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Ferromagnetic levitation and harmonic trapping of a milligram-scale yttrium iron garnet sphere
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We report passive magnetic levitation and three-dimensional harmonic trapping of a 0.3-milligram, 0.5-
millimeter-diameter yttrium iron garnet sphere at 4 K. The gradient of an external magnetic field is used for
vertical trapping, while the finite-size effect of the diamagnetic effect is used for horizontal trapping. The
dynamics of the levitated sphere was optically measured to have trapping frequencies of up to around 600 Hz and
mechanical Q factors of the order of Q ∼ 103. These results were quantitatively reproduced by three-dimensional
finite-element method simulations. Our results can provide a system where magnetism, rigid body motions,
microwaves, and optics interact.
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I. INTRODUCTION

Levitation of particles in free space provides an experimen-
tal platform where external rigid body motion and internal
degrees of freedom can freely interact with each other in con-
ditions of extreme environmental isolation. The manipulation
and measurement of these dynamics with high precision can
open the way to a wide variety of fundamental and applied
research [1–6]. Towards this end, various objects ranging
from dielectric nanoparticles [7], nanodiamonds [8–10], met-
als [11], hard magnets [12,13], and diamagnets [14–17] to
superconductors [18–20] have been levitated.

Another promising levitation candidate is single-crystal
yttrium iron garnet (YIG) for its large volumetric density of
spins of ∼1022 µB cm−3 with a long coherence time of ∼1 µs
[21]. The quanta of collective spin excitations, or magnons,
in YIG crystals have been coherently coupled with both
microwaves and optical photons through light-matter interac-
tions [22–25]. Utilization of technologies in the field of cavity
quantum electrodynamics to enhance interactions [26] has en-
abled cavity-mediated strong magnon-microwave couplings
[27–30], spin current generation [31], and superconducting-
qubit-magnon coupling [32] that can resolve single magnons
[33] or enable the superposition of magnons [34]. Applica-
tions of this growing field range from microwave-to-optical
transducers [35–38], non-Hermitian physics [39], nonlinear
magnonics [40], magnon lasers [41], and dark-matter searches
[42,43] to multimode quantum memories [44].

The combination of these magnonic effects with levitation
can provide a system where magnetism, rigid body motions,
microwaves, and optics are intertwined. First, the collective
enhancement in magnon-microwave coupling can compensate
for the decrease in coupling of particle position and a control
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microwave field with increasing mass. This allows intensive
coupling, with coupling strength that is nearly independent
of the size and mass of the particle, which allows center-of-
mass cooling of a levitated subcentimeter-size particle [45].
Second, the great reduction in clamping losses by levita-
tion may increase magnetostrictive coupling that can allow
ground-state cooling of translational motion [46,47]. Third,
due to the conservation of angular momentum, a change in
spin excitation can lead to its mechanical rotation via the
Einstein–de Haas effect [48,49] and its reciprocal Barnett
effect [50]. This spin-mechanical coupling may enable the
transduction of angular momentum in the quantum regime
[51,52], which serves as ultrasensitive torque sensors [53] or
magnetometers [54,55].

Here we report the experimental demonstration of a
magnetically levitated YIG sphere in cryogenic conditions.
The center-of-mass motion is three-dimensional harmonically
trapped by utilizing the magnetic field gradient of an exter-
nal magnetic field for vertical trapping, and the finite-size
effect of the diamagnetic effect from a superconductor whose
size is close to the YIG sphere for horizontal trapping [56].
Since there is no eddy current damping in a superconductor,
our system is a ultimately very low dissipation system. We
optically read out the motion of the levitated YIG sphere to
determine the trap frequency and motional Q factor. Finally,
the experimental results are compared with three-dimensional
finite-element method simulations.

II. EXPERIMENTAL SETUP

Our experimental setup is shown in Fig. 1. A commercial
YIG sphere of 0.3 mg mass, d = 0.5 mm diameter is trapped
in a three-dimensional harmonic potential at the center of
the hole of a superconductor bulk of inner diameter dsc =
0.76 mm and height hsc = 1.04 mm, with a slit of angle
θsc ∼ 40◦. The YIG sphere diameter of d = 0.5 mm was cho-
sen for having the longest spin coherence time [28]. A variable
external magnetic field is applied to magnetize the yttrium
iron garnet (YIG) sphere using a self-made niobium and tita-
nium alloy (NbTi) superconducting solenoid coil with magnet
constant 125 mT/A and charging time constant 5 × 10−5 s.
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FIG. 1. Schematic overview of experiment.

To increase the magnet constant, this solenoid coil is designed
so that the superconductor bulk barely fits into its bore.

Since the superconductor bulk in the diamagnetic state
focuses this external magnetic field in the vertical direction
(z direction), the YIG sphere is trapped in the center of the
superconductor hole where the magnetic flux density is maxi-
mum. The magnetic force and trap frequency are

Fz = MV
dBz

dz
, (1)

fz = 1

2π

√
M

ρ

d2Bz

dz2
∝ Bz

d
, (2)

where M is the magnetization, V is the volume, ρ is the density
of the YIG sphere, and Bz is the z component of magnetic flux
density.

Horizontal (x, y direction) stability is achieved by the
finite-size effect of the diamagnetic effect that arises when
dimensions of the hole of the superconductor bulk are compa-
rable to the size of the YIG sphere. In this case, the magnetic
force on the YIG sphere and resulting trap frequency can
only be calculated numerically by integrating the Maxwell
stress tensor over its surface. Since the superconductor bulk
is zero-field cooled, a slit is introduced to allow the magnetic
flux to enter into the hole. The slit shifts the trapping center
by a negligible 20 µm closer to the slit from the center of the
hole.

We compare our levitation scheme with two kinds of su-
perconductors. One is a cubic melt processed yttrium barium
copper oxide (YBCO) with the c axis, the direction perpen-
dicular to the planes of copper-oxide layers, aligned with the
direction of the external magnetic field (z direction in Fig. 1).
This has a critical temperature Tc ∼ 93 K [57] and magnetic
field tolerance Hpen(0 K) ∼ 1.2 T (see Appendix B). Here,
Hpen is the maximum magnetic field that our superconductor
sample could expel by perfect cancellation of their magnetic
moments, which depends not only on the type of superconduc-
tor, purity, and structural properties, but also highly depends
on the shape. Since both the transition temperature and crit-

ical magnetic fields are high, YBCO is expected to retain its
superconductivity for higher magnetic fields, enabling higher
trapping frequency limits up to 1 kHz for a sphere of the
same size, and over 10 kHz for spheres below 100 µm in
diameter [56]. This would facilitate ground-state cooling of
the center-of-mass motion of micro-gram-scale levitated YIG
spheres in the future.

The other is a high-purity single-grain niobium (Nb) with
a residual-resistance ratio (RRR) = 582, Tc ∼ 9.3 K, and
Hpen(0 K) ∼ 125 mT (see Appendix B). The high RRR in-
dicates that the superconductor is relatively pure with fewer
impurities that can disrupt the flow of electrical current
through the material. This leads to better superconducting
properties and less dissipation from residual resistance, which
can lead to eddy current damping. Furthermore, it is more
machinable compared to high-temperature superconductors,
which can lead to increased design flexibility, improved
surface finish, and lower manufacturing costs with faster pro-
duction times.

III. EXPERIMENTAL RESULTS

The trapping system is cooled to 4 K using a pulse-tube
cryocooler (PT407, Cryomech, Inc.). This cryostat is pumped
to a pressure of P = 2 × 10−4 Pa with a rotary vane pump and
turbo pump. Then, a 5 mW laser at 532 nm (Verdi, Coherent,
Inc.) is injected into the cryostat from a window to illuminate
the YIG sphere and superconductor. Some of the light is
reflected to pass through a telescope with a long focus length
of f = 250 mm to measure the movement of the YIG sphere
using either a CCD camera (DCC1645C-HQ, Thorlabs, Inc.)
or photodetector (PDA36A-ED, Thorlabs, Inc.). To reduce
seismic noise, the cryostat was vacuum sealed and both the
cryocooler and vacuum pumps were turned off during data
acquisition.

Initially, the YIG sphere is placed at the bottom of the
superconductor hole. Then it is lifted up by applying an exter-
nal magnetic field above Bz � 7.5 mT. This excites a vertical
oscillation, as the YIG sphere is trapped at the center of the
hole (Fig. 2) [58]. To measure the oscillations, a photodetector
is placed at the end of the telescope to monitor the change in
optical intensity as the YIG sphere moves. 1 250 000 points
were acquired using a data logger (DLM2025, Yokogawa
Electric Corporation) at a sampling frequency of 125 kHz for
a measurement time of 10 seconds. The base plate tempera-
ture was monitored during this measurement, which started at
3.8 K and increased to a maximum of 4.6 K.

Modes have been identified by comparing the trapping
frequencies to the frequencies predicted for this configuration
by a three-dimensional finite-element analysis using COM-
SOL MULTIPHYSICS (see Appendix C). Since the easy axis
of the levitated sphere is aligned with Bz, it is rotationally
symmetric and only the translation oscillations are detected.
Figure 3(a) shows the dependence of the trapping frequency
on the external magnetic field density Bz = 12.5 − 75 mT for
superconductors YBCO and Nb. Since Bz is below the satu-
ration magnetization of YIG at Ms = 196 kA/m, the trapping
frequencies should linearly increase with Bz as

fz [Hz] = 5.6 × 10−3 Bz [T], (3)

fy ∼ 1.6 fz, fx ∼ 1.5 fz. (4)
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FIG. 2. Photograph of a levitated d = 0.5 mm YIG sphere
trapped in the center of the YBCO hole observed using a CCD
camera.

This is variable in the range of 50 Hz to as high as 600 Hz.
The maximum trapping frequency is limited by the maximum
current of 0.6 A that can be applied to our homemade super-
conducting coil due to joule heating.

For YBCO, the vertical trapping frequencies match the
simulated prediction. Since the initial position of the YIG
sphere is slightly shifted from the center of the superconductor
hole, diagonal oscillations are also excited during the lift-off
process. These diagonal oscillations have frequencies in the
range fz � fr � fy, which match the theoretical prediction.

In the case of Nb, both the vertical and diagonal trapping
frequencies are close to the simulated prediction. However,
the discrepancy increases with the external magnetic field.
This is likely due to the fact that the system temperature of
4 K is close to the critical temperature Tc of Nb, and restoring
force from the diamagnetic effect weakens as the persistent
current approaches the critical current Jc. Thus, it is likely that
Nb has an effective inner diameter that is larger than the actual
diameter dsc, leading to a slightly weaker trapping potential
and lower trapping frequency.

A typical frequency spectrum of the levitating YIG sphere
shows how the magnetic trapping gets stronger with increas-
ing Bz [Fig. 3(b)]. The amplitude of the oscillations have been
calibrated from the maximum oscillation amplitude being the
lift distance of 0.25 mm. For Bz = 12.5 mT, the magnetic
spring is weak and multiple peaks are observed near the
expected trapping frequency, indicating a fluctuation in YIG
sphere position. Since the vertical and horizontal trapping
frequencies are close, it is difficult to resolve these modes. As
the external magnetic field increases to Bz � 37.5 mT, distinct
vertical and diagonal oscillations can be observed, indicating
that only the desired modes are excited.

The Q factor is measured by exciting oscillations by lifting
up the YIG sphere and observing the amplitude decay of the
envelope. The frequency modes were isolated with the use of
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FIG. 3. (a) Trap frequency for varying external magnetic fields
Bz. Red: vertical oscillation fz (z direction in Fig. 1); black: hor-
izontal oscillation fy (y direction in Fig. 1); solid line: simulated
trap frequencies, plotted with experimentally observed frequencies
for YBCO (circle) and Nb (triangle) as superconductor, respectively.
(b) Power spectrum density for varying external magnetic fields Bz.
fz: vertical oscillations; fr : diagonal oscillations.

a band-pass filter, and the decay is fitted to an exponential
function of time constant τ , with a relative fitting error below
<10−3. Finally, the Q factor is calculated as Q = 2π fi/τ ,
where fi is the trap frequency obtained by Fourier transform-
ing the decaying oscillations. The resolution of the trapping
frequency fi is limited to 0.1 Hz due to the measurement time
of 10 s.
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FIG. 4. (a) Example of measured amplitude decay for Bz =
25 mT, fr = 169 Hz. (b) Mechanical Q factors for varying external
magnetic fields Bz. Circle: YBCO as superconductor; triangle: Nb
as superconductor; red: vertical oscillations at frequency fz; black:
diagonal oscillations at frequency fr in Fig. 3. Red line: theoretically
predicted Q factor for the vertical oscillation mode (z direction in
Fig. 1) at frequency fz.

All modes had Q factors of the order of 103, which de-
creased with increasing Bz (Fig. 4). No significant Q-factor
difference was observed between YBCO and Nb as super-
conductor. The Q-factor limit from eddy current damping was
predicted by a three-dimensional finite-element analysis using
COMSOL MULTIPHYSICS (see Appendix C), assuming the elec-
trical conductivity σ = 6.58 × 109 S/m for pure oxygen-free
copper at 10 K [59]. This scales as Qeddy, z ∝ B−0.5 and is
inversely proportional to the electric conductivity Qeddy, z ∝
σ−1. The experimentally measured Q factors agreed in order
with simulated predictions and obeyed the same tendency of
decreasing with external magnetic field. The discrepancy is
likely due to the actual electrical conductivity of oxygen-
free copper being lower than σ , due to material variability
or local heating by the coil currents and injected light, and
the Q factor limited by the eddy current damping could be
higher. These results suggest that eddy currents are likely
to be the dominant loss in our system. Experimental op-
timization of external magnetic field Bz will be conducted
elsewhere.

The Q factors for horizontal oscillations (x, y directions
in Fig. 1) were expected to have an order higher Q factor
compared to vertical oscillations (z direction in Fig. 1). This

is likely because vertical oscillations induce eddy currents that
circulate in a helical pattern around the cylinder’s axis, which
creates a secondary magnetic field aligned with the YIG mag-
netization and therefore leads to significant damping. On the
other hand, horizontal oscillations induce currents around the
circumference of the cylinder in a direction perpendicular to
its axis, which can create a secondary magnetic field perpen-
dicular with the YIG magnetization and therefore lead to less
damping. Since the diagonal oscillations are a combination of
vertical and horizontal oscillations, they have higher Q factors
than vertical oscillations.

These eddy current dampings can be significantly reduced
to Qeddy, z > 108 by either increasing the bore diameter of the
superconducting coil to over 40 mm, using a Helmholtz coil
configuration, or adding slits to the bobbin to mitigate eddy
current flow, and positioning any metal planer stages over
10 mm away. In addition, the utilization of dielectric material
such as fused silica or sapphire for jigs instead of oxygen-free
copper is expected to significantly reduce the eddy current
damping. Meanwhile, the gas damping limited Q factor is
expected to be over Qgas > 1011 for our system. Thus, our sys-
tem has the potential to reach eddy current limited Q factors
that are over 108 for spheres below 0.2 mm in diameter [56].

This high Q factor, together with intensive spin-mechanical
coupling, can enable phononic and magnonic ground-state
cooled YIG spheres below 0.15 mm in diameter with a
trapping frequency above fz > 10 kHz, under an external
magnetic field of Bz = 1.2 T, ferromagnetic resonance of
30 GHz, and linewidth below 0.3 MHz at 10 mK [45,56].
Applications range from magnonic quantum networks [60]
and quantum tunneling [61] to the generation of spatial super-
positions [62]. Furthermore, since a levitated YIG sphere can
be an isolated quantum system which conserves the angular
momentum, it may allow coherent superpositions of quantized
rotational states through spin-mechanical interactions or gy-
romagnetic effects, which enable highly sensitive gyroscopes
[63]. These rotational states may be read out using optical
birefringence or by attaching metasurface polarizers [64] for
polarization extinction measurements.

IV. CONCLUSION

In conclusion, a YIG sphere of 0.3 mg mass and 0.5 mm
diameter is levitated and three-dimensional harmonically
trapped in the center of a superconductor hole with slit. The
trap frequency increased linearly with the external magnetic
field strength and was variable from 50 Hz up to 600 Hz.
The Q factor for translational oscillations was limited to the
order of Q ∼ 103 due to eddy current damping. A three-
dimensional finite-element method is used to explain the
levitation dynamics and main source of dissipation of the
particles’ motion, which qualitatively reproduced the exper-
imental results. This research lays the foundation for future
research and development of levitated YIG systems that can
interact with microwaves, superconducting qubits, acoustic
phonons, or optical photons.
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APPENDIX A: EXPERIMENTAL SETUP DETAILS

The YIG sphere is a pure single crystal grown using the
floating zone method, diced and polished into spheres by
Microsphere, Inc. The YBCO is cubic melt processed, com-
mercially made by Nippon Steel Corporation, and machined
into a Landolt ring shape, with the c axis, the direction perpen-
dicular to the planes of copper-oxide layers, aligned with the
axis of the cylindrical hole. The high-RRR niobium (Nb) ingot
is custom grown using electron beam melting by ULVAC, Inc.
and machined into a Landolt ring shape by KEK Mechanical
Engineering Center.

The niobium and titanium alloy (NbTi) superconducting
solenoid coil has a winding inner diameter of 3.1 mm, outer
diameter of 13 mm, height of 1 mm, total number of turns of
475, using a wire of diameter 0.1 mm, inductance 1.3 mH,
and charging time constant 5 × 10−5 s. It is designed with a
bore diameter dbore = 2.274 mm that is slightly larger than the
superconductor bulk to enlarge the magnet constant of 125
mT/A. The YIG sphere is enclosed inside the superconductor
hole by attaching a piece of microscope cover glass of thick-
ness ∼0.17 mm on the top and bottom of the superconductor
bulk hole as lids with varnish (GE7031). This superconductor
piece is then glued onto the superconductor coil bore with
varnish to ensure enough heat conduction. Thus the initial
YIG position is at the bottom of the superconductor bulk hole,
and is lifted up and trapped in the center when an external
magnetic field is applied. This structure is placed beneath a
half-inch mirror and positioned on a 4 K stage (Fig. 5). Note
that at the center of the superconductor hole, the external
magnetic field Bz is focused in the vertical direction and is
minimum in the horizontal direction. If the superconductor
does not exhibit diamagnetism, the YIG sphere will stick
to the side of the superconductor hole where the horizontal
magnetic field is maximum, and therefore no oscillations will
be observed. A summary of the experimental parameters is
given in Table I.

1. Optical heating

Visible light shown onto the YIG sphere for illumination
can lead to a local temperature increase of the levitated YIG
sphere. Here a lens of focus length f = 750 mm is used to
focus the optical beam to a diameter of dopt ∼ 0.9 mm at the

FIG. 5. Top: Photograph of experimental setup; middle: YBCO
sample; bottom: niobium sample.

YIG sphere. Out of this, the Popt = 5 mW input beam,

Popt√
2πdopt/2

∫ d/2

−d/2
exp

(
− x2

dopt

)
dx ∼ 2.8 mW, (A1)

hits the d = 0.5 mm diameter YIG sphere. For a 532 nm
laser, with reflectivity of R532 nm ∼ 0.17 [67] for a polished
bulk YIG, and absorption coefficient α = 103 cm−1 [68],
q̇opt = 2.35 mW of the illuminated light is absorbed. During
the measurement time of 10 s, the YIG sphere is optically
heated by �Eopt = 23.5 mJ.

Since the cooling power of our cryostat of 0.5 W for the su-
perconductor bulk and YIG sphere is much larger than q̇opt, we
assume that only the temperature of the levitated YIG sphere
increases to T2, and everything nearby remains at T1 = 4 K.
Bulk YIG has a thermal conductivity of κYIG(4 K) = 10.5
W/m K and specific heat of Cv(4 K) = 0.02 J/kg K, both of
which increase with temperature [69]. The thermal conductiv-
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TABLE I. Summary of experimental parameters.

Quantity Symbol Value Unit

YIG sphere diameter d 0.5 mm
YBCO bulk hole inner diameter dsc 0.756 mm
YBCO bulk outer diameter dsc out 1.948 mm
YBCO bulk height hsc 1.039 mm
YBCO bulk slit angle θsc 39 deg
Nb bulk hole inner diameter dsc 0.758 mm
Nb bulk outer diameter dsc out 1.684 mm
Nb bulk height hsc 1.029 mm
Nb bulk slit angle θsc 42 deg
Superconductor coil wire diameter dcoil 102 µm
Superconductor coil number of turns Ncoil 475
Superconductor coil height hmag 1 mm
Bobbin bore diameter dbore 2.274 mm
Bobbin thickness 0.5 mm
Bobbin outer diameter 14 mm
Bobbin height 2 mm
Copper lid inner diameter 6 mm
Copper lid outer diameter 14 mm
Copper lid thickness 1 mm
YIG density 5172 kg/m3

YIG sphere mass m 0.339 mg
YIG relative permeability [65] μγ 32
YIG relative permittivity [66] εγ 15
Conductivity of oxygen-free copper σCu 6.58 × 109 S/m
Conductivity of insulators 1 S/m
Air and copper relative permeability 1

ity throughout the YIG sphere is approximately

κYIG × π

(
d

2

)2

× 1

d
× (T2 − T1). (A2)

This gives 8.27 mW for T2 = 5 K, which is larger than q̇opt.
Thus we can assume the temperature is uniform over the
sphere.

The heat capacity of the YIG sphere can be modeled using
the Debye model as

Cv(T ) ∝
(

T

TD

)3 ∫ TD
T

0

x4ex

(ex − 1)2
dx, (A3)

with Debye temperature TD = 531 K and proportional coeffi-
cient 2085 J/kg K [69]. The optical heating can increase the
YIG sphere temperature up to T2 ∼ 246 K, which satisfies

�Eopt ∼ m
∫ T2

T1

Cv(τ ) dτ = 23.7 mJ, (A4)

with Cv(246 K) = 556.6 J/kg K. This is due to the large
absorption of visible light by YIG, as well as the small mass
m = 0.339 mg of the YIG sphere.

In this case, the radiative heat transfer from the levitated
sphere to the glass plates on the top and bottom of the super-
conductor bulk hole is negligible,

q̇rad = σSBEAYIG
(
T 4

2 − T 4
1

) ∼ 8.6 µW. (A5)

Here, σSB = 5.67 × 10−8 W/m2 K4 is the Stefan-Boltzman
constant,

E = ε1ε2

ε2 + AYIG/Aenv(ε1 − ε1ε2)
,

with emittivity ε1 = ε2 = 0.9 for nonmetallic surfaces,
AYIG = 7.85 × 10−7 m2 the surface area of the YIG sphere,
and Aenv = 1.3 × 10−4 m2 the surface area of the two glass
plates [59]. Since the emittivity scales as the square root of a
material’s resistivity for metals, there is no heat transfer to the
superconductor bulk, which reflects all radiative heat.

The heat conduction through gas in the free molecular
regime is negligible,

q̇gas = 1.2 × 0.5

1 + 0.5Aenv/AYIG
PAYIG(T2 − T1) ∼ 0.45 µW,

(A6)

for P = 2 × 10−3 Pa [59].
Thus, it is possible that the temperature of the levitated

YIG increased to as high as T2 ∼ 246 K. During the exper-
iment, the YIG sphere was repetitively cooled back down
to T2 = T1 = 4 K in between measurements, when the YIG
sphere is lowered back to its initial position at the bottom of
the superconductor hole on top of a glass plate. For quantum
technology applications, optical heating can be circumvented
by attaching a metasurface mirror to the YIG sphere or by us-
ing an infrared laser near 1.55 µm, where YIG is transparent.

APPENDIX B: SUPERCONDUCTOR PROPERTIES

Although the superconducting properties of bulk YBCO
and Nb are well known, the properties of the actual material
used, i.e., the effect of shape and damage applied through
machining, are unknown. To asses this, we measured the su-
perconducting properties of samples machined from the same
bulk to estimate the properties of the samples in Fig. 5.

1. Critical temperature Tc measurement

The superconductor critical temperature Tc can be de-
termined by measuring the magnetic moment of the super-
conductor as a function of temperature, while the material
is subjected to a low external magnetic field of 0.5 mT
(5 Oe). Below Tc, the superconductor will expel the mag-
netic field due to the diamagnetic shielding effect, leading
to a drop in the magnetic moment. The magnetic moment
was measured using a superconducting quantum interference
device (SQUID) magnetometer (MPMS-XL5, Quantum De-
sign, Inc.). The critical temperature is determined as the
temperature at which the magnetic moment begins to decrease
rapidly.

We measured the critical temperature for the custom-made
high-RRR Nb sample, which had a transition temperature
of Tc ∼ 9.3 K (Fig. 6). This agrees with the bulk value of
Tc = 9.26 K for Nb [70]. The sharp drop in the magnetic
moment of Nb reflects its purity and good superconducting
properties. Note that since the YBCO ring is made from a
commercial bulk, and its transition temperature of Tc = 93 K
[57] is well above our levitation conditions at 4 K, indicating
that it can be assumed to be in a superconducting state albeit
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FIG. 6. Magnetic moment temperature dependence for Nb.

with temperature fluctuations, the transition temperature of a
machined sample has not been measured.

2. Critical current density Jc(T, B) estimation

The critical current density Jc of a superconductor is the
maximum electrical current density that can flow through it
without causing energy dissipation due to vortex motion. The
temperature and external magnetic-field-dependent critical
current density can be calculated from the magnetic moment
using the Bean model [71,72]. This is a phenomenological
model that assumes a spatially uniform critical current density
independent of the applied magnetic field. Here the current
density j = Jc inside the superconductor follows the Am-
pére’s law,

dBz

dx
= μ0 j, (B1)

where z is the direction of the magnetic field B. The image
field created inside the superconductor by this current is

Bz(x) = μ0Jcx + const, (B2)

which decreases linearly with the distance from the supercon-
ductor surface.

The M-H curve of the Nb sample used for the Jc

measurement is given in Fig. 7(a). The fluctuations in the
magnetic moment at 2 and 3 K are due to flux jumps caused
by magnetic flux avalanches, i.e., the rapid invasion of a large
number of quantized magnetic flux due to thermomagnetic
instability. The negative value of the magnetic moment in
the field-decreasing branch indicates that the irreversible
magnetic moment is smaller than the reversible one due
to weak flux pinning. This Nb sample is a cylinder, which
creates a cone-shaped magnetic field profile and the magnetic
moment is given by

msc = 1

2

∫
r × Jc dr = Jc

∫
dr

∫
dz πr2 = πJc

a3

3
hsc,

(B3)

where a and hsc are the radius and height. The superconductor
magnetization is

Msc = msc

V
= πJc

a3hsc

3

1

πa2hsc
= Jca

3
, (B4)

FIG. 7. Magnetic moment dependence on temperature and ap-
plied magnetic field for (a) Nb and (b) YBCO.

where V the volume of the cylinder. Solving this for Jc gives

Jc = 3Msc

a
. (B5)

This critical current density is called the “magnetic critical
current density,” which gives the maximum current density
that a superconductor can carry before it starts to dissipate
energy. From Fig. 7(a), msc(4 K, 0 mT) ∼ 0.16 emu =
1.6 × 10−4 A/m2 for a Nb sample of a = 0.835 mm,

V = 2.28 × 10−9 m3 gives Msc(4 K, 0 mT) ∼ 7.0 ×
104 A/m2 and Jc(4 K, 0 mT) ∼ 2.5 × 108 A/m2. This is

063511-7



FUWA, SAKAGAMI, AND TAMEGAI PHYSICAL REVIEW A 108, 063511 (2023)

FIG. 8. Temperature and magnetic field dependence of Jc for
(a) Nb and (b) YBCO.

much lower than the value measured for Nb thin films at
2.0 × 1010 A/m2 at 4.2 K [73]. The temperature and external
magnetic field dependence of Jc are given in Fig. 8(a).

The M-H curve for the YBCO sample used for the Jc

measurement is given in Fig. 7(b). Due to the strong flux
pinning force of YBCO, it retains a large amount of trapped
magnetic flux after the external field is removed, and the M-H
curve exhibits a large magnetic hysteresis loop. This YBCO
sample is a cylindrical structure with a hole and two slits along
the radial direction. Thus we model our superconductor as
two rectangles with width a, length b (a < b), and height c,
of which Jc is given by

m′
sc = 2

∫∫
S(x)Jc dxdz

= 2cJc

∫ a
2

0
[4x2 + 2x(b − a)] dx

= 1

2
Jca2bc

(
1 − a

3b

)
, (B6)

M ′
sc = m′

sc

V ′ = 1

2
Jca2bc

(
1 − a

3b

) 1

2abc

= 1

4
Jca

(
1 − a

3b

)
, (B7)

Jc = 4M ′
sc

a
(
1 − a

3b

) , (B8)

with S(x) being the cross-sectional area normal to the ex-
ternal magnetic field, a = (dsc out − dsc)/2, b = π (dsc out +
dsc)/4. From Fig. 7(b), msc(4 K, 0 mT) ∼ 0.89 emu = 8.9 ×
10−4 A/m2 for a YBCO sample of a = 0.596 mm, b =
2.124 mm, V ′ = 2.63 × 10−9 m3 gives Msc(4 K, 0 mT) ∼
3.4 × 105 A/m2 and Jc(4 K, 0 mT) ∼ 2.5 × 109 A/m2. This
is higher than the critical current density of Nb, and much
lower than the critical current density measured for YBCO
wires at 2.0 × 1011 A/m2 at 4.2 K [74]. The temperature and
external magnetic field dependence are given in Fig. 8(b).
To measure the full phase diagram of Jc, it is necessary to
measure the full magnetic moment hysteresis curve using high
enough external magnetic fields. Since the external magnetic
field of 5 T was not high enough, artifacts are introduced in the
form of an abrupt decrease in Jc above 4 T for temperatures
below 10 K.

3. Pinning force density Fp(T, B) estimation

When a magnetic field is applied to a type-II supercon-
ductor, vortices, which each carry a quantized magnetic flux,
can penetrate the material. For low magnetic fields, the su-
perconductor is in the vortex solid state, where vortices in a
superconductor form a lattice. In the absence of any external
forces, these vortices are pinned by defects and impurities in
the material, resulting in a static arrangement. The supercon-
ductor is in a mixed state where both superconducting and
normal conducting regions coexist within the material. When
the temperature or magnetic field exceeds the critical limit, the
superconductor transitions into a vortex liquid state. Vortices
move freely throughout the superconductor in a disordered
manner, due to thermal fluctuations, external magnetic fields,
or interactions with each other, exhibiting fluidlike behavior.
The motion of vortices causes substantial energy dissipation
and this phase is therefore not suitable for levitation.

This critical magnetic field can be estimated by the flux
pinning force density Fp = JcB, which is a measure of the
maximum pinning force per unit volume that can be exerted
on vortices in a superconductor before they start to move
(Fig. 9). This flux pinning force increases with applied mag-
netic field because the magnetic field increases the number
of vortices, enhances the interaction between the vortices
and the pinning centers, making it more difficult for them
to move or escape their pinned positions. However, beyond
a certain magnetic field strength Hfp, the stronger pinning
centers become fully occupied or saturated and additional
vortices cannot be effectively pinned, reducing the ability to
trap and immobilize vortices. Figure 9(a) shows that magnetic
fields above Hfp ∼ 100 mT may cause vortex movement for
temperatures below 4 K. This critical magnetic field decreases
with increasing temperature. For Bz � 75 mT used for YIG
levitation, vortex movement-induced dissipation will arise for
T > 6 K. Figure 9(b), together with Figs. 7(b) and 8(b), shows
that the peak in pinning force density is due to the artifacts
in the Jc measurement introduced by insufficient maximum
external magnetic field strength. Thus, Hfp > 5 T and there is
no vortex movement for magnetic fields below 5 T.

4. Magnetic field tolerance Hpen(T ) estimation

We estimate Hpen, the maximum magnetic field our
superconductor sample could expel by perfect cancellation of
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FIG. 9. Temperature and magnetic field dependence of Fp for
(a) Nb and (b) YBCO.

their magnetic moments, which depends not only on the type
of superconductor, purity, and structural properties, but also
the shape. This can be estimated from Fig. 7 as the external
magnetic field when the modulus of the magnetic moment of
a superconductor is maximum (Fig. 10).

For pure Nb, Hpen follows the same temperature-
dependence curve as the critical magnetic field Hc, and the
experimental data can be fitted to

Hpen(T ) = Hpen(0)

[
1 −

(
T

Tc

)γ ]
, (B9)

with Tc = 9.26 K, γ = 2.13 predicted from the Bardeen-
Cooper-Schrieffer (BCS) theory. This shows that the Nb is
in a diamagnetic state for magnetic fields below Hpen. The
maximum magnetic field that our sample can tolerate at 0 K is
Hpen(0) = 122 ± 21 mT. Assuming the temperature of the Nb
bulk is equal to the base plate, for YIG levitation conditions
of T � 4.6 K, Hpen(4.6 K) ∼ 94 mT is larger than the applied
magnetic fields. However, since the external magnetic field Bz

is close to Hpen, local damage in our Nb sample can lead to flux
penetrations and increase effective Nb hole inner diameter dsc,
as expected from trap frequency measurements.

The magnetic field tolerance Hpen(4.6 K) ∼ 900 mT proves
that the YBCO sample expelled magnetic flux completely
during the entire experiment [Fig. 10(b)]. The sharp increase
of Hpen at low temperatures is due to strong flux pinning
in YBCO. Further research on how strongly pinned vortices

FIG. 10. Temperature dependence of Hpen for (a) Nb and
(b) YBCO.

affect the eddy current damping at higher external magnetic
fields will be conducted elsewhere.

APPENDIX C: THREE-DIMENSIONAL FINITE-ELEMENT
METHOD SIMULATIONS

A three-dimensional COMSOL model was constructed using
the parameters in Table I to simulate the dynamics of the
levitated YIG sphere.

1. Trap potential

First the three-dimensional magnetic field distribution is
calculated by a stationary study, using the Ampére’s law.
Since the external magnetic field that is applied is lower than
the saturation magnetization of pure YIG at low temperatures,
Ms = 196 kA/m (μ0Ms ∼ 246 mT), we use the relative per-
meability μγ = 32 [65] to calculate the constitutive relation
B = μ0μγ H used during this calculation. This allows the YIG
magnetization to both spatially and temporary respond to the
changing magnetic field, which is consistent with the fact that
it cannot be treated as a single-domain magnetic dipole. The
resulting force on the YIG sphere was calculated by numeri-
cally integrating the Maxwell stress tensor,

Fem =
∫∫

Bn · Bn

2μ0
dS, (C1)

where Bn is the normal component of the magnetic flux den-
sity.

063511-9



FUWA, SAKAGAMI, AND TAMEGAI PHYSICAL REVIEW A 108, 063511 (2023)

Position (mm)

Po
te

nt
ia

l (
N

m
)

0.0 0.1 0.2-0.1-0.2

0

-2

-4

-6

(a) 10-8

Position (mm)

Po
te

nt
ia

l (
N

m
)

0.00 0.05 0.10-0.05-0.10

0

-2

-4

-6

(b) 10-8

FIG. 11. Trap potential of d = 0.5 mm YIG sphere under an ex-
ternal magnetic field of Bz = 37.5 mT (a) vertical trapping potential
(z direction in Fig. 1), (b) horizontal trapping potential in red solid
line: perpendicular to the slit (y direction in Fig. 1), and blue dotted
line: in the direction of the slit (x direction in Fig. 1).

In order to accurately calculate the force on the YIG
sphere, constructing a fine enough mesh is crucial. We calcu-
lated the forces on the YIG sphere with varying maximum and
minimum mesh sizes to resolve the small regions between the
sphere and superconducting wall. A mesh conversion analysis
showed that a minimum mesh size of d/100 = 5 µm and
largest mesh size of d/20 = 25 µm was required to calculate
the force on a YIG sphere of d = 0.5 mm with an accuracy
of over two significant figures. This was used to calculate
the force on the YIG sphere as a function of its position.
Subsequently, this was numerically integrated to obtain the
trapping potential (Fig. 11). This shows that the YIG sphere is
indeed trapped in a harmonic potential with its center shifted
around 20 µm from the center of the hole towards the slit.

2. Trap frequency

The dynamics of the YIG sphere is simulated by a time-
domain study that calculates first-order ordinary differential
equations,

v̇ = Fem/m, (C2)

u̇ = u, (C3)
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FIG. 12. Example of time-dependent electro-magnetic energy
loss during a single oscillation for Bz = 62.5 mT. (a) YIG position,
(b) energy dissipation in YIG sphere, (c) total energy dissipation in
superconductor coil bobbin, base plate, and oxygen-free copper lid.

where m is the mass, u is the position, and v is the velocity of
the YIG sphere. The resulting oscillations are fitted to a sine
curve to determine the trap frequency.

3. Eddy current estimation

Eddy current damping occurs when a magnetic object, in
this case the YIG sphere, moves relative to a conductor, in
this case the bobbin, and surrounding oxygen-free copper jigs.
A damping force that opposes the motion of the YIG sphere
arises from eddy currents, which create their own magnetic
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field that opposes the original magnetic field. The magnitude
of this damping force is proportional to the conductivity of
the conductor, strength of the magnetic field, and velocity of
the magnet. It has been the dominant loss in many magneto-
mechanical systems.

A time-dependent solver in COMSOL is used to calculate the
electric energy dissipated per oscillation in the YIG sphere,
superconductor coil bobbin, oxygen-free copper lid, and base
plate. The magnetic vector potential is calculated from

( jωσ − ω2ε)A + ∇
(

1

μ
∇ × A

)
= 0, (C4)

where σ is the conductivity, ε is the permittivity, μ is the per-
meability, ω is the trap angular frequency, and δ = √

2/ωμσ

is the skin depth. For an oxygen-free copper plate at low tem-
peratures, the skin depth is nearly equal to the YIG diameter
δ ∼ d . For the YIG sphere which is an insulator, the skin depth
δ > 1 km is sufficiently larger than the objects. In these cases,
the eddy current can be calculated by volume integration of
the Poynting vector as

Peddy = 1
2 (JS · E∗), (C5)

where JS is the induced current and E is the electric field
inside the object.

A time-dependent solver in COMSOL is used to calculate
the electrical losses in the YIG sphere, bobbin, lid, and base
plate for a single oscillation (Fig. 12). The YIG oscilla-
tion causes eddy currents in both the YIG sphere and its
surroundings, which causes a displacement-dependent dissi-
pation. Since this dissipation in the bobbin and surrounding
jigs is a first-order induction effect caused by the YIG motion,
while the eddy current in the YIG sphere is a second-order
induction effect caused by the magnetic field change due to
eddy current in the bobbin and surrounding jigs, the for-
mer is larger than the latter. In the time-dependent study,
an oscillation is divided into time slots of δt = 1/ f /100 s
and the energy dissipation during each temporal duration is
calculated. The energy dissipation per oscillation, �Eeddy,

is given by the average energy loss within the oscillation.
Finally, the Q factor Qeddy = 2πEt/(�Eeddy) is estimated
by comparing this to the kinetic energy Et = mA2

z ω
2
z /2,

where m = ρy 4/3πa3 is the mass of the YIG sphere and
Az is the amplitude of oscillation taken from the position of
the YIG.
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