising is that for long-
range spin interactions with decay rates α ∈ (d + 2, 2d + 1),
there exist fast-transfer and entanglement-generation proto-
cols [15,43–45] that break any linear light cone. Nonetheless,
our results yield a linear light cone for such decay rates
α ∈ (d + 2, 2d + 1). Hence, our Theorem 4 places unfore-
seen constraints on the applicability of these fast-transfer and
entanglement-generation protocols for localized initial states.
We emphasize that our results are not in contradiction to these
fast-transfer protocols because the Hamiltonians we treat in
(1) only involve boson density-density interactions, and we
require the initial state to be suitably localized.

We then turn to applications in Theorems 5–8. These re-
sults provide general constraints on propagation/creation of
correlation, quantum messaging, state control times, and the
relation between a spectral gap and the decay of correlations
for the broad class of lattice boson Hamiltonians we consider.
These physically meaningful consequences can be derived
from the main results Theorems 3 and 4 through what are
by now standard arguments [2,4,6,10,11,46] highlighting the

“unreasonable effectiveness of Lieb-Robinson bounds”; see
also [30–33]. Of specific interest is Theorem 5 for pure states,
which bounds the minimal time for creation of quantum en-
tanglement between different regions.

Our work builds on a completely different approach to
propagation bounds originally introduced in [47] for few-
body quantum mechanics in continuous space and further
developed in [48–53]. The method was recently extended
to Bose-Hubbard Hamiltonians with long-range hopping in
[23,36], and we draw on the insights developed therein.

There has recently been intensive research activity con-
cerning propagation bounds for bosonic lattice systems.
Results similar to Theorems 1, 3, and 4 have been obtained in
[37–39,54] for the case of nearest-neighbor hopping. Earlier
influential works derived Lieb-Robinson bounds for systems
of harmonic oscillators [55], which can be coupled to a
finite-dimensional quantum system [56] or perturbed by an
anharmonic interaction [57]; see also [24,25].

Of particular interest is [38], which considers nearest-
neighbor hopping and derives superlinear light cones |x| ∼
t log t for particle propagation, and |x| ∼ t d polylog t for
information propagation, where d is the lattice dimension. Re-
garding particle propagation, Theorem 1, part (ii), extends the
first-moment bound in [38] from nearest-neighbor interactions
to any finite range, and it improves the light cone to exactly
linear |x| ∼ t under a mild initial-density assumption. Con-
sidering information propagation, we obtain much stronger
linear light cones |x| ∼ t (and various information-theoretic
consequences) for general long-range interactions under the
assumption of initially localized states. The results thus point
to a certain dichotomy in the information-propagation capa-
bilities of even long-range lattice bosons depending on the
localization of the initial state, an effect first found in [54].

Setup and main results. When testing observables against
quantum states, we identify the density matrix ρ with the lin-
ear functional ω(A) ≡ ωρ (A) = Tr(Aρ) on observables A. We
consider the time evolution of observables in the Heisenberg
picture,

αt (A) = eitH Ae−itH so that ωt (A) = ω(αt (A)). (3)

We consider initial quantum states satisfying

ω ∈ D, ω(N2) < ∞, (4)

where D is the domain of the commutator with H [58]. Ex-
amples include initial states of fixed particle number.

For any region X ⊂ �, we write dX (x) = infy∈X |x − y| for
the associated distance function, and Xη = {x : dX (x) � η} for
the η-enlarged set with η > 0.

A key role is played by the first moment of the hopping
matrix,

κ = sup
x∈�

∑
y∈�

|hxy||x − y|, (5)

which, as we will see, gives an explicit, calculable bound on
the maximal velocity (i.e., the light cone slope). We recall that
our standing assumption is that (2) holds for some p � 1.

Our first result is a general maximal velocity bound (MVB)
for particle transport. Here and below we say that the interac-
tion is of finite range R > 0 if hxy = 0 for all x, y ∈ � with
|x − y| > R.
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Theorem 1 (MVB). For every v > κ , the following holds:
(i) There exists C = C(p, ‖h‖p, v) > 0 such that for all

η � 1, X ⊂ �, and any initial state ω,

sup
|t |<η/v

ωt (NX ) � C(ω(NXη
) + η−pω(N )). (6)

(ii) Suppose that the interaction is of finite range R. Then
there exists C = C(p, ‖h‖p, v, R) > 0 such that for any X ⊂
�, there exists η0 = η0(X ) � 1 such that for any η � η0 and
initial state ω of controlled density [i.e., 0 < a � ω(nx ) �
b < ∞ for all x], we have

sup
|t |<η/v

ωt (NX ) � C
b2

a2
ω(NXη

). (7)

The key steps in the proof of Theorem 1 are given below with
details relegated to [59,60].

Theorem 1, part (i), says that even bosons with long-range
hopping cannot propagate superballistically. The error term
η−pN grows in the thermodynamic limit, and so the prop-
agation is only controlled on macroscopic lengthscales η 	
N−1/p. This restriction is removed in part (ii) under additional
assumptions.

The N-dependence of the remainder can also be removed
if we focus on macroscopic particle transport as follows.
For a given S ⊂ �, we define the (macroscopic) local rela-
tive particle numbers as N̄S = NS

N�
. For 0 � ν � 1, we write

PN̄S�ν, PN̄Sc�ν for spectral projections associated with N̄S .
Theorem 2 (MVB for macroscopic particle transport).

Suppose the initial state ω satisfies ω(PN̄Xη�ν ) = 0 with some
η � 1, ν � 0, X ⊂ �. Then, for all ν ′ > ν, v > κ, there ex-
ists C = C(p, κp, v, ν ′ − ν) > 0 such that |t | < η/v:

ωt (PN̄X�ν ′ ) � Cη−p. (8)

In other words, this result (8) says that macroscopic particle
clouds of (ν ′ − ν)N particles travel at most with speed κ .
Theorems 1 and 2 hold without assumption (2) on w.

Let us now suppose that all the bosons are initially lo-
calized in a region X , i.e., the initial condition ω satisfies
ω(NX c ) = 0. Then, for all |t | < η/v we can apply Theorem
1 to complements to obtain

ωt
(
NX c

η

) = ω
(
αt

(
NX c

η

))
� Cη−pω(NX ). (9)

Here we write X c= � \ X and set X c
η ≡ (Xη )c.

It is this setup that we will use for proving the light cone
approximation and LRBs next. We say that an operator A
acting on F is localized in X ⊂ � (in symbols, suppA ⊂ X ) if
[A, a


x] = 0 for all x ∈ X c, where a#
x stands for either ax or a∗

x .
In Theorem 3 below, we show that the evolution of initially
localized observables under (3) is approximated by a family
of observables localized within the LC of the initial support.

For any subset S ⊂ �, we define the localized evolution of
observables as αS

t (A) = eitHS Ae−itHS , where HS is defined in
(1) with S in place of �, and

BS = {A ∈ B(F ) : [A, N] = 0, suppA ⊂ S} (10)

denotes bounded particle number conserving operators local-
ized in S.

Theorem 3 (LC approximation of quantum evolution).
Suppose that the initial state ω satisfies (4) and

ω(NX c ) = 0 (11)

for some X ⊂ �. Then, for every v > 2κ , there exists C =
C(p, κp, v) > 0 such that for all ξ � 1 and A ∈ BX , the full
evolution αt (A) is approximated by the local evolution α

Xξ

t (A),
for all |t | < ξ/v, as∣∣ω(

αt (A) − α
Xξ

t (A)
)∣∣ � C|t |ξ−p‖A‖ω(

N2
X

)
. (12)

We remark that the term ω(N2
X ) which appears here and in the

following is controlled by the state’s local energy density and
particle density near X [61].

Theorem 4 (weak Lieb-Robinson bound). Suppose the as-
sumptions of Theorem 3 hold with n � 1, X ⊂ �. Then, for
every v > 2κ , there exists C = C(p, κp, v) > 0 such that for
all ξ � 1, Y ⊂ � with dist(X,Y ) � 2ξ , and operators A ∈
BX , B ∈ BY , we have, for all |t | < ξ/v,

|ω([αt (A), B])| � C|t |‖A‖‖B‖ξ−pω
(
N2

X

)
. (13)

We call a bound of the form (13) the weak Lieb-Robinson
bound (LRB) because unlike the classical LRB, estimate (13)
depends on a subclass of states.

Applications.
Propagation/creation of correlations. Assuming a state

ω is weakly correlated in a domain Zc ⊂ �, how
long does it take to create substantial correlations in
Zc? For subsets X,Y, Z ⊂ �, let dXY = dist(X,Y ) and
dZc

XY = min(dXY , dXZc , dY Zc ).
Definition 1 (weakly correlated state). We say a state ω is

weakly correlated inside a subset Z on the lengthscale λ > 0 if
there are C > 0, p � 1 such that for all X, Y ⊂ Z with dZc

XY >

0 and operators A ∈ BX , B ∈ BY [see (10)], we have

|ωc(A, B)| � C
(
dZc

XY /λ
)1−p‖A‖‖B‖, (14)

where ωc(A, B) = ω(AB) − ω(A)ω(B). In this case, we write
WC(Z, λ,C, p).

Theorem 5 (propagation/creation of correlation). Let Z ⊂
� and suppose the initial state ω satisfies (4), ω(NZ ) = 0, and
is WC(Z, λ,C, p).

Then ωt is WC(Z, 3λ,Cω(N2
Zc ), p) for all |t | < λ/3κ .

Constraint on the propagation of quantum signals. The
weak LRB (13) imposes a direct constraint on the speed of
quantum messaging (cf. [4,19,23]). Assume that Bob at a
location Y is in possession of a state ρ and an observable B
and would like to send a signal through the quantum channel
α′

t to Alice who is at X and who possesses the same state ρ and
an observable A. To send a message, Bob sends Alice the state
ρr = e−iBrρeiBr . To see whether Bob sent his message, Alice
computes the difference between the expectations of A in the
states α′

t (ρr ) and α′
t (ρ), which we call the signal detector:

SD(t, r) = Tr[Aα′
t (ρr ) − Aα′

t (ρ)].
Theorem 6 (bound on messaging time). Under the as-

sumptions of Theorem 3, for every v > 4κ , there exists
C = C(p, κp, v) > 0 such that for all ξ � 2, X, Y ⊂ � with
dist(X,Y ) � 2ξ , and operators A ∈ BX , B ∈ BY with ‖B‖n <

∞ [see after (2)], we have, for all r, |t | < ξ/v:

|SD(t, r)| � Cr|t |ξ−p‖A‖‖B‖Tr
(
N2

X ρ
)
. (15)
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Bound on quantum state control. For any S ⊂ �, we denote
by FS the bosonic Fock space FS = ⊕∞

n=0 ⊗n
S �2(S), where

⊗S stands for the symmetric tensor product. Due to the tenso-
rial structure F�  FY ⊗S FY c (see [59], Appendix A), we
can define the partial trace TrFY c over FY c . We define the
restriction of a state ρ to the density operators on the local
Fock space FY , Y ⊂ �, by [ρ]Y = TrFY c ρ.

Let τ be a quantum map (or state control map) supported
in X . Given a density operator ρ, our task is to design τ so
that at some time t , the evolution ρτ

t = αt (ρτ ) of the density
operator ρτ = τ (ρ) has the restriction [ρτ

t ]Y to S(FY ), which
is close to a desired state, say σ . To measure the success of
the transfer operation, one can maximize the figure of merit
F ([ρτ

t ]Y , σ ), where F (ρ, σ ) = ‖√ρ
√

σ‖1 is the fidelity.
To show that the state transfer is impossible in a given

time interval, we compare ρτ
t and ρt = αt (ρ) by using

F ([ρτ
t ]Y , [ρt ]Y ) as a figure of merit (cf. [22,23]), and we

try to show that it is close to 1 for t � t∗ and for all state
preparation (unitary) maps τ localized in X . If this is true,
then using τ ’s localized in X does not affect states in Y . Let
τ (ρ) = UρU ∗ ≡ ρU , where U is a unitary.

Theorem 7 (quantum control bound). Let ω be a pure state.
Under the assumptions of Theorem 3, for every v > 8κ , there
exists C = C(p, κp, v) > 0 such that for all ξ � 4, Y ⊂ �

with dist(X,Y ) � 2ξ , and unitary operator U ∈ BX [see (10)],
we have, for all |t | < ξ/v:

F ([α′
t (ρ)]Y , [α′

t (ρ
U )]Y ) �1 − C|t |ξ−pTr

(
N2

X ρ
)
.

The estimate above imposes a lower bound on the time
for the best-possible quantum control protocols for quantum
many-body dynamics and bounds quantum state transfer as in
[22,23].

Spectral gap and decay of correlation.
Theorem 8 (gap implies decay of correlations). Suppose

H in (1) has a spectral gap of size γ > 0 at the ground-
state energy. Suppose the assumptions of Theorem 3 hold
with n � 1, X ⊂ �, and ω is the ground state. Then, there
exists C = C(n, κn) > 0 such that for all ξ � 1, Y ⊂ � with
dist(X,Y ) � 2ξ , and operators A ∈ BX , B ∈ BY , we have

|ω(BA)| � C‖A‖‖B‖[γ −1ξ−2 + ξ 1−pω
(
N2

X

)]
. (16)

Key steps in the proofs. We sketch the key ideas involved
in the proofs and refer to [60] and [59] for the full details. The
method is an adaptation of the ASTLO (adiabatic spacetime
localization observables) approach developed in [23,36].

Proof idea for Theorem 1. For a function f : � → C, we
define its second quantization f̂ = d�( f ) = ∑

x∈� f (x)a∗
x ax.

As in [23,36], we control the time evolution associated with
(1) by recursive monotonicity estimates for the ASTLOs:

χ̂ts = d�(χts), χts = χ

(
dX − v′t

s

)
, (17)

where s > t � 0, dX is the distance function to X , v′ = v+κ
2 ,

and χ belongs to the set X of smooth monotonic cutoff func-
tions which interpolate between 0 and 1 and satisfy

√
χ ′ ∈

C∞ and supp χ ′ ⊂ (0, v − v′).
For a differentiable path of observables, define the

Heisenberg derivative DA(t ) = ∂
∂t A(t ) + i[H, A(t )], with

∂tαt (A(t )) = αt (DA(t )). (18)

FIG. 1. Set Xξ and splitting of H .

Proposition 9 (RME). Suppose the assumptions of
Theorem 1 hold. Then, for every χ ∈ X , there exist
C = C(p, κp, χ ) > 0 and functions ξ k = ξ k (χ ) ∈ X , k =
2, . . . , p, such that for all s, t > 0, we have the operator
inequality

Dχ̂ts � − (v′ − κ )χ̂ ′
ts

s
+ C

p∑
k=2

(̂ξ k )′ts

sk
+ CN

sp+1
. (19)

Since the second term on the r.h.s. is of the same form as the
leading, negative term, estimate (19) can be bootstrapped to
obtain an integral inequality with remainder O(s−p), which
gives Theorem 1, part (i). For details, see [59], Sec. 3. The
proof of Theorem 1, part (ii) uses novel techniques (which
we call band-limited ASTLOs) and is fully contained in [60].
The proof of Theorem 2 is similar to the proof of Theorem 1,
part (i) except that we introduce a “second-order” ASTLO by
using spectral calculus to approximate the spectral projector
as in [36]. See [59], Sec. 4, for details.

Proof idea for Theorem 3. Let At = αt (A) and Aξ
t ≡ α

Xξ

t (A).
By the fundamental theorem of calculus, we have At − Aξ

t =∫ t
0 ∂rαr (αXξ

t−r (A)) dr. Using identity (18) for αr and α
Xξ

t−r , we
find

At − Aξ
t = i

∫ t

0
αr ([R′, Aξ

t−r]) dr, (20)

where R′ = H − HXξ
. Since Aξ

s is localized in Xξ , only terms
in R′ which connect Xξ and X c

ξ contribute to [R′, Aξ
t−r] (see

Fig. 1). Then we apply the MVB (6) to estimate [R′, Aξ
t−r]

similar to [23]. We defer further details to [59], Secs. 5 and 6,
and Appendix D.

As mentioned before, Theorems 5–8 are by now rela-
tively standard consequences of Lieb-Robinson bounds with
some modifications required due to the bosonic nature of the
Hamiltonian. In [59], these results are stated as Theorems
2.4–2.7 and complete proofs are given in [59], Secs. 7–10,
respectively.

Conclusions. We have presented the existence of a linear
light cone for a many-boson system with long-range hopping
and long-range interactions. The results provide practical con-
straints on sending quantum information in such systems. Our
results identify good classes of initial states in which even
bosons with long-range hopping and long-range interactions
cannot propagate information superballistically. Our results
thus complement the existence of fast-transfer protocols for
nearest-neighbor Bose-Hubbard Hamiltonians [38] and quan-
tum spin systems with long-range interactions [15,37,43–45].
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The results can be extended to time-dependent and few-
body interactions, quantum spin systems, and lattice fermions.
Extensions to open systems of lattice bosons with applications
to estimating the decoherence and thermalization times are
also in reach using ideas from [52,53].
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